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Abstract. The Bilderberg Continuum Atmosphere fails to reproduce the observed limb-darkening 
throughout the range of wavelengths 4500 4 <  2< 25000 ,~. The temperature-pressure diagram for 
the deep layers of this model is a curve which is flatter than the relation predicted from the mixing 
length theory. A modification of the Bilderberg Continuum Atmosphere that improves representation 
of the observations and theoretical results is proposed. 

1. Introduction 

The Bilderberg Continuum Atmosphere at the depth range of 0.1~<Vsooo~< 10 has 
unfortunately been based on an average over several temperature distributions rather 
than on an opt imum fitting of the observed limb-darkening over a large wavelength 
range. It  is evident in Figure 1 that the adopted procedure leads to an unsatisfactory 
graduation of the best available measurements of limb-darkening for a range of 
wavelengths restricted to 4500/~ < 2 < 25 000 A. 

2. Observational Basis 

References to all known measurements of  limb-darkening have been appended in a 
special section of this paper. These have been critically reviewed before the start of  
the present work. In order to compare observations made at different values of  
/~ = cos 0, a set of five limb distances was selected for which all limb-darkening obser- 

vations were interpolated. It  was found practical to interpolate the log [1~(10/I~(1)] as 
a linear function of log/~. The data from the various observers were then plotted 
against wavelength. Whenever systematic differences were found, the observing tech- 
niques and possible sources of  errors have been investigated. I f  the proper information 
was missing the observations were rejected. As a result one gains the impression that 
the extensive and careful photoelectric measurements by PIERCE (1954), obtained with 
the Snow telescope at Mt. Wilson, can be considered the best after proper correction 
for scattered light (DAVID and ELSTE, 1962). Up to about  15000 A PEYTURAUX'S 
(1952, 1955) observations agree with these within �89 of 1%. This is quite good consider- 
ing the lower spectral purity available, and the fact that nothing is known about  the 
scattered light. Towards longer wavelengths Peyturaux's measurements lie system- 
atically up to 1% below those of Pierce as well as PIERCE et al. (1950). All three of  
these observational sets are used in Figure 1. 

* The work described here was supported in part by Contract N(onr)-1224(19) with the Office of 
Naval Research. 
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Comparison between observed and predicted limb-darkening for 3000< s  25000 ~.  The 
values of the parameter/1 = cos 0 are 0�9 0�9 0.45, 0�9 and 0�9 respectively�9 

3. Semi-Empirical Solar Models 

Explaining the observed limb-darkening and energy distribution is not the only con- 
dition which we may impose on a model�9 We know from sufficient observational 
evidence that the hydrogen convection zone lies below the photosphere. Therefore it 
is reasonable to require for the deep layers that the model atmosphere should behave 
in the temperature-pressure diagram as the theory predicts for the transition region 
between photosphere and convection zone. Mrs. B6HM-VITENSE (1958) has calculated 
such diagrams with the help of the mixing length theory for stars of different effective 
temperature and luminosity. 

A model constructed on this basis was reported at the meeting of the 'Deutsche 
Astronomische Gesellschaft' at Weimar in 1960 (ELSTE, 1960)�9 Instead of solving 
simultaneously for both the temperature model and the wavelength dependence of 
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the optical depth zz by employing an analytic method, the theoretically computed 
absorption coefficient was used to calculate the optical-depth scales. Since this pro- 
cedure requires knowledge of the pressures, they first were determined by the inte- 
gration of the hydrostatic equation, to be discussed later. The remaining steps follow 
standard procedures. Starting from the model published by GOLDBERG and PIERCE 
(1959) further improvements were obtained by repeated trials. Herein the contribution 
curves for the continuum emission, i.e., the integrands of the expressions for the 
specific intensity, served as indicators for the sensitivity range of the limb-darkening 
at each wavelength. As can be seen in Figure 2 for a few samples, the shapes of the 
contribution curves, their positions at the disk center, and their shifts with cos 0 
depend on the wavelength. Thus, by sounding out the atmosphere with probes of 
different widths this procedure allows to use the whole information content of the 
measurements with advantage. 

For this first model, called No. 9, the energy distribution at the center of the solar 
disk has been taken from the measurements by LASS (1957) made at the Pic-du-Midi. 
MATTI6 and SCHR6TER (1961) have used this model in a successful explanation of the 
center-to-limb variation of the wings of the Na D-lines. It appears even more impor- 
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Fig. 2. Center-to-limb variation of the contribution to the continuum emission at the wavelengths 
8600, 5000, and 16500/~ displayed as logarithms of the integrands as a function of logrs000. The 

three values of the parameter/2 = cos0 are 1.0, 0.45, and 0.l. 
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tant to me, that the center-to-limb variation of the wings of the Balmer'lines He-H6 
could be reproduced, as has been shown by DAVID (1961). The high excitation energy 
of the second quantum state of hydrogen prevents a contribution to the line absorp- 
tion in the wings of these lines except from very deep layers around z = 3. Moreover, 
the contribution functions are rather sharp as compared with those for the continuum 
emission. Therefore these lines offer a possibility for checking the model in the tran- 
sition region to the hydrogen convection zone, which otherwise is not accessible for 
continuum observations in the visible. 

After completion of the new determination of the energy distribution at the disk 
center by LABS and NECKEL (1962, 1963, 1967) a small correction in O = 5040/T had to 
be applied, which then led to model 10 (ELSTE, 1967). Actually this difference is too 
smaU to affect the line spectrum appreciably. Mugglestone used it for the wings of 
the Na D-lines, WITHBROE (1967) for the profiles of the lines of the CH molecule, 
W[THBROE (1968) for the center-to-limb variation of the equivalent widths of C2, CH, 
CN, CO, and MgH lines, and ELSTE (1967) for the investigation of the micro- and 
macroturbulence. 

The models so far had been computed for a helium-to-hydrogen ratio of 0.16, and 
the abundances of the remaining elements according to GOLDBERG et al. (1960). But 
since (i) the calculations for the internal structure of the sun favor a lower value for 
the helium-to-hydrogen ratio of about 0.1, and (ii) the investigation of the ultraviolet 
spectrum points towards a temperature stratification of the outer photosphere as given 
in the Bilderberg Continuum Atmosphere, corresponding changes have been intro- 
duced in the model here proposed. 

4. Discussion 

Although not yet ideal the new model represents an improvement with respect to the 
Bilderberg model in both the limb-darkening and the behaviour in the temperature- 
pressure diagram (Figure 3) for the transition region between the photosphere and 
the hydrogen convection zone. The best reference curve for the latter is that obtained 
by KOHL (1967) for the chemical composition used by VARDYA (1964) with He/H= 
0.125. It can be noticed that the Bilderberg model uses too low temperatures in the 
deepest layers, while the proposed model follows more closely in its depth dependence 
the curve by Kohl. 

For the discussion of the limb-darkening we have plotted in Figure 1 as dots the 
observed I~(#)/Ia(1) for certain representative values of # = cos 0 as a function of 1/2. 
The relations predicted by the Bilderberg model and by the proposed model are 
drawn as full and broken lines, respectively. In addition to the values for the limb- 
darkening, attention should be directed to the almost constant gradient 

d [ I  a (P)IIz (1)] 
d(1/,t) 

for a fixed value of #. Evidently the Bilderberg model predicts too large values for the 
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Relation between temperature and pressure for the transition region to the hydrogen 
convection zone. 

limb-darkening, and also gives a too small gradient, while the proposed model comes 
much closer to the observations in both respects. For  the discussion of the infrared 
observations where the differences are becoming small, let us look at the situation 
for #=0 .6  in more detail in Figure 4. At this limb distance the influence of the finite 
resolving power of the telescopes used by the different observers is not yet significant. 
At about 23000 ~ the observed points lie between the lines for the two models, but 
at longer wavelengths both models predict too small intensity ratios. Judging from 
the quite good agreement between the three different observational sets, PieRCE et al. 

(1950), SAIEDY (1960), and L~NA (1968), the observations should not be responsible 

for the discrepancy. 
It may be mentioned, however, that the inhomogeneities could provide a key to 

understanding of at least part of the remaining differences. Some are hard to explain 

just by additional unidentified absorbers. 
Let us finally compare the predicted energy distributions at the center of the solar 

disk with the observations. For  this purpose the observations by LABS and NECKEL 
(1967) have been combined with the relative measurements by PIERCE (1954b) in the 
infrared and with the other absolute measurements by PEVTURAUX (1952) and by 
SAIEDY (1960). In order to make such a comparison meaningful in the badly blended 
violet and blue spectral region, the observed energies in the given intervals have been 
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Fig. 4. Wavelength dependence of the limb-darkening in the infrared for cos0 = 0.6. Observations 
by PIERCE et  al. (1950): M, SAIEDY (1959): S, LENA (1968): L; those by PIERCE (1954) and PEYTURAUX 

(1955) are plotted as dots. 

transformed to the energies of an assumed continuum. This continuum was defined 
by the fitting of the wings of the strongest lines as they are predicted by the model 10. 
Only a few wavelength regions have been analyzed so far by employing special tracings 
of high resolution extended over such wavelength intervals. These tracings were ob- 
tained at the solar towers at Gt~ttingen and at the McMath-Hulbert  Observatory. 
The resulting logarithms of the energy of the assumed continuum at the disk center 
expressed in [erg cm -2 sec - I  ster -1 forA2= 1 cm] are given in Table I. 

TABLE I 

2 3298.1 3661.0 3775.2 4020.0 4211.2 4823.3 
log Ez 14.476 14.551 14.605 14.667 14.661 14.616 

For  wavelength larger than 5000/~ it is sufficient to calculate the correction to the 
assumed continuum by using the sum over the equivalent widths of the lines in each 
interval. While in the wavelength region 4 0 0 0 / ~ < 2 <  12000 A the energy predicted 
by the proposed model agrees with the observations within �89 of 1%, the comparison 
farther into the infrared is displayed in Figure 5. The agreement can still be considered 

satisfactory. 
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Observed infrared energy distribution at the center of the solar disk compared with that 
predicted by the proposed model. 

In order to allow the reader a quick orientation, the proposed temperature model 
is compared with model 10 and the Bilderberg model in Figure 6 in the form: 

O = 5040/T as a function of  log ~50o0. 

5. Pressures and Absorption Coefficients 

As has been mentioned above, pressure calculations must precede the computations 
of  the continuous absorption coefficients. Assuming hydrostatic equilibrium we fol- 
lowed WEIDEMANN'S (1955) suggestion and integrated the expression 

in which the quantity under the square root  on the right-hand side 

(P , /Ph = s~, 1 + 1 +@, /eo / /  1 + @,/eo' (2) 
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as well as ~5000/Pe depends only slightly on the chosen value of the electron pressure, 
and thus enable a fast convergence of the iterative procedure. 

In the above equations we have used the notation: Pg= gas pressure, Pe= electron 
pressure, g = surface gravity, m~ = mass of unit atomic weight, el = abundance of an 
element or group of elements with respect to hydrogen, # ,= atomic weight of an 
element or group of elements, 1%ooo =absorption coefficient per hydrogen particle, 
Zsoo0 = optical depth at the wavelength 5000 •, ~i = (nl/no)Pe = the Saha term for the 
ratio of ions to atoms, multiplied by Pe. 

For the computations of the sums in Equations (1) and (2) the following elements 
were treated together in groups: 

(H, N, O); (C, S, P); Si; (Fe, Cu, Co); Mg; 
(Ni, Mn); (Cr, Ti, V); Ca; Na; K. 

The integrations of Equation (1) as well as those of the optical depths have been 
calculated on log Zsooo-scale with the help of the Gauss-Encke quadrature formula 
(ELsTE, 1955, Eq. 37). For the starting integrals an exponential approximation was 
used for the integrands (ELSTE, 1957, Eq. A3b). 

The data for the computation of the absorption coefficients were taken from the 
following sources: 

H -  Ion: 
Bound-Free GELTMAN (1962), DOUGHTY et al. (1966) 
Free-Free 

for 2 > 12000/k DOUGHTY and FRASER (1966) 
for 2 ~< 12000/~ JOHN (1964) 



114 G(JNTHER ELSTE 

H N e u t r a l  A t o m :  

T h r e e  n e a r e s t  B o u n d - F r e e  t r a n s i t i o n s  a n d  a n  i n t e g r a l  o v e r  t h e  r e m a i n i n g  levels ,  

a s  we l l  a s  F r e e - F r e e  t r a n s i t i o n s  a c c o r d i n g  t o  UNSOLD (1955)  w i t h  

B o u n d - F r e e  G a u n t  F a c t o r s  

f o r  n ~< 3 GINGERICH (1964)  

f o r  n > 3 MENZEL a n d  PEKERIS (1935)  

F r e e - F r e e  G a u n t  F a c t o r s :  KARZAS a n d  LATTER (1961)  a p p r o x i m a t e d  

f o r  ZzO ~>2.0 b y  gFF--I=O -1/4 0 .107  

f o r  Z~O < 2.0  b y  gee - 1 = O - 1/4 [ 0 . 0 8 2  + 0 .0397  (Z~O)- 2/3] 
H~- M o l e c u l e s :  BATES (1952) ,  BOGGESS (1959)  

R a y l e i g h  S c a t t e r i n g :  DAL6ARNO a n d  WILLIAMS (1962) ,  GINCERICa  (1964)  

M e t a l s :  T h e s e  a r e  t r e a t e d  i n  h y d r o g e n i c  a p p r o x i m a t i o n  w i t h  s c r e e n i n g  f a c t o r s  

a d j u s t e d  in  s u c h  a w a y  t h a t  t h e  r e s u l t i n g  c r o s s  s e c t i o n s  a g r e e  w i t h  l a b o r a t o r y  

m e a s u r e m e n t s  o r  t h e o r e t i c a l  v a l u e s  ( e m p l o y i n g  t h e  q u a n t u m  d e f e c t  m e t h o d )  

w h e n e v e r  k n o w n  ( s u m m a r i z e d  b y  BODE, 1965).  

TABLE I I  

Proposed Solar Model 

logz0 O logPe logPg 1ogK/Pe 

-- 4,0 1.077 -- 1.113 3.040 -- 24.934 
- -  3.8 1.084 -- .995 3.198 -- 24.938 
- -  3.6 1.089 -- .910 3.310 -- 24.938 
-- 3.4 1.094 -- .823 3.423 -- 24.937 
-- 3.2 1.097 -- .731 3.536 -- 24.938 
- -  3.0 1,099 -- .639 3.648 -- 24.941 
-- 2.8 1.102 -- .550 3,759 -- 24.940 
-- 2.6 1.102 -- .457 3.870 -- 24.945 
- -  2.4 1.102 -- .365 3.982 -- 24.948 
-- 2.2 1.099 -- .269 4.093 -- 24.957 
-- 2.0 1.092 -- . 166 4,205 -- 24.971 
- -  1.8 1.076 -- .046 4.316 -- 25.001 
-- 1.6 1,056 .081 4.427 -- 25.037 
--  1.4 1.034 .213 4,537 -- 25.077 
-- 1.2 1.009 .355 4,647 -- 25.122 
-- 1.0 .982 ,506 4.754 -- 25,171 
- -  .8 .952 .675 4.858 -- 25.225 
- -  .6 .918 .876 4.956 -- 25.286 
-- .4 .879 1.123 5.043 -- 25.357 
- -  .2 .834 1.432 5.115 -- 25.441 

.0 .784 1.796 5.171 -- 25.538 

.2 .733 2.181 5.213 -- 25.638 

.4 .686 2.543 5.245 -- 25.730 

.6 .646 2.856 5.272 -- 25.804 

.8 .616 3.094 5.296 -- 25.853 
1 . 0  . 5 9 5  3.266 5.320 -- 25.884 
1.2 .582 3.372 5.336 -- 25.901 
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6. Proposed Mode l  

The present  mode l  is given in steps o f  A logzsoo0 = 0.2 for  the range - 4 . 0  ~< log zsooo ~< 

+ 1.2. F o r  the higher  layers,  logzs000 < - 4 . 0 ,  the Bi lderberg Con t inuum A tmosphe re  

should  be fol lowed.  Subsequent  columns in Table  I I  give the logar i thm of  the opt ical  

dep th  at  5000 A,  O =  5040/T, t he loga r i thms  of  b o t h t h e  electron pressure,  and  the gas 

pressure  in [ d y n / c m - 2 ] ,  the logar i thm of  the cont inuous  abso rp t ion  coefficient at 

5000 A per  uni t  e lect ron pressure  per  hydrogen  part icle .  
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