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ABSTRACT

I. Optimization of Pressurized Discharge Processes in
Cryogenic Containers

Modifications to the experimental apparatus for high inlet gas temperatures
are described. A new method for analysis of the pressurized discharge process
is discussed. This involves the use of an analog computer, through which axial
diffusion and convective effects can be studied.

IT1. Boiling of a Cryogenic Fluid Under Reduced Gravity

Additional experimental data for boiling of liquid nitrogen from a 1l-in.-
diameter sphere in the film-boiling region under free-fall conditions are pre-
sented. The effect of liquid nitrogen contaminated with oxygen is shown for

a/g = 1.

Experimental data for boiling of liquid nitrogen from a l/2-in.-diameter
sphere are presented over the entire boiling range with free fall, indicating
little size effect.

In the nucleate boiling region, reduction of the buoyant forces with free
fall appears to have negligible effect on the heat-flux—temperature difference
relationship.

ITT. Heat Transfer to a Cryogenic Fluid in an
Accelerating System

Preparation of the experimental apparatus is continuing. Construction of
the redesigned flat-plate heater was completed during this period. During a
preliminary test of the system with liquid nitrogen, the skirt guard heater
burned out. This unit is being repaired.

xi



IV. Injection Cooling

The general lumped system transient is formulated for the cooling of a
cryogenic liquid in a vertical column by gas injection at the bottom, and rep-
resents the limiting case of the injection of infinitesimal small bubbles.

The effects of gas solubility in the liquid phase, gas enthalpy flux, and am-
bient heating are included. The presence of rising gas bubbles has been con-
sidered in evaluating the system's heat capacity.

The analysis is expected to apply to He-Os systems under the assumption
of zero liquid solubility of the gas, while finite solubility must be con-
sidered for He-Hp systems.

The solution for the asymptotic temperature, approached by continued in-
Jection, and approximate solutions for the temperature transient, valid for
zero and low liquid solubilities of the gas, are presented.

The asymptotic temperature is essentially unaffected by the liquid sol-
ubility of the gas. Finite gas solubility, however, decreases the rate of
cooling.

An approximate method is reviewed for solving the problem of heat dif-
fusion in a moving medium with time-dependent boundaries. The method is ap-
plied to the problem of a growing bubble in, respectively, & one- and two-
component boiling liquid, in the latter case considering the simultaneous mass
and heat transport in the liquid.

Comparison with exact solutions of the problem of bubble growth in boil-
ing liquids confirms the usefulness of the approximate method in this case.

Next, the method is applied to predict growth rates of helium bubbles in
liquid oxygen and nitrogen.

xii



I. OPTIMIZATION OF PRESSURIZED DISCHARGE PROCESSES IN
CRYOGENIC CONTAINERS

A. Experimental Program

As discussed in Ref. 1, a problem was encountered in eliminating the inlet-
gas-temperature transient caused by the piping immediately preceding the con-
tainer. An attempt has been made to correct this condition by utilizing the
bleed-off gas as a means of heating the piping. This proved to be ineffective.
During the past period, electrically insulated heating wire was wound around
the piping using a thermal conducting cement (Thermon T63) which has a rela-
tively high thermal conductivity. The cement serves to bond the heating wire
to the inlet piping and to even out the heat flux applied to the piping. Nine
thermocouples were installed at significant locations on the heating wire and
piping, and these were connected to a millivolt meter to enable matching the
temperature of the piping with that of the inlet gas. Due to the configuration
of the piping and the desirability of being able to disassemble the piping, it
was necessary to wire the heaters in seven separate elements. The original in-
tent was to connect all seven elements in a series-parallel combination to per-
mit control by means of a single Variac. However, after testing numerous com-
binations, it was found to be virtually impossible to get the same temperature
throughout the length of the piping using the one Variac. Since three other
Variacs were available in the laboratory, four Variacs are now used to control
the temperature of the inlet piping. This has proved to be very satisfactory
on subsequent runs in providing a rapid temperature response and accurate con-
trol.

The inlet-gas-temperature measurement prior to this time has been obtained
using a single 2h-ga. thermocouple. This single thermocouple has been replaced
by four 30-ga. thermocouples as shown in Fig. 1. It may be seen that the ther-
mocouple numbered 1 is in essentially the same position as the previously used
single 24-ga. thermocouple. The thermocouples are suspended from above by a
gland-type fitting which has lava as a sealant. The purpose of using four
thermocouples is to provide a means of checking one thermocouple reading against
the others, for the measurement of the important parameter T_,. A switching de-
vice is incorporated into the thermocouple circuit to the Sanborn recording
unit so that each thermocouple may be recorded individually.

A set of experimental runs, numbered 57 A through O, were obtained and
reduced during this period. It was expected that the four inlet-gas thermo-
couples would indicate essentially the same temperature level, but this proved
not to be the case. Inlet thermocouples 2, 3, and 4 indicated almost the same
temperature, but their difference was erratic; sometimes No. 2 read highest
and sometimes No. 3. Investigation showed this to be a direct result of using
only one Variac, as described above, to control the power into each heating
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element on the inlet piping, and was subsequently corrected by the use of four
Variacs. The largest discrepancy was noted between inlet thermocouples 1 and
2, with 1 reading consistently lower, as much as 200° at a level of 500°F, than
thermocouple 2. On a plot of mean density versus inlet temperature, neither
temperature correlated very well with the theoretical curve. Difficulty also
was experienced with the liquid-level indicator during these runs. The float
would rise with the liquid level to about two-thirds of the height of the tank,
and would then get caught and remain in a fixed position. In an attempt to cor-
rect this, the bottom of the container was removed. It was then discovered
that the Foamglas insulation in the top of the main container had broken away
from its supports and was lying on top of the baffle plate, blocking the flow
of gas through the desired opening. The pressurant was flowing between the

top of the Foamglas insulation and the aluminum container top instead of di-
rectly into the ullage space. This evidently caused the large difference in
temperature between the inlet thermocouples 1 and 2. On the basis of this,
runs numbered 57 are considered unreliable and will not be reported.

To correct this problem, since Foamglas does not have much rigidity in
itself, a copper framework with a skin of 0.005-in. brass shim stock soldered
to it was devised to enclose the insulation. The whole assembly was also se-
cured to the top of the container with one additional screw. Since the brass
shim stock is very thin and only the edges of the copper strips which comprise
the framework are exposed to the gas space, the characteristics of the system
with regard to heat-transfer interaction with the top of the container have
not been significantly changed.

The difficulty encountered with the liquid-level indicator sticking, as
mentioned above, has been corrected. It was found that the sections of ceramic
tubing which enclose the thermocouple leads to the floating thermocouples were
catching between two screws which protruded from the framework in the bottom
of the container. After these protruding ends were cut off, the float was able
to rise freely with the liquid interface.

With the above modifications and corrections completed, the system appears
to be ready for operation. It is expected that in the very near future, high-
inlet-temperature data will be taken and reported.

B. Analytical Program

In previous studiesl the dynamic response of the process of pressurized
discharge of a cryogenic liquid from a container was investigated for simul-
taneous, multiple, time-dependent disturbances of an arbitrary form in the in-
let-fluid temperature, the ambient temperature, and/or the ambient heat flux.
In the formulation of the problem, the axial conduction both in the wall and
pressurant were neglected. Hence the solutions were obtained in terms of



inlet pressurant gas temperature only. However, when the interface temperature
difference between the pressurant and liquid increases, or when the area of
this interface becomes an important fraction of the total surface wetted by
the pressurant, the effect of the liquid temperature becomes equally important,
and must be included in the formulation of the problem. This effect 1s sug-
gested by the sketch.

Gas with no conduction
T Gas with conduction

\

Effect of
_ liquid temp.

Temp.

Wall with no conduction
Wall with conduction T

Tp x=V8
Interface

The axial molecular conduction is greater in the wall than the pressurant,
for most tank geometries, but the pressurant conductivity in the present analysis
includes the eddy conductivity as well as molecular conductivity. However, since
the primary concern of the present study is to include the effect of liquid
pressurant interface temperature on the temperature distribution in the pres-
surant regardless of the relative importance of the pressurant and wall con-
ductivities, the axial conduction in the wall is neglected. It is expected
that such an effect can and will be considered in subsequent analysis, but

will require a more complex analog computer circuit.

An insulated container is considered as a first model for study in the
new analysis. The transient phenomenon is introduced by the temperature dif-

ference between the pressurant and the liquid and wall.

The application of the first law to a radially lumped fluid control volume
and a wall system produces the two differential equations following, one for
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the pressurant gas and one for the wall:

ar . o1  beP oST _ o 1
St t PCpA(T - 1) + (@ + en)33 (1)

St HgP
= .5 (7 - = 2
36 p'c§A'(T t) 0 @)

with the initial and boundary conditions

T(x,0) = O, (3)
t(x,0) = 0O, ()
T(0,6) = Tg(®) - Tg, (5)
T(Vve,8) = O, (6)

where the temperatures (above the saturation temperature of the liquid), den-
sity, specific heat, and cross-sectional area of the gas and wall are T(x,6),
t(x,08), (p,0'), (Cp,Cﬁ) and (A,A'), respectively. The heat-transfer coeffi-
cient is hg, the interface periphery P, the axial distance x, the time 6,
molecular and eddy diffusivities of the fluid are @ and €. An attempt has
been made to solve the foregoing simultaneous, partial differential equations
by a method similar to previous analytical studies. The resulting Laplace
transforms are not readily available in tables, and furthermore, the use of
inversion theorem yields a rather involved contour integration. More specif-

ically, the mathematical difficulty comes from the inverse transformation of

1/2

G+ P(P + a)/B(P + )] (7)

combined with other but simpler transform functions. Because of the practical
problems associated with this, another approach is planned in solving the equa-
tions, at least for the initial phase of the study. From the standpoint of

the University's facilities, a numerical or analogical procedure can wéll be
used. However, consistent with the approximation involved in the heat-transfer
coefficient Eé, assumptions of incompressibility, etc., a less accurate but
faster and more convenient method of solution can be obtained using the analog
computer.

The height of the container is divided into ten equal parts. Then, for a
typical nodal point, the explicit form of the analog circult is given in Fig. 2



which leads to the following finite difference equations:

dTp . Trh+t1 = Tno1 /Tn - tn ) Tpn+l + Tn-1 =~ 2Ty - 0 (8)
ae RoC R;C RC ’
at )

T - T
n _ n+l n-l> _ O, (9)

de RoC

where the variable resistances RO and R are related to the length Ax which
varies during the discharge process. Actually, the variation of Ax will be
introduced by the proper use of multiplier and function generator units of the
available analog computer, which is a Pace Model 16-31R-L.

One of the most important features of the new analysis is that it includes
the axial eddy diffusivity €y of gases. Hence, along the interface, the axial
and turbulent heat-transfer coefficient between the pressurant and liquid can
readily be calculated from the resulting solutions by their comparison with
experimental data of temperature profiles in the region of the pressurant gas-
liquid interface.






II. BOILING OF A CRYOGENIC FLUID UNDER REDUCED GRAVITY

Figure 3 is a reproduction of data reported in Ref. 1, which provides a
graphic comparison with current boiling heat-transfer correlations as well as
with the experimental work of others. In the nucleate boiling region, reduc-
tion of the buoyant forces with free fall appears to have negligible effect on
the heat flux-temperature difference relationship.

Similar effects have been observed for nucleate boiling of liquid hydro-
gen, using both aircraft and l-second laboratory free-fall tests to obtain
zero gravity. Figure 4, reproduced from Ref. 7, shows the results obtained
using liquid hydrogen. A flat heating surface was used, with the energy source
provided by resistance heating of a thin lead film deposited on a glass in-
sulating substrate. The temperature of the heating surface was determined by
measuring the change in resistance of the metallic film. No detailed infor-
mation is available, but it is possible that the heat capacity of the sub-
strate would influence the results.

A. Additional Data

During the early part of the past reporting period some additional free-
fall data were obtained with the spheres. Subsequently, a premature drop
caused extensive damage to the test platform. The damage was a consequence
of the test object being external to the test vessel at the time of premature
release and inducing turning moments on the platform as it dropped. The
guide-wire end hooks opened and the test platform did not land on the buffer
piston.

The test platform has been repaired and the release mechanism has been
redesigned so that premature release of the test platform cannot take place.
Opportunity was taken at this time to begin rewiring the entire electrical
system to make it ready for operation at reduced gravities other than zero.
This will require about 3 months, and a description of the new system will
be included in the next report.

1. 1-INCH-DIAMETER COPPER SPHERE

As a result of the damage sustained by the premature drop a new 1l-in.-
diameter copper test sphere was constructed with 2 differential thermocouples
at 2 surface locations to permit simultaneous measurements of 2 surface-
center temperature differentials. At the peak heat flux the differential was



observed to be approximately the same as for the previous sphere, a maximum
of 2°F.

a. a{g = 1.—In Ref. 1 data were presented for tests in which the
liquid nitrogen was of unknown purity. To substantiate the validity of these
data, a number of new tests were conducted at a/g = 1 in both the film- and
nucleate-boiling regions in which liquid nitrogen having a wide range of 0o
impurity was used. Figure 5 shows the results of these tests. Runs after
Test No. 21 were conducted using the 1l-in. copper sphere having 2 differential
thermocouples installed. A gas analyzer is now present at the test facility
so that all the liquid nitrogen used is tested for purity.

In the film-boiling range in Fig. 5 increasing nitrogen purity results in
a slight downward shift. The dashed line represents results of previous tests
for which nitrogen purity measurements were not made.

In the transition and nucleate-boiling regions, a distinct shift to the
left is noted in the temperature differences as the nitrogen purity is increased,
although the value of the peak heat flux does not appear to be significantly
changed. In all cases the fluid temperature was taken as the saturation tem-
perature of pure liquid nitrogen. With 33 mole % of oxygen, the equilibrium
saturation temperature is only about L4°F displaced from that of pure nitrogen,
but with rapid boiling the condition is far from equilibrium and very likely
the 1liquid near the boiling interface is highly enriched in oxygen. If a
saturation temperature nearer to that of pure oxygen were used, the data points
for the highly impure nitrogen would be placed in closer agreement with the
remaining data.

In Test No. 29-B with purer liquid nitrogen, a discrepancy exists in the
transition region. In the particular test the sensitivity of the recorder was
decreased by 1/2, and it is possibly an inherent inaccuracy due to the diffi-
culty of measuring slopes of temperature-time in this region.

b. a/g = 0.—Additional data in the film boiling region were obtained
under free-fall conditions with the 1l-in.-diameter sphere, and are presented
in Fig. 6. With some scatter in the previously reported data, these results
provide additional confirmation of the effect of free fall on film boiling.

2. 1/2-INCH-DIAMETER COPPER SPHERE

A smaller copper sphere, l/2—inch in diameter, was constructed to deter-
mine what effect size might have on the results. Any errors introduced due
to treating the larger sphere as a lumped system should be reduced since de-
creasing the diameter decreases the maximum Biot Number by a corresponding
amount. Because of the smaller size, only one thermocouple could conveniently
be inserted, and this was placed at the center. As with the larger sphere, a
1/32-in.-diameter hole was drilled and the thermocouple junction was soldered
at the bottom of the hole.
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a. Film Boiling, a[g = 1.—Figure T shows data obtained for film boil-
ing both at a/g = 1 and free fall. Also included for reference are the curves
representing data obtained with the 1-in.-diameter sphere. Excellent agreement
exists between the data for the two different sizes at a/g = 1.

With free fall the trend with the small sphere is similar to that for the
larger one. That is, the heat flux was of a finite magnitude and decreased with
a decrease in At. It is noted that the heat flux at the higher At is larger
than for the 1l-in. sphere and lower near the transition region. The slope of
heat flux versus At with free fall is quite parallel to that at a/g = 1. This
does suggest a geometrical effect, and may be related to the hydrodynamic be-
havior of the liquid with film boiling under near-zero body forces. In all
cases the sphere was precooled before insertion into the liquid nitrogen. It
is believed that any residual liquid motion during free fall did not materially
affect the results.

b. Transition and Nucleate Boiling, a/g = 1.—Figure 8 shows data ob-
tained for a/g = 1 through the transition, peak, and nucleate-boiling regions.
One free-fall test 1s included where release took place in the nucleate-boiling
region.

The behavior at a/g = 1 is similar to that with the 1l-in. sphere except
in the transition zone, where the temperature difference is shifted to lower
values. This change may be a size effect, or may represent the error due to
treating the larger sphere as a lumped system. With the larger sphere both
the surface and center temperature transients were used to calculate the heat
flux, and the differences were small, indicating that size may be the dominant
factor. As will be described, a computer program is beling written to examine
further the error dvue to treating the sphere as a lumped system.

The maximum heat flux with the 1/2-in.-diameter sphere is the same as
that obtained with the 1-in. sphere, and behavior in the nucleate region with
free fall is also the same as was previously observed.

Figure 9 shows the results of 2 test runs in which the test package was
released at two separate points in the transition region. For Test No. 28B
the heat flux had begun to rise when release took place, decreased upon re-
lease, and then again rose during free fall.

For Test No. 28F the data before release compare quite well with those
of Fig. 8. Upon release the heat flux decreased, then increased to approxi-
mately the same maximum value obtained with the 1-1in. sphere under free fall
conditions, and followed the same nucleate-boiling behavior as before. As
a consequence of the small size, 1t is possible to cover & greater portion of
the transition—nucleate-boiling region in the 1.4-second free-fall time avail-
able than was possible with the 1-in. diameter sphere. The similarity of the
results may aid in evaluating the validity of extrapolating the short free-
fall behavior in transition and nucleate boiling to longer free-fall periods.



Figure 10 presents the results of tests similar to those of Fig. 9, but
immediately after release the heat flux experienced a pronounced decrease be-
fore increasing further. In the case of Test No. 28E an oscillation in heat
flux is evident, indicating perhaps an instability in the boiling process in
this region. The transition region has been characterized as an unstable
phenomena by Zuber- and others for 1-g force fields.

B. Future Work

Precooling the spheres while investigating film boiling with free fall
appeared to have no effect upon the results obtained. To investigate further
the question of residual liquid motion, it is planned to conduct several tests
in which the liquid nitrogen is. to be artificially set in motion during free
fall by means of a propeller. This system will produce effects similar to
those expected in forced convection.

With the spherical test objects used, a lumped system was assumed in the
reduction of the data. To serve as a check on the validity of this assumption
in the transition and nucleate-boiling range, a numerical solution of the tran-
sient conduction process in a sphere, using a finite-difference technique, is
being programmed for the IBM-709 digital computer using as input data the ex-
perimental time-temperature measurements near the surface of the sphere. The
heat flux determined can then be compared with that obtained by the present
technique, and the computed center-surface temperature differentials can be
compared with experimental measurements.

It is anticipated that, once the program has been written and proven, it
will greatly facilitate the reliable reduction of data, at present s time-con-
suming process.

The problems involved in studying the boiling of liquid hydrogen with
the present free-fall facility are being considered. It is believed that
the transient technique employed will be entirely suitable for liquid hydro-
gen. This will be aided by the low peak heat flux of approximately 24,000
Btu/hr-ft2 as presented in Ref. 7. Reliable Cp date for copper at liquid
hydrogen temperatures will be required.
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ITI. HEAT TRANSFER TO A CRYOGENIC FLUID IN
AN ACCELERATING SYSTEM

Construction of the redesigned flat-plate heater as described in Ref. 1
was completed during this period. During a preliminary test of the system
with liquid nitrogen, the skirt guard heater burned out. To determine the
cause of the burnout and for repair, the entire system must be disassembled.
This will be accomplished during the next reporting period.
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IV. INJECTION COOLING
A. TLumped System

1. ANALYSIS

a. Introduction.—In a previous studyl a lumped system analysis of in-
Jection cooling was made under the limiting condition of zero liquid solubility
of the injected gas, which furthermore was assumed injected at system temper-
ature. In addition, no correction was made for the decrease in heat capacity
of the system due to the presence of rising gas bubbles causing a decrease in
liquid volume. In the present study the lumped analysis is extended to obviate
these limiting assumptions.

The process of injection cooling is intimately associated with the phase-
equilibrium characteristics of the binary system composed of component A (1liq-
uid to be cooled) and component B (injected gas). The effectiveness of in-
Jection cooling is primarily a question of creating and maintaining in the liqg-
uid cavities or bubbles, initially having a zero vapor pressure of component A,
such that evaporation of A can proceed until thermodynamic phase equilibrium is
established between the vapor mixture in the cavity and the surrounding liquid.
Therefore low solubility of the injected gas in the liquid phase is of signifi-
cance. Phase equilibria for substances with highly deviating critical states
usually result in low liquid solubility of the component with the lower critical
state, in particular at states above this. The choice of gases applicable for
injection cooling of cryogenic systems is therefore limited to helium, hydrogen,
deuterium and neon, of which only the former two seem practical.* TFor oxygen
and nitrogen systems, helium and hydrogen may be used, while only helium is
applicable for hydrogen systems. While helium can be considered insoluble in
oxygen and nitrogen at moderate cryogenic temperatures, finite gas solubility
must be considered for any of the other combinations. Within the limitations
of the lumped analysis, the effect of finite gas solubility will therefore be
studied in the present analysis.

The subsequent thermal and thermodynamic analysis is based on an isobaric
process assuming complete and instantaneous mixing and instantaneous phase
equilibrium, achieved at the rate at which the gas is injected into the liquid.
By these assumptions the problem is reduced from a space-time-dependent tran-
sient to a simple transient of a lumped system, the transient being governed
by the injection rate.

*Xenon and the other heavier rare gases are excluded a priori since these are
not superheated vapors at the cryogenic states considered.
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The lumped analysis is Jjustified when the rate at which mass and heat is
exchanged between the gas and liquid phases is high compared to injection
rates and bubble rise velocities. Further, this analysis assumes a thorough
mixing to take place within each phase to eliminate temperature and concentra-
tion gradients. The rate of the mass- and heat-transfer process is propor-
tional to the surface area of contact between the two phases, and thus inversely
proportional to the bubble size for a given injected gas volume. The lumped
analysis consequently gives the solution for the limiting case of zero initial
size of the injected gas bubbles.

When a nonsoluble gas is injected into a volatile liquid, the evaporation
from the bubble interface resulting in bubble growths and heat removal from the
liquid is a process similar to that of bubble-growth in a boiling, super-heated,
one -component liquid. The only difference is that growth terminates in the
former case when the equilibrium gas composition is reached corresponding to
the bulk temperature. In the latter case the bubble growth is continuous under
the assumption of constant bulk temperature until thermodynaemic equilibrium is
obtained consisting of bubbles having infinite radii of curvature and a zero
temperature difference between liquid and vapor. The asymptotic stage of growth,
representing the main part of the bubble life, is a process limited by the rate
of heat transfer from the bulk of the liquid to the interface facilitating the
evaporation. Analytical solutions9 verified by experimentslo indicate bubble-

growth according to
. o
g‘_Ri. = R = )\"/?:,
dt t

1 1
where the nondimensional growth constant A\ = %EX;W (Tw-Tg) is proportional to
the superheat, T,-Tg, & is the thermal diffusivity of the liquid, and t is the
time.

When a partially soluble gas is injected into a volatile liquid, the mass
transfer is no longer limited by the heat-transfer process in the liquid alone,
but also by the associated mass diffusion processes. The following simultaneous
processes will take place when a gas bubble of component B is introduced into a
liquid mixture of A and B. At the bubble interface gaseous B will go into lig-
uid solution giving up the latent heat and heat of solution, diffusing into the
surrounding liquid. By counter diffusion in the liquid, component A will reach
the interface and evaporate into the bubble removing the heat of evaporation
from the liquid. In the gas phase, counter diffusion of A and B will take
place, and assuming phase equilibrium at the interface, the gas and liquid com-
positions here are related to the interface temperature. This condition in
connection with an interfacial heat and mass balance, ignoring the heat capa-
city of the gas phase, couples the heat-conduction and convection problem in
the liquid phase to the two-region mass-diffusion and convection problem. In
a first evaluation of the limiting process, it can be remarked that; since in
the liquid the thermal diffusivity is considerably greater than the mass dif-
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fusivity, the evaporation rate at the interface cannot be limited by the heat-
transfer rate. Further, the mass diffusivity in the gas phase is much greater
than that in the liquid, so that the main resistance to mass transfer lies in

the liquid film next to the interface. It therefore seems appropriate to ex-

pect that the mass diffusion in the liquid will be the limiting process.

A diffusion limited process is exemplified in the common process of ab-
sorption of a partially soluble gas injected into a nonvolatile liquid. The
analytical solutionl! based on the "penetration theory" and verified experi-
mentally indicates average volume transfer rates, or for bubbles, growth-rates
according to

where the nondimensional growth-constant, Ay = Xpo = XBo? is proportional to

the difference in concentration of the gas at the interface (max. solubility)
and in the bulk of the liquid. o' is the mass diffusivity in the liquid and
texp the exposure time, and texp ¥ 2R/U, the bubble diameter divided by the
terminal bubble velocity. The analysis assumes an isothermal process and low
liquid solubility. As the bubble rises through the liquid, the gas inside the
bubble circulates in a toroidal motion, so that it encounters fresh liquid at
the top of the bubble, whereby no permanent liquid film adheres to the bubble.
If surface active agents contaminate the interface, a considerable decrease

in transfer rates is observed.

From the above qualitative discussion it may be expected that in the first
approximation, mass-transfer rates for a soluble gas is a factor (XM/K)-LD'/G)l 2
times those experienced for a nonsoluble gas. Since helium has a finite solu-
bility in liquid hydrogen, the mass-transfer process in this case may be limited
by mass diffusion in the liquid. Evaluation of the above factor for this system
at an arbitrary temperature of 30°K gives

|

1R

N v o X - X he v! 1 -3 -
™ ' ~ “Bo Boo fg” ) ~ 0.02 3 . 0 = 1.0 - 1073
A NO Tw - Tg c'v o 5

It has here been assumed that the maximum solubility of helium in hydrogen is
2% by mole fraction, and the superheat for the comparative heat-transfer-
governed process has arbitrarily been taken to 5°C. This evaluation shows that
if mass diffusion is the limiting process, mass-transfer rates are considerably
smaller than if heat transfer were the limiting process, and the lumped analysis
may no longer be valid.

The lumped system analysis indicates results in good agreement with experi-
mental data for very low (zero) liquid solubilities of the injected gas.l Where
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the solubility is considerable, however, the result of the lumped analysis
apply only for the injection of infinitesimal small bubbles. Further study
of the bubble dynamics for this case is anticipated to substantiate the
validity range for the lumped analysis.

The system to be analyzed is, as shown in Fig. 11, the content of a ver-
tical column of length £, connected to a reservoir at the top and closed at
the bottom, except for the pipe through which gas is injected. The system
has a constant volume, Vg, and is heated from the ambient.

Before injection of the gaseous component B, the system contains pure
liquid of component A, subcooled or saturated, Ty < Tp, at the given system
pressure. If the system i1s initially subcooled and the gas is soluble in
the liquid, all the injected gas will go into liquid solution, causing heat-
ing rather than cooling until the system has reached a state of phase equilib-
rium given by the boiling curve z, = f£(T). During continued injection two-

phase equilibrium exists. The analysis therefore falls into two parts, namely,
gas injection with liquid phase present only, and gas injection with two-phase
equilibrium. For the cases of an initially saturated state of the liquid, or
for zero liquid solubility of the injected gas, phase equilibrium exists from
the start, and the first part of the analysis does not apply.

b. Gas Injection with Liquid Phase Present Only.—The analytical model
is shown in Fig. 11. Gaseous component B with enthalpy hﬁ,i is injected at a

constant mole-rate of ﬁB going into liquid solution, and liquid at a mole-rate

of ﬁi,o leaves the system. PFurther, heat flows from the ambient to the system
at the rate of q.

With the general assumptions of a reversible isobaric process, and uni-
form temperature and composition throughout, the first law of thermodynamics
leads to

1ot - JEA ! e n'h! - mth!
npby *omghy = nghy o =Wy gy o - nghy -1y +g (10)
Continuity considerations give

A=

nl
A A,o
Vo = nv! + név’.
] AA B
Hence for h' = hA ; & result of assuming uniform temperature, and with
. . »0
h = cT and constant ambient heating rate, q = g%)o - X c'n, Eq. (10) becomes
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nn(h + Ahm)
m _Talhes t o) () 1)

1At tht >
dt nAcA + nBCB dt /o

where the enthalpy change, AHB hB —hg, of the gas when cooled from the in-
Jection temperature to the system temperature is assumed constant. This will
be true for small temperature changes in cryogenic systems if the initial gas
temperature is that of the ambient.

For small values of time, or as long as the integrated mass of injected
and condensed gas contributes little to the heat capacity of the system, i.e.,
n'e >> 1 g ] 1 . .
nyc A nBcB, the quantity nBcB can be neglected and V nA/vA. Substituting

further nB = VB/VB, Eq. (11) becomes

a_.g - I 1 1 a (12)
VgVs | Ca Ca o

ar _ 'a'B|Prg,m , B, <er> -

indicating a constant heating rate. Integration with the initial condition,
T =T, for t = o, gives

T = T, + Cit (13)

Equation (13) describes the system temperature until the phase-equilibrium
composition, z,(Ty), in the liquid is reached at time t;. The temperature-com-
position relation during this process is determined as follows:

ngt = nBt
EE B 1l - zA
> =
“p 0
vl V 1 -2
T = T, + Cy <}§ sy "A (1)
VB ZA

Simultaneous solution of Eq. (14) and the equation for the boiling curve,

= f(T), permit determination of the temperature at state 1, at which phase
equilibrium is reached. The process from the initial state O to state 1 is
schematically shown in Fig. 12.

Finally the time, t;, for this part of the injection process can be ob-
tained from Eq. (13).
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In most practical cases the heating rate will be high. State 1 will fall
near saturation for pure A and the time t; will be small.  Further, injection
cooling is normally started when the liquid to be cooled is already at satura-
tion temperature.

c. Gas Injection with Two-Phase Equilibrium.-—The analytical model for
this case is shown in Fig. 13. Gas at the constant rate, np, is injected at
the lower end of the column of vertical height [, comprising the system. Im-
mediately upon entering the system the gas comes to thermal and thermodynamic
equilibrium with all the liquid and the gas presently in the system. This
process is associated with evaporation of liquid component A and condensation
of gas component B resulting in a given equilibrium gas composition, xA(T),
and liquid composition, zA(T), corresponding to the system temperature T.

Depending on the velocity and composition of the gas rising through the
system due to buoyancy, a variable hold-up volume, Vi, of gas must be con-
sidered. With the stipulation of constant system volume, the mass of liquid
in the system is thus variable, accounted for by the flow rate nA i+ Thus in
the initial stage of the injection transient, liquid will leave the system
until a certain quasi-steady hold-up volume of gas has built up. Following
this stage the changes in gas volume are small until injection terminates and
liquid of component A flows back from the reservoir to fill up the system.
The temperature of this liquid will be that of the reservoir since free mix-
ing can take place here. For very high rates of gas injection, liquid ex-
change with the reservoir would be of significance for lowering of system tem-
perature. Such cases will not be considered here, where further the analysis
is restricted to the above nentioned quasi-steady state.

For the general assumptions of an isobaric reversible process with uni-
form temperature and composition throughout each phase, and ignoring the heat

capacity of the gas when it has been cooled to the system temperature, the
first law of thermodynamics for the system in Fig. 13 becomes:

) L e
nphy + nghy = (ng 4hy 4 nyhy - nghy)
1" " " + l
th th th (15)

where the heat of mixing, surface effects, and kinetic and potential energy
changes have been neglected. The equation of continulty gives:

ny o= 0y -0y (16)

Ay = By - Al (17)
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The condition of constant system volume becomes:
- — |
Vg = Vg +V, = Ve + (nAvA + névB), (18)

and finally by definition of composition in connection with phase-equilibrium
requirements,

- = X = = £,(T) (19)
p xp

! l -2
f? = Z = & £2(T) (20)
oy Zp

Since the enthalpy flux due to inflow of liquid to the system is small,
it will be assumed that hA i = hA. With h = c¢T and constant heating rate
)

from the ambient, g = (aT/dt), - 2 c - n and with Egs. (16), (17), and (20),
Eq. (15) becomes

ar 1 , - \ . . aT
rrlie 3T | Peeath * (9 - Bp)hegp + nphng |+ (G (21)
n,c, E.+ z = ©
A A cl —
A

where as in the previous section Ahp = hﬁi - hg is assumed constant. Equation

(21) is further simplified in terms of the nondimensional temperature,
e = (T-TB)/(TA-TB), by introducing Eq. (17) and the property groups defined

in the nomenclature by capital letters,

'.f.l fln ﬁ"
@ _ M’ __1 _[,_{}.W]_B_wm + B, (22)
dt n, [1 + KZ] ng Ny

Z.—'+Z.—'+-—‘ = 0. (25)

In addition to Egs. (22) and (23), one more equation will be derived from
the condition of constant system volume by evaluating the hold-up time for the
gas in the system. The determination of the hold-up volume of gas in the system
is subject to considerable uncertainty, and it can be accurateiy determined only
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from full knowledge of bubble size, motion, and possible coalescence in con-
nection with the fluid-flow pattern in the surrounding liquid. This type of
data can be determined only by an experiment and the desirability of such phys-
ical measurements is indicated. However, a reasonably accurate estimate can
be made based on the following reasoning. Let the gas bubbles rise through

the liquid with an average velocity U. Knowing the vertical height, £, of the
system, an average hold-up time can be defined as £/U. When a quasi-steady
state has been reached, where gas phase is also leaving the system,

nen nen

" "

Assuming the gas phase to be a mixture of ideal gases, v, = vp = v", Eq. (24)
gives with Eq. (18)

A I
@Jrh—g —E+N(1+ZL)§= 1. (25)

Differentiating Eq. (19) and using again the assumed constant hold-up time
1/U for evaluating ng/ng,

- X
-

(26)

I
1l
i L

=
d]h

Substituting Eq. (26) into Eq. (22) and (25), these equations with Eq. (23) give
the formulation of the transient cooling in the form of the following three non-
llnear coupled ordinary differential equations in the variables 6, (n] /nB and

/nB
£ L C(rlE L <n—B +F+c| +B (27)
<nA>l+KZ X XU ng
hg

/nA > (
\nB> ng > (26)
1 X f] /™8 ng

G [1 rECE U] <HB> + N(1 + 1.Z) <%> = 1, (29)

where the compositions are functions of temperature as given by the equilib-
rium characteristics of the binary mixture. The initial conditions are
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The assumption of a constant average gas velocity, U, upwards through the
system is an idealization which in part can be Justified by the general lumped
approach for the present analysis. When the injected gas appears in discrete
bubbles having little or no mutual interference, the velocity can be evaluated
as the terminal velocity for the rise of single bubbles. For the case of cryo-
genic temperatures, U as a function of bubble size has been discussed by Clark,
et 2&.1 When the bubble population becomes greater mutual interference starts
and greater velocities result due to strong liquid currents set up by the 1lift-
ing action of the bubbles. As discussed by Morgan and Brad.y,l3 this region of
mutual interference is characterized by ratios of wvapor volume to total volume
in the range 0.12 to 0.55. Above this range the bubble population is so high
and coalescense so pronounced that large cylindrical bubbles or gas slugs form
(Taylor bubbles), resulting in lower average gas velocities and geysering ef-
fects.

In view of the particular application of gas inJjection discussed here,
only the regions of no or little mutual interference between the bubbles have
interest and the velocity selected must be checked for consistency with the
actual gas volume found.

d. Solutions.—The analytical model discussed above for gas injection
with phase equilibrium resulted in the general formulation by Eqs. (27), (28),
(29), and (30). While exact solution of the cooling transient is possible
only by numerical calculation or the use of an analog computer, the subsequent
discussion will be limited to the following cases:

(1) Asymptotic Solutions

(2) Approximate Transient Solution
(a) Finite Liquid Solubility of the inJjected gas
(b) Zero liquid solubility of the injected gas.

To permit analytical treatment the phase equilibrium data will further be
approximated linearly in terms of the nondimensional temperature, 6 = (T-TB)/
(TA—TB). Any higher-order approximation does not seem justified, since the
region of interest is dilute binary solutions of B (injected gas) in A (liquid
to be cooled). With reference to the tentative equilibrium diagram in Fig. 12,
the following expressions result:



where

Tp - TB
€ —_— =
Tp - Ty
e = TZ - TB = € - l
z TZ - TB €

(1) Asymptotic solution 6,.—When the system heating due to gas en-

thalpy flux and external heat transfer balances system cooling due to liquid
evaporation, a steady state exists, and 6 = 6, = constant. This idealized con-
dition will exist for t approaching infinity to a good approximation if the
reservoir above the system is large and free convective exchange of fluid be-
tween system and reservoir is suppressed. The latter implies further that only
liquid of component A will enter the system.

It then follows from Eqs. (19) and (17) that

r'l"
B
o= X
A
r‘l"
2 =1
ny
and Eq. (27) reduces to
1 + C
§__G_=A1+LZ. X +B = 0 (35)

dt 1+ KZ 1 - G(} + %)

Substituting the linear equilibrium approximations, Egs. (31) and (32), Eq. (33)
becomes:

06° + 8 + Qg = O, (34)
where
o = e[@-naeosFa-K)
o = -|}(1-L)(l+20)—(l+C)+£—[e(l—K)(2-G)-l]]
05 = € [e(1-1)-1] +3 (1-06) [e(1-K) -1].

The property groups given by capital letters are listed in the nomenclature,
and can be taken constant, when moderate changes in system temperature result.
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The asymptotic value of system temperature, 6w, is the root of Eq. (34)
in the interval 0 6, < 1, and the highest attainable liquid subcooling for

gas injection thus becomes:

MTeyp = Tp - T = (Tp - Tp)(1 - 6y).

[ee)

For the special case of zero liquid solubility of the injected gas, zy = 1,
Eq. (34) simplifies to

8o = . (35)

(2) Approximate transient solutions.—

(a) Finite liquid solubility of the injected gas.—An approxi-
mate solution in closed form can be obtained by the following simplifying
assumptions:

nf Z << nj Z (36)
Vo = Vg, = constant (37)
3 .x (38)

A

The physical interpretation of Eq. (36) when compared with the time derivation
of Eq. (20) is that the time rate of change of component B in the liquid phase
is due mainly to the rate of change of composition, while the contribution
from changes in the amount of liquid component A in the system is small. The
assumption in Eq. (37) of constant hold-up volume of gas equal to that in the
asymptotic stage of injection is probably not conservative but is motivated

by the compensating effects determining this volume. In the first period of
gas injection and when a quasi-steady state has been attained, i.e., when gas
phase is also leaving the system, the main part of the injected gas goes into
liquid solution while the gas phase will be very rich in component A and thus
take up a large volume. Later, this relation will change and when the asymp-
totic stage is approached all the injected gas will remain in the gas phase,
which, however, will now be less rich in component A and thus take up a com-
paratively smaller volume. Finally, the simplification introduced by Eq. (38)
may be interpreted as neglecting any mass exchange between the rising gas phase
and the surrounding liquid following the initial instantaneous equilibrium
attained at the moment of injection. It is worth noting that this assumption
clearly loses its physical validity if applied in determining the variable hold-
up volume of gas,.since this as seen from Eq. (29) can take arbitrary high
values when xp is close to 1.0. This would be the case, for example, if the
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initial condition for gas injection was saturated pure liquid of component A.

Introducing the assumptions in Egs. (36), (37), and (38) into the general
formulation, Eq. (28) becomes:

1:111 n
__B=1-—AZ
) g
and Eq. (29) gives:
Iy VBVA 1 +12
= = == —

where Xy = (1 - 6y)/6y according to Egs. (19) and (31). Substituting the above
results into Eq. (27) and noting that

1 - ZA aZA ae
= A H’

the following results:

ézA 1
z _ - =+ C
A de _ A 1+ 1LZ X

1+ KZ at ‘
dt 1+KZ1_G(1+1__>
%o

+B  (39)

In view of the assumption of constant hold-up volume of gas, it does not
seem justified to retain the volume and heat capacity correction terms in Eq.
(39); hence (1 + KZ) ® 1 and (1 + 1LZ) = 1. Introducing this and the linear
equilibrium approximastions, Eqs. (31) and (32), Eq. (39) becomes:

2
€03 + (1-3¢)6” & {ﬂ(ie-l) - eE(l-F):| e - Pe—'il- + EF:I a6
T = Al ()-I-O)

e - —-—> E1+Dl 6 - D:‘ at

where A, = A/[1-G(1+1/X,)] and D; = B/A; + C. Equation (40) can be integrated
after partial fraction expansion, and for large values of time © - Di/(1+D;),
which deviates slightly from the exact asymptotic value, 6, given by Eq. (34).

If, in addition, dilute solutions are considered (i.e., zp = 1), Eq. (39),
in conjunction with Egs. (31) and (32), reduces to
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[1 - eE(1-F)]6 - [1+€EF] a8

= A
(1+D1)6 - D, at 12

and integration yields:

e, - 9o (14D )Art

1 + ek Ln o] 0 [6g-0] = s (41)
1+D 1- eE(l-F%J 8 - 6y 1 - €E(1-F)

where

- D1

00 = 1+ Dy’

identical with the expression in Eq. (35). This solution, though not conserv-
ative, predicts approximately the cooling transient. The effect of liquid
solubility of the gas is found in the factors € and F, and will be discussed
in a subsequent section.

(b) Zero liquid salubility of the Injected Gas.—When the injected
gas is not soluble in the liquid phase, zp = 1, € = 0, and phase equilibrium
exists from the moment of injection. Hence Eq. (41) holds for € = 0, reducing
to

6, - 6
1 o) ()
in - [60-6] = (14D;)A;t Lo
o P e - (B8] = (Dt (v2)
where
Dy
[S) = ———,
o 1+ D

The solution in Eq. (42) represents an extension of the solution given on p. 45
of Ref. 1, in accounting for the enthalpy flux of injected gas and the presence
of rising bubbles, decreasing the system heat capacity. However, the temperature
dependency of the property group A has been ignored in Eq. (42), assuming the

use of an average value.

e. Discussion of Solutions. Effect of Gas Solubility.--It appears from
the physical model introduced in describing the injection process that the max-
imum attainable subcooling, determined by the asymptotic temperature, 6,, from
Eq. (34), is insensitive to the final liquid composition. This follows from
the assumption that only liquid of component A flows into the system, making
up for the evaporation of this component in the asymptotic steady state. Hence
all the injected gas remains in the gaseous phase. As seen from Eq. (33), the
effect of solubility enters only in the correction term, (1 + LZ)/(1 + KZ), to
the specific volume and specific heat of the liquid in the system. Omission
of this term and use of Eq. (35) will introduce only a minor error, especially
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if the final liquid concentration of component B is low or the properties
of component A and B are nearly the same.

While the asymptotic temperature thus is essentiaily unaffected by a
finite gas solubility, this becomes effective in decreasing the cooling rate.
Solving Eq. (41) for time, t, gives the following expression:

t = 0y + Oge + OgeF,

where the slope of the boiling curve, €, and the ratio of heats of evapora-
tion, ¥, are the only factors that depend on solubility. The coefficients

Oy, Oz, and Qg are functions of all other system parameters and are positive.
Zero solubility, € = 0, gives a minimum cooling time, t = Oy, as obtained by
Eq. (42). Increasing € and F gives inereasing cooling times, since, respec-
tively, the solubility increases as the cooling proceeds and the temperature
drops, and the enthalpy flux due to condensation of the injected gas increases.
Appendix IT gives an evaluation of the effect of solubility based on a sample
calculation for a hydrogen-helium system.

2. LOX-SYSTEMS COOLED BY He-INJECTION

Oxygen-helium systems at states considerably above the critical state of
heli are characterized by very low solubility of helium in liquid oxygen.
Datal indicate that the assumption of zero_ liquid solubility, zy = 1, is
Justified throughout the range of interest.l5 In this case the transient
cooling can be described by the solution given above in Eq. (42), and the
asymptotic temperature is determined by Eq. (35).

In evaluating the characteristics of injection cooling applied to a given
system, two aspects are of primary interest, namely, the lowest attainable
temperature, T,, and the time required to reach some specified temperature
To > Tew. The actual cooling curve is of secondary importance.

Such sample calculations are given in Appendix I for the particular He-
cooled LOX system discussed previously,l indicating that T, = 170.2°R, and
that 3.17 min of gas inJjection at a rate of TO scfm brings the system temper-
ature to To = 171.5°R, equivalent to 90% of the possible sub-cooling, To = Too-
This result does not differ significantly from that obtained previously (Ref.
1, Fig. 81, indicates To = 174.4°R after 3.17 min), where two effects were
omitted, namely, the presence of rising bubbles reducing the system heat ca-
pacity and the enthalpy flux of the inJjected gas. The two effects have, how-
ever, a compensating influence on the results. )

The agreement between experimental results and the predictions from the

lumped analysis indicates that this adequately describes the average temper-
ature response to the injection of a nonsoluble gas.
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3. LHo-SYSTEMS COOLED BY He-INJECTION

The critical state of hydrogen, and in general the states at which liquid
(LHz) is normally being handled, are much closer to the critical state of helium
than is the case for oxygen as discussed above. Therefore, higher solubility
of He in LHs> can be anticipated, and the assumption of zero liquid solubility
is no longer valid.

In the literature search only one source16 was discovered presenting ex-
perimental data for phase-equilibrium in helium-hydrogen systems. The data
cover liquid and gas compositions for systems at 17.40°K, 20.39°K, and 21.80°K
for pressures up to about 500 psia and indicate solubilities up to 3.5 mole-%
in this range. Further, it was shown that the solute (helium) obeyed Henry's
Law in the pressure range studied, while there were considerable deviations
from Raoult's Law for the solvent.

To demonstrate the effect of a sizable liquid solubility of the injected
gas, the tentative hydrogen-helium equilibrium diagram in Fig. 12 for an arbi-
trary selected system pressure of 120 psia was prepared, assuming ideal gas/
ideal solution. The dew-curve and boiling-curve were approximated by straight
lines as shown in Fig. 12 such that the asymptotic temperature, 6,, could be
found by Eq. (34) or (35) and the transient cooling by Eq. (41). Such sample
calculations are given in Appendix II for a system identical to that discussed
previously‘l with respect to geometry, ambient heating and helium injection
rate (70 scfm), but it is assumed that the system initially contains saturated
liquid hydrogen at the system pressure 120 psia. It is found that a maximum
subcooling of 0.96°F can be obtained under these circumstances and 90% of this
is obtained after 0.69 min of gas injection. Increasing solubility increases
this cooling time. Further, a subcooling of 4.56°F should be attainable if the
helium were pre-cooled to system temperature, according to this analysis.

From the discussion of the general characteristics of injection cooling
(Ref. 1, p. 47), it was shown that the maximum attainable subcooling for an
adiabatic system decreased with the absolute temperature, and that the cooling
rate increased. Irrespective of system components, the obtainable subcooling
will thus decrease with decreasing absolute temperature of the system. This
explains in part the small subcoolings observed for He-injection in LH-. How-
ever, the limitation of the lumped analysis in implying instantaneous equilib-
rium may well be significant. A final analysis of injection of a soluble gas
into a volatile liquid is therefore proposed to include a detailed study of
the rates of mass and heat transfer associated with finite initial bubble size
of the injected gas.
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B. Bubble Dynamics of a Distributed System

1. HEAT AND MASS DIFFUSION IN A MOVING MEDIUM WITH TIME-DEPENDENT BOUNDARIES

The equation for heat conduction in a moving, inviscid fluid with given
motion of the boundaries can be expressed as

aver - u(r,t) grad T - — = O (43)

where T(T,t) is the temperature and u(r,t) the local velocity of the fluid, r
being the radius vector at (x,y,z) and given by T = Ty(t) as a known function
of time.

The following boundary conditions will be considered.

T = 0; or éz = 0 for r = Try(t) (4h)
on

where ?5 is the radius vector of the moving boundary. Forster17 has presented
a method to find the analytical solution to this problem from the solutions for
the associated problem of diffusion in a stationary medium with stationary
boundaries. Since the same method will be applied in the following analysis,
it is appropriate to describe the approach briefly here.

If At is sufficiently small, one can assume that the boundary moves, as
shown in Fig. 14, from A to C to B instead of proceeding from A to B directly.
When the boundary moves from A to C and fluid particles move from A' to C',
the velocity u(r,t) is everywhere zero because Tb remains constant. Therefore
between A and C, A' and C', Eq. (43), becomes

72 -
P - 57 = 0 (45)

Between times t and t + At it is assumed that T(r,t) is known and
T(Tr,t + At), that is, the solution of Eq. (45) for t + At, is desired. Each
fluid particle is then shifted instantaneously from C to B, from C' to B',
whereby the redistribution of temperature due to convection effect is achieved,
and each fluid particle attains the position it should occupy in accordance
with the prescribed motion.

These steps can be mathematically performed by the use of Green's function

for Eq. (45) for the domain bounded by AC, which may be denoted by G(T,F',t).
Then the temperature at point C' is
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o(T,t + At) = f T(r',t)e(r,r',t)dr"’ (46)

where dr' is the volume element (dx'dy'dz') at r. The displacement AT of the
fluid particle at T can be evaluated as the local velocity u(r,t) of the fluid
is given; then as each fluid particle is shifted by Ar from the points C' to
B', the temperature at B' is given from Eq. (46) by @[(F - AT), t + At] or
explicitly

T(Tr,t + At) = f_w( )T(?',t)G[(F - AT), T',At] dr' (47)
Jralt

Equation (47) is the exact solution of Eq. (43) for the approximating
boundary motion A to C to B. Therefore, given an initial temperature distri-
bution T(r,0), the time interval t may be subdivided into n sub-intervals and
the exact solution of the equation is obtained by repeated application of
Eq. (47) to the n sub-intervals.

For the fluid motion represented by fo in Fig. 14, a related formula may
be derived by performing the operation given by Eq. (46) previous to Eq. (47)
in reverse order, i.e., taking the path from A to D to B, and from A' to D'
to B'. TY(TF,t) then is the solution of Eq. (43) for the path f; and TS(F,t)
that for the path fo both for time t in n intervals. Both T, and To tend to
the solution of Eq. (43) for boundary motion ry(t), since both f; and fo tend
to ry(t). Therefore the temperature of the fluid particle for a given motion
is intermediate between T? and Tg if the path of every fluid particle is al-
ways intermediate between f; and fo.

2. APPLICATION OF THE THEORY IN IV-B-1 TO BUBBLE GROWTH

(a) Bubble Growth in a Boiling Liquid.—At the asymptotic stage, the
growth of a bubble is governed by the rate at which latent heat of vaporiza-
tion can be supplied at the bubble surface. The governing differential equa-
tion is identical with Eq. (43) with T(T,t) representing temperature. Since
the latent heat of vaporization supplied to the bubble surface from the vapor
phase 1is negligible compared with that supplied from the surrounding liquid,
the bubble surface may be regarded as a heat sink, thermally insulated on the
vapor side, continuously absorbing heat from the surrounding fluid. The ap-
proximate Green's function to be used can be found in Ref. 18, p. 368. The
temperature increment at the bubble surface of radius R(t) at time t due to
an amount of heat p'C'dQ(y) liberated on the bubble of radius R(y) at time y
may be obtained from Eq. (16) on p. 368 of Ref. 18 by substituting r' = a = R(&),
r =R(E), t =%t -y, and h = O:

a(t-y)

) dap(y) J[ma(ioy) BE(&)
s = (5)[1' R(E)  ©

erfc

Ja(t'Y) ] (h8)
R(E)
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where

strength of an instantaneous point sink of heat

4
<
1}

a variable ranging from time y to time t

uve
1

a time between t = Oand t =t

«
i

R(&) starts at R(y) and grows to R(t).
An approximate mean value for R(£&) is calculated by Forster19 to be
R(E) = JR(y) R(t) (49)
If the radius R(y) of the bubble increases by dR(y), an amount of heat
p'c'dp(y) = - MnRg(y)hfgp”ﬁ(y)dy (50)

is absorbed constituting a distributed spherical heat sink. As discussed in
Ref. 17, the second term in the bracket in Eq. (48) is small when the contri-
bution of dTg is large and the contribution of dTg is small by the time the
second term becomes important. Therefore the combination of Egs. (48), (49),
and (50) gives:

h. o"R(y)R(y)d
a, - £g° R(VIR(y)dy (51)

C'o" @ Joy R(%)

Integration of Eq. (51) gives the temperature of the bubble surface at
time t:

hrgp” * R(y)R(y)dy
Il _ T,
Ts Clo' Jma J g [t-y R(t) ¥ (52)

where hfg is the latent heat of vaporaization, p" and p' the molal density of
vapor or liquid, respectively, c', the molal specific heat of liquid. It is
Justified to express the bubble growth as

R(t) = anJat (53)
Substituting R(t), R(y), and R(y) obtained from Eq. (53) into Eq. (52), one
obtains A, the coefficient of the bubble growth, as follows

A= Bl VT p g (51)
2p"hfg
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where T,-Tg, the effective superheat, is identical to the liquid superheat,
since in this case Tg is the saturation temperature of the liquid. The Dbubble
growth then can be written as:

R(t) = £ (Te - Ts) oop (55)
p heg

Results obtained by this apgroximation give good agreement with the experi-
mental results by Dergarabedian, 0 Griffith, 1 and the theoretical results by
Scriven.22 These results may also be applied to predict the rate of bubble
growth in cryogenic liquids.

(b) Bubble Growth in a Binary System.—If the liquid in which the bubble
grows is a mixture of two components, the rate of bubble growth at the asymptotic
stage is controlled by the transport of heat and mass from the liquid to the
bubble surface. By assuming the existence of a thermodynamic equilibrium at
the bubble surface during the bubble growth, Seriven®? obtained exact solutions
in nonclosed forms to Bredict the rate of the growth in binary liquid mixtures.
Benjamin and Westwater 5 conducted experiments to measure the growth rate of
bubbles in mixtures of water and ethylene glycol. The agreement between theory
and experiment over the entire range of concentrations is good qualitatively.

However, the approximate solution can be found by applying the theory
above. Equations for both heat and mass transfer in the binary mixture are
identical with Eq. (43). One may consider the mechanism of the bubble growth
as two simultaneous processes: (i) the bubble surface may be regarded as heat
sink, thermally insulated on the vapor side, continuously absorbing heat from
the surrounding liquid; (ii) the bubble surface may be regarded as mass sink
continuously absorbing mass only from the surrounding liquid and diffusing it
into the bubble space after the liquid is vaporized. Then the temperature of
the bubble surface at time t can be expressed by Eq. (52). The concentration
increment of the more volatile component B at the bubble surface of radius R(t)
at time t due to an amount of mass p'dQ.(y) evaporated on the bubble of radius
R(y) at time y may be expressed in the identical form as Eq. (48):

1

3" (t-y)

dQc (v) S Y (e-y) K(8) NOO " (t-y)
dzg o = 1 -Ng ——2L ¢ erfe————2~  (56)
’ b Nwe® ' Nt-y R (&) R(E) R(&)
where
Qe(y) = the strength of an instantaneous point sink of mass, ft3
Zg g = concentration of the more volatile component B in the
J

liquid phase expressed as mole fraction

If the radius R(y) of the bubble increases by dR(y), an amount of mass

o'dae(y) = -unR2<y>d—§-§y—>-ayp"xB,s (57)

is absorbed constituting a distributed spherical mass sink. Xg,g is the con-
centration of the more volatile component B in the gas phase at the bubble in-
terface expressed as mole fraction.
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If the second term in the bracket in Eq. (56) is ignored as in case (a),
the combination of Egs. (49), (56), and (57) gives:

_ _ __0"R(yR(yay 8
"5, o'R(t) Nrl' (t-y) B o8

Integration of Eq. (58) gives for the mole fraction of the component B
in the liquid state at the bubble surface at time t:

% t R()R
’ o' NxlJo Rr(t) ’
whereciD is the mass diffusivity, and z is the mole fraction of the more

volatile component B in the liquid phase at a distance from the bubble.

By substituting Eq. (53) into Eq. (59), one obtains

2p"th g 5
z = - 2 ’ + 2n (60)
B,S pv ’\/_TE a@' B,

The equilibrium conditions existing on the bubble surface during its
asymptotic growth gives a relationship between temperature and concentration
at the bubble surface as:

*B,5 ~ *B,w > (oosat 'T> (61)

where XB 00 is the vapor composition in equilibrium with liquid of composition
ZB o0 at a distance from the bubble, and

dzp
“B,5 T ZB,w0 <B_T— A <Too,sat. - TS) (62)

since zp = 1 - Zg-

Substituting Eqs. (54) and (60) into Eq. (62) to eliminate Tg and
ZB,S'ZB,m’ one obtains
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The last factor in Eq. (63) can be considered the correction factor to the
liquid superheat, Tm'Tm,sat.’ which gives the effective superheat T,-Tg for
bubble growth according to Eq. (54). For the one-component system, this

factor is equal to unity and Eq. (63) reduces to Eq. (54). The gas composition
XB,S is a function of the interface temperature Ty and can be eliminated from
Eq. (63) by Egs. (61) and (54), resulting in a quadratic equation in A.

The coefficient A of a bubble growth in the binary liquid mixtures of wa-
ter and ethylene glycol is analyzed. The results agree very well with those
predicted by Scriven.

(¢) Bubble Growth of Noncondensing Gas in Cryogenic Liquids.—The theory
which is confirmed in thg—brevious cases (a) and (b) is further extended to
predict the growth rate of helium bubbles in the liquid oxygen or nitrogen.
Equations for heat transfer in the liquids and mass transfer in the helium
bubble can be expressed in the same form as Eq. (43). One may consider the
mechanism of the bubble growth as two simultaneous processes: (i) the bubble
surface may be regarded as a heat sink absorbing heat, thermally insulated on
the vapor side, from the surrounding liquid oxygen; (ii) the bubble surface
may be regarded as a mass source materially insulated on the liquid side,
continuously diffusing gaseous oxygen into the bubble space occupied by the
"helium gas.

These two simultaneous processes are coupled by the equilibrium relation
existing at the bubble surface.

The temperature of the bubble surface at time t is identical with Eq. (52).
For the mass diffusion of gaseous oxygen or nitrogen into helium in the bubble
space, the appropriate Green's function to be used can be found in Ref. 18, p.
367. The concentration increment of the gaseous oxygen or nitrogen at the
bubble surface of radius R(t) at time t due to an amount of mass p'dQM(y) evap-
orated on the bubble of radius R(y) at time y may be obtained from Eq. (10) on
p. 367 of Ref. 18 by substituting r' = a =R(E), r = R(£), t = t-y, and h = O:

-

0 2

dQu(y) 1+ [R(E)y,]) _ )2 3dQy(y)
a = in2 [R(E)y. ] ralt-y) ¢ 377 (64)
s EKRS(Q);Z; R(E)y, 1P st L "n : ¥ Lar3(¢)
where the y,  are the positive roots of
R(E)yJeot [R(E)y] = 1 (65)

The roots of the transcendental Eq. (65) may be found from Table II on
p. 492 of Ref. 18. X, 1s the concentration of the vaporized cryogenic mate-
rials at the bubble boundary expressed as mole fraction and QM(y) the strength
of an instantaneous point source of mass which refers to the cryogenic liquid
in the problem.
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With the substitution of the geometric mean radius expressed by Eq. (49)
into Eq. (64), one obtains

deu(y) 5/ _ay2(t-y)
s+ 2o " &
ox[R(y) 132 R(1)1%/2 |2 i (66)

By substituting the y_'s the second term in the bracket in Eq. (66) may be
written as

o0 " 2 P"(t-y) _ 2 .9"(t-y)
TR L ) iRy L T RERG)
- ‘ (67)

_ 2 H"(t-y) i 2
+ e (10.9) R(t)R(y) , (l ot R(t)R(y)

17

Following Forster's™' reasoning, Eq. (67) may be approximated by 1 as

time increases.

As the radius R(y) of the bubble increases by dR(y), an amount of mass

2 ' n
p'aqy(y) = 4E®(y)R(y)p (68)
is generated constituting a distributed spherical mass source of gaseous

oxygen or nitrogen to diffuse into the bubble space. Integration of Eq. (66)
gilves

10p"
x, = ==t (69)
S 3p'

For the sake of simplicity a linear approximation is assumed for the dew
curve for the phase equilibrium of the helium-oxygen system according to Eq.
(31). Hence

T, = Tp + (TA - TB)xS (70)

and Egs. (54), (69), and (70) then give:

\/—ﬁ p'c' Too'TB 10 o"
A Se— (T, - T —_— - — 1
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In obtaining Eq. (69) by integration of Eq. (66), the initial bubble size
was assumed zero. Considering a finite initial bubble size, R_, Eq. (69) be-
comes

i®)

x, = 00 [l -/RO 3/2} (72)

s 3 o \R(t)

Hence T, cannot be considered constant, a necessary condition for the inte-
gration of Eq. (52) with the result of Eq. (54). For large values of time,
however, xg approach the constant value given by Eq. (69), and Eq. (T1)
therefore gives an approximate expression for the coefficient, A, of bubble
growth for helium gas in liquid oxygen at temperature T,.
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APPENDIX I
SAMPLE CALCULATION FOR LOX-SYSTEM COOLED BY He-INJECTION

The data summarized below pertain to the example discussed in a previous
study,l with the additional condition that the injected helium is initially at
ambient temperature, about 200°C = 360°F above the system temperature.

T, = 18%.6°R
T, = 184.4°R
T, = 155.0°R
T, -T, = 29.M°R
6o = (To-Tg)/(Tp-Tg) = 0.973
By = ' 1.8°F (mean value)
Vg = T.32 £t3
Vp = 7.80 £t°/min at 3.1 ata, 180°R
(%% | - 1.3°F /min

Assuming an average gas velocity, U = 2,ft/sec, and with a total length of the
LOX-line of 21 ft (the vertical height is 15 ft) the hold-up time becomes
2/U = 10.5 sec. Hence

8 \
A = —2 B . 0.0653 min~t
Tp - Tg Vg
B = % QE) = 0.04k2 min~t
Ty - Tg \dt /s
Ah- enAT
B B 5 x 200
C = = = = 0.650
Begn Begn 555
v
1 VB
¢ = 2B = 0.187.
U Vg 7

The asymptotic temperature is thus from Eq. (35)
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0 = B/AQ -G *C _ 05165 or T, = 170.2°R,
1+ B/A+C

whereby

_ A - o
A= g ~G(1 + 1/%0) 0-1063,

and the transient cooling is given by Eq. (42)

1, 0.973 - 0.516 _

5.066 o - 0.516 [0.973 - 8] = 0.22 t.

Assume 90% of the possible cooling is desired, i.e., 62 = 0.562, or Tp = 1T71.5°R.
The time to required to reach this value is from the above equation for the
transient cooling for 6 = 62, to = 3.17 min.
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APPENDIX II

The data summarized below pertain to the system discussed previouslyl with
respect to geometry, ambient heating, and injection rate (70 scfm, He ), but
assumes liquid hydrogen present at a pressure of 120 psia, and the injected
helium initially at ambient temperature, about 300-30 = 270°C = L86°F above
system temperature. Equilibrium data are tentative and taken from Fig. 12.

Ty, = 54°R
T = hoor
Ty - Tp = 12°R
T, = -15°R
Ty - T
€ = _u = O.l?l}.
Tp - Ty
o) - TZ - TB = € - 1 = _4.75
z Z
TA TB €
he AV
By = —82 A - 5.9°F
cAv"-
V. o= T7.%32 ££3
s 7.3
Vg = 0.9% £t%/min at 54°R, 120 psia

ar
dt)o = 1.3°F/min

Because of the smaller volume of the injected gas, the bubble velocity is
estimated to 1 ft/sec resulting in a hold-up time of l/U = 21 sec. Hence

5 v
A = A B - 0.0656 min~t
Tp - T Vg
-1
B = %+ CIE> = 0,108 min
Ty - Tp \at /s
_ Ahp
c = = 9.37
[ng
h
g = 1 feA . 5.6
TA - TB CA
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F = _i8 = 0.1
Bpgn
V
G = _l._B = 0.0)'*5
U Vs
c|
K = -2 = 0.k
A
vl
T = -—:E- = 1
VA
M = Y2 - 1.75 min™?
v' U ~
A .
vV .
N = =22 - 0.0057 min™t
v VS
1 . o-1
A = TTEEm Y IRy - 0-126 min
Dy = B/A, +C = 10.22
D = B/A+C = 11.31
Substitution into Eq. (34) gives:
0.20%3 6 + 11.92 6 + 11.03 = O,
or o~
| 0.918
8 = ¢
1-59.52,

hence 6, = 0.918 and ATg;, = Tp - Tw = 0.96°F, equivalent to a final liquid

composition, zp, = 0.989. For comparison 6, = 0.912 is obtained if Eq. (35)
is used.

Assume 90% of the possible cooling is desired, i.e., 62 = 0.926. The
time, to, required to reach this value is obtained from Eq. (41) to ts = 0.692
min. The effect of finite solubility in terms of the parameters € and F can
be seen from the expression

te = 0.0928 + 3.32 ¢ + 0.205 €F,
obtained from Eq. (41) by substituting the above values for properties and

initial and final temperatures. Increasing the solubility from zero by
changing the slope, €, of the boiling curve from € = O to positive values
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gives rapidly increasing cooling times, from to = 0,093 min at € = 0 to
ts = 3.4%3 min for € =1 and F = 0.1. The cooling time also increases with
increasing ratio of heat of evaporation, ¥, though less pronounced.

If the injected gas was precooled to system temperature, i.e., C = O,
6o = 0.62 is found equivalent to a subcooling of 4.56°F.
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Pig. 11 Analytical Model for Gas Injection
with Liquid Phase Present Only.
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Fig. 13 Analytical Model for Gas Injection
with Two-Phase Equilibrium
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Fig. 1i. BSpace-time domain for heat conduction problem with a
moving boundary.
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