D. G. HIGMAN

COHERENT CONFIGURATIONS

II; Weights

1. INTRODUCTION

We consider certain partitions ¢ of X2 where X is a finite set, and certain
matrices w: X? — C which we refer to as weights on (X, ¢). Under a suitable
coherence condition there is associated with w an algebra of matrices
$: X% — C which we call the adjacency algebra of w. In case (X, @) is a
coherent configuration, its adjacency algebra as defined in Part 1 coincides
with the adjacency algebra of the ‘ali 1” weight. With certain exceptions the
ordinary theory of Part 1 extends to adjacency algebras of coherent weights.
Our main purpose here is to indicate these extensions.

Our primary source of motivation and examples is the fact that the
centralizer algebra of a monomial representation of a finite group is the
adjacency algebra of a suitable weight. It should be noted, though, that there
is no shortage of coherent weights which do not belong to this ‘ group case’.
For instance, a regular 2-graph can be viewed as arising from a weight, and
this weight belongs to the group case if and only if the automorphism group
of the 2-graph is 2-transitive. Also, such processes as fusion can carry one out
of the group case.

In this paper, [2] is referred to as Part 1, and references to (La) or (L.a.b)
are to section a or statement (a.b) of Part I. Details are frequently omitted
when the extension from Part I is straight forward.

The sections of the present paper are as follows:

. Introduction
. Coherent and regular weights
. The Schur relations and theorems of Frame and Wielandt
. The Krein condition
. The centralizer algebra
. Common constituents
. Fusion
The Casimir operator
9. Regular 2-graphs
10. The group case
A detailed discussion of the group case is given in [4].
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2. COHERENT AND REGULAR WEIGHTS

In this paper we consider configurarions (X, @) consisting of a finite nonempty
set X and a set @ of binary relations on X. By R = R(X, ¢) we denote the
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Boolean subalgebra generated by @ of the Boolean algebra of all subsets
of X2, We say that (X, ) is based on X and refer to the members of & and R
as the basic and admissible relations respectively, We call (X, @) precoherent
if the following axioms (I), (II) and (III) are satisfied.
(I) @ is a partition of X2
(ID) i:={(x,x) | xe X}eR.

Iy fe @ implies f~ .= {(y, x) | (x, Y)Y ef} el
These are the first three of the four axioms defining coherent configurations
in (1.2). The notations and terminology of (I.2) will be used freely.

Let (X, @) be precoherent. Then any admissible relation is uniquely
expressible as a union of basic relations, so in particular i = %, E,,
E,ed,

A weight on (X, @) is a matrix w: X2 — C such that

(1) wis Hermitian

(2) (w(x,y)] =0or1land w(x,x) =1forall x,ye X, and

(3) sptw:= {(x, ) € X%|w(x, ¥) # O} € R,

Let w be a weight on (X, @). Then spt w = | J;e,, f, where @, is a subset of
closed under the converse map f+> f, and the basic components E,, of i are
in @,,. We call r,,:= |@,| the rank of w,

The “all 1’ matrix ® and the identity matrix I are weights on (X, @) which
we refer to as the standard and rrivial weights respectively, Cleatly Oy = @
and &; = {E,, E,,.. ., E}.

For S = X2 let wg: X2 — C be the matrix which coincides with w on §
and is zero off S. Thus g is the characteristic function of &, i.¢., the adjacency
matrix of the graph (X, §), and wg = w e Og where © is the pointwise (i.e.,
hadamard) product. Then w = 3,0, Wy, W} = w,o for fe@,, where *
denotes conjugate transpose, and wg, = O forl € i < 1.

We let Q,, denote the r,-dimensional linear subspace of Matg,,X spanned
by {w; | fe 0}, where Q(w}: = Q({w(x, y) | x, y € X}} and Matg,,X is the
Q(w)-algebra of matrices ¢: X2 — Q(w). The weight w will be called coherent
if €, is a subalgebra of Matg,,X.

If f, g€@, and wyw, = Zpeq bygpwy With by, € C, then for he € and
(x,z)eh,

(1.1) byor = ZX wy (%, Y)Wy, 2Wal, 2)

w(x, y,2),

VEI{X)NgV(2)

where f(x):={ye X |, »)ef} and Bw(x,y, 2):= w(y, Z)w(x, Z)w(x, »).
If w is coherent, the structure constants for ©,, with respect to the basis
{wy | f€ Oy} are given by (1.1), and b, = 0if not all of £, g and £ are in @,.
We call {by | £, &, h € 0} the set of structure constants for w. We see that
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(1.2) A weight w is coherent if and only if the linear subspace K2, of Mat, X
spanned by {w; | f& @} is a subalgebra for some extension field K of Q(w).
Since Q,, is closed under the conjugate transpose map and 7 = X}, wg,,

(1.3) If w is coherent, then Q,, is semisimple and contains the identity matrix.

It will be convenient to say that a triangle (x, ¥, z) € X2 has type (f, g, h)
it (x, »)f, (»,2) eg and (x, z) € h. The weight of (x, y, z) is dw(x, y, 2). In
this terminology, if (x, z) € k4, then b,,, is the sum of the weights of the
triangles (x, y, z) of type (f; g, #). Thus w is coherent if, and only if, for
[, g hel and (x, ) & A, the sum of the weights of the triangles (x, y, z) of
type (f, g, A) is independent of the choice of (x, z) € & and is zero if h ¢ 0,

Let X; = {x€ X [ (x, x) € E}, then {X; | | £ i < f}is a partition of X, We
refer to the X; as the fibers of (X, @).

(1.4) If wis coherent and fe @, then dom f " X, # @& implies dom f = X,.

Proof. Here, as in (1.2), dom f = {xe X'| f(x) # @}. Assume dom /N X;
# o and take x edom f X; and yef(x). Then by, = dw(x, x,y) = 1.
If x,edom f and y,ef(x)), then bgyr = Jscrenn vy IWXs, 2, 1) =
dwlxy, x1, ;) 50 x; € X, and dom f< X;. On the other hand, wyug =
Zoerca WX, ¥, X) = [f(x)| # 0, and if x,€X;, wug,= 2y eriey SW(xL, 11, X1)
= | f(x1}]. Hence | f(x1)| = |f(x)] 80 xy edomf. []

Thus, if we put & = {fe@, | f < X; x X;}, then by (1.4),

(1.5) {0 | 1 < i, j < t} is a partition of @.

A weight w will be called regular if, for all £, g, ke, (x,2)eh, and
a € C, the number §,,,(a) of triangles (x, y, z) of type (f, g, #) and weight «
is independent of the choice of (x, 2) € h, Clearly

(1.6) If w is a regular weight on the precoherent configuration (X, 0), then
(@) (X, 0) is coherent with intersection numbers d;p = ¥acc Pron(e),
g, het, and
(b) w is coherent with structure constants by, = 3 e <Bran(), f, 8, k€ 0.
Note also that

(1.7} For a precoherent configuration (X, 0), the following are equivalent.
(i) (X, O) is coherent.
(ii) the standard weight ® is coherent on (X, 0),

(iii) the standard weight ® is regular on (X, 0).

If a coherent weight w is infegral in the sense that all the values w(x, y) are
algebraic intepers, then {w; | fe @,} spans on order ', over the ring of
integers in the number field Q(w). If (X, @) is coherent, I’y coincides with the
adjacency ring I of (X, &) as defined in (1.2).

We list now some basic properties of the structure constants {8, | f, g, 1€ @}
of a coherent weight w,
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(1.8) If (X, O) is coherent, then |byo| < apon, where the sy, are the intersection

numbers for (X, 0).
Proof. For (x,z)€h,

b!yh =

Z Wf(xs y)wﬂ(y’ z)wu(x, Z)
< ; (Df(x7 y)q)g(y’ z) = Uygh- D

(L9 by = boopope-
Proof. (wwo)* = wpwpo., O

(.10 I fi, for. . .. [:€ 0, 5 = 3, then the sum
(*) z bfn‘nhbhfzin' Tt bf\:—a.fa-:lf,lfsl

(et -3
is independent of cyclic permutations of fy, fa, . . ., f. In particular, byyolh]| =

bwyulgl = bahf“ifi'
Proof. Put w, = wy,. The expression (*) is equal to

z (WiWa. . . W)Xy, x1) = Z Wiy, xa)walxs, X3). . . WXy, X1)
X1EX {X)eX®

which is independent of such permutations. []

(1.11) If f and g are symmetric, then by, by, and by, are real.
Proof. Apply (1.9) and (1.10). O
Clearly

(1.12) b, # O implies fe @4, g € O and h € @F for some i, j, k.
And it is easy to verify that

(1.13) If‘fe @H, geg'ﬂ;‘ aﬂd h € cﬂ":l, then bE’,,gh. = 81"8,”89”, ben-h = Safsaksfh
and bye, = 84i8u8pghy, Where n; = | f(x)], x e dom f.
A consequence of (1.13) is

(1.14) trace wowy, = S5v|f]-

3. THE SCHUR RELATIONS AND THEOREMS OF
FRAME AND WIELANDT

The results of Sections 3 through 8 of Part I can be regarded as results about
the standard weight ® and admit rather straightforward extensions to coherent
weights w in general. In Sections 3 through 7 of the present paper we indicate
some of these extensions, omitting proofs where the extension from Part I
is fairly immediate.

Let (X, @) be precoherent, n = | X|, and let w be a coherent weight on
(X, @). The notations for the adjacency algebra C,, = CQ,, will be the same
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as those used for C in (I.2), with a subscript or superscript w attached when
necessary, as in Sections 4 and 6. Thus A,,..., A, are the inequivalent
irreducible representations of C, and {,,...,{, are the corresponding
characters, with [,(I) = e,. The standard character of C,, i.c., the character
afforded by CX, is { = 2%., z,{s, and {(¢) = trace ¢ for ¢ € C,,. We have

3.1 r, = i e2 and n= i Zae.
a=1 =1

We write A,(¢) = (afi(¢)) for ¢ € C,,. There is a basis {&; | 1 < i, j < e,
1 € o € m} of C, such that

(3.2) & =z, z a(Ww,  where W, = L wy.

1e@, |f J
The central primitive idempotents of C,, are

m

(3.3) £ = % e =z, p L(F)wy.

=]

As in (I.3) we obtain the Schur relations
CH 3 atliatin) = dubabn
and the orthogonality relations
B3 L) = 8 s

e, @

It is sometimes convenient to write the Schur relations as a matrix equation.
For this purpose we list the af; as a,, ag,. . ., &,,, putting @z = af and A, = z,
if @, = afj. Similarly we list the w; as wy,..., w,,, putting w, = w,o and
m; = | f| if wy = wy, Then (3.4) becomes

(3.6) APM~-1(24) = H-1,

where 4,,, = a\(w;), H = diag(hy,..., k), M = diag(m,...,m,;), and
P and 2 are suitable permutation matrices with P2 = 22 = I. We can rewrite
(3.6) as

(3.7 (2APHAP = M
which means that
(3.8) Z, zaaff(wai(wh) = 85| £

and hence
(3.9 wp =D aiwyel.

al‘l’
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In particular

(3.10) If C,, is commutative, then

> 200l = 81l

Let us now assume that w is integral. Then the structure constants b, are
algebraic integers and we may assume that the matrices A, (w,) have algebraic
integer coeflicients for all fe@,, 1 < « < m. The derivation of the version
(1.3.14) of Frame’s theorem can now be repeated up to the point where appeal
is made to the existence of the principal irreducible character. This gives

(3.11) If'w is a coherent integral weight, then P,[/2,, is a rational integer, where
Py = Tleeo, |g] and 2,, = [ 171 (z,,)“g. If, in addition, A, can be written in 0,
1 € « < m, then P,[2, is a square.

On the other hand, the version (1.3.15) of Wiclandt’s theorem extends
without change, namely, consideration of the elementary divisors in (3.7)
gives

(3.12) If'w is a coherent integral weight and g is a prime power dividing z,, for 1
distinct values a;,. .., of o, then q divides |g| for ez, + -+ + €2, distinct
gel,.

When applied to the group case (see Section 10) this result should be com-
pared with results of Curtis and Fossum [1] and Keller [5].

4, THE KREIN CONDITION

Let u and v be weights on the precoherent configuration (X, @). Then the
product <o is a weight on (X, @), sptucv = sptunsptey, and 0,., =
¢, N 0, We write u € v to mean that spt # < spt » and v and » coincide on
sptu. Thus u < v if and only if @, = @, and u = J,.g, v;. For example,
uo® = yand u o i € O, where P is the standard weight and i is the complex
conjugate of u.

Assume that wy, wy,. .., w(s > 2) and w are coherent weights on (X, @)
such that w; e wgo---ow; < w. Then C,, ¢ Cp 0+ +0C,, & Cyp. We have
abasis{e¥ |1 S A< r}yof Cyforu=w, 1 <7<s5 andu = w, such that

&= h > ai(@u,
g0y
where the notation is that of Section 3.

Fix A, 1 € A €1y, for 1 <i<s, and put Ay = B and a; = aii(wiy).

Then

Tw
efiogforsiogys = Mhg...h, z CyEls
=1
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where

0y = ey i 2t ge(w,)
the sum being over all fe @, NG, N .- N0, . Assume that for u = 4,
1 €1 < s and u = w, the complete reduction of C, has been effected by a
unitary matrix, i.e., that A ($)* = A,(¢*) for | < « < m,, $<C,, and assume
that A, = A, 1 < i < s. Then & is a projection, so ef1 o2 o---aefs s a
positive semidefinite hermitian matrix with all its eigenvalues in the interval
[0, 1]. Thus, writing ¢, = ¢f; if a, = af;, we have

(4.1) For | < « < m,, C, = (c}) is a positive semidefinite hermitian matrix
with all its eigenvalues in the interval [0, 1/hhs. . . k).
In particular

(4.2) Let wy, wy,. .., Wy and w be coherent weights on a precoherent configura-
tion (X, @), such that wyowgo---ow, < w, and let py, pa,. .., p, and p be
linear characters of Cyy, Cuy, . . ., Cu, and C,, respectively. Then

P1(Wir)pa(War) . . . pl(War)p(wy) 1
ng ]f|3 gzlzz...zs
where the sum is over all fe O, O\ Oy, " - - "\ O, and z; is the multiplicity of
p: in the standard character of C,,.
Concerning the applicability of (4.1) and (4.2) to the group case see the
end of Section 10. The obvious extension of the argument of Part I from 2
factors to s > 2 factors was pointed out by Norman Briggs.

5, THE CENTRALIZER ALGEBRA

Let w be a coherent weight on the precoherent configuration (X, &), The
centralizer algebra of C,, in Mat, X will be denoted by V(C,,) and its standard
character, i.e., the character afforded by CX, will be denoted by x = x.,,
Then x has the decomposition

My
X = Z CoXar
=1

where y, = xi, I < 2 < m,, are the irreducible characters of V(C,) and y,
has degree z,. Moreover

a.1) Xa(2)ex = L2)zq for all ze C, N V(C,).

Assume that b,,, € R for all f, g, ke 0,. Then the irreducible characters
of C,, and ¥(C,;) are classified into three kinds in the usual way. For 1 € a<m,,
put

- 1
V() = = = Ga(Wy).
(a) z z lfl ga( f)

¥ re0,
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Then
(5.2) L is of the first, second or third kind according as v,(e} = 1, —1 or 0.

(5.3) The number of symmetric f € 0, is the number of irreducible constituents
of xw of the first kind minus the number of the second kind, counting multi-
plicities.

6. COMMON CONSTITUENTS

Let w be coherent on the precoherent configuration (X, ) and assume that
X = XU XD where XY and X are nonempty unions of fibers. Assume
in addition that for fe 0, f< X® x X% for some i,j€{l, 2}, so that
{0,]1 < i,j < 2} is a partition of 0, where O, = {fe 0| f< X? x X9},
Put @Y% = &, 0y Then [X?P]= (X" 0,) is precoberent and w;, =
= w| X® x X" is a coherent weight on [X], i = 1, 2. Moreover 0,, = @y,
so [X)] has rank pf where pjj = {0, | < i,j <2
The adjacency algebra C,, has the vector space decomposition

Cw =CHd® ChE@® C;ifl @ Cﬁ"z’

where CZ = (w, | f& 0i>c. We identify C¥ with the adjacency algebra
C,, under the map o i~ o | X x X eeCf,i=12

We have CX = CXD @O CX?@ as a module over F(C,) so we have
representations

.. [V(Cu) > Mate X©
“ler> g X x X9,

i=1,2, with TI(F(C,)) € V(C,)- The standard character x, of F(Cy)
decomposes accordingly into a sum y,, = A; + Ay, where A= xw i X,
being the standard character of F(Cy).

Put m™® equal to the number of distinct irreducible constituents common
to A, and A, and number the irreducible characters x3* of ¥(C,,) so that
xiidl; = y¥ell,, 1 < o < m2. Then

mL2

61) = D, eme
a=l
and
mLa
(6.2) max{rank ¢ | € Cla} = » min(ed?, efn)z¥.

ag=1
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U we vrite y, = x5ill;, iSae<my, i=12 and x, = 1o = Xze,
1< a<gm®?, then

Bl 2 My

(6.3) Xo= 2 (E+ey+ 2 D e
=1

I=1 g=m2 4 1

is the composition of x., into irreducible constituents,
In particular, therefore

(6.4) The irreducible degrees of C,, are e2r + &%= with multiplicity z21 = 722 for
1 € o< m?, gnd &% with multiplicity 2% for m™? < a < my,,i=1,2.
/4 ¢

7. Fusion

Let w be a coherent weight on a precoherent configuration (X, &) and assume
given an equivalence relation ~ on @. For fe @ write f'=|J,., g and
0 = {f| fe ¢}. Then

(7.1) (X, &) is precoherent and w is coherent on (X, O) if and only if
(i) f ~ E, for some i implies | = E, for some j,
(i) f ~ g implies f~ ~ g¥, and
(i) iff, g h hy€Cpandh ~ hy, then 3y sy g busn = Zu~riona Duny -
In this case, the structure constants for w on (X, ) are by;z= 2y jip~g busn-
For example

(1.2) If C,, is commutative and f = f\J f¥ for f€ O, then (X, O) is precoherent
and w is coherent on (X, 0),

8. THE CASIMIR OPERATOR

The trace form

(¢, 4) = trace ¢y ($, ¥ € Cy)
is a nondegenerate symmetric associative bilinear form on C,_, and
(Ws, Wa) = By,
so {w, | fe@,} and ¥, | fe @,} are dual bases. Hence
Co—>Cy
Y D vigdwy

fedpr

is a linear map of C,, into its center (independent of the particular choice of
dual bases). By the Schur relations, the (7, /)-entry of

Aglc(ed) = fg (W) EEAg(wp)
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is aaﬁsﬁast(llza s 8O
1

c(s;'e) = 5 ; 2@,
«

In particular, therefore

8.1 c( > z“e'il) =1.
e=1
Now assume that w is integral and let # be the ring of integers in Q(w), so
that I',, is the o-subalgebra of C,, spanned by {w, | f'€ @,}. The ideal H =
H(I',)) of all A € p such that Al = ¢(¢) for some ¢ & 2(w)Q,, such that gw; e [,
for all fe @, is of interest ([3], [6; V11]). In principle we can calculate H by
the method described in Section 4 of [4]. By (8.1)

(82 1] r1en.

fet,

9, REGULAR 2-GRAPHS

These were defined originally by G.Higman and were studied extensively by
D.Taylor [8]. A 2-graph on a nonempty set X is a set A of 3-element subsets
of X, called coherent triangles, such that the number of coherent triangles
amongst the 3-element subsets of each 4-element subset of X'iseven. A 2-graph
is regular if the number of coherent triangles containing two given points is
constant,

Given a 2-graph (X, A) define F: X® —{1, -1} by F(x,y,2) = —1l or 1
according as {x, y, z} is in A or not. Then (i) F is symmetric in the sense that
the value F(x, y,z) is unchanged by any permutation of x,y, and z,
i) Flx,x,yy=1 for all x,ye X, and (iii) 8F(x,y,z,w)=1 for all
X, ¥, Z, we X, where

8F(x, v, z, w) = F(y, z, WF(x, y, W)F(x, z, w}F(x, y, z).

Conversely, a map F:x® —{1, —1} satisfying (i), (i), and (jit) defines a
2-graph (X, A). But these are precisely the maps F = &w, where
w: X% {1, —1} is a weight of rank 2 on the rank 2 configuration based
on X, Regularity of w in the sense of Section 2 is equivalent to regularity of
the 2-graph defined by dw. There is no distinction between coherence and
regularity of w in this situation,

In addition to the fact that a substantial number of the known 2-transitive
permutation groups are automorphism groups of regular 2-graphs, interest
attaches to 2-graphs becawse of their connection with the problem of equi-
angular lines in Fuclidean space and the related Seidel classes of strong graphs

(ef. [7D.
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10. THE GROUP CASE

Let M: G — Mat; X be a monomial representation of a finite group G. Then
there is an action X x G-> X, (x,0)+>x° of G on X and a map
u:G x X— €, (0, x) = u,(x), such that forall ¢, 7€ G, x, y € X,

M (0)(-7‘:9 ¥ ) = qu'uucr(x),
w(x) =1, and #,(x) = u,(x)u,(x°).

We assume, as we may without loss in generality, that the value group
Uy = (ux}) | o€ G, x € X is a group of |G|-th roots of unity.

Let V(M) be the centralizer algebra of M, V(M) = {¢ € Mat. X | $M(o) =
M(o)¢ for all ¢ € G}, and let O be the totality of G-orbits in X2, In [4} we show
that :

(10.1) There is a regular integral weight w on (X, &) whose values are 2|G|-th
roots of unity such that C, = V(M).

We say that w as in (10.1) is afforded by M, and refer to this situation as
the group case. Because of (10.1), the results of Sections 2 through 9 can
be applied in the group case. For this we must make the following two
observations.

(1) The matrices M(o), ¢ € G, span the centralizer algebra of ¥(M). Thus,
if 5 is the monomial character of G afforded by M, then

m
7= Z ZeMas "Ta(l) = €u»
=1

where %,. . ., 7, are the distinct irreducible constituents of 4, m = m,, and
1£0) = x(M(2)), v € G, in the notation of Section 5.

(2) If M;: G— Mat¢ X, 1 << 5, are monomial representations of &
corresponding to a given action of G on X, thensois M = M, o Myo---0 M,,
where M(o): = My(o) e My(c)o---o M(o) for e G. Let w, be a weight
afforded by M;, | < i < 5. Since V(My) e V(My)o---o ¥(M,) = V(M), there
is a weight w afforded by M such that wy o wy o+ - -0 w, < w. This means that
(4.1) and (4.2) can be applied.
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