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On the  M o t i o n  of a P r o j e c t i l e  in the  A t m o s p h e r e  

By VI-CHENG LIU, Ann  Arbor,  Michigan,  U S A  1) 

A b s t r a c t  

The equa t ion  of rec t i l inear  mot ion  of a projec t i le  which moves  in an a tmos-  
phere,  of which the  dens i ty  decreases exponen t i a l ly  w i t h  the  a l t i tude ,  is solved. 
i t  is found t h a t  the  ve loc i ty  of the  project i le  can be expressed expl ic i t ly  in t e rms  
of conf luent  hype rgeome t r i c  funct ions.  This t h e o r y  is appl ied to  t r e a t  two 
specific p rob lems:  (1) t i le f l ight  analysis  of a sounding  rocke t  dur ing  the  free- 
f l ight  per iod and (2) t he  ca lcula t ion  of a m b i e n t  t e m p e r a t u r e  f rom the  t r a j e c t o r y  
of a spherical  project i le .  

1. I n t r o d u c t i o n  

The theo ry  of f l ight  of a ball is t ic  project i le  in a res is t ing m e d i u m  dates  back  
to NEWTON. In  the  mean t ime ,  var ious  app rox ima t ions  for the  f l ight  pa rame te r s  
which are invo lved  in the  equa t ion  of mo t ion  have  been used [t]~). The  mos t  
i m p o r t a n t  ones are the  ae rodynamic -d rag  coeff icient  of the  projec t i le  and the  
ambien t -a i r  densi ty .  The  fo rmer  is usual ly  considered as funct ions  of Much 
number ,  the  l a t t e r  as funct ions  of the  al t i tude.  

The  t heo ry  of f l ight  of a sounding  rocke t  dur ing  the  free-f l ight  per iod deals 
essent ia l ly  wi th  the  same p rob lem as t h a t  of a bal l is t ic  project i le .  The  only  
difference is t h a t  the  a i r -dens i ty  fac tor  is more cri t ical  because of the  ex t r eme  
a l t i tude  a t t a ined  by  the  fo rmer ;  hence, a more  real ist ic  a p p r o x i m a t i o n  to the  
ambien t -a i r  dens i ty  is necessary.  I n  v iew of the  mul t ip l i c i ty  of p a r a m e t e r s  in- 
volved,  the  equa t i on  of mot ion  of the  projec t i le  (or rocke t  / is general ly  t r e a t e d  
e i ther  by  a laborious m e t h o d  of s tep-wise i n t eg ra t i on  or by  the  analog c o m p u t e r  
technique .  

A recent  expe r imen t  [2], in which a fal l ing sphere is used as an ambien t -  
t e m p e r a t u r e  probe in the  uppe r - a tmosphe re  measurements ,  s t imula tes  new 
in te res t  to t he  t r a j e c to ry  problem.  Measured  t r a j e c t o r y  da t a  of a spherical  pro-  
jecti le are used to de te rmine  the  ambien t -a i r  densi ty ,  f rom which the  ambien t -a i r  
t e m p e r a t u r e  can be derived.  

I n  this note,  new app rox ima t ions  to the  ae rodynamic -d rag  coeff icient  and 
ambien t -a i r  densi ty ,  which are be l ieved  to be more accura te  t h a n  previous  repre-  
senta t ions  [1], are in t roduced.  Par t ic le  drag, which is caused by  the  presence  of 
aerosols in the  a tmosphere ,  is al lowed in the  present  analysis.  This, of course, 
war ran t s  considerat ion only in some special  cases. 

I t  is found t h a t  t he  projec t i le  ve loc i ty  is expressible  expl ic i t ly  in te rms  of 
conf luen t  h y p e r g e o m e t r i c  funct ions.  The  signif icance of this  result ,  which  is 
be l ieved  to be  new, is twofo ld :  (1) In  t r ea t ing  ' d i r e c t '  problems,  for instance,  
l ike the  t r a j e c to ry  analysis of a sounding  rocket ,  the  present  t h e o r y  can be used 
to save the  labor  of s tep-wise in tegra t ion  if t abu l a t i on  of the  pa r t i cu la r  conf luen t  
hype rgeome t r i c  f u n c t i o n  is avai lable .  (2) I n  the  case of an ' i n d i r e c t '  p rob lem 
such as the  c o m p u t a t i o n  of the  amb ien t  t e m p e r a t u r e  f rom a fal l ing-sphere 
t ra jec to ry ,  i t  can be appl ied wi th  a d v a n t a g e  because of the  e l imina t ion  of the  
numer ica l  d i f fe ren t ia t ion  p<ocess which is invo lved  in the  original  t h e o r y  [2]. 

1) High Altitude Engineering Laboratory, University of Michigan. 
~) Numbers in brackets refer to References, page 8L 



Vol. VIII, 1957 Kurze Mitteilungen - Brief Reports - Communications br6ves 77 

2. Significant Forces 

The word 'projec t i le '  is used here referring to any axially symmetric  body 
in free flight. We restrict our discussion to the case with negligible spin and yaw. 

The force system acting on a projectile includes: (1) the gravi ty  m g; (2) the 
buoyancy o g V, where V represents the volume displaced by the projectile, and 
o the ambient-air  density;  (3) the aerodynamic drag D; (4) panic le  drag d, which 
is caused by the presence of aerosols in the atmosphere;  and (5) the inertial force 
( m +  Am) dv/d[, where Am, MuNK's apparent  additional mass, is equal to one 
half the mass of air displaced by a spherical projectile; and dr~d/, the projectile 
acceleration. 

The buoyancy and the inertial force of the apparent  additional mass are 
significant only for projectiles of the balloon type. Though, under sea-level 
conditions, the particle drag due to water droplets, for instance, may  be insigni- 
ficant when compared with the aerodynamic drag, it is conceivable, however, 
tha t  in the cumulus clouds at high altitudes, '  the drag due to water droplets may 
become significant. While the water-droplet  content  depends primari ly on the 
ambient  temperature,  the ambient-air  density decreases with the alt i tude expo- 
nentially. 

I t  is not intended here for us to become involved in detailed computat ion of 
the particle drag. Rather,  we shall investigate its effect on the projectile motion 
since the particle-drag term in the equation of motion follows a functional 
dependence upon the altitude, which is, in general, different from tha t  of the 
aerodynamic drag. As a first approximation,  the particle drag is prescribed as 
d = C acr A v2/2, according to the Newtonian concept of drag. The particles are 
assumed to be mass points at rest; hence, C~ should depend only on the position 
and shape of the projectile and be independent  of its size A und velocity v. The 
particle concentration is represented by ~. 

3. Approximate  Representat ion of the Aerodynamic -Dra~  Coefficient 

I t  can be demonstrated with a dimensional analysis that  the aerodynamic- 
drag coefficient, defined as C/ )=  D/(e V 2 A/2), for geometrically similar projec- 
tiles depends primari ly upon the Mach number  and Reynolds number. For  
project i les  moving at high speeds, the dependence of CD on the Reynolds number 
is much less significant than tha t  on the Mach number except in cases for which 
the Reynolds numbers are low, such as those at the high altitudes. In those 
cases, however, the aerodynamic-drag force is usually negligible as compared to 
the gravity.  

For  a specific projectile, the variat ion Of Co with Mach number  21J, in general, 
shows distinctly different characteristics in the three Mach number  ranges: 
(1) subsonic, (2) transonic,  and (3)supersonic.  Quali tat ively speaking, @ ( M )  
starts with roughly constant values (for different projectiles) then increases 
gradually as transonic range is approached. During the transonic range it in- 
creases until the supersonic range begins. CD(M) in the supersonic range decreases 
with a gradient which is very large at first and gradually diminishes to a small 
value. 

Reliable values of CD still rely mostly on measurements from model tests. 
Theoretical consideration may, however, serve as a guide to the Choice of empiri- 
cal functions for prescribing Cl). 
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Cons ider  s e p a r a t e l y  t h e  com pr e s s i b i l i t y  effect  in  t h e  subson i c  f low for s l ender  
a n d  r o u n d  bodies.  I n  t h e  f o r m e r  case, to  a c c o u n t  for  t h e  c o m p r e s s i b i l i t y  ef fec t  o n  
t h e  p ressu re  coeff icient ,  e i t h e r  t h e  P r a n d t l - G l a u e r t  f ac to r  ( 1 -  M 2 ) - l m  or a 
modi f i ed  ve r s ion  of i t  (for i n s t ance ,  t h e  K a r m a n - T s i e n  f o r m u l a  or GOETHERT'S 
genera l i zed  P r a n d t l - G l a u e r t  fo rmula )  c a n  be  used.  These  factors ,  w h e n  e x p a n d e d  
in  a power  series of M,  can  be  expres sed  in t h e  fo rm 

C o + C 2 M 2 + . . .  (3.1) 

a f t e r  neg lec t ing  h i g h e r - o r d e r  t e rms .  I n  t he  l a t t e r  case, as a n  i n d e x  of t h e  compress i -  
b i l i t y  o n  t h e  d r a g  coeff ic ient  of a r o u n d  body ,  t h e  i m p a c t - p r e s s u r e  coeff ic ient  
a t  t h e  s t a g n a t i o n  p o i n t  c an  be  s h o w n  to  be  

M 2 
C~ = 1 + - T -  + . . . .  (3.2) 

I t  h a s  also b e e n  s h o w n  b y  m e a s u r e m e n t s  t h a t  t h e  c o m p r e s s i b i l i t y  effect  on  t h e  
sk in - f r i c t i on  coeff ic ient  a n d  t h e  coeff ic ient  of d r a g  due  to  i n t e r f e r e n c e  b e t w e e n  
b o d y  a n d  f ins c an  be  cons ide red  as p r o p o r t i o n a l  to  t h e  powers  of t h e  P r a n d t l -  
G l a u e r t  fac tor .  

A large f r a c t i o n  of t h e  d r a g  force on  a p ro jec t i l e  in  t he  supe r son ic  f low are  
a t t r i b u t e d  to  t h e  f r o n t a l  s h o c k  w a v e  a n d  t h e  ba se  pressure .  F o r  a t y p i c a l  b o d y  
l ike a cy l inde r  w i t h  a nose  cone,  t h e  d r ag  coeff ic ient  c an  be  s h o w n  to  be  a p p r o x i -  
m a t e l y  of t h e  fo rm 

C0 + C3 M - <  (3.3) 

The  v a l i d i t y  of t he  a b o v e  expres s ion  is e x p e c t e d  to  e x t e n d  to  t he  h y p e r s o n i c  
r a n g e  [3]. R e l a t i v e l y  less is k n o w n  c o n c e r n i n g  t h e  t h e o r y  of d r a g  in a t r a n s o n i c  
flow, w h i c h  is a m i x t u r e  of s u b s o n i c  a n d  supe r son ic  flows. I t  is t h e r e f o r e  sug-  
ges ted  to  use  

CD = Co+ C~ M 2 +  C a M  -2 (3.4) 

as a genera l  expres s ion  for  a p p r o x i m a t i n g  t h e  d r a g  coeff ic ient  of a p ro jec t i l e  in  
t h e  fo l lowing ana lys is .  C o, C 2, a n d  C a in (3.4) are  empi r i ca l  c o n s t a n t s  to  be  
p re sc r ibed  for e a c h  M a c h - n u m b e r  range .  

4. E q u a t i o n  of  R e c t i l i n e a r  M o t i o n  of  a P r o j e c t i l e  

Cons ider  a n o n s p i n n i n g  p ro jec t i l e  w h i c h  a scends  a t  zero ang le  of y a w  in  a 
s t a t i o n a r y  a t m o s p h e r e .  B y  col lec t ing  t e r m s  of forces w h i c h  h a v e  b e e n  d i scussed  
in  Sec t ion  2, we o b t a i n  t h e  e q u a t i o n  g o v e r n i n g  t h e  r ec t i l i nea r  m o t i o n  of a 
p ro jec t i l e  a long  t h e  ve r t i ca l  axis  y. 

12_ (C o+ C~ M 2 ~ C~ M -2) A Q v ~ I 
2 (4.1) 

1 dv I + ~ Ca A a v  2 -  Qg V +  r a g +  (m + Am) V-d~ = O. 

For  a n  i s o t h e r m a l  a t m o s p h e r e  w i t h  t e m p e r a t u r e  T in  a l t i t u d e  i n t e r v a l  (y - Yo), 
t h e  a m b i e n t - a i r  d e n s i t y  c a n  b e  expres sed  as 0 = ~0 exp  [--  (y -- yo)/H] where  H, 
t h e  scale he igh t ,  is def ined  as k T /m 1 g (k ~ BOLTZMA~N'S c o n s t a n t ;  m~ = m e a n  
mo lecu l a r  mass  of air). 
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To s impl i fy  equa t i on  (4.1), we i n t r o d u c e  

Z =  M S =  ( y g H )  - ~ v  2 . r =  exp Y--  Yo 
' H ' 

where y is the  ra t io  of specific heats  of air, and  ob ta in  

and  ~ = ~o o x ,  (4 .2)  

( dx -- C ~ Z  2 +  C o ~ +  Z +  C a ~ -  d +  , (4. 3) 

where 
c~:A  e o H ( m + A m )  -~, 3 =  C a A ~ H ( m + A m ) - l ,  I 

(4.4) 
6 =  2 ~o V y-~ (m + Am) -~,  e =  2 rn ~,-~ (m + Am) - 1 . 1  

E q u a t i o n  (4.3) is nonl inear  and of t he  Ricea t i  type .  I t  can be t r ans fo rmed  
th rough  use of the  subs t i t u t i on  

u =  exp  [ - - / o :  C 2 Z  dx ] (4.5) 

in to  a l inear  equa t ion  

( ( dx ~ ~ C ~  -dx- ,L ~C2 ~ C a _  d +  u =  0 .  (4.6) 

E q u a t i o n  (4.6), which  has a regular  s ingu la r i ty  a t  z = 0 and an i r regula r  
s ingu la r i ty  a t  z = o% can be conve r t ed  into  t he  canonical  fo rm 

d~v d~ 
~e~ff_ + (b--  ~) d U -  a cp= 0 (4.7) 

wi th  

~ =  2 , Q x  ,Q2 ~2C~ [ 1 ] 
' 4 + a C 2 ( o - ~ C a ) '  ~ = u e x p  s g - - ~ - ~ C  O x ,  

(4. s) 

b = - ~ 3 ,  a =  ~ ~ C o ~ - ~ C ~ e -  i~O 0 -1.  

One of the  f u n d a m e n t a l  solut ions of (4.7) is the  conf luent  hype rgeome t r i c  
func t ion  [4] 

99(a, b, ~) = ~F~(a, b, ~) = {/~)~ .~.~ , (4.9) 

where 
( a ) , , = a ( ~ + l ) . . . ( ~ + r ~ - l )  (n > 1 ) ,  

(~)o = 1 . 
The o ther  one is 

$~-b ,F~(1 + a -- b, 2 -- b; $) (4.10) 

p rov ided  b is no t  an integer.  The  general  solut ion of (4.7) wi th  non in tegra l  b m a y  
be wr i t t en  as 

# = B ~F~(a, b; ~) + C ~ - b  ,FI( 1 + a - -  b, 2 - -  b; 6:) , (4.11) 

where B and  C are a rb i t r a ry  constants .  Conf luen t  hype rgeome t r i c  funct ions  have  
been fa i r ly  ex tens ive ly  t a b u l a t e d  ([5], [6], [7]). 

In  v iew of (4.2), (4.5), (4.8), and (4.11), we ob ta in  

v~ 2 ~ g H t ?  [ ~  ~ C  o 1 d ~ ]  (4.12) 



8 0  Kurze  Mitteiiungett - Brief Reports - Communicat ions  brgves  zA~Ip 

Because of the  t e r m  (dc~/d~)/q), one of the  a rb i t r a ry  cons tan ts  of q~ as g iven  in 
equa t ion  (4.11) will be e l imina ted  in equa t ion  (4.12) for v 2. Since equa t i on  (4.3) 
is of the  first  order,  there  is only  one cons tan t  of in tegra t ion .  This  is cons is ten t  
wi th  the  phys ica l  aspect  of the  problem.  The cons t an t  of in tegra t ion  is to be 
de te rmined  by  the  use of the  b o u n d a r y  condi t ion  of the  projec t i le  t r a j ec to ry .  

Consider the  res t r ic t ion  on b in (4.11). Since b = - -8 ,  where  /~ is def ined as 
C a A ~ H (m + Am) -~, which, in general,  is less t h a n  uni ty ,  the  l imi ta t ion  on the  
values  of b is no t  s ignif icant  as far as the  p resen t  analysis is concerned.  The  
only no tab le  excep t ion  is the  case b = 0, which corresponds to  the  p rob l em when  
the  par t ic le  drag  is null. 

E q u a t i o n  (4.7) wi th  b = 0 has  been s tudied  by  BATE~AN ES~. The  solut ion of 
(4. 7) for this pa r t i cu la r  case is known as BATi~UAN'S k-funct ion.  The  genera l  
solut ion of equa t i on  (4.7), when  b = 0, is bounded  in the  ne ighborhood  of ~ = 0a). 

I t  is to be no ted  t h a t  when  C 2 = 0, equa t ion  (4.3) becomes  a l inear  equa t i on  
of the  first  order, which can  be in tegra ted  i m m e d i a t e l y  in t e rms  of e l e m e n t a r y  
funct ions [9). 

I t  is also to be no ted  t h a t  the  equa t ion  of mo t ion  of a project i le  w i t h  t he  
assumpt ion  C D ~ M -1 (a sa t i s fac tory  a p p r o x i m a t i o n  for the  wave  drag of airfoil 
sections in hyperson ic  flows) and /~ = 0 is again a l inear  equa t ion  of t he  f irs t  
order  if v and t are used as a dependen t  and  an independen t  var iable ,  respec- 
t ive ly  [10]. 

I t  is in te res t ing  to  note  t h a t  the  func t ion  ~ in equa t ion  (4.7) can be expressed 
in t e rms  of Bessel  funct ions  p rov ided  t h a t  the  condi t ion  2 C~ e = C O /5 is fulfil led. 
Other  special  cases of t he  conf luen t  hype rgeome t r i c  func t ion  will be ob ta ined  
for the  solut ion ~0 when  values  of the  pa ramete r s  b and a in equa t ion  (4.7) fulfil l  
appropr ia te  res t r ic t ions  in each ind iv idua l  case. 

�9 5. E n ~ i n e e r i n ~  A p p l i c a t i o n s  

The resul t  of the  present  analysis m a y  be appl ied to t he  fol lowing p rob lems :  

5.1. Flight Analysis o/ a Sounding Rocket 
A rocke t  which carries sounding  ins t rumen t s  to  high a l t i tudes  for measur ing  

the  upper  a tmosphere  is called a sounding  rocket .  I t  is usual ly  l aunched  ve r t i -  
cal ly  upward  to  gain the  u t m o s t  peak  al t i tude.  I n  v i ew of the  s impl ic i ty  of t he  
designed t ra jec to ry ,  i t  is general ly  equ ipped  wi th  t he  least  guidance.  As a first  
approx imat ion ,  i t  is plausible  to  assume t h a t  a sounding  rocke t  w i th  n o r m a l  
pe r fo rmance  moves  rec t i l inear ly  a t  zero angle of yaw. Hence ,  the  p resen t  ana ly-  
sis can  be appl ied in the  free-f l ight  period.  

Fo r  a so l id-propel lant  rocket ,  which  usua l ly  has large j e t -p ropu l s ive  t h rus t  
of a shor t  dura t ion ,  we can  e s t ima te  the  b u r n o u t  ve loc i ty  and a l t i tude  b y  neg- 
lec t ing  the  a e r o d y n a m i c  drag in compar i son  to  t he  forward  th rus t .  The  classical 
m e t h o d  is to in tegra te  the  equa t ion  of mo t ion  of a rocke t  w i t h  mass m as a 
func t ion  of t ime  t: dm ( dv ) 

C + ~ r  ~ - + g  = o ,  (5.1) 

where C is the  cons tan t  exhaus t  veloci ty .  This  leads to  

v~=  - C l n  ~0 -- g ( t  b - - t0 ) ,  (5.2) 
f/40 

.3) This is pointed out  to the author  b y  Professor ROBERT C. F. BARTELS, 
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l b 

y~ = - c / ( I n  mb ] dt _ Y1 
X tool - -  g ( t b -  

to) 2 (5.3) 
to 

where subscripts 0 and b denote initial and burnout  condition, respectively. The 
above calculations can be improved through an i terat ive process in regard to the 
aerodynamic-drag correction. 

5.2. Ambient Temperature Computation/tom Trajectory Data o/a Falling Sphere 

The idea of using a free-falling sphere, of which the t ra jectory  can be accu- 
rately measured, to probe the upper atmosphere for the purpose of measuring 
the ambient  temperature  was originally conceived by JoNEs L2J. This was 
carried out by incorporating a miniature Doppler receiver- t ransmit ter  in an 
inflated sphere, which was released from a sounding rocket near its peak altitude. 
The sphere t ra jectory is determined by a DOVAP system ~11], which consists of 
a t ransmit ter  and an array of receivers on the ground. 

In an al ternat ive scheme, as proposed by the author, the ground stations of 
t ransmit ters  and receivers are replaced by a mobile station which has a trans- 
mit ter  and a receiver just  like those used in the DOVAP system except in 
miniature sizes. The mobile station is incorporated in a body, with negligible 
drag-to-weight ratio, which is to be released simultaneously with the sphere from 
the rocket. With  this scheme, the velocity of the sphere, relative to an apparent ly 
null-drag t ra jectory  or pseudo-vacuum trajectory,  is obtained from Doppler 
cycles which are to be telemetered from the mobile station and recorded along a 
t ime scale. I t  is assumed tha t  both the mobile station and the sphere fall verti-  
cally with no relative tumble.  

One serious drawback of the falling sphere method is the need of numerical 
differentiation of the velocity data in the process of computing ambient-air  
density according to the original theory [2]. As it is known, numericai  differen- 
t iation is a notoriously inaccurate process because it exaggerates the irregulari- 
ties of the numerical function whose derivatives are to be determined. This 
process can be avoided if the present theory of projectile t ra jectory  is applied in 
step-wise calculation of the scale height H, which is proportional to the ambient- 
air temperature  T. 
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Zusammen/assung 

Die Bewegungsgleichung eines vertikal ansteigenden Geschosses wird gel6st 
ffir den Fall, dass die Dichte der Atmosphere exponentiell mit  der H6he abnimmt.  
Die Geschwindigkeit des Projektils kann  dabei in konfluente n hypergeometri- 
schen Funkt ionen ausgedriickt werden. Die Theorie wird hierauf auf zwei spezi- 
fische Probleme angewendet: 1. Fluganalyse einer Vertikalrakete wihrend  der 
Zeit des schubfreien Fluges und 2. Berechnung der Umgebungstemperatur  der 
Bahn eines sph~irischen Projektils. 

(Received: July 30, 1956.) 
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N u m e r i s c h e  Behandlung  von  Dif ferent ia lg le ichungen.  Von L. COLLATZ. 
Zweite, neubearbeitete Anflage (Springer-Verlag, Berlin 1955 [Grundlehren der 
mathematischen Wissenschaften, Band 60]). 526 S., 118 Abb. ; DM 56.-/59.60. 

Die zweite Aufiage des Handbuches fiber numerische LSsungsmethoden ftir 
Differentialgleichungen unterseheidet sich yon der ersten Aufiage vor allem 
durch Aufnahme der in der Zwischenzeit gewonnenen neuen Erkenntnisse, ins- 
besondere der Ins tabi l i t i t sph~nomene bei numerischer Integration.  Ausserdem 
wurde die Eintei lung des Werkes etwas ver~ndert, indem alle mathematischen 
Grundlagen im 1. Kapitet zusammengefasst sind. Es folgen wie frtiher: II.  An- 
fangswertprobleme; I I I .  Randwertprobleme bei gewShnlichen Differentialglei- 
chungen; IV. Anfangs- und Anfangsrandwertaufgaben bei partiellen Differential- 
gleichungen; V. Elliptische partielle Differentialgleichungen; VI. Integral- und 
Funktionalgleichungen. H. Rutishauser 

M~canique v ibratoire .  Par ROBERT 1KAZET (Librairie polytechnique Ch. 
Bfranger, Paris 1955). 280 pp., 159 fig.; reli6 Ir. fr. 4975,-. 

De nombreux ouvrages out 6t6 publi6s sur la M6eaniqne vibratoire. Celni de 
M. MAZET, professeur t{ la Faeult6 des Sciences de Poitiers, reproduit les leqons 
donn6es par cet auteur 5̀  l 'Ecole nationale sup6rieure de l'A6ronaUtique, de 
1950 5, 1954. 

Ii s 'agit avant  tout  de l '6tude des syst6mes m6caniques dits ~dingaires~>, dont  
l '6volution relive, avec une pr4cision suffisante, d'6quations diff@rentielles 


