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One of the main methods for solving stochastic programs is approximation by dis-
cretizing the probability distribution. However, discretization may lose differentiability
of expectational functionals. The complexity of discrete approximation schemes also
increases exponentially as the dimension of the random vector increases. On the
other hand, stochastic methods can solve stochastic programs with larger dimensions
but their convergence is in the sense of probability one. In this paper, we study the
differentiability property of stochastic two-stage programs and discuss continuous
approximation methods for stochastic programs. We present several ways to calculate
and estimate this derivative. We then design several continuous approximation schemes
and study their convergence behavior and implementation. The methods include
several types of truncation approximation, lower dimensional approximation and
limited basis approximation.
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1. Introduction
Consider the following stochastic program with recourse:

minimize z = ¢*x + ¥(x)
subject to Ax = b, (1.1)

x>0,
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where ¥ (x) = E(¥(Tx — £)) and v is the recourse function, defined by
p(w) = inf{g"y : Wy = —w,y > 0}. (1.2)

Then
U(x) = ij — €)P(de). (13)

The dimensionsin (1.1), (1.2)and (1.3) are: x,ce R", b€ R™, y,q € Rk,£ € R'. The
random [-vector £ is defined on a probability space (2, o, P). To ensure that ¥ is
convex, real-valued and defined on R”, we assume throughout that (i) for each
t € R¥, there exists y >0, y € R* such that Wy =1, (ii) there exists m € R’ such
that 7' W < ¢", and (iii) [z ||¢]|P(d€) < oo.

A popular approach to solve (1.1) is to discretize P to get a large-scale linear
program approximation to (1.1)[2, 6, 7, 13, 15, 21, 24, 30]. The approximation func-
tion to W in this case in general is nondifferentiable. However, if P is a continuous
distribution, i.e.,

P(dE) = p(§)d¢, (1.4)

where p is a Lebesgue integrable function, then ¥ is differentiable [20, 28]. In fact, by
(1.2), ¥ is a piecewise linear function. Hence, % is piecewise constant except in a
Lebesgue zero measure set. If P is discrete, then this Lebesgue zero measure set
may have positive measure in P. Thus, ¥ may be nondifferentiable. If P is con-
tinuous, then we may omit this set and have

VI(x) = jku’x — Op(e)de. (1.5)

This observation leads to continuous distribution approximations to solve
(1.1). Convergence properties and uses in algorithms are discussed in [4]. To
make this approach feasible, one needs to approximate (1.4) efficiently. This
paper considers such schemes. Section 2 presents approaches to estimate V¥(x)
based on direct probability approximations. Section 3 discusses truncation approx-
imations and gives convergence rates. Section 4 presents convergence results and
approaches for lower dimensional approximations. Section 5 gives results on
using combinations of the previous approaches and section 6 provides some exam-
ples and illustrative results.

2. Calculation and estimation of the derivative

Suppose that P is a continuous distribution defined by (1.4). The following pro-
position gives a formula for V¥(x) based upon basic optimal dual solutions of (1.2).
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PROPOSITION 2.1

Let the basic dual optimal solutions of (1.2) be {m;:j =1,
basic matrix of (1.2), associated with =;, be B;. Then

V‘I’(X)z Z aj‘fro,

I<j<N
where
o; = P(¢| ; optimal)
= P(¢| B (Tx - £) > 0)
= P(¢| B'Tx > B '¢).
Proof

By (1.4) and (1.5),

V¥(x)= > {mTP(|n; optimal)}
1< jEN

1<TSN

17

...,N}. Let the

(2.1)

(2.2)

(2.3)

This formula holds for continuous distribution since the set of £ in which the

dual problem of (1.2) has no unique solution has zero measure in
By the optimality condition of (1.2),

o; = P(¢ | w; optimal)
= P(£| B (Tx—€) 2 0)
= P(¢|B'Tx > B '¢).

This proves (2.2).

P in this case.

O

We now discuss some practical ways to calculate V¥(x). The first approach
is based on approximating probabilities as in the Boole—~Bonferroni approach of

Prékopa [23].
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THEOREM 2.2

In (2.1), we have

o; = P(¢ | m; optimal)

2b; (c;— Da;  2(1+ci(c; + 1)b;
=1- (aj——li>+zj[ P S _ l(cj(cjj-f- ) i (2.4)

where

a = Z P(n;i > s;(x)),

1<ig!

by = Z P(mi > 5(x), mir > 8500 (x)),

1<i<i’'<l

mi = (B )i,
si(x) = (B; )i Tx,
(B;i'"); is the ith row of B;".
Proof
Let A; = A;(x) = {nlsi(x) > n;:}. Then
P(E|B ' Tx > B7'¢) = P(dy -+ Ay) = 1 — P(dj + - + 4y). (2.5)
By the inequality of Dawson and Sankoff ((7) of [23]),

2 2

P(A.+. .- 4+ 4,)> - .
A+ "I)_cj—&-la’ cj(cj-i—l)b'”

(2.6)
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where

g= Y PA)= Y P(n;>si(x)),

1<i<! 1<i<!

bj= Z P(‘aji'jji’)

1<i<i'<l

= Z P(T]ﬁ > Sﬁ(x),"]j/ > Sji'(x))a

1<i<i'<l!

Similarly, by the inequality of Sathe et al. ((8) of [23]),

_ - 2
Py + -+ Ay) < a; - 7bj- (2.7)
Combining (2.5)—(2.7), we get the conclusions of this theorem. d

We may use (2.4) to approximate V¥(x) by assigning ¢ a value in [0, 1],
e.g., 0.5. We may also use higher orders of the inclusion—exclusion formula for o;
(see section 6 for further discussion of this approach). The random variable 7 is
one-dimensional. If we know the marginal distribution of 7; and the joint distri-
bution of 7; and 7, where 1 <i< i’ </, then we may calculate a; and b;. In
general, 7; and 7 are linear combinations of {£,,h=1,...,/}. Suppose that

n=Y1<h<iBrén and 7 =3 1<p<iBikh, where &, h=1,...,I, are one-

dimensional random variables, 8, and §,, h=1,...,/, are real numbers. By
probability theory,
E(m) =Y BiE(), (2.8)
1<h<i

Var(n) = Y BiVar(§)+2 > BBy Cov(&&r), (29)

1<h<! 1<h<k <l
Cov(mn)= Y BuBiVar()+ Y, BubiCovi(énéy).  (2.10)

1<h<l 1<hi <1
htH

Therefore, we may calculate the expectations, variances and covariances of 7; and
n;» by the expectations, variances and covariances of {¢,h=1,...,/}.



20 J.R. Birge, L. Qi/Continuous approximation schemes

If &, h=1,...,1, are normally distributed, then 7; and (n;,7;) in (2.8)-
(2.10) are also normally distributed and bivariately normally distributed respec-
tively. Thus, we may calculate g; and b; in theorem 2.2 by some single and double
integrals. Otherwise, we may use (2.8)—(2.10) to calculate expectations, variances
and covariances of those random variables 7; and 7/, and then use the method
in [7] to approximate the relevant probabilities.

In fact, with gaussian variables, we may also take advantage of techniques
designed specifically for these distributions as in Gassmann [17] and Deak [10].
Through the transformation, 7; = Bj"lf, we obtain:

o = J J Py, - - mp)dmyy - - - dryy,

mEsi(x) gy <splx)

where the variables have the same definitions as in theorem 2.2. Notice that p(7;) is a
normal density so that the calculation of a; reduces to evaluating the probabilities of
the 5;(x) translation of the lower orthant for the normally distributed vector, 7.

We may also approximate other distributions using Gaussian random
variables. By fixing the means, variances and covariances of the relevant random
variables, we can use a gaussian random vector with the same characteristics.
Any lack of precision may then come from higher order moments. Since it is
often difficult to determine exact multivariate distributions, the use of normal
distributions seems especially relevant even if they are not completely justified by
the practical situation.

3. Truncation approximations

By truncation approximations, we mean any approximation of the form:
P’(4) = P(ANE")/PEY), (3.1)

for some £ C = for all 4 C & and where P(Z\Z") = 6. In other words, P” is the
restriction of P to E” or it results from truncating =\=". These types of approxima-
tions have an advantage in that they only depend on that set =¥ which can be found
in many ways. In each case, however, we not only have the convergence cited above
but we can also describe the rate of that convergence. We need only suppose the
following condition on 7.

(i) The set D and V,¢(Tx — £) are bounded so that, wherever it is defined,
1(OY(Tx — €))/0x;]| < Aforalli, £ € Eand x € D.

The result is that the convergence of any subgradient in 8%" to an element of
0¥ can be bounded.
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THEOREM 3.1

Suppose (i) and that P” is generated as in (3.1), then for any ¥ € 8%"(x),
there exists 7 € 0¥(x) such that,

ln” = nll < 2vnAs". (3.2)

Proof

First note that ||” — n|| can be written as

{32{|[n0r 0~ [icpa

1

}2 } 1/2
where we choose the same 7(¢) from 9,¢(Tx — &) for each £. For this, we observe
that

[nterrae - [aerpue = [nio(=5 )P+ | nterpe
2 =z

<

32

A8 (3.3)
From (3.3) and the definition, we have ||n” — 7|| < 24/nAé8". O

Theorem 3.1 gives conditions under which distributions of the form in (3.1)
may converge at a given rate. Other rates may be obtained using results about
the difference between function values for different distributions as for example in
Romisch and Schultz [26]. The rate can then depend on the some metric between
the approximating and true measures. In the lower dimensional approximations,
we again use this to obtain ||n” — n|| < ¢”, where 0¥ — 0.

The choice of =" is the crucial step in these types of approximations. In
general, we would like fast convergence by having §” converging to zero quickly
but we would also like to have relatively easy computations. The following alterna-
tives are considered for the truncation method:

(1) Ball truncation: Let E” = {¢|||€ — &|| < 4"} where 4 — oo. This method is
easy to describe but integrals over the ball may be difficult to evaluate.

(2)  Box truncation: Let Z¥ = {¢||€(i) — &(i)| < ¥*(i) where v”(i) — oo for all i}.
The only difference from the ball approximation is that we use boxes of
possibly varying shapes. Depending on the distribution, these integrals may
be easier than those in ball truncation.
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p—

(3)  Scaling truncation: Suppose Z is bounded. Let =¥ — £ = o”(E — £) where
o’ — 1. In this case, we use the shape of = to determine the form of E.
This may present an advantage over the previous approaches in that each
component of £ is treated similarly relative to =.

(4)  Level set truncation: We assume that, similar to the scaling truncation, £ is dis-
tributed so that for some Z°, P(a(E° — £) + £) = 1 — 6(ar), where § — 0 as
o — oo. We then let £ = a(v)(E° — &) + £ for some sequence of a(v) — oo
as v — oo. These values may for example correspond to choices of v such
that §(a(v)) = 1/v. For unimodal continuous distributions with mode &,
the 2 correspond to level sets of the density function. This approach may

be especially useful for gaussian distributions with ellipsoidal level regions.

(5)  Limited basis truncation: In this approach, we suppose that IIV =
{m;:i=1,...,v} where each 7; is optimal in the dual of (1.2) for some
w=Tx—¢ We then let E"(x) = {£{|¢(Tx — ) = max;;__, m(Tx —€)},
i.e., such that the dual of (1.2) is optimized by some = € I1”. Note that this
approximation also depends on x but that it is finitely convergent in v for
any fixed x. Many strategies may be used to determine the IT” set. By choos-
ing only 7 with high probability of optimality in (1.2) we may be able to limit
the v and still produce accurate results. To alleviate the difficulty, we may
combine this procedure with the integration approximation mentioned in
section 2 or with the lower dimensional approximations in section 4 below.
The combined approximations will still converge as given in section 5.

Each of these procedures has the convergence rate in theorem 3.1. They also
are continuous and retain the differentiability properties mentioned above. The
form of the gradient also allows the use of an algorithm that only evaluates the
probability of individual bases or dual vectors «; being optimal in (1.2) and its
dual. Since probabilities of these convex polyhedral regions may be relatively
easier to evaluate than the conditional expectations required for function evalua-
tions, these procedures are especially attractive.

4, Lower dimensional approximation

In addition to the methods considered above that use full dimensional but
hopefully simpler integration, we may also approximate the distributions using
lower dimensional distributions that still retain differentiability properties and
avoid higher dimensional integrals. These procedures are generalizations of dis-
crete point approximations and, as we show below, obtain improved convergence
rates over discrete approximations.

We may begin by replacing ¢ by H'n”, where H” € RY* or, in other
words, we may let P” be:

PY(4) = Q"{n"|H"n" € A4}, (4.1)
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where Q0 is a probability measure on 7”. In some examples, H” might be a single
vector £ so that 7” approximates ¢ using a distribution on the ray through € or an
identity on certain critical components of £ with other components of £ expressed
as linear transformations of the critical components. The choice of H” would
depend on specific problem structure, however. General rules would probably not
prove too effective.

Building on this approximation, we can construct generalizations of discrete
approximations. We may in fact create several lower dimensional H” with different
probabilities and some translation, i.e., H;n! + 3; would be used in (4.1) and given a
probability p; so that (4.1) becomes:

K(v)
PY(4) =) piQi{nf|H!n! + B; € 4}, (42)
i=1

where Q7 is the probability measure on 7;. In this way, we obtain direct generaliza-
tions from the discrete distributions.

We obtain convergence of these distributions by allowing the number of lower
dimensional approximations K{v) or the dimension N, to increase sufficiently. We
concentrate on increasing the number of the approximations since increases in the
dimension N, lead eventually to integrations as difficult as the original. We establish
weak convergence of the measure P” to P and, moreover, convergence of moments,
using Wasserstein metrics. These results build on Rémisch and Schultz’s work in
[27].

In our context, we let ' be the class of Borel probability measures on R'.
This is further restricted to:

My = {Q ¢ 21 el oe) < oo}.
We then let

2(01,0,) ={0 € #¥|Q o] =0}, 0011, = 0},

where I1; (§) is projection on the first / coordinates of £ and IT,(£) is projection on the
second / coordinates. For p > 1 the L,-Wasserstein metric is defined as:

i/p

W,(01,0;) = |inf j 6 — &IPQ(dey, d&r)|Q € D(Qy, 02)

R xR/

In the following, we will use several results given previously. We use —,, to
denote weak convergence.
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THEOREM 4.1

For ., defined above, (#,, W,) is a metric space.

Proof

See Givens and Shortt [18]. 0

THEOREM 4.2

IfQe#yand Q, € A, (n=1,. )thenW(Q,,,Q)—»Oasn—»ooifand
only if 9, —,, Q and hmn-.oofm' 11170, (dz) = [ Hzlpo (d¢).

Proof

See Rachev [25]. ]

THEOREM 4.3

If h:R >R is Lipschitzian on bounded subsets of R/, then, for all

P,Q e M, |[h(x)P(dx)— [h(x)Q dx ) < {M,(P)+ M,(0)}W,(P,Q), where
(1/p)+(1/g9) =1, p> 1 and M, (P) = { jL,, [E3) "P(dx)}l/", where L,(r) =
SUP £ Il <, < L (1A(X) = B(X)])/ le x II}-
Proof

See Romisch and Schultz [27]. a

We now construct the lower dimensional approximations to employ the
results above and obtain convergence results. We make the following assumptions
relating the distributions of P and the QY. Let II! = (H*TH")™'H"T be projection
into the affine space spanned by H” and let II;” = {¢|II} (€ — B;) = n}.

(1)  The distribution P is continuous, P € .#, for some p > 1, and P(4) =
ffeAP )dE.
(i)  The distribution P” is constructed as in (4.2) such that
(a) there exists a partition of R’ into 4, U Ay U---U g, where ;N A4; =0
for i # J;
(b) each A; is partitioned into disjoint subsets A1 and A,2 such that

sup g 4} i) (§ — €| < €(v) for all i and n, and [ [|£]|7P(d€) <
6(v) with e(v) — 0 and §(v) — 0 as v — oo;
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(c) the weights p; = P(4;) and Qf(B)= [pqi(n)dn where gi(n)dn=
(1/P) Jee a,nmv(ny P(E)dE.

The conditions in (i) and (ii) may appear difficult to satisfy in general. We,
however, wish to consider distributions that can be constructed as linear transfor-
mations of independent random variables.

This is always possible, for example, with multivariate normal distributions.
Other multivariate distributions may be explicitly constructed this way.

In this case, if { = H'n+ H ¥'¢ where 1 and ¢ are independently distributed
and H” spans the null space of H”, then

¢ (mydn = (1/p,) j p(pa(Q)dndC,
Hen+ HY(+Bi€ 4;

which is p,(n)dn multiplied by the relative probability that H'n + H"'{ + f3; € A;
given 7. By choosing the A4;={{[¢=H'n+H"”(+(3; for some n and
|H"'¢ — B <}, the relative probability can be calculated easily. In fact, we can
also just let the §; result from the product of H*' and some random ( as a general-
ization of the empirical measure.

The next theorem shows that this distribution satisfies the conditions for
weak convergence and convergence of the p moments.

THEOREM 44
If P and P” satisfy (i) and (ii), then W,(P, P*) < e(v) + 6(v).
Proof

We will construct a distribution Q € 2(P,P") that leads to the con-
clusion. For £eR¥Y, let & =1II(¢6) and let & =1IL,(¢). We let 4=
{€ € 4,6 — HITI/ (€ — B;) = 0} and 4;(n) = {€|¢ — B; = Hin}. We then define

K(v)

oeee =y, | | reren

=l g =tiged HeanT ()

First, we wish to show that Q € @(P, P"). For this, we write p(£)d¢ as p'(n, {)dnd(
(where p'(n,¢) = |[HH')|p(Hn + H'()), then

K@) i
0oTi'()=Y, | —gitndn=P), (4.3)

i=1
Afn)ye4
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and

=

(v)
QoTI;'(4) = j j p(£)de = P(A). (4.4)
=1 g ed tednT()

We next use the assumptions to obtain bounds on the Wasserstein metric.
We have

j 61 — &P O(dE:, d&y)

Rﬂ
K(v) [
= &, — HYTIF (& — B)IIPp(€2)dE,
=1 Aim=&i6ed | & eA4,NI(n)
K(v) [
< | s [ le-mr|peas
=1 A =Eiged | &ed! NI () LeAINT*(n)
K(v)
< [e.(pi) + 8(v)(pi)lai (n)dn
=1 fi:'('l)"ufl:?fel‘i
=e(v) + 6(v). (4.5)
This completes the proof. O

Using theorems 4.4 and 4.3 plus the Lipschitz continuity of the stochastic
programming recourse function (see Wang [29]), we obtain convergence of ¥
values. With theorems 4.4 and 4.2, we also see that weak convergence is established
and hence convergence of subdifferentials as in [3, theorem 3.1]. Moreover, depend-
ing on the properties of the distributions, we also obtain Lipschitz continuity of
directional derivatives and hence convergence rates for gradient convergence as in
theorem 3.1 for truncation approximations. As mentioned above, the advantage
of this approximation concerns the maintenance of differentiability and improved
convergence over discrete approximations. If we, for example, suppose the strong
convexity conditions used in ROmisch and Schultz [27], then we can use the
random generation of f3; in the null space of some matrix H such that n is indepen-
dent of ¢ as above to obtain an expected Hausdorff distance between minimizers
with P and P” that is O(n~'/?%)) where K = Nullity(H) instead of / as with the
discrete empirical measure.
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To realize the differentiability result, we suppose the simplest case of a single
H" and generation of f; in the null space of H”. In this case, we have the following
result.

THEOREM 4.5

If P” is generated as in (4.2) and satisfies (i) and (11) where H” = H for all v,
HeR™ rankH=rH 6, = 0 for all , and no row of B}’ 'H is a zero vector for any
optimal ba51s in (1.2), B;, j=1,...,N, then ¥*(x) is dlﬁ"erentlable for all v and
x € int(dom ).

Proof

Suppose that ¥“(x) is not differentiable for some x € mt(dom V). Then, there
ex1sts some i, j, k such that Q¥ (n|n € C) > 0 where C = {n|B;(Tx — Hn— ;) > 0,
B_ (Tx — Hn— ;) > 0 for optimal bases B and B; with k # j}. Since Q7 is a
contmuous distribution, this is only possible if the dimension of this set is r. For
By and B; both to be optimal, for all 7 € C, there must exist some row # such that
(Beh),. (T x — Hn — ;) = 0. Since the dimension of Cis r,

dim(n|(B¢');. (Hn) = (Bi"),. (Tx — B)) = r. (4.6)
It follows from (4.6) that (B;'),. H = 0, completing the proof. d

The result in theorem 4.5 gives a simple way to check whether differentiability
is maintained. A limited basis approximation can also be applied in conjunction
with this approach to guarantee differentiability for that approximation without
requiring that all optimal bases be available.

We can see further advantages of differentiability by examining the structure
of the approximate objective function gradient, V¥". We can write this as:

V= Y S peg(BmT, (4.7)

1<i<K(v) i<j<N

where aj(ﬁ,) = Q7(n|m; is optimal in the dual of (1.2) for w= Tx — Hin— B).
We write the gradient in this manner to show that it is an expectation of Q;
values taken at different observations, ;. The true value is the expectation over
all possible §;. This observation can allow the use of numerical integration ideas
in the choice of the §;. With differentiability established, we may also ask for
higher order derivatives based now on the properties of the ¢” density functions.
With appropriate distributions, we may then use the Pedno kernel to bound our
approximation and, in the event of a polynomial density, to guide the choice of
B; to establish rapid convergence.
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The lower dimensional approximations can also be combined with the separ-
able function approaches as in Birge and Wets [6] and Birge and Wallace [5]. These
approaches create an upper bounding function on ¢ that is separable in its compo-
nents. For example, suppose that 1 can be decomposed into v¥,(n) and 1,(¢). The
separable function approach is to create an upper bounding function ¢ such that
#(n) is for example ) ; ¢(7;). Computing gradients of ¢ then involves only finding
the relative probabilities of different intervals of 7; individually. In this way, we
can quickly calculate o;(8;) in (4.7).

The goal in lower dimensional approximations may then be to find trans-
formations of independent random variables 7 and ¢ that yield £ and to choose 7
so that the recourse function is most nearly separable in its components. This
ability requires some knowledge about the specific problem but may be possible
in certain instances. Note that if the recourse function 1 is also separable in ¢
then we should observe that only a single a;(;) needs to be calculated and then
only updated with the relevant probability p;.

5. Combined approximation

In the last two sections, we discussed approaches to approximate a con-
tinuous distribution by a simpler continuous distribution. In this section, we
discuss the approach to approximate a continuous distribution by a combination
of several simple distributions. The combined approximation is of the form

PU(dg)= Y NPy(de), (5.1)

1<j<N,

where X’ > 0, 3 ! = 1. For brevity of symbols, we use ); and P; instead of A/ and
P/ though they actually depend upon v. By (1.3), (1.5) and (5.1), ¥(x) and V¥(x)
are now approximated by

Tx)= Y. ANYx) (5.2)
ISJj<SN,
and
VI (x)= Y AVE(x), (5.3)
1< j<N,
where

T,(x) = jw<rx~e)P,-(ds> (5.4)
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and
V() = [ V(T - )P (de). (5.5)

P; should be simple such that the right-hand sides of (5.4) and (5.5) are easy to
calculate. Depending upon the choices of P;, we have different variants of
combined approximations:

(1)  Discrete approximation: Let

1, ife=¢
pag={; Li¢
0, otherwise,
where ¢',...,£&" are points in R'. Then we have a discrete approximation,
which has been discussed intensively in the literature of stochastic
programming.

(2) Combined box approximation: Let

1 261} 17 if [§ - / < vy
pag - { V@) -l <c
0, elsewhere.
Then
VI, (x) = J Va(Tx — £)de.
lE-¢l<e,
Here, Vi(Tx — £) only assumes a small number of values of {m, ..., my}, yet

V¥; is continuous.

(3)  Combined normal distribution approximation. Let P; be a multi-variable
normal distribution such that the expectations, variances and covariances
of {{,...,&} are specified. Then we may use theorem 2.2 to estimate

6. Examples

In this section, we consider some specific examples and demonstrate how the
basic procedures can be implemented. The two examples will be a simple two-
dimensional problem to demonstrate the geometry and a slightly larger problem
with three random variables that comes from a power planning problem (see
Louveaux and Smeers [22]). The methods are chosen to be representative and to
give some idea of the efficiency of the continuous approximations presented
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above. In each case, we consider the approximation of the recourse (second-stage)
problem.
The first example has the following form:

min Sy, +10|y;| +10|ys]

st. yi +»m =& — X,
P(w) = ‘ (6.1)
» +y3 =& — X,
B4 Z 01

where —w=¢ - Tx, T = (1, I)T. In the computational tests below, we assume that
x, = x, = 0 and the random variables ¢; are independently uniformly distributed on
[-0.5,1.5].

The second example is the recourse function described in Louveaux and
Smeers [22]. The first period variables x correspond to investments made into
capacity available in the second period. We assume the second period demands in
all three different sectors are random. (The model in {22] has only one random
demand.) This example has the following form:

((min 40y, +45y, 432y, +55y,4 )
+24ys +27ys  +19.2y; +33y,
+4yy  +2.5y;0 432y +5.5yp
sty +¥2 +¥3 +y4 > &,
Vs +ys +y7 +ys > &,
PY(w) = ¢ Vs +Y10 +yn +y12 > &3, )
» +¥s +¥9 < X,
Y2 +Vs +V1o < Xz,
y3 +¥7 +rn < Xa,
Ya +s +r12 < Xy,
. V; >0, i=1,...,12, )

(6.2)

where —w again represents the right-hand side coefficient vector with

r=(%)

where 0 is a 3 x 4 matrix and [/ is a four dimensional identity matrix. The x; corres-
pond to input capacities while the &; random variables correspond to demands in the
three operating modes. In the computational tests below, we assume that x; = 2,
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Fig. 1. Simulation errors for example 6.1.

X, =5, x3 =35, x4 = 6, and the random variables ¢; are independently uniformly
distributed on [3,7] for i = 1, on [2,6] for i = 2, and on [1, §] for i = 3. For i = 4,
5, 6, 7, we can interpret &; as having zero values with probability one.

We will compare the following techniques:

(1)  Sampling distribution;

(i1)  Refinements of Jensen and Edmundson—Madansky bounds;
(ii1)  Boole—Bonferroni probability approximation;

(iv)  Box truncation;

(v)  Limited basis truncation;

(vi)  Lower-dimensional approximation.

In each example, for an approximation represented by ¥”, we consider the
gradient error, ||V¥” — V¥|. This gradient error was used as a metric because
our main goal in this exercise is in evaluating gradient-based methods.

() Sampling distribution: Here we sample the random vector. In our tests, since we
had low dimensions, we used a low discrepancy quasi-random sequence to
choose the samples. We followed the Hammersley sequence (see Fox [14],
Deak [11]) which has been shown to produce small errors in low dimensions.

The errors from using the quasi-random sample appear in figure 1 for exam-
ple 6.1 and in figure 2 for example 6.2 as functions of the number of observations.
Figure 2 also includes the error function from using a lower-dimensional sample
described below. Note that the errors fluctuate, indicating some difficulty in provid-
ing coverage with a sampling procedure. An error of 0.01 is approximately one
percent of ||V¥|| in example 6.1. An error of 0.1 is approximately one percent of
IV¥|| in example 6.2. Note that this level of accuracy is achieved in about 1000
iterations for the example 6.2 although the lower dimensional example 6.1 requires
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Fig. 2. Simulation errors using full and lower dimension for example 6.2.

more than 2000 iterations to achieve a similar percentage error. The difference is
attributable to higher overall variance in the sample gradients in example 6.1.

(ii)  Refinements of Jensen and Edmundson—Madansky bounds. These bounds
result from extremal measures in the space of measures satisfying the same
first moment condition as the true distribution (see [6]). We consider the
refinements suggested in Frauendorfer and Kall [16] to observe their con-
vergence to the optimal objective value and their effectiveness in predicting
the gradient values. These bounds will be taken as examples of bounds
using discrete measures although improvements exists (see [8]).

The gradient errors from the E-M and Jensen bound approximations appear
in figure 3 for example 6.1 and figure 4 for example 6.2. Here, iterations refer to the
number of partitions used for these approximations. The errors in function value in
each case are less than 0.5% of ¥(x) after 40 iterations, but gradient errors may still

12
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6
—0— Upper
4 4 Bound
Error

]
o S s
[ %
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Fig. 3. Bound errors for example 6.1.
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Fig. 4. Bound errors for example 6.2.

remain high. The main reason for this, in terms of the upper bound in particular, is
that degenerate bases are chosen at extreme points. Their incorporation into the
bound may always lead to some error. The lower bound estimate does not suffer
this effect so dramatically (because indeed these estimates converge to true values,
see [4]), but evaluations at nondifferentiable points still affect the bound. The
overall observation here is that the bounding approximations are not indicated
for gradient-based methods although they still appear quite useful in cutting
plane methods (see, e.g., [1]).

(iii)  Probability approximation: For this approach, we use the Boole—Bonferroni
method to approximate the probability of a basis’s optimality. This approx-
imation is not useful for the first problem, with only two variables, but
example 6.2 contains 7 constraints so that evaluating the probability of
each basis involves evaluating the probability of a region corresponding to
the intersection of 7 half-spaces. Some preprocessing was required to find
each optimal basis for the range of possible demand outcomes given. To
obtain these, we use the following extreme point generation approach.

Step 1. Solve 9(Tx — £) to obtain an optimal basis, B; (also optimal as long as
B) N ¢—Tx)>0).Letk=1,r=1,i=1.

Step 2. If (B,); (¢ — Tx) < 0 for any ¢ € E, perform a dual simplex pivot step to
drop the variable which is basic in row r for B; (maintaining dual feasibil-
ity). Let the new basis be B*. Otherwise, let r = r + 1, go to step 4.

Step 3. If B* € {By,..., B}, let r = r + 1, go to step 4. Otherwise, go to step 5.

Stepd. If r</ thenleti=i+1.Ifi<k,letr=1,goto2. Ifi=k, STOP - all
optimal bases have been identified.

Step 5. If {¢ € Z|(B*);! (¢t ee— Tx) >0} #0 for i=1,...,I and some € >0,
then let B, =B', k=k+1, r=r+1, and go to step 4. Otherwise, let
r=r-+1, and go to step 4.
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The use of variations of € in each component of §; is used to ensure that B* is
feasible with some positive probability (assuming = has full dimension) so that zero
probability bases are not included. The above procedure identifies all such optimal
bases for the linear program in (1.2) with —w = £ — Tx by ensuring that any
infeasible component leads an additional iteration with the branch only ending
when all adjacent dual feasible bases are either infeasible or have already been
identified. Under degeneracy, several bases B* may be adjacent to a given basis.
We assume that a lexicographic ordering is used to avoid this difficulty. The
result is then an unambiguous listing of the bases.

Given identification of the bases, the Boole—Bonferroni approach calculates
bounds using the formula in proposition 2.1. In example 6.2, the o; probabilities
were calculated exactly using #; = 1 for five of the six alternative optimal bases.
For the other basis, the optimal ¢; = 0.75. The result for the five bases with ¢ = 1
is that it is sufficient to calculate o; only using g; and b;, or there is no probability
that three regions of the form, n; > s;;(x), intersect. It appears that performing cal-
culations with combinations of up to three intersecting 7); > s;;(x) regions yields
good results. In example 6.2, all basis probabilities were calculated exactly using
three (of a possible seven) terms of the inclusion—exclusion approach, ie., o; =
V—aj+b; — > 1 <icir<r <t P(mji > 856(x), e > 8 (%), mjin > 80 (x)).

If 1; = 1 was used for all bases, the gradient error was 0.66 or approximately
5% of ||[V¥||. For t; = 0.5, some basis probability estimates became negative. In
general, it has been observed (see [23]) that the bound with £ =1 (due to
Dawson and Sankoff) is much sharper than with ¢; = 0, so that one might generally
bias toward higher ¢; values and use #; = 1 in most instances.

Given the difficulty in choosing #; universally, it appears best to consider the
values of ZISI'<1"<!'”S1P(7}]5 > Sji(.X),’f]ﬁl > Sj"f(X),'fzif" > Sﬁf!(X)) if this additional
computation is not difficult and the distributions of the 7; are known (as in the
normal case). It appears that relatively small numbers of intersecting regions need
to be considered to obtain fairly accurate bounds on a basis’s probability of
optimality. This is again consistent with Prékopa’s observations,

The remaining difficulty in this probability approximation choice is the iden-
tification of optimal bases. This number may be too great for easy computation. For
this reason, we consider methods for reducing the number of optimal bases consid-
ered. The next approaches do this explicitly.

(iv)  Box truncation: We use the box approximation method by considering
boxes centered at the mean value of each random vector and considering
progressively larger fractions of the full range of each component of the
random vector. The gradient errors, |V¥” — V|, for example 6.1 as a
function of the fraction of range in each component covered appear in
figure 5. The corresponding errors for example 6.2 appear in figure 6.
The range is covered symmetrically starting at the mean of each
component.
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Fig. 5. Box truncation errors for example 6.1.

Note that the bounds do not improve until new bases beyond those immedi-
ately adjacent to the mean point are added. In each case, this improvement only
begins when half of each component’s region is considered. The error then
improves almost linearly to zero.

The advantage of box truncation would be in conjunction with a basis prob-
ability approximation. For smaller regions, fewer bases are required so that less
computation is necessary. In example 6.1, two bases are optimal for component
fractions less than 0.5, but all five bases are optimal for fractions above 0.5. In
example 6.2, four bases are optimal until the fraction covered in each component
exceeds 0.5. At this point, five bases are optimal until the fraction exceeds 0.75,
when all six optimal bases are included. The relatively small range of these numbers
of bases indicates that box truncation may not have significant advantages over
including all bases. In larger problems, however, the total number of optimal
bases may make it practically impossible to include all bases. In that case, box
truncation may offer some advantages.

(v)  Limited basis truncation: We considered the sets of bases identified near the
mean values as in the box truncation step. For example 6.1, using the two
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0.1
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Gradient Error

Fig. 6. Box truncation errors for example 6.2.
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bases optimal at the mean £ = (0.5,0.5)T yields the same error, 2.43, as in
figure 5 for fractions less than 0.5. The only other consistent choice would
be to include all optimal bases which results in zero error. In this case, limited
bases do not appear too useful.

In example 6.2, the error using the optimal basis found at the mean £ is 4.89 or
more than 40% of || V¥||. The error with the four neighboring bases is 1.09 or about
10% of ||V¥||. Note that this error is higher than the box truncation errors for any
coverage fraction. This difference results from the lack of symmetry in including the
complete region where each of these four bases is optimal. It appears from this
observation that symmetry makes box truncation more effective than using full
regions where a basis is optimal.

(vi) Lower-dimensional approximation: We suppose that the 7 vector from section
4 is one-dimensional so that all computations of Q7(B) only involve single
integrals. In both examples, 6.1 and 6.2, we used the last random component
for n and used the quasi-random sampling procedure to determine the A4;
areas (implicitly defined as equal probability regions around each point, 5;).

For example 6.1, the use of this lower dimensional computation led to rapid
convergence. Gradient errors were 0.78 after ten iterations, but became less than
0.001 after thirty iterations. This represents a considerable improvement over the
results in figure 1. Some additional calculation was necessary for the calculation
of each Q7(B) but this integration simply involved a single parametric linear
program solution with little additional work (at most two pivot steps) over the
linear program required for each function evaluation.

For example 6.2, the results of the lower dimensional approximation appear
in figure 2 as mentioned earlier. The results here are less conclusive. The lower
dimensional approximation does have somewhat lower error after 600 iterations
(by approximately 50% over iterations from 600 to 2500), but improvement is
not as dramatic as in the smaller example.

For larger problems, the modest improvements of the lower dimensional
approach for a single gradient evaluation may still hold. One key to its effectiveness
is in choosing the most critical component as the 7 variable. The other advantage of
the lower dimensional approximation is that it is possible to maintain differentiability
and to achieve better algorithm performance based on this attribute. This aspect of
the approximations is a subject for future study.

Overall, our computational study indicates that lower dimensional sampling
distributions, lower bounding and Boole—Bonferroni probability approximations,
and some form of distribution support truncation may all be useful in providing
efficient and reasonably accurate gradient estimates for stochastic programming
algorithms. The results here indicate basic forms for these approximations and
some characteristics on small problems. Each approach may be preferred in certain
examples, but these results do indicate that degeneracy issues with upper bounding
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approximations and symmetry issues with limited basis truncation seem to make
these methods the least preferred for gradient estimation among the approaches
given here.

7. Conclusions

This paper presented several results on using continuous distribution
functions in approximations for stochastic programs. The main motivation is in
providing differentiable approximate value functions that will lead to more stable
computational implementations. The results are based on abilities to approximate
probabilities accurately in higher dimensions and on using low dimension integra-
tion combined with discrete approximation to achieve differentiable but computa-
ble estimates. Some example results indicate that probability and gradient
approximations can be accurate with separate low dimensional integrals. Future
research will investigate these procedures in the context of optimization methods.
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