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A br i e f  review is  given of a c lass  of s imple s t a t i s t i ca l -mechan ica l  models  for  
s~rface diffusion, applicable to the l imi t ing case  where diffusioual "hopping" 
is  control led by the the rmal  activation ra te  of the adsorbed pa r t i c l e .  A theo- 
r e t i ca l  resu l t  of Reyes,  for  the pre-exponent ia l  or  "frequency" factor ,  is  d i s -  
cussed and compared br ie f ly  to exper iment .  
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INTRODUCTION 

The t rans la t iona l  diffusion of phys ica l ly  adsorbed spec ies  on solid sur faces  is  

known to play an important  ro le  in the kinet ics  of surface p r o c e s s e s  such as  s in t e r -  

ing or  c rys t a l  growth and, perhaps ,  as  well  in the r a t e s  of some solid catalyzed r e -  

actions [1, 2 ] .  It is  genera l ly  bel ieved that the predominant  mechanisIn for  surface 

diffusion is  Brownian f ' r a n d o m - w a l t ~  motion of the adsorbed species ,  sus ta inedby 

the rmo-molecu la r  agitation or vibrat ion of the subs t ra te  [1,  2, 3 ] .  

The es t imat ion of diffusion ra tes ,  by means of the c l a s s i ca l  microscopic  de -  

scr ipt ion,  r equ i r e s  a knowledge of the re levant  diffusion coefficients,  which in the 

s imples t  case  Of a (macroscopically)  i so t ropic  s~lrface, reduce to a single diffusivity, 
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D, (area / t ime) ,  say. Measured  surface diffusivit ies usual ly  exhibit the "Arrhenius"  

t empera tu re  dependence t ~ i c a l  of "act ivated" t ranspor t  phenomena [ 3 ] ,  such as  

bulk diffusion in condensed phases,  i . e .  

D =D O exp I - E / R T }  , (1) 

whore the activation energy E and pre-e:~ponential fac tor  D a r e  independent of, o r  
o 

weakly dependent on, t empera ture  T. 

The ea r l i e s t  theore t ica l  descr ip t ions  [2, 3] of this  phenomena a re  ~o be found 

in the works of Lennard-Jones  E4, 5] and of Taylor  and Langmuir  E6], who po r t r ay  

it as  a random walk of the pa r t i c l e  over  the potent ia l -energy surface associa ted  with 

the subs t ra te .  In the. "act ivat ion- l imited, '  case,  where the r a n d o m - w a l k i s  l imi ted  by 

the ra te  of activation leading to escape f rom a "potent ial  well",  one has in the c l a s s i -  

cal way F3, 5] 

1 42 

where ~ (time-~ is the mean frequency of escape and ~ 2 is the mean-square dis- 

placement or step-size. As a first approximation, ~2 can presumably be treated as 

a constant and equated with some characteristic surface (or "lattice") dimension, 

such as the mean-square separation of the potential wells, whereas the unknown quan- 

tity of p r i m a r y  importance is the f requency  o r  ra te  of escape ~ .  Consistent with (1), 

the la t te r  can be expressed  as 

'~ =~o exp (-~:/R'~, (3) 

such that the pre-e~ponent ia l  fac tor  in (1) becomes 

2~0 
D = (4) 

o 4 

In the s imple model, the cor re la t ion  or  predic t ion  of surface diffusivity r e s t s  

mainly on the poss ib i l i ty  of re la t ing E, ~ 2, and ~o to the molecular  p roper t i e s  of 

the subs t ra te  and the diffusing species .  

Equation (3), l ike (1), has a form predic ted  by the c l a s s i ca l  " t raus i t i en-s ta te"  

theory,  and given an appropr ia te  potent ia l -energy surface to descr ibe  the in termolec-  
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u ia r  forces  between subs t ra te  and adsorbed pa r t i c l e ,  one can in pr inciple  ass ign  ap-  

p ropr i a t e  values  of the act ivat ion " b a r r i e r  height" E (in addit ion to the mean-square  

potent ia l -wel l  separa t ion  dis tance ~ 2).  

However, even if it  were  poss ib le  to es t imate  E (and ~ ~ with sufficient accuw 

racy ,  which genera l ly  is not, the re  s t i l l  r ema ins  the p rob lem of re la t ing  the f r e -  

quency fac tor  ~o in (2) to molecu la r  p rope r t i e s .  Owing to i ts  well  known l imi ta t ions ,  

t r ans i t i on - s t a t e  theory  [3] does not provide genera l ly  re l i ab le  e s t ima tes  of 4o '  and 

one must  turn  to a somewhat more  detai led,  if approximate  s t a t i s t i ca l -mechan ica l  

theory,  which is  the main subject  of this  note. 

In pa r t i cu la r ,  we should l ike to r epor t  he re  or, some here tofore  unpublished 

p r o g r e s s  [7] on a model  for  Brownian motion of a pa r t i c l e  coupled to a C 'c rys ta l -  

line'~ la t t ice ,  Which s t a r t s  f rom equation (2), and employs the s ta t i s t i ca l  mechanics  

of weakly-coupled sys tems  to der ive  ~ , the frequency of escape over  a potential  b a r -  

r i e r .  

The ea r l i e s t  such t rea tment  is  that of Lennard-Jones  and Strachan [81,  who 

der ived  an express ion  for  the phonon-induced quantum-mechanical  t rans i t ion  p rob-  

abi l i ty  (or frequency) between the d i sc re te  energy leve ls  of a pa r t i c l e  in a potential  

"well" o r  " v a l l e / '  on a two-dimensional  c rys ta l l ine  surface,  a t rea tment  which is  

l imi ted  to shugle-phonon exci tat ions.  In a l a t e r  work, Reyes [71 has t rea ted  c i a s -  

s i e a l v e r s i o n o f t h i s  model,  using the methods for  weakly-cow, pied (classical)  sys tems ,  

developed by the Kirkwood E9] and Pr igogine  [10, 111 Schools. 

As indicated in the ea r ly  work of Lennard-Jones  and Strachan E8], this  type 

of theory does not r ea l ly  descr ibe  Brownian motion in the spat ial  sense but, r a the r ,  

the motion of a pa r t i c l e  amongst the energy leve ls  in a potential  well,  leading u l t i -  

m a t e l y t o e s c a p e . A s s u c h ,  the theory is of same type as  that proposed by Chris tensen 

[ 123, and e labora ted  on by Bak and co -worke r s  [13, 14] to desc r ibe  the kinet ics  

of chemical  react ion,  wherein "ann{hflation" or  escape over a potent ia l  b a r r i e r  is  

taken as  the c r i t e r ion  for  react ion.  

At the outset,  then, it can be anticipated that the model  can provide only a n  ap-  

proximate  descr ip t ion  of spat ia l  t r anspor t ,  which, inter  al ia ,  does no take p rope r  ac -  

count of the complete  geomet ry  of potent ial  energy sur faces  and the assoc ia ted  p a r t i -  

cle t r a j ec to r i e s .  Never theless ,  it might be hoped to provide useful  approximate  r e -  

sul ts  o r  to suggest more  defined t rea tments .  
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(CLASSICAL) BROWNIAN MOTION IN ENERGY SPACE OF A PARTICLE 

COUPLED TO A LATTICE 

To date, the only reasonably  complete (classical)  s t a t i s t i ca l -mechan ica l  t r e a t -  

ments of a par t i c le  coupled to a la t t ice  in the rmal  equil ibrium, a re  those given by 

B a k e t  al .  [15] and also by Prigogine and co -worke r s  [11, 13] for  "weakly anhar -  

monic" coupling. Thei r  der ivat ions ,  based  on the t ime-dependent  per turba t ion  of the 

Liouvil le equation developed by Brout and Pr igogine and co -worke r s  [10, 11] ,  lead 

to a par t i c le  "diffusion" equation in energy ~pace of the fo rm 

= - -  ~ ( I +  )(~ (5) 

where ~ (~,~-)  is  the energy dis tr ibut ion function of the par t i c le ,  and c ,  -r a re  the 

d imensionless  fo rms  of the par t i c le  energy Ep and the t ime t: 

= Ep/kT 

v = t / t  r 

Here, t r is  a cha rac t e r i s t i c  ("relaxation") t ime which in pr incip le  canbede r ived  f r o m  

the (harmonic) v ibra t ional  frequency spec t rum of pa r t i c l e  and la t t ice  and the coeffi-  

cients of anharmonici ty (i. e.,  the t h i r d - o r d e r  der iva t ives  of potential  energy with r e -  

spect  to d isplacements  f rom equi l ibr ium of pa r t i c l e  and lat t ice),  by formulae  which 

are  given by Pr igogine [11] and which shall  not t rouble to repeat  here ,  We note, 

however, that with the assumption of a pure ly  harmonic lat t ice,  the approximation 

of a Debye spec t rum of v ibra t ional  f requencies ,  and other  approximations of the b]pe 

used  in the quantum theory of sol ids,  B a k e t  al .  [15] offer an explici t  and s imple  ex-  

p r e s s i o n  for  the cha rac t e r i s t i c  t ime t . 
r 

I t  should be pointed out that a l l  the above-mentioned der ivat ions  of equation (4) 

a re  based  on a one-dimensional  model  involving an infinite l inear  lat t ice,  having the 

associa ted  normal  harmonic  vibra t ional  modes,  and an essen t ia l  one-dimensional  

pa r t i c l e - l a t t i c e  interact ion.  Since, however, equation (4) i s  specia l ized  to the energy 

dis t r ibut ion  this  l imi ta t ion  is  perhaps  not as  severe  as  ce r ta in  o thers .  At any ra te ,  a 

more  co r r ec t  equation for  a th ree -d imens iona l  model  could probably be der ived in a 

s i m i l a r  way, should the bas ic  success  of the one-dfi-nensional theory warrant  it. 
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As pointed out by Bake t  al. [13, 14] and also by Prigogine (pp. 75ff.) [113,  

equation (4) has precise ly  the fo rm given by the phenomenological theory of Brow,io,~ 

Motion elaborated on by Kramers  ~6] , if the part icle "frict ion coefficient" (force 

per  unit momentum) is taken to be 

1 
n = 7- (6) 

r 

As further  pointed out by Bak and Andersen [13] , this offers limited support 

for  Kramers '  theory, which they propose to account approximately for the effects of 

strong anharmonicity of part icle binding. They  thus obtain an appropriately modified 

form of (4) involving an energy-depende~ frequency co (e) to account for  the non-l i-  

near  vibrational behaviour of the particle.  

At any rate, given an exact or  an approximate equation, such as (4), to describe 

the time evolution of the particle energy distribution ~ ( s ,  r ) one is then in a posi-  

tion to estimate the rate of "annihilation" or  escape of part icles  over a potential bar -  

r ier .  Thus, following Bali and co-workers  [13, 14] ,  one takes, for  a ba r r i e r  height 

E, the following Rsymptotic form for  the frequency ~ in (2), 

g$ 
d 

{ In  [ fo (c ,~" ) de]} ,  (7) 
t--~oo 

where ~ is a solution to the evolution equation, e .g .  (4), subject to an arbi t rary  ini- 

tial condition at t = 0 in (0,e*) and a boundary condition 

(~*, t) = o (8) 

at the "top" of the bar r ie r ,  where E = E and 
P 

e =e*= EIkT. (9) 

In the case of equation (4), Bak et al. [ 13] show that the solution for  ~ reduces, 

by separation of variables,  to a Sturm-Liouville system involving the confluent hyper-  

geometric equation, on the interval (0,s The corresponding eigen-value problem 

determines a discrete  spectrum of "relaxation" t imes depending on ~*, the largest  of 

which determines the limit in (7). In this way, one finds that 
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fe*" e* e - e* ~=  ~ ~--y-- 
r 

(10) 

where t is  the cha rac te r i s t i c  t ime of equation (4} and f(e*) is  a fac tor  accounting for  
r 

finite b a r r i e r  height (i. e.,  for  the boundary condition in (8} with e* < r such that 

f(e*} --~ 1 for  ~* --~ c~ 

A plot of f(~*} has  been given by Reyes  [ 73,  and for  ~*= E/kT ~ 3 one may take f "- 1, 

with l e s s  than 15% e r r o r .  

Thus, by means of (10), the frequency ~ is  seen to have a form consistent  with 

the tempera ture  dependence of equation (3), and on set t ing the fac tor  f equal to unity 

in (10), one has,  by equations (2) and (10), the des i r ed  resu l t  for  surface diffusivity: 

2 
D =  ~ E 4 t  ( - - ~ )  e~p ( - E / k T ) ,  (11) 

r 

and hence, for  the pre-e~ponent ia l  fac tor  in (1): 

Do = 4t "}' (12) 
r 

which are  the formulae proposed by Reyes [7~ 

ESTIMATION OF MODEL PARAMETERS AND APPLICATION TO SPECIFIC 
PHYSICAL SYSTEMS 

In the form (12), one sees that the value of the pre-e~ponential factor .depends 

on the deta i l s  of the (anharmonic) l a t t i ce -pa r t i c l e  potential  energy through the charac -  

t e r i s t i c  t ime constant  t . As mentioned above, Prigogine [11] has proposed a gen- 
r 

e r a l  e~press ion for  this quantity, while Bak et al .  [15] have proposed a grea t ly  s im-  

pl if ied form based on a pure ly  harmonic la t t ice  and cer ta in  other approximations,  

whose exact val idi ty  is  somewhat difficult to a s s e s s .  

On the other hand, Reyes [7] has der ived a f a i r ly  e:~plicit e:~pression in t e r m s  

of la t t ice  p a r a m e t e r s .  In his  t rea tment ,  which follows closely  that of Bak et al.  [ 15], 

he assumes  a pure ly  harmonic la t t ice  with only neares t  neighbor interact ions between 
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lattice points, whereas the adsorbed particle is assumed bound to a particular lattice 

point, a hypothetical "surface" atom*, by a Morse potential, 

r 

U(r )  = U ~ ( 1 - e  ff )2 , (13) 

where U is  the d issocia t ion  energy, (~ the cha rac t e r i s t i c  length scale ,  and r t h e d i s -  

p lacement  f rom the equi l ibr ium separa t ion  of pa r t i c l e  and la t t ice  point. Ul t imately ,  

however,  in the work of Reyes  [7]  th is  potent ial  is  effect ively r ep laced  by the s i m -  

plified,  s m a l l - r  expansion 

r U ( r ) = u ~ ( ) 2 ( 1 + ~ ) ,  

moo 2 r 2 
o ( I  + 

= 2 (~) 

14) 

Here, 

2 2 Uco = - -  ( ) 
o m ~2 

is the assoc ia ted  harmonic  (or low-energy) frequency of the "unperturbed" adsorbed 

pa r t i c l e ,  with m denoting the pa r t i c l e  m a s s .  Equation (13) cor responds  to the usual  

anharmonic approximation for  the l a t t i c e -pa r t i c l e  coupling t e rms ,  while accounting 

for  a weak non- l inear i ty  in the "unperturbed" pa r t i c l e  vibrat ion.  

On rep lac ing  the resul tan t  energy-dependent  co ( ~ ) pa r t i c l e  frequency by an ef-  

fect ive,  constant average  frequency ~ Reyes  [7]  obtains the following resu l t  for  the 

t ime constant t in (12): 
r 

1 m ~ ~ ~ 2 = c c 1- ( - ~ -  ) (15) 
t r  2co ~ m co ~ c 

*While Reyes  [7] purpor t s  to t rea t  the specia l  la t t ice  point as  a " su r f acea tom" ,  
he in fact employs the vibra t ional  modes for  an infinite la t t ice  without edge ef-  
fec ts  and chooses to r ega rd  this as  the "neglect  of the surface mode on the l a t -  
t ice" .  However one does this,  it amounts to making no dist inct ion between the 
infinite and semi- inf in i te  l inear  la t t i ces .  (cf. Lennard-Jones  and Strachan [8] , 
who make the same type of approximation.)  
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where m is the mass of a lattice part icle  and ~ is the maximum lattice vibrational 
e c 

frequency, related [7] to the speed of sound c and the interatomic spacing in the lat-  

tice d by 

2c 
c d 

By then using the somewhat a rb i t ra ry  value 

E [1- 

in (15) and by further equating the diffusion step size ~ in (12) to the lattice parame-  

te r  d, Reyes [7] obtains an expression for the pre-exponential  factor Do, in te rms  of 

quantities that can be estimated for several  systems that have been studied experi-  

mentally. He has performed calculations of the pre-exponential  factor D for some 17 

systems, for which diffusion data were available and est imates of the other parame-  

te rs  could be made. 

Without repeating all the resul ts  here,  we note simply the two extremes of 

agreement of the theoretical formula with experiment which, as it turns out, beth 

involve self diffusion: 

For the system Ni on Ni (diffusion data from Ref. [17] ,  random surface c rys-  

talline orientation, temperature range 1073-1473 K, observed E = 39.2 kcal/mol,  

calculation made for E/RT = 0.4) the observed D = 2.1 x l 0  -2 cm2/s  and the cal-  
o 

culated D = 3.57 x l 0  -2 cm2/s ,  which must be regarded as very good. 
O 

On the other hand, for the system Fe on Fe (diffusion data from Ref. [18] , 

random surf~tce crystal l ine orientation, temperature  range 1203-1308 K, observed 

E = 40 kcal/mol,  calculation made for E/RT = 16.0) the observed D = 5.4 x l05  cm2/s  
O 

and the calculated D o = 1.15 x l 0  -1 cm2/s ,  which correspouds to D O (calc.)/D ~ (EXP) = 
-7 

= 2.13x10 

Other calculations, some for foreign metall ic atoms on metallic substrates,  

range between these extremes, the closest agreement (within one to two orders  of 

magnitude) occurr ing for experimental values of D o on the order of 10 -1 to 10 -3 cm2/s ,  

and the worst agreement corresponding to the larger  experimental D values, on the 
o 

order of 1 to 105 cm2/s .  
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There are, of course, numerous plausible reasons for the lack of success of 

the above simple model. It is somewhat doubtful that the exact form of the one-di- 

mensional part icle-lat t ice potential is important, since Bak and Andersen [ 131 have 

shown that more  complicated forms of the energy-distribution equation, based on 

Kramers '  phenomenological theory of Brownian motion with strongly anharmonic bind- 

ing of the diffusing particle, lead to essentially the same orders  of magnitude of dimen- 

sionless escape ra tes  ~t r over a potential bar r ie r .  

More plausibly, it would seem that the type of "activation-limited" model dis-  

cussed here does not provide an adequate model of spatial t ransport .  Hence, as al- 

ready anticipated in the very  earl iest  works of Lennard-Jones [51 and Langmuir [63,  

it will probably be necessary  to develop statistical-mechanical models which account 

properly for  "time of flight", or  mean-square displacement ~ 2, by means of an ap- 

propriate description of part icle-latt ice potential energy surfaces and translational 

momentum exchange. In this respect,  a theory of spatial tran~2ort, akin to the "high- 

energy" part icle limit considered by Bak et al. [151 , would be desirable. 
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