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Abstract. We consider perturbations of a model quantum system consisting of a single bound
state and continuum radiation modes. In many problems involving the interaction of matter
and radiation, one is interested in the effect of time-dependent perturbations. A time-dependent
perturbation will couple the bound and continuum modes causing ‘radiative transitions’. Using
techniques of time-dependent resonance theory, developed in earlier work on resonances in
linear and nonlinear Hamiltonian dispersive systems, we develop the scattering theory of
short-lived (O(+~'~%)) spatially localized perturbations. For weak pertubations, we compute
(to second order) the ionization probability, the probability of transition from the bound state
to the continuum states. These results can also be interpreted as a calculation, in the paraxial
approximation, of the energy loss resulting from wave propagation in a waveguide in the
presence of a localized defect.

Mathematics Subject Classification (1991): 81U10.

Key words: perturbation, time-dependent resonance theory, scattering theory.

1. Introduction

The interactions of matter with electromagnetic fields play a major role in many
fields of physics, chemistry, and engineering [2]. The study of laser interactions with
atoms and electron microscopes, as well as the sudden approximation in quantum
mechanics, lead us to consider the time-dependent Schrodinger equation with a
perturbing potential which is short lived, that is, localized in time. A typical model
of this type is

0,1, %) = (=Ax + V)L, X) + (1, X)(1, %), (L.1)

where V(x) is localized in x € R? and f is localized in x and 7 € R.

Another important area of application is in the propagation of waves in optical
waveguides (e.g. optical fibers) in the paraxial approximation. Let x denote the
coordinates which are transverse to the guiding structure and let z denote the
coordinate along the direction of propagation in the waveguide. Then,
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¢ = ¢(z, x), the slowly varying envelope of the electric field, solves an equation of the
form (1.1) where z plays the role of the time variable. The potential V'(x) models
transverse variations in the refractive index and may have localized modes associ-
ated with it. The perturbation, f(z, x) models perturbations in the refractive index
which vary along the waveguide. A ‘short-lived’ (in z) potential corresponds to a
local ‘defect’ or local perturbation in the refractive index [7].

We consider a general class of problems including (1.1) in which the unperturbed
Hamiltonian, Hy, has one bound state y, [ly,ll = 1. The perturbation, §(f), has
the effect of coupling the bound state to continuum (dispersive) modes and leads
to energy transfer. Our aim in this Letter is the analysis of the large time behavior
of such systems where f(¢) is symmetric short lived and localized; see (2.4). The quan-
tities P(¢) = |(¢(2), ¥)|* and 1 — P(¢) can be interpreted, respectively, as the prob-
ability that the system is in the state i, and the ionization probability. In the
context of optical waveguides, P(7) is a measure of the amount of energy trapped
by the defect and 1 — P(7) the amount of energy radiated away.

Our results are stated precisely in Theorems 2.1 and 2.2. Theorem 2.1 states that
any solution of the initial value problem converges as t — oo to an asymptotic
bound state e=*’4(+oo)y, plus a purely dispersive part. The perturbation is not
assumed to be small in Theorem 2.1. Theorem 2.2 gives a more detailed description
of the solution as t — oo and in particular gives, in the case of a small perturbation
P(?), a useful expression for the the asymptotic bound state component. Suppose
the perturbed dynamical system is initialized in the state i,. Theorem 2.2 implies

P(00) = e (1 + O lIhgll7)), (1.2)

where ||A]| ;1 is an integrated measure of the strength of the perturbation; see (2.4).
This gives an explicit and useful expression for the ionization probability for weak
perturbations. Note that its validity does not rely on pointwise smallness of f(7).
The quantity I is given by the formula

T = | Pf(io — HoWol?
= / y(w) du, (1.3)
where

(1) = |F a1l o — w12, (1.4)

where F g, denotes the (generalized) Fourier transform with respect the continuous
spectral part of the operator Hy; see also (2.17). The integration in (1.3) is over
the support of ﬁ(,u). This formula is an analogue of the Fermi golden rule* appro-
priate for perturbations which are localized in z.

A T-periodic in perturbation may be thought of as a sequence of t-localized
defects. After encountering N defects we have P(NT) ~ exp(—2NT gne defect)- Thus

*See [10, 11] and references cited therein.
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roughly, neglecting dispersive component of the solution, we have exponential decay
as |¢| increases. The results of [11, 6] (see also the exactly solvable model considered
in [3, 9]) show that this is valid for large but finite 7. For example, in [11] it is proved
for B(t, x) = cos(up?)p(x) that P(r) ~ exp(—2y(—uo)ltl), for [#] ~ O(B~2). For a large
class of perturbations with discrete time-frequency content (periodic, almost peri-
odic in 7), the very large time behavior (1 >> O(f~2)) is characterized by algebraic
decay to zero with increasing ¢ [11, 6].

The methods of this Letter are a natural extension of the techniques of time depen-
dent resonance theory developed in [10-12] to the case of time-localized
perturbations. These methods can be extended to the case where Hy has multiple
bound states [6].

2. Preliminaries and Results

We assume that the system under consideration is given by the following
Hamiltonian:

H(n) = Ho + (1), 2.1
and satisfies the Schrodinger equation

¢

i— =
ot

H()¢. (2.2)

We assume that Hj is a self-adjoint operator densely defined on a Hilbert space H
and having exactly one bound state, with eigenvalue 4y, and normalized
eigenfunction :

Hoy = 200, Il = 1. (23)

The projection P, =1 — {-, o)}, is onto the continuous part of Hy, We define
‘weights” w, and w_ satisfying

1) wy=c, c¢>0,

(i) w- e L(H),

(i) w_wy P.=P.=P.w_w,.
We also assume that wii, € H. This is the setting used in [11].

EXAMPLE 2.1. The example to keep in mind is H = L*>(R"), Hy = —A + V(x), with
V(x) sufficiently regular and decaying rapidly as |x| — oo. Typical weights chosen in
this case are: wy = (x)*°, where (x) = (1 + |x|2)% and o is sufficiently large and
positive. In this case, the estimates (2.6)—(2.7) hold; see, for example, [10].
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p(¢) is assumed to be a symmetric and bounded operator, such that

hp(t) = lw+ pOWw4 ) € L'(R; do). (2.4)

For simplicity we’ll assume that f(¢) is supported for ¢ > 0 and extend it as an even
operator-valued function on R. In the above example, one often has in applications
a perturbation of the form f(¢, x) = Zj Bi(OVi(x).

Remark and Warning: Introduce the Fourier transform of the operator f defined
for any v € H:

Bloy = /R e By du, By = Q) /R e (o) dt, 2.5)

Using the spectral theorem, one can then define f?(A), where A is a self-adjoint
operator; we shall use this below with 4 = 4y — Hy. In applications, as in the example
above, one often has f(¢) = (¢, x) and therefore Z?(A) = fi(A, x) may be, for example,
a pseudo-differential operator. In our general setting, we shall simply write ﬁ(A) with
the understanding that this is not simply a function of the operator A. Thus, in

general, B(Ho)Wo # (o)W,

We also assume that H, satisfies the following:

Local energy decay: For some r > 1,
llw—e™ ™ P(Ho) fll2 < e(t) " Iw [ - (2.6)

Theorem 2.1 and most of Theorem 2.2 rely mainly on the estimate (2.6) alone. The
assertion in Theorem 2.2 concerning the rate of approach of P(¢) to its asymptotic
value requires an additional technical assumption. In particular, we shall use the
following estimate which holds in the situation where f may not lie in the domain
of wy:

Weak local energy decay:

/R Iw_e= P (Hy) f1 df < CILf 2. 2.7)

Remark 2.1. The estimate (2.7) is applied with f = [3(/10 — Hy)y,. Consider the
setting of Example 2.1, Hy=—-A+ V(x). Let 6 =240, 0> 0, |V(x)| < C{x)™°
and assume that zero is neither an eigenvalue nor a resonance of Hy. Then, (2.7)
is a consequence of results in [1].

Remark 2.2. Improvements in decay, which are of an intermediate character
between (2.7) and (2.6) can be obtained from appropriate assumptions on com-
mutators of weights with (1o — Hy). For Example 2.1 by assuming that the
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commutators:

[0, [0, B0 = HO) ||, G <k times) 28)
are bounded operators on H, we can obtain improved decay:
106) =™ P(Ho) f1l2 < e(t)™ ™3 [ (x) . (2.9)

The above boundedness assumption on commutators amounts to spatial localization
of f(¢, x) and smoothness of f(u, x) in u. These are ensured by the assumption:

/ 1) B, 1z d < oo, (2.10)

R

Remark 2.3. For the choice of r appearing in estimates (2.6), the integral

13
I,-[/’l/;](l) = / (t— S)irl/l/;(s) ds, (2.11)
0
arises. Since r > 1, by Young’s inequality

I2[Aplll e < cllhgllps and, furthermore, [I1[h]llr~ < Al L

Under the above conditions it is known that ¢(¢) exists for all times ¢, for any given
¢(x, 0) € D(Hy), the domain of H,.
Furthermore, since f is symmetric, we have the conservation of energy

oI = ¢0)]l. (2.12)

We will prove the following theorem:
THEOREM 2.1. Consider the initial value problem for (2.2) with data ¢(0) € D(H).
The large time behavior of ¢(t) is a linear combination of free waves and the bound

state W, (orthogonal to ¢(t) for all t). In particular, there exists a complex number
A(oo) and a vector ¢, € H such that

P() — [e™" A(co)y + e Pu(Hy) . ] (2.13)
tends to zero in H as t — =o0.

The following result gives a more detailed picture of the asymptotic behavior and
provides a useful expression for the small § (in |4gl|,1) behavior.
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THEOREM 2.2. For t = 0, and |hgllp1 <1 we have

¢(l) — e—i(ioH'fom<l//()sﬁ(~V)‘//()> ds+A) e—F >

X <aoo + (’)(/Oo hp(s) ds))lﬁo +

+ (1), (2.14)

where
oo = a(0) + O(llp4 (O agll e + 1O 1/2gll71) (2.15)
and ¢ 4(t) is dispersive and satisfies the decay estimate

W-da(DIl < c1lwipa(O)(D) ™" + c2 1GOOI L Ag)(0). (2.16)

I" and A are given by

r=n /R (PG, S(Ho — (o — 1)PR(o) 2.17)
= |P.B(20 — Holol%,
A= PN [ PR (Ho = G = 0)” P (2.18)

Finally, for P(t) (see the Introduction) we have that there exists py, = 0 such that

P(t) = e py + 0( / b hp(s)op(s) ds>, (2.19)
where
Poo = 1+ O(llhgl7,) and (1) € L*(R; do). (2.20)

3. Decomposition and Proof of Theorem 2.1

Our first aim is to derive a system of equations, equivalent to (2.1), for the coupled
evolution of the bound state and dispersive channels [10-12]. A natural basis to
use is that of the unperturbed dynamics.

Let

(1) = a(thpo + (1), (Yo, P4(1)) =0 3.1

with Hoyry = Aoly.
Then, from (2.1) we get

ida(tWy + i0:p, = Hopy + Loa(Dpy + Ba(t)o + By- (3.2)
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Taking the scalar product with ¥, we get

i0ra(t) = Zoa(t) + (Yo, Pbo)a(t) + (Yo, Bdy)- (3.3)
Letting

a(t) = e A1), (3.4)
we have

i0:A(1) = (o, Po) A1) + ™" o, By) (3.5)

and, by applying P. to (3.3), we get

i0pg = Hopg + PcPby +e " AP Py (3.6)
and P.¢p,; = ¢,

Our aim is to prove that A(co) = lim,_, o, A(?) exists.
Solving Equation (3.6), we get

pa(t) = e ', (0) — i /0 e HUIPB(s)dy(s) ds —

—i / t e =™ 4(5)Pof(s)g ds
0
=¢o+ ¢+ ¢ (.7

We estimate |w_¢,(¢)] by considering each term individually. First,
¢o(t) = e~ ¢ (0) satisfies local decay since ¢,(0) = P.¢,(0) = P.d,. Thus,

w-o (DIl < cllw ¢ (O)II{)~". 3.8)

Estimating ¢, we have

-y ()]l < [ /0 &M= P_B(5)h(s) sl 12

< C/o (t =)Wy B(s)w - w—ep4()ll Bry ds
< cllg (O [Ap](0). (3.9)

We have also used that [|(x) "¢ (s)|l;> < [[¢4(0)]| is bounded as a consequence of L?
conservation and orthogonality:

N> = 1A@) + lIp )1 = 1)
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Finally, we estimate the local decay norm of ¢, in a similar way:

Iw_a(0)]l < ¢ /0 (= )T LA)| w4 B | ds

< <c /I(z —8)""hg(s) ds) X < sup |A(s)|) (3.10)
0 a<s <t

< clloO) Llhp)(0). (3.11)
Therefore, we have local energy decay of ¢,:
w-¢a(DIl < 1w dg ()™ + 2 19O L [721(2). (3.12)
To study the detailed asymptotic behavior of ¢,(¢), we rewrite (3.7) as

(,bd(l) _ e_iH°[¢+
= ¢ Ho! <1/ S P [B(5)y(s) + e~ A()B(s)o ] ds),

where

b= b =i [ PP (0 ds -
0
—i / etos e~ A(5)P.P(s) ds. (3.13)
0

It follows that

lba() — e higs | = 0( [ ds). (3.14)

If one additionally has asymptotic completeness for Hy [8], then there exists ¢ +€H
such that

e~ ', — e || — 0. (3.15)
To see that A(00) = lim;yoo A(?) exists, we solve (3.5) for A(¢) to get

A(t) = e—"foﬂlloﬁ(s)ww 9 400) +

Lt s
+ e—lfo(‘//oaﬂ(s)‘//o) ds |:/ elf()<‘//()sﬁ(u)l//(1).](s) dS:|, (316)
0

where J(s) = e (g, f(5)4(5)).
Since (W, f(s),) is integrable in s, and ¢,(s) is bounded (even decaying), the
existence of the limit A(oco) follows.
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4. Proof of Theorem 2 — Ionization Probability

Our aim now is to find A(co) to second order in f3, for  small in the appropriate
sense. However, the expressions we get can be used as the starting point to finding
the ionization probability for the general case (ff large).

From Equations (3.5) and (3.7) we have

2

8,A(1) = —ilo. W) A(D) — i €Y o, BD);(1)). @.1)

J=0

We now prove the following proposition:

PROPOSITION 4.1.
0;A(t) = —g(1) A(Y) + R(2), 4.2)

where

(1) = iYg, BOWo) + m(e P B0, Pef(io — Holro) —

—iPV / dule™™ B(Wo, (Ho — (o — 1)~ PeP(wibo) (4.3)

and

1

R() = —ie™" Y~ (g, BOP;(0) —

J=0

— e AQ)B(Oo, €T (O0ho) —

- iel’*°'<ﬁ(z)¢0,e”’°f / T () 4(s) ds ¢0>. (4.4)
0
Proof. The proposition is proved by expanding the j = 2 term in the sum in (4.1).
Yo, B(),(1)) = <W07 B(n)(=i) /0 e~ == 5 P f(s)p dS>
- —i<ﬁ(z>wo, e it / ds ee 0 A(5) P, / du e"“ﬁ(u)wo>
0
=il [ as [ e a o).
0

Now it could be that for some p in the support of ff that 4p — p is in the continuous
spectrum of Hy. For such g, there is a resonance and we now compute its effect. First,
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we introduce the operator
T(@) = lifg f e (Hy — (o — p) — ie) ' Pep(u) dpe (4.5)
&
The resonance effects are calculated using integration by parts:

— i (g, Pt (1))
— el lim —i<ﬁ(t)¢o,e—”’°' fo ds f du ef<Ho—uo—m—"ﬂ>SA(s)PcB(u)wo>

= e lim <ﬁ(l)zp0,e_iH°’ /0 s / du%eﬂﬂo—ﬁo—#)—"“)” x
x (Ho = (o — 1) — ia)‘1A<s)Pc/?(u)wo>
= ie"'”~°'<ﬁ<r)wo, et / dp @ H=Ca=imt 5
x (Ho = (o — 1) — i0)1A<z>Pcﬁ(u>wo>
- z'e“°'<ﬁ<r)wo, e 4(0) / du (Ho — (o — 1) — i0)™" Pef(uihg >
—ief*°’<ﬁ(z)¢0,e—"f’°’ f dp /0 ds ool 5

x (Ho— (Zo— ) — iO)_IA(S)PcB(H)%>

= (B0, T (Do) A(1)
— ie™ A(0)(B(t)g, €T (0N

t
—ie““’<ﬁ(t)w0,e"H°’ f e/ =S (5) A(s) ds 1p0>
0
=S + 5 + S;. (4.6)

Remark 4.1. Operators of the type appearing in the integrand of 7(¢) arise in
[6, 10, 11], where the time-frequency content of the perturbation is discrete. In this
Letter, singular local energy decay estimates were required. The main difference here
is that the perturbation f§ contains a continuum of time frequencies and therefore it is
possible that for some u in the support of B, we have that —/4o + p is at a threshold
energy of Hy (e.g. endpoint of the continuous spectrum). Typically, for such energies
weaker local energy decay estimates hold and in the above cited works on quantum
resonances, and Hamiltonian systems parametrically forced by ¢-periodic and
almost periodic potentials, the discreteness of the frequency spectrum essentially
required that resonances with the continuous spectrum be bounded away from
thresholds. Here, however, the u integral has a smoothing effect and we require
no such hypothesis; see Proposition 4.2 below.
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The explicit evaluation of S} and estimation of S, — S3 will proceed using the
identity

(Ho = (o — @) = 0)™ = PV(Ho — (bo — )™ +ind(Ho — (o — ). (4.7)
and the the following proposition:
PROPOSITION 4.2. Assume wyy € H. Then,

T(t)y = in =" P (2 — Ho)y —

—i / =)= p son(s — 1)B(7) dt 7. (4.8)
R
Proof. By (4.7)

Ty = in /R S — (o — )Py dit +
L PV f B — (o — Ho) ™ du
R
— i ot By — Holpy + HT[RC + 0] — Ho).

where HT[ /] (x) = PV [ f(»)/(x — y) dy is the Hilbert transform.

Fvaluation of the latter term using the Plancherel identity and the fact that
HI f1[€] = i sgn(¢) yields (4.8).

We use properties of the Fourier transform, (2.5), and the identity (4.7).

We now apply this proposition to the evaluation and estimation of of the terms
(4.6). Consider first S;. We have

S) = —n(e o= P By, PePlio — Ho)o) A(f) +

+ </3(l)lﬁo, PV / dp e(Ho — (Jo — M))chff(#)Wo>A(l)- (4.9)

The two terms in S} are incorporated in the definition of g(), displayed in (4.3), while
the terms S, and S3 are included in R(?). This proves Proposition 4.1.

We next estimate R(¢). Before stating the estimate we employ Proposition 4.2 to
obtain the following useful expressions for S, and S; which we then estimate. Begin-
ning with S, we have

Sy = —ie"™" AQO)(B(OWo, e T (0),)
= wAO)(f(t)y, P~ PR — Holo)+

+A(O)<ﬁ(t)‘//o’ f (R p o sgn()f(x) de ¢o>-

€
R
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Therefore,

|Sz|<c|A<0)|h,;(r>(nwe-"HO’PcBuo—Ho)waw fR (t = )" hy(2) dv:). @.10)

For S5 we have
Sy = 1 €M (A(1) — AO)B(0o. € P (2o — Holrg) —
— eﬂof<ﬁ(t)l//0,ef’fof / ’ A(s) ds x
0

x / e ) otHos=1=0) p gon(s — 1)f(t) dr ds ¢0>. 4.11)
R

Estimation of S5 gives

1S3 < cll¢(0)[lAp()

x (IIW e ™ P B(ig — Hololl + hﬁ(l)/R]r[hﬁ](w)hﬁ(w -0 dw)' (4.12)

By weak local energy decay (2.7)
op(1) = [lw— e P (2o — Hololl € LA(R: do). (4.13)
Note also that ag also satisfies the following elementary uniform bound:

o5(1) < B0 — Holll

<| / e = H By di < / Bl dr

< cllhglipr-

These considerations imply the following proposition:

PROPOSITION 4.3.
IR(O| < Cill O L1g)(E) + C2llpO) | Ap(D) ], [p)(E) +
+ G11(0)[1p(2) x
X (min{oc,;(t), ||/’l/;||Ll } +/ (t — T)irh/;(f) dr +

R

+ f Lihg)(w) hy(w — 1) da)). (4.14)
R
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Using the above bound for R(¢), we now analyze the equation for A(¢). From (59)
we have

At) = o Jo g ds <A(0) + /0 [ eff @) dr peey dé), (4.15)

where g(1) is given by (4.3). We now seek a simple relation between the initial bound
state amplitude, A4(0), and the asymptotic bound state amplitude, A(co) by
re-expressing A(¢?) in (4.15) as its asymptotic value plus a decaying perturbation.

A(t) = A(co) + p(2),
where
A(oo) = e~ Jy 50 s (A(0> + / T elysenan g ds), (4.16)
0

and p(¢) decays as t — oo and is given explicitly by

= E (o4 1) (s [~ oEreomy )
0
—e ‘/:C g(s) ds / e‘/: g(s1) dsy R(S) ds.
t

From (4.16), we see that it is necessary to evaluate the integral of g to obtain 4(co),
and the ionization probability, 1 — P(co). We do this using the expression for g in
Proposition 4.1. The result is given in

PROPOSITION 4.4.

/ g(s) ds = %/ dr (g, B(OW) + 1T —iA, 4.17)
0 R
where
r=n fR du(P BN, 5(Ho — o — 1) PoBo) @.18)
= || Pf(%o — HolWoll,
A=nPV /R du(P B, (Ho — Gio — )" Ppy). 4.19)
Therefore,

A(co) = T it S WoBswa) dstA)

x [A4(0) + O(llp(O) Igll71)].
|4(c0)| = e T[14(0)] + O(IlpO) I25113.1)]- (4.20)
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Finally, the assertions concerning the rate of convergence of (¢p(?), ¥,) to an
asymptotic bound state and of P(¢) to its asymptotic value, are obtained by estimat-
ing the above expressions for A(f) — A(co) and of |A(z)| — |A(co)|. These estimates
follow from (4.14) and an estimation of exp( /;oo g(s)ds)—1 and
exp( f,oo NRg(s) ds) — 1 using local energy and weak local energy decay estimates (2.6),
2.7).

This concludes the proof of Theorem 2.2.
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