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Abstract. Plastic flow localization in porous elastic-viscoplastic solids is analyzed with an emphasis on the effects of
material rate sensitivity and plastic potential surface curvature. The effect of rate sensitivity is included in a material
model that accounts for a change of yield surface curvature in a rate-insensitive porous ductile solid. Shear band
formation under plane strain and axisymmetric tension, and localized necking in biaxially stretched sheets are analyzed
by using the present material model. The results illustrate the interactions of the effects of void nucleation and growth,
material rate sensitivity and plastic potential surface curvature on plastic flow localization. The effects of non-
proportional straining paths on localized necking in thin sheets are also demonstrated.

1. Introduction

It is well-known that materials are quite resistant to plastic flow localization when modeled
by the classical theory of plasticity with the assumption of smooth yield surface, normality
and plastic incompressibility. For example, an initially uniform sheet subject to biaxial
tension, modeled by the classical theory for rigid-plastic solids [1], gives unlimited ductility,
which is, however, incompatible with experimental observations [2, 3]. Deviations from the
classical plasticity model can lower the unrealistic ductility. As suggested by Berg [4], the
dilatational plastic flow induced by void nucleation and growth is one of significant destabiliz-
ing factors.

Gurson [5, 6] proposed a set of constitutive relations accounting for plastic dilatancy
‘and pressure sensitivity of yielding due to microvoids for porous materials. To model the
plastic flow localization more realistically in accord with experimental observations, Mear and
Hutchinson [7] introduced a family of constitutive laws which account for a combination of
isotropic and kinematic hardening for porous materials. For purely isotropic hardening cases
and/or proportional stressing histories the constitutive behaviors of Mear and Hutchinson’s
model [7] are identical to those of Gurson’s isotropic hardening model [5, 6]. Mear and
Hutchinson [7] found that an increase of the yield surface curvature gives a significant reduction
in localization strains and consequently a much smaller void volume fraction is required for
shear band formation when compared with those of Gurson’s isotropic hardening model [5, 6].
Recently, Tvergaard [8] incorporated the effect of void nucleation in the model of Mear and
Hutchinson [7]. He also found the destabilizing effect of the increased yield surface curvature
and in some cases this effect becomes less significant due to the dominant effect of void
nucleation.

Pan et al. [9] modified the plastic flow rule proposed by Gurson [5, 6] to account for material
rate sensitivity. They showed that material rate sensitivity, in contrast to void nucleation and
growth, has a retarding effect on shear band formation under both plane strain and axisymmet-
ric tension, and the retarding effect is greater under plane strain tension than under axisymmet-
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ric tension. Needleman and Tvergaard [10] adopted the model of Pan et al. [9] to analyze
localized necking in biaxially stretched sheets and observed the same retarding effect of material
rate sensitivity. Moreover, Needleman and Tvergaard [10] showed the destabilizing effect of
increased plastic potential surface curvature due to kinematic hardening on localized necking
in biaxially stretched sheets.

In this paper the effect of rate sensitivity is incorporated into the material model proposed
by Mear and Hutchinson [7] and subsequently modified by Tvergaard [8]. Our constitutive
relation is similar to that of Becker and Needleman [11] except that they did not consider the
effect of void nucleation. Becker and Needleman [11] also found the destabilizing effect of
increased plastic potential surface curvature on necking and failure under axisymmetric and
plane strain tension through their finite element computations. By using the present material
model, the interactions of the effects of void nucleation and growth, material rate sensitivity and
plastic potential surface curvature on shear band formation under plane strain and axisymmet-
ric tension, and on localized necking in thin sheets under biaxial stretching are analyzed. Under
plane strain and axisymmetric tension, the effect of the enhanced hydrostatic stress due to
necking is also studied by using Bridgman’s formulae [12] as in Saje et al. [13]. For thin sheets
under biaxial stretching, the effect of non-proportional straining paths on localization strains is
also investigated.

2. Constitutive relation

We employ a Lagrangian formulation and take the initial undeformed configuration as the
reference. A material point is identified by Cartesian coordinates x* in the reference state, which
is here employed as the convected coordinates. In the current deformed state, the coordinates
of a material point, referred to the reference Cartesian base vector, are denoted by %' Latin
indices range from 1 to 3 and Greek indices range from 1 to 2. Summation convention is
adopted for repeated indices.

The current base vectors §; can be expressed in terms of the deformation gradient tensor F
and the reference base vectors g; as

ox/

axt’ M

gi = F",g] where I'TJl =

The metric tensors in the reference configuration and in the current configuration are denoted
by g;; and g;; with the determinants g and g, respectively. Thus, the Kirchhoff stress tensor t
and the Cauchy (or true) stress tensor o, referring to the deformed coordinates, are related as

T =./4/g0.
The covariant components of the Lagrangian strain rate # are given by
fij = HFYFy + FYFy), )

which can be decomposed into an elastic part #f; and a plastic part #f; as

iy = 1% + 1. (3)
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With the assumption of elastic isotropy, the relation between the elastic Lagrangian strain rate
#° and the Jaumann rate of Cauchy stress & is given as

, 1 _ e aa
5 = E[(l + V)gudn — viGu e, @)

where E is Young’s modulus and v ts Poisson’s ratio. The plastic Lagrangian strain rate #° can
be derived from a plastic potential function and this will be detailed later.

Gurson [5, 6] suggested a yield function for porous solids in terms of the void volume fraction
f, the matrix flow stress g,,, and the macroscopic stresses. Subsequently, Tvergaard [14, 15]
included some parameters g; into Gurson’s yield function based on the finite element results on
plastic flow localization for models having periodically distributed circular cylindrical voids or
spherical voids. He suggested ¢q; = 1.5, g, = 1 and g3 = q7 = 2.25. Tvergaard and Needleman
[16] also introduced a function f*(f) to account for the loss of stress carrying capacity due to
void coalescence. Thus, the modified Gurson’s yield function ¢; by the parameters g; and the
function f*(f) is
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where o, is an invariant of the macroscopic stresses given by

02 = 3Guguoa™, o = 0¥ — idk, ©)
Here, the tensor §¥ is the inverse of the metric tensor gij. When q; =g, = q3 = 1 and f*(f) = f,
the modified Gurson’s yield function ¢; becomes identical to the original Gurson’s yield
function. The function f*(f) is given by Tvergaard and Needleman [16] as

% — f fOI' fsfc
A {fc+(f;* I ~f ISy =1 for > f.

(7)
The quantity f7 is defined as the limiting value of f*(f) as the stress carrying capacity goes to
zero and f¥ = 1/q, from (5). Based on the experimental studies of [17, 18] and the numerical
analysis of [19], the values of the critical void volume fraction f. and the void volume fraction
at the final failure f, were chosen as 0.15 and 0.25, respectively [16].

Mear and Hutchinson [7] further specified the radius of the yield surface of the matrix
material or as a linear combination of the matrix initial yield stress o, and the matrix flow stress
0m, and proposed an approximate yield function in the form of ¢ (o, 0F, f) = 0. Here, «
denotes the current center of the yield surface. The modified yield function of Mear and
Hutchinson ¢ by the parameters g;, the function f*(f) and an appropriate form of ¢ for rate
sensitive materials, is used here as a plastic potential function and it is given by

¢(o,2, op, f) = <&—> +2q.f* Cosh(q—&ﬁj —1—gq3f**=0, (8)
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where
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Here, the parameter b is a constant and has a value between 0 and 1. The above yield function
becomes identical to the modified Gurson’s yield function, ¢¢, of isotropic hardening for b = 1,
while it gives a material model of purely kinematic hardening for b = 0.

As in Pan et al. [9], the matrix of voided material is now modeled as elastic-viscoplastic. A
simple power law for strain rate hardening is used to describe the material viscous behavior:

& = éo[ I ]”m, (10)
glen)

where m is the strain rate hardening exponent and &£, is the equivalent plastic strain of the
matrix. Since &, is taken here as the reference equivalent plastic strain rate, the function g(eZ)
represents the tensile flow stress of the matrix material in the ordinary tensile test at é5, = &,.
For a power-law strain hardening material, the function g(e%) is given by

=, [gff"*)]w - o) (11)

where N is the strain hardening exponent, and ¢, and ¢, are the true yield stress and logarithmic
yield strain, respectively, in a uniaxial tensile test conducted at the reference equivalent plastic
strain rate é&,.

The covariant components of the plastic Lagrangian strain rate #” are obtained from the
plastic potential function ¢ as

00

ni= Aﬁ’ (12)

where A is a proportionality factor which can be determined from the equivalence of plastic
work [8]:

18 = (1 — f)opéh. (13)
Thus, the proportionality factor A becomes
- P
_ U= flortn (14)

&ij %

de'l

A

The increase of void volume fraction arises from the growth of existing voids and from the
nucleation of voids. The increment due to growth can be obtained from the plastic incompres-
sibility of the matrix material. For the increment due to nucleation, we here adopt two models:
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one is the plastic strain controlled nucleation model suggested by Gurson [5, 6] based on
Gurland’s experimental data [20] and the other is the stress controlled nucleation model in
which void nucleation depends on the maximum stress transmitted across the particle-matrix
interface as discussed in Argon and Im [21]. Thus, the increase rate of void volume fraction can
be expressed as

f = fgrowth + fnucleation = (1 - f)guﬂﬂ + Aggl + B[Gm + (Gkk)/3]a (15)

where

1 (e — ey)?
A= J4 exp[—— (8"' 8N> ] for &£ >0,
s/2n 2 S

kq 2
/s exp[—l<w> } for 6,, + (6%)/3 > 0.
50,4/ 2m 2 56y

Here, f4 and f5 are the volume fractions of void nucleating particles for the plastic strain
controlled nucleation model and the stress controlled nucleation model, respectively, s is the
standard deviation, and ¢y and oy are the mean values of the normal distributions.

The evolution equation for the center of plastic potential surface during a plastic deformation
is assumed to take the form of

(16)
B =

a9 = pét, 4> 0. (17)

Here, 4" represent the contravariant components of the Jaumann rate of a. This is a finite strain
version of Ziegler’s hardening rule [22] that has been used in [7, 23] and the magnitude factor
i will be determined from the consistency equations.

As in [7], under proportional stressing conditions the constitutive behaviors associated with
the plastic potential function ¢ are taken to be equal to those associated with the modified
Gurson’s plastic potential function ¢;. Here we take [7]

.z (18)

This assumption ensures that ¢¢ = 0 when ¢ = 0. In addition, the plastic Lagrangian strain
rates are assumed to be equal to each other in the two models based on ¢ = 0 and ¢¢ = 0 under
proportional stressing conditions. The two consistency equations under plastic loading condi-
tions are

h = _@ 4ij ad) i ¢ 09
¢ = 60'ija + oo + 6ff =0, (19)

; 6¢>c 4 % 6¢G
$c = + 20, ff (20)
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From (12-20), the plastic Lagrangian strain rate #?, the increase rate of void volume fraction f,
the increase rate of the matrix flow stress d,,, and the magnitude factor 1 can be determined.
Finally, 4V is given by

_ (9% su 09 .y _ 0,0méh dgleh) 00
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Plugging (4) and (12) into (3) and inverting the equation gives

i = Lijklﬁ“ _ /\Qij, (22)
where
Lijkl _ 1(—ik =il + —il —jk) + ~ij =kl Qu Lukla_¢ (23)
—1+v2gg 99 1—2vgg ’ il

We employ the tangent modulus procedure of Peirce et al. [24] to obtain the evolution of
the constitutive behavior. We use one of the consistency equations, (20), the void volume
fraction increase rate, (15), and the linear interpolation of the matrix plastic strain rate. Then
(22) becomes

. ¢ QuL|. . Q
g = |:L_ 1+¢ H :"’ Al Iy "Ltan AQtam (24)
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The parameter { ranges from 0 to 1, with { = 0 corresponding to a simple Euler time inte-
gration scheme. In (24), two new tensors L, and Q,, are defined. Note that the relation

between the convected Kirchhoff stress rate © and the Jaumann rate of Cauchy stress, 4, is
given by

g/ge + ttrd) —d-t — 7-d, (26)
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where d is the rate of deformation tensor which is the symmetric part of F-F~!. We also have
the identity #;; = g;-d-g;. Then the constitutive relation between the convected Kirchhoff stress
rate and the Lagrangian strain rate can be obtained in the form of

= LMy — /a/g AQL,, (27)
where
L = /§/g L + gt — (g*o! 4 gtk 4+ gkal 4 gy, (23)

For the plane stress problems where ¢ = 0, the constitutive relation becomes

. ; L2 L3N — L2 o
= (L?f,?" — s e — VlgA| Qi ~ —ra ) 9
tan tan

3. Plastic flow localization analysis

In the present analyses, a thin planar band with a higher volume fraction of void nucleating
particles is assumed to exist in a material element as shown in Fig. 1. Homogeneous
deformations inside and outside the band are assumed to occur throughout a deformation
history. We consider the element of solid subject to all around displacement boundary
conditions, which give plane strain tension, axisymmetric tension and plane stress biaxial
deformation. The imposed deformation histories are such that the x', x? and x> axes remain as
the principal directions throughout the deformation histories. The principal values associated
with the 1, 2 and 3 directions are denoted by ( ), ( )y and ( )m, respectively. In addition, a
superscript or subscript ‘b’ represents a quantity inside the band, while a superscript or subscript

IMPERFECTION

- BAND
xS

Fig. 1. A solid element having a plane of imperfection.
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‘0’ represents a quantity outside the band. Under plane strain tension, F{; is equal to zero and
F% is chosen so that ¢4 vanishes. Under axisymmetric tension, F§ = Fg, with a5 = oy = 0. These
two deformation histories were originally considered by Yamamoto [25].

We also employ Bridgman’s formulae [12] to take account of the effect of enhanced
hydrostatic stress due to necking under plane strain tension and axisymmetric tension. For
plane strain tension with necking we take off = Ao whereas for axisymmetric tension with
necking we take af, = of}; = Ao{. Here,

a

1 —
j'=_ln< +2r0> ,
a
l+Infl+—
+n< +2"c)

where 2q is the width (or the diameter) of the minimum section for plane strain tension (or
axisymmetric tension), and r. is the radius of curvature of the free surface of the minimum
section. Bridgman [12] found a relationship between the ratio a/r. and the axial strain ¢ at the
minimum section of the form

0.833(¢ — N) for e > N 3h

0 for e< N
afr, = {
where ¢ = In(A4;/A), with A; being the initial cross sectional area and A being the current cross
sectional area at the minimum section. In Bridgman’s analysis [12], incompressibility is
presumed so that ¢ is identified with In(F7). However, (31) is employed in the present analyses
for porous materials.

In simulating thin sheets under biaxial deformation, a plane stress state (of, = ofy = 0) is
assumed both inside and outside the band. Under proportional straining conditions, the strain
ratio outside the band p (= ¢}/¢3) is prescribed to be a constant throughout a deformation
history. Here, &} = In(F}) and &% = In(Ff}). Under non-proportional straining conditions, the
strain ratio p is prescribed with two constants of the form as in [10]:

py for & < ¢
N (3
pz fOI' 81 > Eg

Two non-proportional straining histories are analyzed: one with p; = —0.5 (nearly uniaxial
tension) and p, = 1.0 (equal-biaxial tension), and the other with p, = 1.0 and p, = 0.0 (in-plane
plane strain tension). The variations of localization strains as functions of various &’s are
obtained.

As the deformation proceeds, compatibility requires [26, 27]

F?j = F?j + Cih;, (33)

where ¢ is a vector denoting the discontinuity across the band and n is the normal vector to the
band in the undeformed state. In addition, equilibrium requires that the nominal tractions be
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continuous over the band interface. Therefore, the equilibrium equation can be given in terms
of the first Piola-Kirchhoff stress s and the normal vector n as

nsy = n;s¥ with s9 =1*FJ, (34)

Combining the rate form of the compatibility equation (33) and the rate form of the
equilibrium equation (34) with the constitutive retation (27), a set of equations for ¢; is obtained
as

n(LXP Fi,F + 129y n, ¢, = ny(Fiy//aAQ%)s — ni(Fiy/G/gAQL),
+ n(LMP FI FY 4 <P i), o, — n(LK? FI % + 17 g7%), F9,. (35)

Similarly, a set of equations for ¢, for plane stress biaxial deformations can be obtained.

Given the prescribed deformation histories outside the band, F %, and the initial conditions,
the set of equations (35) for ¢; can be solved incrementally to determine the deformation history
inside the band. The condition of localization is reached when the ratio of a strain rate inside
the band to the counterpart outside the band becomes unbounded.

4. Numerical results

In these analyses an additional volume fraction of void nucleating particles, Af, or Afp, is
assumed to exist inside the band as the material inhomogeneity. Thus, the volume fractions of
void nucleating particles inside and outside the band are related by

fa=fa+Afa fh=fs+Afs (36)

Both the initial void volume fractions inside and outside the band are taken to be zero. The
material under plane strain and axisymmetric tension is specified by ¢,/E = 0.0033, N = 0.1 and
v = 0.3. Under plane stress biaxial deformation, however, the material parameters are taken as
o,/E =0.001, N =0.2 and v = 0.3. For all deformation histories, F t/F{ is prescribed to be &,.

The localization strains are computed for various combinations of b, m, and the initial band
angle 0; (as shown in Fig. 1). Under plane strain and axisymmetric tension, the localization
strains outside the band ¢{’s are plotted as functions of both the initial band angle 8; and the
current band angle 8. in Figs. 2 and 3. In these cases, plastic strain controlled nucleation with

% = 0.005, Af, = 0.005, ey = 0.3 and s = 0.1 is assumed. The minimum of each curve defines
the critical localization strain and identifies the most critical initial and current angles of the
band containing the material inhomogeneity.

The results of shear band formation under plane strain tension are shown in Fig. 2. As found
in [7] and [8], Fig. 2 shows that the localization strains for kinematic hardening cases (b = 0)
are smaller than those for isotropic hardening cases (b = 1). Furthermore, as observed by Pan
et al. [9], the localization strains increase as the material becomes more rate sensitive. For the
range of m we considered, the retarding effect of material rate sensitivity is a bit more dominant
than the destabilizing effect of the increased plastic potential surface curvature. Since we have
found a good agreement between the results for rate-dependent materials with m = 0.001 and
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Fig. 2. The localization strains £}’s under plane strain tension for f¢ = 0.005, Af = 0.005, ey = 0.3 and s = 0.1 as
functions of (a) the initial band angle 6;, and (b) the current band angle 6,.

those for the corresponding rate-independent materials, the predictions for m = 0.001 can be
considered as those for rate-independent materials. Figure 2 also shows that the difference of
the critical localization strains for isotropic hardening (b = 1) and for kinematic hardening
(b = 0) increases from 0.143 to 0.199 as m increases from 0.001 to 0.05.

The results of shear band formation under axisymmetric tension are shown in Fig. 3. As
shown in Pan et al. [9], the retarding effect of material rate sensitivity under axisymmetric
tension is not so strong as that under plane strain tension. However, the destabilizing effect of
increased plastic potential surface curvature becomes greater under axisymmetric tension and
it is more dominant than the retarding effect of material rate sensitivity. In contrast to the
results shown in Fig. 2, the difference of the critical localization strains for isotropic hardening
(b = 1) and for kinematic hardening (b = 0) decreases from 0.557 to 0.514 as m increases from
0.001 to 0.05. This is due to the fact that, for isotropic hardening with large m, the destabilizing
effect of high porosity overcomes the retarding effect of material rate sensitivity on localization.
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Fig. 3. The localization strains ¢}’s under axisymmetric tension for 9% = 0.005, Af, = 0.005, ¢y = 0.3 and s = 0.1 as
functions of (a) the initial band angle 8;, and (b) the current band angle 0.

Under both plane strain tension and axisymmetric tension, the critical initial and current
band angles for kinematic hardening are larger than those for isotropic hardening. As the
material becomes more rate sensitive, the critical initial band angle decreases but the critical
current band angle increases. Furthermore, the void volume fractions at localization are smaller
for kinematic hardening. For example, for m = 0.02 shown in Fig. 2, the void volume fraction
inside the band at the critical localization strain is 0.032 for b = 0, whereas the void volume
fraction is 0.077 for b = 1 (these values are taken at #%, /1%, about 1000).
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We also analyzed the effect of the enhanced hydrostatic stress due to necking on shear band
formation under plane strain and axisymmetric tension. The results are plotted in Figs. 4 and
5. These figures show that both the retarding effect of rate sensitivity and the destabilizing effect
of increased plastic potential surface curvature are reduced by high triaxiality. As found in [13],
the reduction of the localization strains by enhanced triaxiality under axisymmetric tension is
more than that under plane strain tension. Under axisymmetric tension, however, the destabiliz-
ing effect of the increased plastic potential surface curvature is still more dominant as shown in
Fig. 5. For brevity, we choose not to show the variations of localization strains as functions of
the current band angles. Similar to the cases without the enhanced hydrostatic stress due to
necking, the critical current band angles for kinematic hardening are larger than those for
isotropic hardening and these angles increase as m increases. We also have investigated the cases

1.2

€

1.0 a m=005
a m=0.02
o m=0.001

0.8 b=10
—_——— b=05
------ b=00

0.6

0.4

0.2 ) ! 1 L _ 1

0 10 20 30 40 S0 6; 60

Fig. 4. The localization strains ¢}’s under plane strain tension with enhanced hydrostatic stress as functions of the initial
band angle 6, for f% = 0.005, Af, = 0.005, ¢y = 0.3 and s = 0.1.

1.6
o]
61
1.4
a m=005
0 m=0.02
1.2 o m=10.001
— b=10
——— b5=05
1.0 b S’ A e b=00
0.8
0.6 1 1 - 1 1
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Fig. 5. The localization strains &5’s under axisymmetric tension with enhanced hydrostatic stress as functions of the
initial band angle 6; for % = 0.005, Af 4 = 0.005, ey = 0.3 and s = 0.1.
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with a larger inhomogeneity of Af, = 0.015. As we expected, the results show that a large
material inhomogeneity reduces both the effects of rate sensitivity and plastic potential surface
curvature as a high triaxiality does.

For plane stress biaxial deformation under proportional and non-proportional straining, we
obtained localization strains for various initial band angles and plotted the critical localiza-
tion strains as the forming limit diagrams shown in Figs. 6, 7 and 8. For the results shown
in Figs. 6 and 7, plastic strain controlled nucleation inside and outside the band is assumed
with f, = 0.04, ¢y = 0.5 and s = 0.1. In addition, stress controlled nucleation is assumed in-
side the band with Af = 0.01, oy = 2.10, and s = 0.4. Figure 6 shows the localization strains
under proportional straining conditions. For p >0, the critical initial and current band
angles are zero. For p <0, however, the critical initial and current band angles are not

zero. For example, for p = —0.5, m=0.05 and b =0, these angles are about 27.5° and
0.4
6‘1’ N m = 0.05
0.3 F \ ™\
m = 0.02 X

0.2 I _oon R

e —_— =10
o1 N\ TF7 —-— b=05

------ $=00
0.0 1 1 1 1
-0.2 -0.1 0.0 0.1 0.2 0.3 €, 04

Fig. 6. The forming limit curves under proportional straining for plastic strain controlled nucleation everywhere with
% = f4% =0.04, ey = 0.5 and s = 0.1 and stress controlled nucleation inside the band with Afy = 0.01, oy = 2.16, and
s=04

NNy (1) p1 =—0.5,p2=10,b=1.0
-2 (2) prop. straining, b = 1.0

0.1 (6) (3) p1=—0.5p=1.0,b=10.0
(4) prop. straining,b= 0.0
(5) o1 =1.0,p2 =0.0,b=0.0
(6) py =1.0,p,=0.0,b=1.0
0.0 1 1 I ]

-0.2 -0.1 0.0 0.1 0.2 0.3 0.4

Fig. 7. The forming limit curves for m = 0.02 under proportional and non-proportional straining for plastic strain
controlled nucleation everywhere with f% = f% = 0.04, ey = 0.5 and s = 0.1 and additional stress controlled nucleation
inside the band with Afp = 0.01, oy = 2.16, and s = 0.4.
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Fig. 8. The forming limit curves for m = 0.02 under proportional and non-proportional straining for plastic strain
controlled nucleation with f% = 0.04, f% = 0.05, ey = 0.5 and s = 0.1.

41.1°, respectively. Figure 6 also shows the destabilizing effect of increased plastic potential
surface curvature on localized necking formation. The difference of the localization strains for
isotropic hardening and for kinematic hardening is almost zero for in-plane plane strain tension
(p = 0) because the loading inside and outside the band is almost proportional. This difference
increases as p deviates from 0. The maximum difference occurs at p = 1 where the deformation
inside the band changes from biaxial stretching to uniaxial tension when a localized necking is
formed.

Figure 7 shows the effect of straining paths on localization strains. A comparison of these
curves indicates that in general pre-biaxial straining results in lower localization strains, but
pre-uniaxial straining results in higher localization strains than those of the corresponding
proportional straining cases. However, for the kinematic hardening cases, the localization
strains of curve (5) for pre-biaxial straining are higher than those of curve (4) for proportional
straining only for small values of ¢} (or &}). These results essentially agree with those of [10]
where a rate dependent kinematic hardening plasticity model was used to investigate the
straining path effect on necking in thin sheets with thickness imperfections. Figure 7 also shows
that due to pre-biaxial straining the localization strains of curve (5) for kinematic hardening are
higher than those of curve (6) for isotropic hardening for &% (or &) up to 0.130. The hump of
curve (5) over curve (4) and the higher localization strains of curve (5) than those of curve (6)
result from the stress controlled nucleation model with a low mean value gy. When we employ
the plastic strain controlled nucleation model only with /% = 0.04, Af, = 0.01, as shown in Fig.
8, pre-biaxial straining results in almost the same localization strains of curve (4) for isotropic
hardening as those of curve (3) for kinematic hardening for &5 (or &) up to 0.183.

5. Conclusions

We have analyzed the shear band formation under plane strain and axisymmetric tension, and
the localized necking in biaxially deformed sheets. We have shown that material rate sensitivity,
plastic potential surface curvature, high triaxiality and straining path have strong influences on
plastic flow localization. As the material becomes more rate-sensitive, the difference of the
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critical localization strains for isotropic hardening and for kinematic hardening increases under
plane strain tension, but it decreases a bit under axisymmetric tension. The retarding effect of
material rate sensitivity under axisymmetric tension is not so strong as that under plane strain
tension. Under axisymmetric tension the destabilizing effect of the increased plastic potential
surface curvature becomes more significant than the retarding effect of rate sensitivity. With a
high triaxiality due to necking or a large material inhomogeneity, both the retarding effect of
rate sensitivity and the destabilizing effect of increased plastic potential surface curvature are
mitigated, and the difference of the critical localization strains for isotropic hardening and for
kinematic hardening is also reduced.

For proportional straining cases, the slope of the forming limit curves becomes smaller for
kinematic hardening and/or for high rate hardening exponent. It is noted that, in general,
pre-uniaxial straining results in higher localization strains, but pre-biaxial straining results in
lower localization strains than those under proportional straining. For pre-biaxial straining with
a small prestrain &, however, the stress controlled nucleation model results in higher localiz-
ation strains for kinematic hardening than those for isotropic hardening but the plastic strain
controlled nucleation model results in almost the same values for both isotropic and kinematic
hardening. This means that, for pre-biaxial straining, kinematic hardening results in higher
ductility than isotropic hardening when the stress controlled nucleation model is applied.
Furthermore, in all the cases of plane strain tension, axisymmetric tension and plane stress
biaxial deformation, the critical initial and current band angles for kinematic hardening are
larger than those for isotropic hardening. Moreover, the critical initial band angle decreases
even though the critical current band angle increases as the material becomes more rate
sensitive.
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