GAFA, Geom. funct. anal.

Vol. 13 (2003) 992 — 1028 (© Birkhéauser Verlag, Basel 2003
1016-443X/03,/050992-37
DOT 10.1007/500039-003-0438-3 I GAFA Geometric And Functional Analysis

THE DISTRIBUTION OF VALUES OF L(1, xq)

A. GRANVILLE AND K. SOUNDARARAJAN

1 Introduction

Throughout this paper d will denote a fundamental discriminant, and x4
the associated primitive real character to the modulus |d|. We investigate
here the distribution of values of L(1, x4) as d varies over all fundamental
discriminants with |d| < z. Our main concern is to compare the distribution
of values of L(1,yy) with the distribution of “random Euler products”
L(1,X) = [[,(1 - X(p)/p)~! where the X (p)’s are independent random
variables taking values 0 or +1 with suitable probabilities, described below.
For example, we shall give asymptotics for the probability that L(1,xq)
exceeds €77, and the probability that L(1, xg4) < %% uniformly in a wide
range of 7. These results are sufficiently uniform to prove slightly more
than a recent conjecture of H.L.. Montgomery and R.C. Vaughan [MV]. One
important motivation for our work is to make progress towards resolving
the discrepancy between extreme values that may be exhibited (the omega
results of S.D. Chowla described below) and the conditional bounds on
these extreme values (the O-results of J.E. Littlewood, see below). The
uniformity of our results provides evidence that the omega results of Chowla
may represent the true nature of extreme values of L(1, x4).

These questions have been studied by many authors, most notably by
P.D.T.A. Elliott [E1,2,3] and Montgomery and Vaughan [MV]. We begin
by reviewing some of the history of the subject which will help place our
results in context. Throughout this paper log; will denote the j-fold it-
erated logarithm; that is, log, = loglog, log; = logloglog, and so on. In
[Li] Littlewood showed that on the assumption of the Generalized Riemann
Hypothesis (GRH)
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1 ¢(2)
(5 + 0(1)> log, 1] < L(1,xa) < (2+0(1)) e logy |d| . (1.1)

He also showed (again assuming GRH) that there are infinitely many d
such that L(1,x4) > (1 + o(1))e” logy |d|, and that for infinitely many d,
L(1,xq) < (14 0(1))¢(2)/(e"logy |d|). The latter result was later estab-
lished unconditionally by Chowla [C]. Thus only a factor of 2 remains at
issue regarding the extreme values of L(1,y,), under the assumption of
GRH. This question was addressed in a numerical study of D. Shanks [S],
but the data there is inconclusive. Recently Vaughan [V] and Montgomery
and Vaughan [MV] have returned to this problem, and initiated a finer
study of these extreme values.

Write o .

log L(1, xq) = Z Xa(p) + Z Z X;i(i) )
p P p k=2 P
The second sum above is rapidly convergent, and hence easy to under-
stand. For a typical d one may expect that the first sum above behaves like
Zp X,/p, where the X, are independent random variables taking values £1
with equal probability. Pursuing this probabilistic model, Montgomery and
Vaughan (developing ideas of Montgomery and Odlyzko [14]) suggest that
the proportion of fundamental discriminants |d| < x with L(1,xq) > €'7
(say) lies between exp(—Ce”/7), and exp(—ce”/7) for appropriate con-
stants 0 < ¢ < C' < 0o. A similar assertion holds for the frequency with
which L(1,x4) < ((2)e”7/7. Extrapolating this model, they formulated
three conjectures on the frequencies with which certain extreme values oc-
cur.

CONJECTURE 1 (Montgomery—Vaughan). The proportion of fundamental
discriminants |d| < x with L(1,xq) > €Y logy |d| is > exp(—C'log 2/ log, x)
and < exp(—clogz/log, x) for appropriate constants 0 < ¢ < C < oc.
Similar estimates apply to the proportion of fundamental discriminants
d] < with L(1, xa) < ((2)/(¢ log, |d)).

CONJECTURE 2 (Montgomery—Vaughan). The proportion of fundamental
discriminants |d| < x with L(1,xq) > €Y (logy|d| + logg |d|) is > x¥ and
< 2© where 0 < @ < © < 1. Similar estimates apply to the frequency with
which L(1,x4) < ((2)e~(logy |d] + log d]) .

CONJECTURE 3 (Montgomery—Vaughan). For any € > 0 there are only
finitely many d with L(1, xq) > €7(log, |d|+ (1+€)logs |d|), or with L(1, x4)
< ¢(2)e 7 (logy |d] + (1 + €) logg [d]) .
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Notice that Conjecture 3 implies that the true nature of extreme values
of L(1, x4) is given by Chowla’s omega-results rather than the GRH bounds
of Littlewood.

The idea of comparing the distribution of values of L(1, x4) to a random
model is quite old. Chowla and P. Erdés [CE] showed first that for a fixed
7 the proportion of |d| < z with L(1, x4) > €77 tends to a limit as z — co.
Further this distribution function was shown to be continuous. Elliott
[E2] pursued this further and showed that L(1,x4) possesses a smooth
distribution function, and he also obtained expressions for its characteristic
function (Fourier transform). Indeed Elliott established such results for the
distribution of L(s, x4) at any point s with Re(s) > 1/2, and he also allows
for d to be restricted to prime discriminants. Elliott’s results also allow
for 7 to grow slowly in terms of x; essentially his methods show that the
distribution of values of L(1,x4) approximate the distribution of random
Euler products for 7 throughout the range (1/logsx,logsx). But these
results are not sufficiently uniform to approach the above conjectures of
Montgomery and Vaughan.

We now describe our results, starting with the probablistic model we
shall use to study L(1,xg). For primes p let X(p) denote independent
random variables taking the values 1 with probability p/(2(p + 1)), 0 with
probability 1/(p + 1), and —1 with probability p/(2(p + 1)). The reason
for this choice of probabilities over the simpler +1 with probability 1/2 is
as follows: For odd primes p, fundamental discriminants d are constrained
to lie in one of p? — 1 residue classes (mod p?), and for p — 1 of these the
character value is 0, and the remaining p(p — 1) residue classes split equally
into +1 values. For the prime 2 note that fundamental discriminants lie
in the residue classes 1,5,8,9,12,13 (mod 16) and the values 0,£1 occur
equally often. We extend X multiplicatively to all integers m: that is
set X(n) = [, X(p)*. We wish to compare the distribution of values
of L(1,xq) with the disrtibution of values of the random Euler products
L(1,X) =[], (1 —X(p)/p)~" (these products converge with probability 1).

Before describing how well this model approximates the distribution
of L(1,xq4), it is helpful to gain an understanding of the distribution of
L(1,X). To this end, we define

®(7) = Prob(L(1,X) > ¢'7) ,
and

U(r) = Prob (L(l,X) < ”6—2L> .

evr
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By studying the characteristic function of log L(1, X') (which may be shown
to decay rapidly) one can see that ®(7) and ¥(7) are smooth functions.
This is implicit in Elliott [E2], and follows also from our subsequent work.
From the work of Montgomery and Vaughan [MV] we obtain that ®(7) and
U(7) decay double exponentially as 7 — oo: precisely, there exist constants
C and c such that

exp (—C%) < P(1) < exp (—c%) ,
and similarly for ¥(7). In section 3 we shall analyse these functions closely,
expressing them in terms of the moments of L(1,X) (see Theorem 3.1
below). From our work we obtain the following useful estimates for ®(7)
and ¥(7), which improve upon Montgomery and Vaughan’s estimates.

ProroSITION 1. For large T we have
@(r)=exp (-1 0(5)).

where

1 o)

d d

1 :—/ tanhy—y—i—/ (tanhy—l)—y = (0.8187....
0 Yy 1 Yy

The same asymptotic holds also for V(). Further if 0 < X\ < e~ " then
D(re ) = ®(7)(1+O0(Xe)) and U(re ™) = U(T)(1+O(Xe)) .
Below we shall let Zb indicate that the sum is over fundamental dis-

criminants. A standard argument shows that there are ;Gga: + O(a:%*e) fun-
damental discriminants d with |d| < x. Define ®,(7) to be the proportion
of the fundamental discriminants d with |d| < z, for which L(1, xq) > €7;

that is b b
e (5 )/

ld|<=z |d|<z
L(1,xq)>eT

(and similarly define ¥, (7)). We would like to compare this with ®(7) (and
analogously to compare the frequency of small values with ¥). Notice that
the viable range for such a correspondence is 7 < log, x +logs x +C1+0(1).
Proposition 1 shows that at this juncture the probabilities ® and ¥ become
smaller than 1/z.

Theorem 1. Let x be large. Uniformly in the region 7 < R(x) we have

D, (1) = O(7) (1 +0 <(10g1x)5 + eTR(x)>> )

and uniformly in 7 < R(z) + logs x we have
O, (1) = @()(log 2)°W.
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Here we may choose R(x) = logy x — 2logs « + log, = — 20 unconditionally,
and R(x) = logy x — logg x — 20 if the GRH is assumed. Analogous results
hold replacing ® with .

Our proof of Theorem 1 relies upon computing the mean moment of
L(1, xq)?, as we average over fundamental discriminants d with |d| < x, for
complex numbers z in a wide range. We will establish that these moments
are very nearly equal to the corresponding moments of the random L(1, X);
that is to say the expectation E(L(1,X)?). Throughout the paper E(-)
stands for the expectation of the random variable in brackets. Suppose
there were a character x4 with |d| < x for which L(s, x4) has a bad Landau—
Siegel zero. In this case we could have L(1,x4) as small as ™ so that
when z is a negative real number the mean moment of L(1,x4)* would
be heavily affected by this particular character. Thus, short of proving
the non-existence of Landau—Siegel zeros, we cannot hope for asymptotics
for the moments as stated, except in a narrow range of values for z. To
circumvent this difficulty, we calculate instead moments of L(1,x4) after
first omitting a sparse set of discriminants having Landau—Siegel zeros.
Precisely, we define for an appropriate constant ¢ > 0

L={d:L(B,xa) =0 forsome 1—c/log(eld) <pB<1}.
We will refer to elements of £ as Landau—Siegel characters, discriminants,
or moduli. If ¢ is chosen appropriately, then it is known that there is at
most one element d of £ between z and 2z (see [D]) so that there are
< log x elements of £ with |d| < x.

Theorem 2. Uniformly in the region |z| < logx/(500(logs 7)?) we have
ZbL(l,Xd)z = %xE(L(l,X)Z) +0 <xexp <— log z >> .
i 7r 5logy x
gL
We remark that when Re z is positive then it is not necessary to omit
elements of £ while calculating the moments of Theorem 2. This follows
because L(1,x,) is easily seen to be < log(e|d|) and so for positive Re z
the error in adding back elements of £ is < log z(log z)®¢* which may be
subsumed in the error term of the theorem. Previously A.F. Lavrik [L]
had computed Zb|d|§:p L(1,xq)% for integers k < v/logx, and we see that
Theorem 2 goes substantially further than his result. Further if Rez is
negative, but |Re z| is bounded, then again we need not exclude elements
of L. This follows readily from Siegel’s famous bound L(1, x4) >, |d|™¢.
We may extend the range of applicability (in |z|) of Theorem 2 by
excluding a larger (but still very thin) set of characters. We describe this
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result next, which will be the main ingredient used to prove Theorem 1.

Theorem 3. Let £ denote a set of < \/x exceptional discriminants |d| < .
Uniformly in the region |z| < logxlogs x/(e!? log, ) we have

b ._ 0 2 E(L(1, X))
; L(1,xq)* = FxE(L(LX) )+ 0 (a:w> .
d¢e

If the GRH is true then the above asymptotic holds uniformly in the larger
region |z| < 1073 log z.

One can show (by modifying Lemma 3.2 below) that the main term
in Theorem 3 dominates the error term if and only if [Imz] <«
{(1+|Re z])log(2+|Re z|)} /% log, x. In contrast the main term in Theorem 2
dominates the error term throughout the region |z| < log z/(500(logy z)?).

Even assuming GRH the range of validity of Theorem 1 is insufficient to
penetrate the conjectures of Montgomery and Vaughan. However note that
these conjectures ask only that the frequencies of large and small values
decay “double exponentially” and not for the more precise information
provided by Theorem 1. We now set ourselves the intermediate problem
of determining when ®,(7), ¥, (7) = exp(—(1 + o(1))e”~1 /7). Exploiting
a wonderful result of S.W. Graham and C.J. Ringrose [GR] on character
sums to smooth moduli (see Lemma 4.2 below), we settle this problem in
a range wider than required for Conjecture 1.

Theorem 4. Let x be large and let logyx > A > e be a real number.
Uniformly in the range 7 < Ry(z) — logy A we have

B, () = exp <—€:Cl <1 10 <% + %))) ,

and the same asymptotic holds ¥,(r). Here we may take Ri(x) =
logy x + log, © — 20 unconditionally, and Ri(x) = logyx + logs x — 20 if
the GRH is true.

Theorem 4 clearly implies a stronger version of Montgomery and Vaug-
han’s Conjecture 1. Notice also that assuming GRH it implies part of
Conjecture 2: namely that the number of |d] < =z with L(1,xq4) >
¢ (logy |d| +logs |d|) is < 2© for some © < 1, and similarly for small values.
In [M2] Montgomery established that if the GRH is true then there are
infinitely many primes p such that the least quadratic non-residue (mod p)
is > log ploglog p. We adapt his idea to examine extreme values of L(1, x)
under GRH, which strengthens Theorem 4, but just fails to prove the other
half of Conjecture 2.
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Theorem 5a. Assume GRH. For any ¢ > 0, and all large x, there are
> xl/2 primes q < x such that

L (1, (E)) > €7 (logy q + logg ¢ — log(2log 2) — ¢) ,
and > x'/2 primes q such that

L (1, <5>> < @(logQ q + logs ¢ — log(2log 2) — 6)71.

Note that log(2log2) = 0.3266. .. so that Theorem 5a comes very close
to exhibiting the extreme values required in Conjecture 2. We may ask
for the extreme values of L(1,y4) that may be obtained unconditionally:
that is, for refinements of Chowla’s results which would approach the ex-
treme values predicted by the conjectures above. As far as small values are
concerned we are unable to go further than the extreme values guaranteed
by Theorem 1. However by a judicious use of the pigeonhole principle we
are able to exhibit large values of L(1, x4) which are nearly as good as the
conjectured truth.

Theorem 5b. For large x there are at least 2:*/1°

such that

square-free integers d < x

L (1, (3)) > €7 (logy x + logs x — log, x — 10).

In summary our results find excellent agreement between the distribu-
tion of values of L(1,x4) and the predictions of the probabilistic model.
We find (especially on GRH) that the predictions hold true in almost the
entire viable range, and this leads us to believe that the extreme values of
L(1, x4) behave like Chowla’s omega results.

If the asymptotic formula of Theorem 1 holds to the edge of the viable
range then perhaps

L omax L(1,xq) = €"(logyx +logz z + C1 + o(1)) .

ld|<=z
It is also plausible that the distribution function changes nature just beyond
the range given in Theorem 1 (which is why our methods do not give good
results there), and that the maximum value is represented by a slightly
different function. Nonetheless given the extraordinary decay of ®(7) that
we have detected in this range we conjecture that, at worst, the above

estimate is true with a slightly different constant.

2 Preparatory Lemmas

In this section we collect together some preliminary results which will be
useful in our subsequent work. The ideas in this section are standard and
classical.
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We will show in Proposition 2.2 below that with few exceptions L(1, x)
may be approximated by the short Euler product L(1, x;y) where, through-
out the paper, we let L(1,x;9) := [[,<,(1 = x(p)/p)~". The primary in-
gredient is the following classical lemma, which is proved in Lemmas 8.1
and 8.2 of [GrS].

LEMMA 2.1. Let s = o + it with |t| < 3q, and let y > 2 be a real number.
Let 1/2 < 09 < o, and suppose that the rectangle {z : 09 < Re(z) < 1,
Im(z) — t| < y + 3} contains no zeros of L(z,x). Then

1
|log L(s, x)| < o8dq
o — 0y
Further, putting o1 = min (0'0 + 1oéy’ 0‘3‘70 ),
y
A(n)x(n) log g -
log L = O R B
og L(s, x) ;::2 wlogn CErEL

If the GRH holds then we may apply Lemma 2.1 with og = 1/2. We
now take y = (log ¢)?(log, q)® to obtain
y
A(n)x(n) 1
log L(1 = — 4+ O — .
0g L(1,x) ; nlogn + loglog q

Using the prime number theorem to estimate the contribution of the primes
between log? ¢ and y, we deduce that

-1
1
L= ] <1 - —X(p)> {1 +0 < °g3q>},
. P logsy ¢
p<log”q
which gives Littlewood’s result (1.1).
Using this lemma together with the large sieve and zero density results

we obtain the following result, essentially due to Elliott [E1].

PROPOSITION 2.2. Let Q be large, and let log, @ > A > 1 be a real
number. Then for all but at most Q¥4 primitive characters X (modq)
with ¢ < @ we have for y < Q/2

L1 =] <1 - %)1 (1 +0 <(A2 + log? y);%ﬁ» C(21)

p<y

Further

L) = ] ) <1— %)1 <1+O <@>>

p<(log Q)
holds for all but at most Q%/A 151083 Q/108: @ pyrimijtive characters X (mod q)
with ¢ < Q.
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Proof. From a standard zero density result (see Theorem 20 of E. Bombieri
[B]) we know that there are fewer than Q%= (log Q)? primitive charac-
ters with conductor below @ having a zero in the rectangle 1 > Re(s) > a,
Im(s)|] < @. Here B is some absolute constant. Thus appealing to
Lemma 2.1 with s = 1, and 09 = 1 — 7 we obtain (2.1) for all but at

most Q%4 primitive characters y (mod ¢) with ¢ < Q.

We now show that
1
3 x() _ < >
p log, @

(log Q)A<p<(log Q)84
for all but Q%/A+510g3Q/108;Q characters with conductor below @, which
when combined with (2.1) with y = (log Q)34 gives the proposition. To
prove this we shall use the large sieve in the following form:

> Y Y abmpm)| <@+ Y )P, (22)

q<Q x (mod q) m<M m<M

where the Y.* is over primitive characters x, and the a(m) are arbitrary
complex numbers.

For 0 < j < J :=[TAlog, Q/log 2] put z; = 2/ (log Q)* and put 241 =
(log @)34. Choose k = [2log Q/(Alog, Q)] + 1 so that M; := zfﬂ > Q2.

Define o x(p)>k
Z aj(m)Tm: Z 7 .

Mj/2k§m§Mj Zj<p§2j+1
Note that 0 < aj(m) < k! and 3 aj(m) = (7(zj41) — 7(z;))* <
(2zj11/(Alog, Q))*. Appealing to (2.2) we see that

DI M%«ZkH 3 |aj(m)|?
D J

2
m
9<Q x(mod q) ' 2;<p<zjt1 M; /2k<m<M;

k1226 0 2250 \F ak  \*
2541 089 Q 082 Q
using Stirling’s formula. We deduce that
Z x(p) ‘ < 1
— 2
p A(log, Q)

2;<p<zjt1

for all but at most (10log Q(log, @)?)* primitive characters with conductor
below @, and the proposition follows at once.

Using Lemma 2.1, we may also derive the following approximation to
L(1, x)?, provided x is not a Landau-Siegel character.
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LEMMA 2.3. Let x be a non-principal character (modq) which is either
complex, or real and primitive with its discriminant not in L. Let z be any
complex number with |z| < (logq)? and let Z > exp((logq)'°) be a real

q

1+zoo 5 _ —1/y
Proof. Since 27” f T ds =e , we have

L e L(1+s,x)?°Z°T(s)ds = i d=(n) (n)e "% (2.3)
271 1—ic0 X N o n X ’ ’

We shift the line of integration to the contour s = —C(t) +it where C(t) :=
—c/(2log(q(|t| + 2))), for an appropriately small constant ¢ > 0. From
our assumption on y we may choose ¢ such that we encounter no zeros of
L(s, x) while shifting contours. We encounter a pole at s = 0 which leaves
the residue L(1, x)?. Applying Lemma 2.1 with 0p = 1—-4C(¢t)/3 and y = 2
gives |log L(s, x)| < 1/C(t)? and so the left side of (2.3) equals L(1,x)*+R
where

R<</ 7= COOUCON P (—C(t) + it)|dt <<$,

by Stirling’s formula.

We end this section by collecting several inequalities for values of d,(n):
the z-th divisor function. Recall that d,(n) is a multiplicative function given
on prime powers by d.(p®) = I'(z+a)/(I'(z)a!), and that 07, d.(n)/n® =
((s)? for Res > 1.

Note that |d.(n)| < d|.(n). For real numbers k& > 1 we observe
that di(mn) < di(m)dg(n). For any positive integers a,b,n we have
dg(n)dy(n) < dgyp(n). Further for any complex number z and a real num-
ber 8 we have |d.(n)|® < dj.s(n). We also record that |d(n)d.(n?)| <
dy)z)12(n)? and that |d.(n?)] < d(j,j41)2(n). All of these inequalities may
be shown by first proving them for prime powers (by induction on the
exponent), and then using multiplicitivity to deduce them for all n > 1.

Lastly we note that for positive integers k and real numbers = > 2 we

have g
5 qu(ln) - <Z %) < (log 32)F,

n<x n<x

and since dj,(n)e=™/* < ek/® 3" e~ (@t Far)/T that
1

ai...ap=n
> dk(n) —n/x 1/x e /T g k
< < . .
e <le g " < (log 3z) (2.4)

a=1

n=
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3 Random Euler Products and Their Distribution

We put L(1,X;y) = [[,<,(1 — X(p)/p)~". Since E((},-, X(p)/p)*) =
Zp>y 1/p?> < 1/(ylogy), we see that with probability 1, L(1,X;y) con-
verges to L(1, X) as y — oco. In this section we investigate the distribution
of the random Euler products L(1, X;y). Letting y = oo in our results gives
information on the distribution of L(1, X). Analogously to the definitions
of ®(7) and V(1) we define

®(r;y) = Prob(L(1, X;y)>¢"7) and ¥(r;y) = Prob (L(l,X; )<”——> .

— 6 ev'T
To facilitate our discussion we define for positive real numbers k
I(k;y) Zlog (1——) tanh ( ) and I(k Zlog (1——) tanh (%)
p<y
For fixed y plainly I(k;y) is an increasing function of k, and for fixed k it
is an increasing function of y. Further writing ¢g(t) = tanh(¢) if t < 1, and
g(t) = tanh(¢) — 1 if ¢ > 1 we have that
I(k;y) = — Z log(l——) Zlog(l——) (—)
p<min(k,y)

and now using the prime number theorem and partial summation we see

that for large k and y,
Ci(k/y) < 1 >
A AN , 3.1
log k log? k (3.1)

> g(t
Ci(x) ::/ th.
Note that C1(0) = C; = 0.8187.... Define next

1 1
R(k;y) = ———— and R(k)= _—.
z% p? cosh?(k/p) ; p? cosh?(k/p)
Again appealing to the prime number theorem and partial summation we
see that for large k and y

1 * dx 1
R(k; +0 | —5—
(ksy) = klogk /k/y cosh? z <k:log2 k‘)

1 — tanh(k/y) < 1 >
=— P Lo —). 3.2
klog k * klog? k (32)

We are now in a position to state our main result, which obtains an asymp-
totic formula for ®(7;y) (and ¥(7;y)) in terms of appropriate moments
E(L(1, X;%)*). Naturally, letting ¥ — oo below furnishes asymptotics for
O (7) or (7).

I(k;y) = logy min(k,y) + v +

where
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Theorem 3.1. Let y be a large real number, and let T be large and
below logy — 1. Let k = k;, denote the unique real number such that
I(k;y) =y +logT. Then

ELXpH) 1 log? k
MY =T o Rty <1+O<k1/4>>’

oy B Xyt 1 log? k
)= K(Ser)®  /2rR(k;y) <1 +O< kA >>

Further if 0 < A < e~ 7 then

and

3
30
Blre sa) — Blriy) < Oriy) (267 + EL),
and 3
.
V(e y) = U(riy) < U(r3y) <A€T + R yogy>-

We shall focus only on proving the results for ®(7;y), the argument
for ¥ requires only some minor adjustments. For the rest of this section
we write s = k + it, and we denote E((1 — X (p)/p)~*) by Ep(s). Clearly
|Ey(s)| < Ep(k) always.

LEMMA 3.2. Let s = k +it, and let k be large. If p > k/4 then we have
for some positive constant cg

|E,(s)| < Ey(k) exp <—CO <1 — cos <t log <%>>>> .

Further if k < 2y then there exists a positive constant ¢ such that
exp —c%) if |t <k/4

t .
< dexp _clo‘g"ﬂ) if k/4<|t] <y/2

exp —clog%y) if y/2 <|t] <y?/log’y.
Note that letting y — oo we get that E(L(1, X)*)/E(L(1, X)*) <

2\ . f oy
exp (— ckl’;?) if [t| < k and < exp (— c%) if [t| > k.

Proof. Note that for r1, 5 and 73 positive we have |r; + €2 + 13032
< (r1 + 719 +73)% — 2rro(1 — cosf3), so that |rp + e + rze?3| <

—cos® .. _
(r1+r2+r3) exp (—%) We apply this with r; = 2(;;4_1)(1—1/]9) k

ro = 1/(p+ 1), r3 = ﬁ(l + 1/p)7*, and 6 = tlog(l — 1/p) and

03 = tlog (%). Since p > k/4 the first statement of the lemma follows.
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To prove the second part, note that our desired ratio is

(e (D))

y=p=k/4
If |t| < k/4 then for the primes p in (k/4,k/2) we have that |tlog (%)’ ~
2|t|/p lies between ~ 4[t|/k and ~ 8|t|/k so that 1 — cos (tlog (%)) >
[t|?/k?. This gives the bound of the Lemma in this case. Next if k/4 <
|t| < y/2 then we apply the above argument with the primes in (|¢],2[t])
getting the desired bound.

Lastly suppose that y/2 < |t| < y?/logy. Here we let 6§ := 107%/logy,
and divide the interval (y/2,y) into intervals of length 632 /|t| (with the last
interval possibly being shorter). There are ~ |t|/(2yd) such intervals. Call
an interval good if cos(tlog((p+1)/(p—1))) < cos(d/10) for all primes p in
that interval, and bad if otherwise. There are at most 3|t|/y bad intervals,
and by the Brun—Titchmarsh theorem each bad interval contains at most
36y /(|t| log(6%2/|t])) < %2/(200|t|logy) primes. Thus there are at least
y/3log y primes in good intervals, and the Lemma follows in this final case.

In addition to Lemma 3.2 we need a result comparing E(L(1, X;y)*)
with E(L(1, X;y)*) for relatively small values of t. First observe that

5((1-52)7) =& (ow (32)) o (0 (1))
—comn (£) e (0 (). 3

where the last estimate follows since E(exp(kX (p)/p)) = [% which

equals cosh(k/p)(1 + O(1/p)) if p < k and equals cosh(k/p) + O(k?/p?) =
cosh(k/p)(1 + O(k?/p?)) if p > k. Further note that if p < k/log k then

{((50) ) () (D) (o) o

Note that, for all primes p we have

o=(-9) (-2 G5))

p—1\" L(1-X(p) ,,(1-X(p))? 1 [P .
<p—X(p)> I A R <(1_X(p)) <P+p—3>> ’
this is trivial if X (p) = 1, otherwise it follows from the Taylor expansion
if p> |t|, and as |(p — 1)/(p — X (p))¥| = 1 if p < |[t|. By (3.4) we have
that E((1 — X(p)(1 - X(p)/p)™") = (1 + 1/p)™" + O(1/p) and
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E((1 - X()*(1 - X(p)/p)7*) = 21 + 1/p)™* + O(1/p), and so we de-
duce that

5y(s) = (1-3) " (B0 (145) "~ (103) w0 (i)

If p < k/3logk then E,(k) > (1 —1/p)™* > k?® and so the above
becomes, using (3.3),

Ey(s) = (1 _ %) Em (1 +0 <|t| Zg‘t‘?’)) |

If p > k/3logk then (1+1/p)~F = e %7 4 O(1/p). If k/3logk < p < |t|
then L ,
EBys) = (1= 1) " Ey(k) (140 (re /7).
If p > k/3log k and p > |t| then the above becomes, using (3.3),
E 1 K\t 1
log p(s) = —itlog <1 — —) tanh <—> a5~
Ep(K) p p/ 2 p?cosh®(k/p)

ﬂ @ e k/p

o (<p2 s ) ) '
t2

E(L(1,X;9)°) = E(L(L,X;9)") exp (itf(k;y) — 5 R(k5y)

co( 1y il . (3.5)
klogk ' kZlogk

We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. Let A > 0 be real. For y > 0 and ¢ > 0 we have by
Perron’s formula

1 c+i0o Az _ 1\ d 1 A 1 c+i0o d
L (Y P
270 J oo Az z AJo \ 270 Jo—iso z

It follows that, for [t| < k?/3,

Also by Perron’s formula we may see that

1 c+1i00 B e)\z -1 e)\z _ ef)\z J
— Z
218 Je—ioo Y Az z

is always non-negative, and that it equals 1 if e~ < y < 1. Applying these
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identities we obtain that

k+ioco e)\s _ s
B(riy) < —— /k E(L(L, X;)°) (7) ( 1) b < rey),

T 270 Jhino As S
(3.6)
and
D(reNyy) — (r3y)
1 k+ioco 6)\5 -1 6)\5 _ e—)\s
< E(L(1, X:9)°%)(e7T)~* ds. .
<o [ ERaxm)En (S (SR e @)

Now suppose that 7 < logy — 1 is large. We choose k = k., such that
I(k;y) = v+ log 7. Observe that k <y since I(k;y) is increasing in k and
by (3.1) I(y;y) = logay + 7 + Ci(1)/logy + O(1/log*y) > log7 + 7 as
C1(1) = —0.09.... Further (3.1) gives us that k£ < e”. We now suppose
below that A < e™7 < 1/k, so that |e**| = e <« 1.

Consider first the integral in (3.7). We split the integral into the part
when |t| < 32/log?y, and when |t| > 3?/log?y. The contribution of the
second segment of the integral is

E(L(1, X;y)k
« EEQ X59)7) /
(erT)* |t
Using Lemma 3.2 and as (e* — 1)/(As) < 1 and (e*® —e %) /s < X\ we

may see easily that the contribution of the initial segment of the integral
is < E(L(1, X;9)*)(e77)"*A\/EkTogk. Thus we conclude that

)/ Tog?
d(re Ny) — d(ryy) < E(Lgi;i(),ky) ) <1)\gy2y + M/ klog k> . (3.8)

Consider next the integral in (3.6). We split the integral into
three parts: when [t| < Vk(logk)?, when VE(logk)? < [t| < y?/log?y
and when |t| > y?/logy. In the third case the integrand is
< E(L(1, X;9)%)(e77) 7% /(A|t|?), and so the contribution of this segment of
the integral is < E(L(1, X;)*)(e¥7) *log® y/(\y?). Using Lemma 3.2 we
see that the contribution of the second segment of the integral is bounded
by E(L(1, X;y)*)(e¥7) % exp(—clog® k) /). Lastly, using (3.5) and our def-
inition of k, we get that the initial segment of the integral contributes

E(Lgi;i();ky)k) exjk; 1 <1 iy <lo\g/“;k:>>
1

2
- — exp | ——=R k:;y)dt
27 Jit|<Vklog? k < 2 (ki)

1 E(L(1, X:y)*) log?
L« (L(1, ,ky))ogzy.
|>y2/log? y At (e77) Ay
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_ B Xk et -1 1 <1 i <log5k>> .

(eYT)k k2 2 R(k;y) Vk
Observe that R(k;y) = 1/(klogk) by (3.2), and so choosing A = k~5/* we
obtain from the above that

Y 2
(e > BERIID (150 (%51)) > 0.

Further with this same choice of A we obtain by (3.8) that
E(L(1, X;y)*) 1 log? k

(7m)* ky/2mR(ksy) KY*
and so the first part of the theorem follows.

Now noting again that R(k;y) < 1/(klogk), and using the first part of
the theorem, we may write (3.8) as

D(re N y) — B(13y) <

2

O(re N y) — (15 y) < (73 y)< )

which gives the second part of the theorem when log y/(yeiT) = log y/(yk‘%)
< A < e 7. Since ®(re™*;y)—®(7;y) is a non-decreasing function of \, thus
for A < log y/(yeiT) we have ® (e *;y) — ®(1;y) < O(1;9)e’ /A logy/y as
desired.

In order to extract simpler asymptotics for ®(7;y) we now need some
understanding of the asymptotic nature of E(L(1, X;y)¥). If k < y then
using (3.4) for p < k/log k, and (3.3) for k/logk < p <y we deduce that

—k
E(L(I,X;y)k) = H 2(p2:- 0 (1 - l) H cosh(k/p) .

p<i/logk P/ kjrogh<psy

(3.9)
Now note that

—k
[I e(1-2) = [ %=1,
k/log k<p<k k/log k<p<k
and also that by partial summation using the prime number theorem

H e */P cosh(k /p) H cosh(k/p)

k/log k<p<k y=p>k

ko[ at 1
=exp <logk (/k/ygl(t)ﬁ +0 <1ogk>>> ’
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where g;(t) = logcosh(t) — t if ¢ > 1 and logcosh(t) if ¢ < 1. Integration
by parts shows easily that

o dt 91(k/y)
/k/ygl(t)t—Q =Ci(k/y) —1+ 1k/y .

Using these estimates in (3.9) we conclude that
E(L(1 X;y)F) = H 1—l 7kexp k Ci(k/y) —1
T D log k

T e (V)

Similarly we find that

E(L(1,X;9) %) =] (1 + %)kexp (%(q(k/y) -1

()

From these estimates and Theorem 3.1 we may deduce the following corol-
lary which contains Proposition 1.

COROLLARY 3.3. Let y be large, and let T be large with 7 < logy — 1.

Then
®(7;y) = exp (-eicl (1 +0 (% ™ %>>> '

The same asymptotic holds for VU(r;y).

Proof. We take k = kr, as in Theorem 3.1. By Mertens’ theorem, (3.10),
and Theorem 3.1 we see that

o(7) = <lofk>kexp <é <01(k/y)—1+10g6(:/h;k/y) O <lo;k>>> ’

and using (3.1) the definition of k this is

= (i (5 0 (er)))

Now y>k=e™ and so (3.1) gives that I(k;y)=logy k+v+C1(k/y)/T+O(1/7?)
= logy k +~ + C1/7 + O(e™ /(1y) + 1/72) from which it follows that k =
e”"“1(14+ O(e™ /y + 1/7)). Using this above we obtain the asymptotic for
®(7;y), and the proof for ¥(7;y) is similar.
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4 Estimates for Real Character Sums

In this section we collect together some estimates for Zbl d)<x(d/n) for in-
dividual n, and also on average over n in a dyadic interval. We begin with
a simple application of the Pélya—Vinogradov inequality.

LEMMA 4.1. If n is a positive integer, not a perfect square, then

b
‘Z (%) ‘ < wéni(logn)%.
|d| <z
Proof. We shall confine our attention to d positive and = 1 (mod 4): the
cases d negative, or d = 8, or 12 (mod 16) are handled similarly. Thus we
seek to bound

Yo DB =5 Y Y @t (4).

d<z =
d=1(mod 4) ¢ (mod 4) d<z

Writing p?(d) = El2|d u(l), and using the Pdélya—Vinogradov inequality
(which is applicable since (-/n)¥(-) is a non-principal character of a con-
ductor at most 4n) we get that the above is

< X OX|Xm >\<<ZZ\Z% m)

¥ (mod 4)I<\/z 7271 (mod 4) i<z m<z/I?
< Z min (7%, v/nlogn) <<x%ni(logn)%
I<vz

which proves the lemma.

Since Zb‘d‘q(d/n) is trivially < = we see that Lemma 4.1 furnishes
a non-trivial bound only when z > /nlogn. While this range can be
improved using Burgess’ character sum estimates, in general non-trivial
bounds are known only when x is larger than some fixed power of n. In the
special case that n is smooth (that is composed only of small prime factors)
then we may use a remarkable result of Graham and Ringrose to obtain
non-trivial bounds in the range x > nf. This will be a crucial ingredient in
section 6 below.

Suppose Y is a non-principal character (mod ¢) where q/(4, q) is square-
free, and suppose p is the largest prime factor of q. Then for any integer
[ > 2 and with L = 2! we have

S X(n) < N'Spiqird(q) s (1)
n<N
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This is a consequence of Theorem 5 of Graham and Ringrose [GR], using
there that logq < p and Hp|q(1 + 1/p) < loglogq, and simplifying their
estimates.

LEMMA 4.2. Let n be a positive integer not a perfect square. Write n =
nold where ng > 1 is square-free, and suppose all prime factors of ng are
below P. Let | > 2 be an integer and put L = 2'. Then

2

b (d L 1 L 2
2 <H> <] ] <1 ! m) PngT d(ng) T
|d|<z pln

Proof. We shall confine our attention to d positive and = 1 (mod 4): the
cases d negative, or d = 8, or 12 (mod 16) are handled similarly. Thus we
seek to bound

> = X R@(k)=1 X e (i) @,

d<z d<z ¢ (mod 4) d<=
d=1 (mod 4) d=1(mod 4) (d,n)=1

(d,n)=1

Note that } .2 4 (qn)=1 #(a) 2 pj(a,n) #(b) = 1if d is square-free and coprime
to n, and 0 otherwise. Hence the above is

< 2 w0 3 w3 ()|

(mod 4) bln a2b<:c
(a,n)=1 Qb\d
< X XA X | 3w (%)
1 (mod 4) bln (Qb)g_zl m<z/a%b
2 o (T \EL L A2
<Y w0 Y wia) (=) T Pingtdmno)T
b|7’L (a2b>§z
a,n)=1

by (4.1), since (-)(-/ng) is a mnon-principal character (modng) or
(mod 4ng), which yields the lemma.

We now give results bounding Zb\d\q;(d/n) on average over n. To do
this we shall use the following consequence of a simple large sieve estimate
for real characters.

LEMMA 4.3. For non-zero integers m = 0,1 (mod 4), and natural numbers n,
let a,, and b,, denote arbitrary complex numbers, and set ag = 0 and a,, =0
if m=2,3 (mod4). Then

2

Z‘ Qm %)‘2 < N Z \amlam2|+MlogM< Z \am\) ,

n<N |m|<M [m1lslma|<M |m|<M
mymo=0

(4.2)
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and
3 ‘an () ‘2<<M S [bubul + Nlog N (Y \bn|>2. (4.3)
Im|<M n<N ning<N n<N

nyng=0

Alternative bounds are

SIS an (%)‘2<< (M2VN+N3M) log(MN)< S Mf,

n<N fm|<M <M |m]
(4.4)
and
m [* 5 d(n) b\
Z an <E>‘ < (NQ\/M—FMgN)log(MN)(Z%) _
|m|<M " n<N N

(4.5)

Proof. The first two estimates are simple consequences of the Polya—
Vinogradov inequality. Taking (4.2) for instance, the desired quantity is

> amam 3 ()

[mal,|ma|<M n<N

Now mimg = 0,1 (mod4) so that (mymg/- is a character (mod |mima|),
and this character is principal when mimeo = [J giving rise to the first term
on the RHS of (4.2), and the character is non-principal when mymsq # O
giving rise (via Pdlya—Vinogradov) by the second term there. The proof of
(4.3) is similar.

We now prove the second estimates: again we give only the case (4.4),
the proof of (4.5) being entirely similar. Note that our desired expression

) > (Y awmm) > (2)

<M?2 mimo=m n<N
<M= i< =

which is by Cauchy—Schwarz
1/2

(XY wm]) (T I

2 mi]mo=n 2
<M gl M m|<M? n<N

Applying (4.3) we see that the second factor above is
< (M?Nlog N + N3log N)'/2.

2 2
Y amam] <| D JaaP] < 2a(im) Y el
dlm

mimo=m d|m
Imql,[mo|<M |d| <M |d| <M

Further as
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by Cauchy—Schwarz, we get that the first factor above is

1/2 alt 1/2
(Xl X )" (w3 ey

|d|<M |m|< M2 |d|<M

dlm
completing the proof of the Lemma.
Applying the above lemma we obtain the following estimate for the

2k-th moment of zb‘ d<x(d/n) averaged over n. This will form the key
input in our first approach to the moments of L(1, x4); see section 5 below.

LEMMA 4.4. Uniformly for all integers k > 1 we have
3 ‘Z ‘ (@2 N3 + 25 N3)(2k log )2,
n<N |d|<z

and also
< (2F N + 23%) (2K log )"

b
(@) = X enl3),
|d| <z |m| <z
where a,, = 0 unless 1 < |m| < 2¥is=0, 1 (mod 4), and 0 < a,, < di(|m|)
for such m. Note also that Z\m\gmk Ay = (zb\d\gm 1)k < zF.
Then from (4.2) we get that

> ‘Zb(%) ‘2 <N Y dp(ma)dg(ms) + 2¥log(z ( > am)

n<N |d|§$ myq,mg<ak |m|§:pk
mqmo=0

Proof. Write

(4.6)
The second term above is < 23* log(z¥). As for the first term above, note
that mims = [ means that we may write m; = na?, and mo = nf?
where n < 2F and a and B are < +/z%F/n. Since di(na?)dy(n3?) <

dk(n)de(a2)dk(ﬂ2) < de(n)dk2 ()dy2(3), and naf < xk, we see that
3
Z di(my)dy(mg) < ¥ Z dy2 (n)dli;fg)dm (8) < xk< deifn)>

my,mg<ah n,a,B<ak n<azh
mymo=0
3k2
k 1 k 3k
<z ( g 5) < x%(2klog )
n<xk

Inputting these estimates in (4.6) we get the second bound claimed in the
lemma.
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The first bound of the lemma is trivial when N > 2:2¢ since the sum is
< Nz?* < 2FN3/2. Suppose now that N < z?*. Using (4.4) we get that

2k 1/2
Z Zb <%> < (ka\/N—G—N%wk)(?)k‘logx)( Z d(n)iﬂ> .
n<N |d|<z n<zk

Since d(n)dg(n)* < d(n)dys(n) < dpayi(n) < dogs(n) we have

3 ! 5 daln) ( 5 %>’f < Ok log ),

n<zk n<zk n<zk

and the lemma follows.
Lastly we give a bound for zb‘ d)<x(d/n) for non-square integers n, con-

ditional on the generalized Riemann hypothesis.

LEMMA 4.5. Assume GRH. Fix ¢ > 0. Let x be a non-principal character
(mod q). Then for z > 2

37 x(m) < wi*< exp ((log )V/27).
m<x

Consequently, for any positive integer n which is not a perfect square we

have b ,

Z () <zt exp ((logn)1/2_5) .

|d|<z
Proof. We may suppose that x < ¢, and also that z is half an odd integer.
Then by Perron’s formula

1 L o Hioo ds
> x(n) = %/ o L(S,X)ﬂfs?
n<z 1+mfzoo
1 [t d log?
- — ’ L(s,x)xs—erO(“T 8 x)
2mi I oas —iq s q

Appealing to Lemma 2.1 with o9 = 1/2 there (by GRH) and y =
(log q)(logy q)®, we deduce that if Re(s) > 3 + ¢, and Im(s) < g then
log L(s, x) < (1/2)(log q)*/?>~¢. Using this bound, and moving the line of
integration above to the Re (s) = ?_1 + ¢ line we obtain the first part of the
lemma. To obtain the second part of the lemma, we proceed along the lines
of the proof of Lemma 4.1, replacing the use of Pélya—Vinogradov by the
GRH bound for character sums above.

Different bounds may be found by moving to the line Re(s) = o for any
1> 0 > 1/2, but the present bound is adequate for our applications.
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5 Moments of L(1,xq4): Proof of Theorem 2
By Lemma 2.3 we see that with Z = exp((log 7)'0)

ZbL(LXd)Z = Z e % Z < > + O(log ) .

ld|<z n=1 |d|<z
dér d¢r

Since there are < log z discriminants d € L, |d| < z, we see that the above
is

0 (8 e 1)

n=1

using |d(n)| < d|,(n) and (2.4), and since |z| < logx/(log, z)2.
We now handle the contribution of the terms n = O to (5.1), which
gives the main term. When n = m? we have

’ d ’ 6 _b 1te
|d| <z |dl <= plm
Thus the contribution of such terms to (5.1) is

(d,m)=1

6 - dZ(mZ) p —-m?2/Z l-‘rE S |dz(m2)d(m)‘ —m?2/Z
e 32 ST () o o ehoe 0 1)
m= plm m=

Since |d,(m?)d(m)| < da|,j12(m)? (see section 2) and e~™*/Z <1 the error
term above is
—4(]z]+1)
d9>

ic o~ a2 (m)? 1o !
<oty S <] )

m=1 P

e(6)

1 4%
p
|z

<ot I (1-1) II (1+o(%))
p<|z|+2 p>|2]+2
< x%+e(1010g(|z| + 2))4‘2‘Jr4 < 3

say, since |z| < logz/(logy 2)%. Further since 1 — e~* < t!/* for any t > 0,
and |d,(m?)| < d(|z|41)2(m), we have

00 ‘dz(mz)‘ —m2/7 0 d(‘z‘+1)2(m) m2 1/4 €(3/2)(1+|z|) 1

m=1
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We conclude that the contribution of the terms n = 0O to (5.1) is

ESIEE H( L)+ 0h) = HE(LLX)) +0lh. 62

p+1

We now handle the n # O terms in (5.1). Let k be a positive integer
> 2 to be fixed shortly. Using Holder’s inequality with exponents « := 2k
and [ :=2k/(2k — 1) (so that 1/a+1/3 = 1) we see that

10l
: (i |dz(”)'ﬁe;>”ﬁ<i 3

n=1 n=1

hors dzg:: <%> %)1/%' (5.3)

Since |d(n)|? < d.js(n), (2.4) gives that the first factor here is

< (log 3Z)(|Z|+1)ﬁ = exp (20(|z] + 1)? log log z). (5.4)
We split the second factor into dyadic blocks:

> ()] =1 = e
::é] |d|<z =0 7;2‘:]1 |d|<z "

To bound the contribution of the dyadic block [27,2/11), we use the
bound of Lemma 4.1 when 20 < z2k/(:+1) the first bound of
Lemma 4.4 when z2F/(+1) < 97 < 24/3 and the second bound of
Lemma 4.4 when 2/ > z%/3 Summing these bounds we deduce that the
above is < zFk+D/(k+1) (2% 10g 2)2*" . Thus the second factor in (5.3) is
< 2@/ (2k+2) 9k log 2)**. Using this with (5.4) we conclude that the
contribution of the n # [ terms is

< xl_ﬁ@k log w)k4 exp (20(|z] + 1)?log log ).
Choose k = [log, x] and recall that |z| < logz/(500(logy z)?). Then the

above error is < zexp(—logxz/(5logyz)), and this when combined with
(5.2) proves our theorem.

6 Moments of Short Euler Products: Proof of Theorem 3
Theorem 6.1. Let 2 <y < exp(y/logz), and let z be a complex number.
Write

Z L1, xa;y)* = SaE(L(1, X;9)?) + 02E(L(L, X; )% %) E(2,y)
jd| <
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where |0] = 1, and E(z,y) is a positive real number. If y > 4|z| + 4 then
log x logs y 30|z log y
E 1/3 — 2 10|z| 1 —_—
(zy) <y eXp( 2logy oz 11 T\ e

and if y < 4|z| 4+ 4 then

1
E(Z,y)<<$_%, lfyé nga
and
log x . 1
E(z,y) < exp _W , iy < glogxloggx.
2

Proof. Let 6 = =£1 indicate the sign of Rez. Denote Zb|d|§:p xda(n) by
S(z;n), and define S(y) to be the set of integers whose prime factors are
all <y. Then

b z R d.(n) . d.(n)
U Lxav) =Y, Y —Xa(n) = > ——S@n).
<@ <@ ng;(ly) ng;(ly)

Decompose n = nln%ng where n; and ng are square-free, with (ny,n2) =1,

and p|ng = p|ning: that is ny is the product of all primes dividing n to an
odd power, and ne is the product of all primes dividing n to an even power
> 2. Observe that S(z;n1n3n3) = S(z;n1n3). Thus our sum above is

S owtm) > pP(ne)S(minang) Y d2(172223)

n1€S(y) no€S(y) p|lnz=p|nin2 ninang
(n1,m9)=1
= Y ) Y pPm2)S(mand) [ sp(2) [ (en(z) = 1), (6.1)
n1€8(y) naeS(v) s plns
(nq,m9)=1
where

(1-1/p)—* - (1+1/p)~*

sp(z) = 5 and cp(z) := (1=1/p)~* + (1+1/p)* .

2

Note that |s,(2)| and |ec,(2)| are always < (1 — §/p)~R¢# and that when
p > 4]z +4 we have |s,(2)| < 2|z|/p, and |¢,(2) — 1] < 2|2[2/p?. To evaluate
(6.1), we now distinguish the cases n; = 1 which give rise to the main term,
and nq > 1 which contribute the error term.

We first handle the terms n; > 1. By Lemma 4.2 we see that for any
integer [ > 2 and with L = 2! we have
1 1 2
|S(z;min3)| < oS H <1 + m) y%nlnd(nl)lf.
p

plninz
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Using this estimate in (6.1) we see that the contribution of the terms ny > 1

1S
21 1 1
[I{1+27p7 e ) (@)l (s leo(2) 1]

p<y

-1 VA 8)z|p7E
L x T 8Lys H 8p7L (1—— H 1+—].
b )<p<y b

p<min(4|z|+4,y) min(4|z|+4,y

1

w|—=

l
_ﬁy

<Lz

We now handle the terms arising from n; = 1. Note that S(z;n3) counts
the number of fundamental discriminants |d| < z that are coprime to ns.
Thus we see easily that S(z;n3) = Sa [T, (#) + O(y/zd(ns)). Hence
the contribution of the terms n; =1 to (6.1) equals

6 p

2

Z p=(n2) H (Cp(z) - 1) <F9€ H <p T 1) + O(\/Ed(nz))>

n2€S(y) plnz pln2
= SaE(L(1, X59)%) + O(Va [T (1+ 2lep(2) — 1) ).

p<y

The error term here may be subsumed into our estimate for the contribution

of the n; > 1 terms.
b

Thus we have an asymptotic formula for Z L(1, xq;y)* with an
error

1—Lt 1 1 1) ~Rez 8|z|p%
<L x 8Lys3 H 8p7L 1—— H 1+
£ )<p<y b

p<min(4|z|+4,y) min(4|z|+4,y

1

8 7L

<oy E(LL Xyt [ ewr) ] <1+|Z‘7p7>,
p<min(dzl+4y)  min(d]2+4y)<p<y b

|d|<z

since E(L(17 X; y)Rez) = Hpgmin(4\z\+4,y) %(;%) (1 - 5/p)7Rez_

Suppose that y > 4|z| + 4. Then choosing the integer | such that
2logy > L = 2! > logy and using the prime number theorem we see easily
that the error above meets the bound prescribed in the theorem. Suppose
now that y < 4|z|+4. If y < % log « then we choose [ = 2 and then a simple

calculation gives that the error above is < xlill_O, proving the theorem in
this case. Lastly, when y < %loga:logg x, we take | = [logs z], and again
the error above meets the bound in the theorem.

In applications, the case y > 4|z| 4+ 4 is the most useful case, but we
have included the other cases mainly for the sake of completeness. If the
GRH is true then the bounds for E(z,y) may be improved considerably.
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Theorem 6.2. Let y, z and E(z,y) be as in Theorem 6.1 above. Suppose
that the GRH is true. If y > 4|z| + 4 then
1 30|z| logy >>
Ezy) <az exp| —————— + 10|z|log | ——————— | |,
=) » (a7 10018 (s

while if y < 4|z| 4+ 4 then

4
E(z,y) <z ™ exp < i > )
logy

Proof. We follow the proof of Theorem 6.1 closely. The main change is that
for ny > 1 we have the following improved bound for S(x;n1n3) arising from
Lemma 4.5:

10

S(z;nind) < 21T exp ( log(nln%)) < x%(nlng)m,

where the last estimate follows upon distinguishing the cases nin3 >

exp((log z)?/100) and n1n3 < exp((log x)?/100).

Using Theorems 6.1 and 6.2, we may now prove Theorem 3.
Proof of Theorem 3. Taking A = 4 and y = (log )'® in (2.1) of Propo-
sition 2.2 we see that for all but at most /2 fundamental discriminants
|d| < 2 we have

L(1,xq) = L(1, xa:y) (1 +0 <m>> :

We take € to be the set of exceptional discriminants d for which the above
asymptotic does not hold. Then for a complex number z with |z| < logx
we have

Zb L(1,xq4)°* = Zb L(1,xa:9)" + O(m Zb L(l,xd;y)ReZ)

|d| <z <@ |d|<z
d¢e d¢e

In the notation of Theorem 6.1 we have that

S Ll ) = (L X))

ld|<z

b +0 <xE(L(1,X,y)R”) (W + E(z, y)>>
+O<|5| I1 (1 - g)ReZ>.
p<y

Since [£] < /2 and E(L(1, X;4)R%) > [T,cyp.y1a(p/2(p + 1)) (1-0/p)~Re*
we see that in the range |z| < 1073 log z the last error term above is
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1 8|z| logy
O (2 E(L(1, X: )R exp [ —— 2 4 12110 <7
(e, X0 ) o (g + s (it
= O(x*PE(L(1, X;y)R*7)) .
Further, applying Theorem 6.1 we get that if |z| < e~ '?logz logs 7/ logy =
then F(z,y) and F(Re z,y) are < (logz)~?. If the GRH is true then The-

orem 6.2 gives that F(z,y) and E(Re z,y) are < (logz)~? in the extended
range |z| < 1073 logx. Thus we have shown that

b 6
> L) = S5B(LL X)) + 0 (o
5

E(L(l,x;y>R“>>
logz)’ )’

in the appropriate conditional and unconditional ranges for z. Observe that

E(L(1, X)) =E(L(L,X;9)*) [ (1 +0W=P/p?)

P>y
=E(L(1, X;53)%) (1 + O((log ) ~'™)) ,
and further that E(L(1, X;y)R¢?) < E(L(1,X)R*?), and so Theorem 3
follows.

7 The Distribution Function: Proof of Theorem 1

As with Proposition 1 we prove only the statements involving ®g, the
corresponding results for W are established similarly. Let A > 0 be a real
number, and let N > 1 be an integer. Observe that for any y > 0 and ¢ > 0
we have

1 [etieo s( A8—1>Nds

270 Je—ioo As

c+zoo ds
yelt TNy g L dt
)\N/ / 2772/0 ) s ! N

so that by Perron’s formula we get

A =1 if y>1,
1 c+1i00 s e)\s -1 N ds ) y= N
vl s 5 €0,1] if 1>y>e M,
e =0 if e N >y,

Write s = k + it from now on, where k is positive. We put

e — 1\ Y ds
(1 v &
2772/ 6x Z Xa)(e77) < As ) s’

|d| <=z
d¢e
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where £ is the set in Theorem 3, so that |£] < 2'/2. From the above we
know that

O, (1) + Oz V) < I < Dp(re ™)+ Oz 1?). (7.1)
Further if we set
1 er — 1 N ds
I = — E(L(1, X)®)(e"r)~* —
1= 5 [, B0XP)0) (54) &
then we have that
(1) < I < d(re M) (7.2)

We shall now estimate |I; — I5|. We put T := 10~%log 2 logs x/ log, z if
we are to prove the unconditional parts of Theorem 1, and T := 10~*log x
if we are to prove the GRH part of Theorem 1. We take £ = k, as in
Theorem 3.1 (thinking of y there as — oo; thus I(k) = v + log 7), so that
when 7 < logT + C; — 20 we have k. = " {1 + O(1/7)} < e 1°T.
Observe that

I — L < (677)k</|tST+/t|>T>

r S L1, xa)* — E(L(1L, X)° *—1|" |ds (7.3
d¢e
From Theorem 3.1 we know that ®(7) =< (\/%)%, and so

applying Theorem 3 we get that when [¢t| < T

ﬁZbL(l xa)*—E(L(1, X)*)
T b b}

ld|<a

d¢e

Further note that |(e** —1)/(As)| < 1+ e, which is easily seen by looking
at the cases |[As| < 1 and |As| > 1. Hence it follows that the |t| < T integral
contributes to (7.3) an amount

1 E(LQ,X)*) &)

(e7r) " logz)?  (e¥7)k (log )™

<

‘I)(T) A\ N A\ N ‘I)(T)
1 log T 1 —_—
< (logx)s( T logT < (14 e) (log )7
Next note that, by Theorem 3,
2
1) S 11 vg) — E(L(L, X)°
(e77) M; (1, xa) (L(1,X)%)
d¢E
2
T (TN L1 )+ E(L(1, X
< (e77) <6x2 (1,xa)" + E(L(1, X)*)

ld|<z
d¢e
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< % <L O(7)y/logx.

Hence the contribution to (7.3) from the |¢| > T integral is
N
(1 + )N at 14 e
< y/log a:<I>(7')/ — :
> (AEDY [l AT

We now choose A = 4¢!?/T, and N = [log, z]. From the above estimates
we then conclude that

e ookt (o ) < 20

Using this in (7.1), and (7.2) we deduce that

() < B(re M) +0 (x " (11(;))5) ’

< /log 2®(7) <

D=

and that

D=

AN 1, 9()
O, (te™ ) > @(1)+ O (a? + (loga;)5> :

In the lower bound above, replace 7 by 7e*V. Then we get that

d(reM) (1+0((log a:)*5)) <O, (1)+0(z )< (re M) (1+0((log a:)*5)) ,
since ®(7)<®(re~*). We now observe that ®(7e**N)=&(7)exp(O(ANeT))
which follows directly from Proposition 1 if AN < e™7, and also in the range

AN < 1/7 upon iterating the estimate in Proposition 1. Theorem 1 now
follows upon recalling our choices of A and N.

8 The Distribution Function: Proof of Theorem 4

To prove Theorem 4 we shall first show that for most discriminants d we
may approximate L(1,x4) by a short Euler product. Then we shall use
Theorems 6.1 and 6.2 to compare the distribution of these short Euler
products with the random Euler products of section 3.

LEMMA 8.1. Let y'% > 2z > y be real numbers, with y large. Then for

integers k, | > 2
> U (
p

b
>
y<p<z

|d|<z
uniformly, where L = 2!. Further if the GRH is assumed then

Zb >, d%%<<x< 2k >k+x§exp(\/m) <M>2k-

i<z | y<p<e ylogy log y

k
1 k
> I e Pl

ylogy
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Proof. The quantity we seek to estimate is

S o ()

1k b1 'ka‘d‘Sm b1 P2k

The terms where p; - - - pop = O (so that the p; occur in pairs) contribute

2k)! 1\* 2% \"

<<x%( > —2> <<a:( 1 ) :
"\ <z p ylogy

using Stirling’s formula and >° . 1/p? < 2/(ylogy). By Lemma 4.2, the
terms where py ... por # O contribute

2k
1 2 1
< 7x178%y35(y200k)% (22k)lf <1 + m)

b1 Dok

P15--P2k i=1 i
y<p;<z
. 2k .
L k _L k
< xlfs—Ly35+3of( Z I_e)) & gl 5E B30 E Ok

y<p<y100
which gives the first part of the lemma. If the GRH is assumed then we
may estimate the contribution of the terms py . .. por # [0 using Lemma 4.5.
This gives for these terms an amount

i 2k
< s exp (\/2klogz)< Z %)2 < s exp (\/leogz) <%> )
y<p<z

proving the lemma.

PROPOSITION 8.2. Let (logsx)!? > A > e be a real number, put yy =
A?log xlogy x, and y; = eA3log xlogy x. Then there is a positive constant
¢ such that
1 1
L(1 = L(1, xq; 1+0
(1) = L) (140 (o + 1z ) )

for all but xexp(—clog xlogs x/log, x) fundamental discriminants |d| < .
If the GRH is true then

1 1

L(1, xa) = L(1, xa; 91) <1+0( + >>

Alogsz  (logy x)?

for all but 22*/?° fundamental discriminants |d| < x.
Proof. Setting z=(log )%, we know that L(1,x4)=L(1,x4;2)(1+O0(1/log z))
for all but at most x'/® discriminants |d| < z (by (2.1) with A = 10).
Since L(1,xq;2) = L(1,Xx4;Y0) €xp (Zyogpgz(Xd(p)/P +0(1/p?)), we
see that the first part of the proposition follows from showing that
Z Xa(p) log x logs x)
p

log, x
y<p<z 82

1
ZAlogy for < rexp <—c
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fundamental discriminants |d| < z. Choosing k = [log x logs x /(333 log, )]
and | = [loggz/(2log2)] in Lemma 8.1, and keeping in mind y >
A%log xlogs x, we deduce that

>

d| <o

1

Xd(p) 2k 1 o 1=
N logg =
P ‘ < <10A logy> v '

y<p<z

From this the first part of the proposition follows easily.
To prove the second part, as above it suffices to show that

d/p 4
> e

< W, for all but < L5 exceptions |d| < x.
089 T
y1<p<z

Put y,=e" 'y, and z,=e"y; where r=1,...,R where R : =[80log, 2— log y1],
and set yry1 = ey, and 2y = 2. For each 1 < r < R+ 1, we use
the conditional part of Lemma 8.1 appropriately, choosing the exponent
k, = [log z/(50log(Ae™/3+1))]. Keeping in mind that y, = A" log  log, z,
and that z. < log® z, we deduce easily that

d 1
Z ﬁ‘ < T Aloe 2 for all but < z20 o) exceptions |D| < z.
p<p<s DL CTTA0B2T

Summing this over 1 < r < R 4+ 1, we obtain the second part of the

proposition.

Keep yg and y; as in Proposition 8.2. Then applying Theorem 6.1 we
see that uniformly for |z| < logxlogs z/(10%log A)

g—;%j L(1,x4;90)° = E(L(1, X;90)%) + O <E(L((11’O§;)Jfgmz)> . (8.1)

Thus upon using the argument of section 7 together with Corollary 3.3 we
easily obtain that uniformly in 7 < logy x + log,  — log, A — 20 we have

2 b 7—Cq 1 T
T Z 1 =-exp -6 1+0( -+ c .
6x et T T Yo

L(1,xq:y0)=e7T

Combining this with Proposition 8.2 above, we get the unconditional part
of Theorem 4 for the frequency of large values. The frequency of small
values is obtained similarly. As for the part of Theorem 4 conditional on
GRH we may use the above argument, applying Theorem 6.2 instead of
Theorem 6.1. Then (8.1) holds, with yy replaced by ¥, in the wider range
|z| < logzlogsx/(10°1og A), and hence we get the appropriately stronger
conclusion.
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9 Extreme Values of L(1,x4) under GRH: Proof of
Theorem 5a

ProproSITION 9.1. Suppose the GRH is true. Let z > 2 be a real number,
and let P(z) = [[,<.,p = e*T°). Let ¢, = 41 for each prime p < z, and
let P(x,{e,}) denote the set of primes q¢ < z such that p/q = €, for each
p < z. Then, for z < z'/2,

Z logq = % + O(a:% log?(zP(z))) , (9.1)
9€P(x,{ep})
and

> oL (1, (§>> log q = 2352)) 11 <1 + %’) +0(27 log?(xP(2))) .

a€P(z,{ep}) p=z

9.2)

Proof. We shall only demonstrate (9.2): (9.1) is similar and simpler. For
[|P(z) put ¢ =[], €p- Note that for ¢ < x

1 1 if
EEIL <£> B {0 i tqhe ot
1P q if otherwise .
By partial summation we easily see that

: (n/q) q
L(1(:)) = ;V L 1o(x)- (9.3)
Using (9.3) With N = 22P(z)?, it follows that the LHS of (9.2) equals
Z @ Y. Z( >logq+0(1/P( )?). (9.4)
l\P(z n<z?2P(z)2  q<z
If in = O then the inner sum over ¢ above is ¢(x)+0(\/5+zp|ln log p) =
x4 O(z'/?1og? z +log(zP(2))) = = + O(x/? log® ), since RH is assumed.

Moreover we may write n = Im? since [ is squarefree. Thus the contribution
of these terms to (9.4) is

1 1
7@ 24 2 (et lg’s))

UP(z) m<zP(2)/V1

= 2C7E(2Z)) H <1 + %) (z+ O(x% log? 7))
p<z
This accounts for the main term in (9.2), with an acceptable error term.
If in # O then (In/-) is a non-principal character x say, of con-
ductor In or 4ln.  Thus the inner sum over ¢ in (9.4) is now
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U(z,x) + O(x'/?) < £'/?1log?(xP(z)), by GRH. It follows that the con-
tribution of these terms to (9 4) is

1
< 22 log?(zP(z 27r Z Z < 2 log®(zP(2)).
l\P(z n<z2P(z)2
This proves the proposition.

We are now ready to prove Theorem 5a. Let z be such that 27(2) <
2373¢ Then for any choice of ¢, = %1 for p < z, we get by Proposition 9.1

that -
Z log q = (1 + O(x*%)) ,
om(z)
q€P(x,{ep})

. _ $<(2) €p —2e¢
Z L<1,<5)>logqf ) H(l—i—; (1+0(z7%)).
q€P(z{ep}) Pz

Since L(1, (-/q)) < 2log q for large ¢ (take N = ¢ in (9.3)), we deduce easily
from the above estimates that for § > 0 there are

6 T xl—e
> 0] 9.5
~ 2log? x 27(%) * (2”(Z)> (9:5)

primes ¢ € P(z,{e,}) with

L(1.(3)) zg(2)1:[ (1+2) .

PSSz

and

Similarly we deduce that the sum of log ¢, over those primes ¢ € P(z,{¢p})

i p(L() =TI (1+2)a+a),

PSSz

1) x i€
Take z = logzloglog z/(21log2 4 10¢), § =€, and €, = 1 for all p < z.
By (9.5) that there are > z'/2 primes ¢ < z such that
L(1(3) =@l (1+5) -
p<z
> e”(log log x 4 log log log = — log(2log 2) — 1006) )

is

by using the prime number theorem, which implies the first part of Theo-
rem 5a. The second part follows from the analogous argument using (9.6)
with the same z, and with § = ¢/logz, and ¢, = —1 for all p < z.
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10 Large Values of L(1, xq4): Proof of Theorem 5b
Let x be large, and put L = [100logs z], and z = log x logy x/(10L).

LEMMA 10.1. There are at least z'/3L pairwise coprime integers of the
form pq with p and ¢ primes below x'/?L such that ¢ /pq =1 for all primes
{<z.

Proof. For each prime log?z < p < z'/2L let § (p) denote the vector
((2/p),(3/p), ..., (bmax/p)) wWhere l,.x denotes the largest prime below z.
Note that the total number of possible vectors is 27(2). Also observe that
if p and ¢ have the same vector §(p) = d(¢q) then ¢/pg = 1 for all primes
{<z.

Given a vector ¢ of £1’s let N(J) denote the number of primes p with
d(p) = 9. By considering the products of these primes taken two at a time
we get > [N(0)/2] coprime integers of the form pq, satisfying ¢/pq = 1 for
all £ < z. Thus the total number of such pg exceeds

Z (N(0)/2-1) = %(77(3:1/%) — 7(log?z)) — 9m(2) > g1k,
é
proving the lemma.

LEMMA 10.2. Let dy,...,dy, be any L numbers constructed in Lemma 10.1.
Then there exists a square-free integer d < x which is the product of at
least L/3 of these d;’s such that

d 1
<§>:1, for all primes £ < z; and Z }Lz—

s<p<exp((loga)®) T logz
Proof. 1f d is a product of distinct d; let v(d) denote the number of d;’s
involved in this product. Note that

s (e ()=

z<p<exp((logz)3) Pic

and so
1(p 1
SREED SRNITIES L2 ko 31
(@3 7Spsexp((log2)?) vy ers 2SPSexp((log 2)?) ) L/s

Now #{d : v(d) > L/3} < #{d} = 2%, and #{d : v(d) < L/3} =
> i<L/3 (?) < (1.9)% using Stirling’s formula. It follows that there exists d
with v(d) > L/3 and

1
3 - (1_’) > —10(log, 2)(0.95)% >
p \d
z<p<exp((log x)100)
as desired.

1
logyx’
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LEMMA 10.3. There are > x2/19 integers d < x as in Lemma 10.2.

Proof. Counted with multiplicity the number of d’s constructed in
Lemma 10.2 is ([IISL}). The number d is counted ([xlffl]/_”(d)) >

(d)
([mlzgf[]g/[?ﬁ/?’}) times, since each such d has v(d) < L/3. So we are left

with at least ([xlsz}) / ([Ilff[]; /[?f]/ 3}) distinct d, which suffices.

Proof of Theorem 5b. 1f d is such that there is no Landau—Siegel character
(mod d) then by a simple application of the prime number theorem for
arithmetic progressions we see that
1
<ng>’
so that

(L)) - Y A (.
La()- T (-2 (o (k).

2<n<exp(log® )
p<exp((log z)3)

Use this for the d in Lemma 10.3 which are not Landau—Siegel moduli, and
the result follows.
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