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PREFACE

The advent of highly metallized solid propellant rocket fuels
has created a renewed interest in the study of two phase flow, Small
ﬂetal oxide particles formed upon combustion and subsequently entrained
in the exhaust gases will reduce the rocket's specific impulse as a
result of the particle-gas temperature and velocity lags., In the design
of a rocket to employ such a fuel, it is most imperative to be able to
estimate the specific impulse loss which, in turn, requires information
concerning the particles' drag coefficients,

The fact that the particles are small, burning and entrained
in highly accelerated gases suggests the importance of Reynolds number,
acceleration modulus, dimensionless burning rate, Mach number, and
Knudsen number in the determination of the drag coefficients, This
particular study, however, deals only with the first three parameters
as a preliminary effort in the solution of the complete problem,

The present study further restricts itself to Reynolds numbers
ranging from 250 to 1600, Actually the particle in a rocket nozzle may
experience Reynolds numbers extending from the Stokes's flow regime
(Re 1) to orders of a thousand, It is felt, however, that the Reynolds
number range considered in this study is the most important since the
most critical portion of a particle’s trajectory is in the throat region
where the Reynolds numbers are large, For Reynolds numbers exceeding
those considered in this study it is felt that the effect of burning
will be less significant, However, further studies are required to
investigate burning effects in the smaller Reynolds number regimes
where the boundary layer thickness becomes the same order of magnitude
as the particle's diameter,
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DRAG COEFFICIENTS OF INERT, BURNING, OR
EVAPORATING PARTICLES ACCELERATING IN GAS STREAMS

Clayton Thomas Crowe

ABSTRACT

A study was made to determine the effects of burning, evaporation,
and acceleration on the drag coefficients of particles suspended and accel-
erating in gas streams. The problem was studied both analytically and
experimentally in a Reynolds number range extending from 250 to 1600.

The effects of burning and acceleration were studied experimentally
by subjecting burning particles (gunpowder) and non-burning particles to the
convective flow behind a shock wave in a shock tube. The variation of the
particle size and displacement with time were obtained by photographing the
particle shadows with a high speed framing camera and concentrated light
source, A conservative estimate of the contribution of the surface mass
flux due to burning to the particle's inertial force indicated it was
negligible compared to the pressure and viscous forces, Thus, the same
equation for data reduction was used for both the burning and non-burning
particles, The particle density, the speed of the shock weve, the atmos-
pheric conditions, together with the photographic data provided sufficient
information to calculate the particle's drag coefficient.

The model chosen for the analytical portion of the study was a
spherical particle with mass flux through the surface to simulate burn-
ing and evaporation. An integrodifferential representation of the
tangential equation of motion of a thin boundary layer on a sphere was

used for the governing equation in the analysis. Assuming a velocity

xiv



distribution outside the boundary layer corresponding to incompressible
inviscid flow, the governing equation was solved satisiying the appropriate
boundary conditions. The solutions indicated that burning, evaporation, and
acceleration will reduce the skin friction coefticient. The fractional
reduction was found to be a function of; the mass fraction of vapor at the
suriace (c,) and Schmidt number (Sc) for the evaporating particle, the
ratio of mass flux rrom the particle suriace to that in the free stream (1)
for the burning particle, and the accelerating modulus (Ac) ror the acceler-
ating particle. The iorm drag coefficient was estimated by assuming a rela-
tively simple pressure distribution as suggested by other experimental re-
sults.” The total drag coefficient was obtained by summing the skin friction
and form drag coefticients.

The analtyical expressions predicted and experimental results
verified that the particle drag coefficient was insensitive to burning,

evaporation, or acceleration effects if;

Cs

ch/3

< 0.1 (Sc >1), Ac < 0.1, f < 0.025.

When the parameters satisfy the above stated conditions, other phenomena
such as free stream turbulence, particle rotations, and particle roughness
can cause larger variations in the drag coefficient than the mechanisms
considered in this study.

An attempt was made to correlate the data of the present experi-

ment with those of other investigators. A fair degree of success was

achieved.
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I. INTRODUCTION

1.1 Origination of Problem

The relatively large heats of formation of certain metal
oxides and chlorides suggest the inclusion of such metals in solid
propellant rocket fuels to improve their density and specific impulse
characteristics. These metals are usually mixed into the propellant
in the form of small particles which may vary from approximately 2 to
50 microns in diameter.

The improved characteristics of the fuel, however, are accomp-
anied by a new problem. As the propellant burns these small particles
will ignite upon or after breaking away from the deflagrating surface and
may be carried out with the exhaust gases. Photographic studies of the
particles' ignition phenomena have been presented by Wood(l). The large
acceleration of the exhaust gases in the throat region creates appreci-
able velocity and temperature lags between the particles and the gas
and is ultimately responsible for a loss in thrust.

A crude estimate as to the effect of suspended particles in
rocket exhausts can be achieved in the following way. Denote the
velocities of the particles and gas at the exit of an ideally expanded
nozzle as U and Uy respectively, Assume the mass fractions of the two
phases are Xp and Xg. The thrust per unit area is equal to the momentum

flux per unit area, or

Th = f"p‘-ﬁa + ngb(g, ' (1.1)



From this expression the specific impulse can be written

2 Zl

(1.2)
Introducing the term "K" defined as
= Y
K= G (1.3)
and utilizing the following expression for particle-free flow
ISPXP=O = % (l.)-l-)
one obtains
AISE = —-KEM (1.5)
sp, Xq 1+ XpK
Xp=0 Xq

The above analysis neglects gas-particle thermal lag and the effect of
the particles on the gas exit velocity.

Equation (1.5) indicates that for a given value of xp/xg there
will be a corresponding value of K for which the specific impulse loss is
a maximum, Taking the derivative of Equation (1.5) with respect to K and
equating it to zero one finds

- 4
Ke= Xa [(1+ %)% - 1]
Xp Xq
where K, is the value of K when AISp/ISp ig a maximum. Figure 1 illustrates
X

the maximum loss in I for Xp/xg ranging from zero to 1.6 along with the

1%

corresponding values of Kc'
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The evaluation of K depends on many factors, namely; particle
density, mass, and drag coefficient as well as the variation of density
and velocity through the rocket nozzle, The importance of drag coefficient
can be assessed immediately by noting that K = 1 for Cp = » and K = 0 for
Cp =0 (provided Ub is small initially). Thus very small or very large

particle drag coefficients will improve nozzle performance.

1.2 Review of Studies Concerned with Problem

One of the earliest works on the effects of particles in rocket
nozzles was presented by Maxwell et 2&.(2) in 1946, In particular, they
investigated the effect of smoke on the rocket performance. They assumed
the particles were 0.5 microns in diameter and that Stokes'sdrag coeffic-
ient was valid. Assuming constant acceleration of gases through the

nozzle with a velocity gradient of 6500 sec~l

they were able to show the
velocity lag was negligible. Consequently, from Equation (1.5), the specific
impulse would be essentially uneffected.

Considering larger particles, Gilbert et g;.(B) did a similar
enalysis in 1955, They chose to use the steady state drag coefficient for
a sphere, This was accomplished by using the same equations as Maxwell

et al. and correcting the Stokes's drag coefficient by a factor "f," to

give the desired drag coefficient, or

f = Cp (sphere in steady flow) Re
ok

c

Utilizing a 1300 sec'l velocity gredient through & typical 1300-lb-thrust

rocket nozzle, it wes found thet & 10 micron particle would produce & 1%
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loss in specific impulse while a 100 micron particle would result in &
3% loss. The mass ratio of particles (xp) was assumed to be 20%. Both
this analysis and the previous one neglected the effect of the particles
on the gas exit velocity.

The effect of the particles on the velocity of the surrounding
medium was included in an analysis by Carrier(u) in which he derived the
eguations for the trajectories of dust passing through a normal shock
wave, Assuming the following relationship for drag coefficient, Nusselt

number, and Reynolds number,

he was able to represent the momentum and energy balance by the same
eguation. He then proceeded to use this equation to find relationships
between the significant parameters of the problem.

(5)

Following this work Kliegel employed essentially the same
assumption for the drag coefficient relationship and applied the equa-
tions to the stucy of a one dimensional rocket nozzle, He restricted
his analysis to constant thermal and velocity lags and presented a
gualitative discussion of lag effects. In a later paper(6) he applied
the equations to an axisymmetric nozzle and modified the Stokes's drag
law by a factor "fc” to give a more representative drag coefficient.
Kliegel's equations for one dimensional flow have been numeri-

cally integrated by Bailey et gi.(T). They used the "fc" factor for

modifying the Stokes's drag coefficient to give the steady state value

for a sphere. The calculations were concerned with a typical truncated
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nozzle of radius ratio 2 (radius ratio = contour radius of curvature/
throat radius). Assuming particle sizes from 2 to 5 microns they

found thrust losses of more than 5% could be encountered with a particle
mass ratio of L4O%,

Stonecypher(B) has recently performed analyses in which he
considered the velocity variations of nozzles of different geometries
and assumed the particle's drag coefficient was that of a sphere in
steady flow corrected by Cunningham's factor for rarefied gas effects.
This one dimensional analysis neglected the particles' influence on the
exhaust gases but did account for the gas-particle thermal lag.

In addition to the analytical work, some experiments have
been performed to evaluate the efficiency loss due to the presence of
particles., One such study has been reported by Brown(9). Testing
rocket nozzles of different geometries he found experimental values

for AISP/ISp ranging from 5% to %. Although part of these

X, =0
D
inefficiencies may have been due to heat transfer, he concluded the
major portion was due to particle lag.

1.3 Purpose of this Study

In the analyses described above one of the major assumptions
was the choice of a representative drag coefficient for the particles.
Some analyses used Stokes's drag coefficient, or a modified version of
same, while other analyses used the steady state drag coefficient for
a sphere, The purpose of this study is the attainment of analytical
and experimental values of drag coefficients which are valid for a burn-

ing particle in an accelerating flow field.
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1.4 Experimental and Anelyfical Work Pertaining to Particle Drag
Coefficients

Some experimental work has been done to determine the dragl
coefficients ofraccelerating,burning,and evaporating liquid drops as
well as accelerating solid particles, The results of these experiments
appear in Figure 2,

(10) has done & considerable amount of experimental

Ingebo
work to determine the drag coefficients of evaporating liquid fuel
drops and solid particles. He injected small spheres and droplets
with negligible entrance velocity into a stream moving from 140 to
180 feet per second, By use of a specially designed camera he was
able to determine the size and velocity of the particles at different
distances from the injection point. Correlating this data gave the
velocity variation with distance for certain size particles from which
the particles' accelerations were obtained. He found the drag coeffic-

ients for solid particles as well as droplets fell on a single curve

best represented by

27

C B e—
D Re0" 84

Ingebo accredited the difference between his results and those for s
sphere in steady flow to acceleration end rotational effects.

11)

Fleddermen and Hanson( performed & similar investigation

by photographing sprey droplets entralned and accelerating in streams
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moving from 50 to 75 feet per second. The resulting Reynolds number
ranged from 20 to 100. Their results indicated a definite dependence
on velocity and were the order of one hundredth the steady state value
for a sphere.

(12) getermined the drag coefficients

Recently, Rabin et al.
of burning and nonburning liquid fuel droplets subjected to the con-
vective flow behind a shock wave, For Reynolds numbers in excess of
200 the drag coefficients were greater than those for a sphere in steady
flow. Below Reynolds numbers of 100 the two points obtained appear to
correspond with Ingebo's results. It was also interesting to note that
the nonburning particles appeared to have larger drag coefficients for
Reynolds numbers in excess of 1000.

The effect of turbulence on the particle drag coefficient
was the subject of a most interesting study by Torobin and Gauvin.(l5)
They fired small radio-active spheres into a tube of known turbulence
intensity and recorded the particles' motion with radio-active sensing
devices. They found an increase in turbulence intensity could shift
the critical Reynolds number down to the order of 1000.

Experimental drag coefficients for burning kerosene drops

(lh) The results lie in the Re < 1

have been reported by Bolt and Wolf.
regime and indicate a decrease in drag coefficient over the nonburning
particles of corresponding Reynolds numbers.

Experiments have been reported in which the effect of
: | . g 15,16)
acceleration on the drag coefficient of spheres was studied.

However, it is felt that the results are not applicable to the present

problem since the spheres were accelcrated into a stagnant fluid and
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the acceleration and relative velocity vectors were of opposite sense,
The present study is concerned with problems in which these vectors
have the same sense,

Very little analytical work has been done to study the effects
of acceleration, burning, or evaporation on drag coefficients. Particle
acceleration at very low Reynolds numbers (Re < 1) has been treated
theoretically by Basset(17) and more recently by Pearcey and Hill.(18)
Basset extended Stokes's equation to include the unsteady term while
Pearcey and Hill concerned themselves with Oseen's equation., Both
analyses indicate the effect of acceleration is small for small spheres
in air and the effect will decrease with decreasing fluid densities.
For the larger Reynolds numbers, there appears to be no analytical
treatment concerning either acceleration or burning effects on drag

coefficients for spheres,

1.5 Reynolds Number Range of Interest

In order to determine the Reynolds number range of interest
for the particle problem, a calculation was performed using Stonecypher's
results.(8) A 7 micron particle in a nozzle formed by the mating of a
trucated 45° convergent cone and a 15° divergent cone experiences a
2500 feet per second velocity lag at the throat. Using other flow
characteristics corresponding to the throat conditions gives a Reynolds
number of 266 for the particle. Larger particles would have larger
Reynolds numbers due to greater velocity lags and particle diameters.
Consequently it appears reasonable that the range of interest should

extend from Stokess flow to Reynolds numbers of the order of 1000,
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The small dismeter of the particles encountered in the exhaust
gases suggest that rarefied flow effects may be significant. Using the
same conditions as above and defining a Knudsen number based on the boundary
layer thickness, as suggested by SchaafCE», one finds:

Kn £ 1.6 x 1072

The boundary layer thickness used to determine the Knudsen number was that-
which would exist at the stagnation point. Thus, the particles' flow
characteristics appear to exist between the continuum and slip flow
region.(go) For the theoretical analysis, however, continuum flow

will be assumed.
\,



II. EQUATION OF MOTION FOR A PARTICLE WITH MASS FLUX THROUGH THE SURFACE

Newton's second law of motion states that the inertial force act-
ing on an arbitrary control volume is ejual to its net rate of change of
momentum with respect to an inertial frame of reference, In addition, the
third law states that the inertial force must be equal and opposite to the
applied force,

Consider a particle of mass "m" and of arbitrary shape and
imagine a control surface %o be located on the particle surface thus
making the particle itself the control volume, Locate a coordinate system
at the center of mass of the particle and allow it to move with a velocity
- -
v with respect to inertial space. It will be assumed that this vector, v,
does not rotate with respect to inertial space., Denote ;? as the velocity
of the surrounding medium with respect to the particle's coordinate system
or, in other words, relative to the particle itself, Allow the particle
coordinate system to rotate about its origin with the rotational vector
53 Figure % illustratss the coordinate systems.

The net rate of change of momentum is equal to the sum of the
momentum change per unit time within the control volume and the net

momentum flux through the control surface, Expressing the statement

using mathematical symbols one has

% - g§§(3+mx7)d«+ jcg»a-‘r‘fx@ﬂ)dﬂ (2.1)
AT o)y S

-
where FI = 1inertial force vector

_)
n = unit outward normal vector from control surface
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V = control volume
S = control surface
A = area

g = density

t = time

é d@V= integration over control volume
[ dA= integration over control surface

-
r = radius vector of a point with respcct tu particle
coordinate system,

In writing the above equation, it is assumed that the particle is a rigid
mass.

Rewriting Equation (2,1), one obtains

l?’; = d (M) + _ZLEfog*r’o!»/ + Gf(gfd??)d/\
ot Jt v &
- (2.2)
+f(g>&"3’) wdA
S

However, by using the definition of center of mass

S, sFdv=o (2.3)
|4
and continuity equation
f fa KA = - r}m (2. 4)
s &t

Equation (2.2) becomes

—

=m0 .,-j’(fzzva'dﬁ)?(

\Y

S
The applied forces are the pressure and viscous forces which
act on the control surface and the body forces which act on the control

volume., If the pressure and viscous forces are expressed in terms of a

drag coefficient, the equation expressing the balance of forces on a
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particle may be written as

Ed -
Cp § /a/TR + mb = ma +f(f7l-77’olﬂ)a'. (2.5)
r s
<>
where f = body force per unit mass
@ = acceleration of particle with respect to an inertial
coordinate system,
R = representative particle area,

For a particle in continuum flow, the tangential component of
velocity at the surface is zero so the velocity at the surface, with re-
spect to the particle coordinate system, is the normal velocity. Thus,

Equation (2.5) has the form

Cpf/&'/aqﬂ+mf=m;+f(guz)r_7’c/f\ (2.6)
< s

It is interesting to note at this point that if pu2 is a constant over the

surface, then.

ys(ng)"ﬁd/q= guzfsﬁ‘dﬂ o) (2.7)

and the mass flux from the surface does not contribute to the inertial
forces. Thus, it is evident that the contribution to inertial forces by
the rate of change of particle mass can only be computed when the variation
of pu2 is known over the surface.

Equation (2.6) will be considered again below in the discussion

concerned with the reduction of experimental data.



III. EXPERIMENTAL ARRANGEMENT AND PROCEDURE

3,1 Choice of Experimental Facility

The crude analysis performed in the introduction indicated that
the Reynolds number range of interest for the rocket exhaust particle
problem lied between the Stokes'sflow regime and Reynolds numbers of
1000, Thus, the experimental facility should be capable of providing
drag coefficient and burning rate data for reacting particles in this
flow regime. The present study, however, will limit itself to Reynolds
numbers larger than two hundred while an ensuing stui;<will attempt to
include the smaller Reynolds number range,

For the present study various experimental set-ups were con-
sidered, such as; introducing particles upstream of a stationary normal
shock or standing detonation wave and recording their motion upon passage
through the wave, passing particles through an oblique shock wave, accel-
erating particles by magnetic fields and, lastly, subjecting particles
to the convective flow behind a shock wave in a shock tube., The last
scheme wag gelected becauss of its relative simplicity and adaptability
to the equipment at hand. In addition, this type of facility had been
(12)

used successfully by Rabin to study the shattering of ligquid drops.

3.2 Discription and Design of Experimental Set-Up

The schematic sketch in Figure 4 illustrates the fundamental
idea behind the experimental set-up. Particles were injected into a
vertical shock tube above the test section and fell toward the testing

region, A flame in the test section ignhited the particles., Then a

* Current project at Aircraft Propulsion Laboratory, The University
of Michigan, sponsored by NASA,

-16-
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Figure 4. Schematic Diagram of the Experimental Apparatus.



shock wave, coming from below, subjected them to a convective flow

field accelerating them upwards, A high speed framing camera coupled with
a light source took moving pictures of the particles from which

particle acceleration and burning rate data could be obtained, The
occurrence of the shock wave had to be so timed that it met the

particles shortly after they came into the field of view. This

insured the largest particle acceleration and smallest velocity;

a condition most attractive to the photographic tracking technique,

Figure 5 is a photograph of the experimental equipment.

3,2,1 Shock Tube and Driver Section

The shock tube, fabricated from cold rolled steel bars,
had an inside 1/2” X 5/8” rectangular cross section and an eleven
foot length. The test section wag located in the center and the
driver section was attached at the bottom. The top of the shock
tube extended through a piece of fiberglas +to prevent particles
which escaped through the top from falling down on the experimental
equipment.

The driver sectlon had the same inside dimensions as the
shock tube and was one foot in length., It was separated from the shock
tube by a sliding bar mechenism which facilitated the installation of
diaphragm material, The other end of the driver section was connected by
means of a 1/4" tube and aircraft-type solenoid valve to a nitrogen
bottle, The pressure out of the nitrogen bottle was controlled by &
Airco regulator valve, The diaphragm was ruptured by setting the
regulator valve to a sufficiently high pressure and opening the solenoid

valve which pressurized the driver section. For a particular diaphragm
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materisl the wave speed appesred to be independent of the pressure
setting on the regulator so long as 1t was sufficient to break the
diaphragm,

In this particular study, three disphragm materials were used,namely;
tissue paper, rough scratch paper and bond paper. Each gave an increas-
Ingly larger wave speed in the above mentioned order. The range of wave
speeds attained with these diaphragm materials is shown in the following
table:

TABLE I

WAVE SPEEDS FOR DIAPHRAGM MATERTALS

Diaphragm Material Wave Speed

(£t. /sec. )
Tissue paper 1220-1260
Scratch paper 1286-1341
Bond paper 1459

Because of the relatively weak waves used in the present
experiments and the length of the shock tube the run time was dictated
by the length of the driver section., That is, the test was over when the
downward progressing expansion wave, initiated by the diaphragm rupture,
had reflected from the end of the driver section and reached the test
section, The run time was of'the order of 2 milliseconds.

3.2,2 Test Section

The test section, shown in detail in Figure 6,was a separate
component 8 1/2" in length,
The windows consisted of 1/2" thick pyrex glass. The window

nearest the cemers wag etched on the inside surface to provide a reference
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Test Section Detail.

Figure 6



- -

line on the photogrsphs, The windows could easily be removed by
removing the cover plates and gaskets, Thils operation was often
necesgary to clean the glass and replace windows cracked by the
hot fleme In the test section.

The particles were ignited by a propane-asir fleme fed by
two opposing Jets instelled in the two removeble sections of tunnel
wall. The propane and air supplies were regulated by two needle

valves sltuated upstreem of a mixing chamber, The mixed gases from

the chamber were fed to the jets inside the tunnel by 1/4" stainless
gtesl tube, The stebllization of the fleme wes assisted by a small
hot wire mounted in the tunnel wall and heated by a 6 volt battery.

The electrical conneetion, which can be seen emerging from

the center of & viewlng window, was & high voltage electrode which
furnished a spark between itself and the inside tunnel wall for
ignition of the propane-air flasme, It consigted of an 1/8" dismeter
copper rod glued, to prevent leeks, to @ hole in the viewlng window,
One end wes flush with the inside glass surfeace while the other end
wes drilled end tepped to facllitete sm electricel connection, The
high voltege to this copper rod was supplied by an old Ford coil and
six volt bettery.

The small toggle valve locuted above the test section wes em=~
ployed to relleve the initlel pressure pulses creeted by ettempiing to ignite
e flammeble mixture inside e tube, Once the fleme had been ignited the valve
was slowly olosed and the mass flow through the Jetes would slowly edjust
1tself to the larger downstreem prassure without extinguishing the flame,
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Below the bottom window in Figure 6 an SIM pressure transducer
can be seen which was used, in conjunction with another one just below,
to measure the speed of the shock wave,

3.2,3 Optical Bench

A shadowgraph technique was used to photograph the particles
and the system used is shown in Figure 7.

A 100 watt Sylvania zincronium arc lamp, located in the tin
box on the left, supplied a sufficiently intense light to photograph
particle shadows at high framing rates. The lens between the lamp
and shock tube served to focus the light on the test section, The arc
lamp had its own.egpecially adapted power supply.

The cemera, pictured on the right, was a 16 mm Wollensak
Fastax camera fitted with extension tubes to provide a magnification of
1,174, The camera speed was controlled by a Woolensak "Goose" which
regulated the voltage applied to the camera. It was possible, using
the "Goose", to obtain framing rates of approximately 7300 frames per
second over the last 30 or 40 feet of film. The film used in this
experiment was Dupont Reversible 931A sprocketed for Fastax cameras,
The framing rate was calculated by observing timing marks on the edge
of the film made by a neon light which flashed 120 times a second.

The lens magnification was calculated using the lens focal
length and distance between the film and test section center. This
method was also checked by computing the magnification of the shadow-
greph plcture of a small hole in a piece of metal positioned in the

test section,
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3.2,4 Particle Injection System

Figure 8 illustrates the particle injection arragement.

The purpose of the particle injection system was to blow the
particles into the tube by a gust of air, First, the particles were fed by
means of a funnel into the top hole in the square metal part next to
the tube and sealed by an 1/8" pipe plug. A valve, hidden by the pressure
gauge in Figure 8, was then opened to pressurize the section above the
solenoid valve to about 5 psig. Energizing the solenoid valve then
blew the particles into the tube, The needle valve located between
the solenoid valve and particle holder was used to control the duration
of the gusts. The solenoid valve was of an aircraft variety which
required 24 volts D.C. to operate,

3.2.5 Wave Speed Recording System

As mentioned above SLM pressure transducers were used to measure
the wave speed., These transducers along with a signal amplifier, thyratron
switching circuit and Berkely interval timer(model 5120) indicated the time
for passage of the wave between the two transducers and consegquently the
wave speed. .

The principle of operation was conventional, The charge
created by the pressure transducer was converted to a voltage signal
(by the grid-cathode capacitance of a 6AU6), amplified and fed to the
grid of a thyratron. This signal was sufficient to trip the thyratron
into conduction and the voltage increase across a resistor in the thyra-
tron circuit supplied a voltage pulse to the Berkely timer, The lower
transducer then started the timer and the upper transducer supplied a

stop pulse.
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Figure 8 Detail of Particle Injection System.
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Figure 9 illustrates the circuit diagram for one channel of
the gmplifier and thyratron circuit.

The major limitation of the experimental set-up was the
difficulty in recording the speeds of the weaker shock waves, The
weaker signals necessitated a more critical thyratron grid bias seiting
and, in turn,stray signals from the relays, solenoids,and other equipment
were sufficient to trip the tube into conduction. For further studies
a more sensitive pressure transducer will be required. However, the
system employed above sufficed for the present experiment.

Each thyratron channel had its own power supply. This was
found to increase the sensitivity of the thyratron circuit for the
following reasonj when the start circuit fired, the plate voltage would
drop about five volts and would increase the bias necessary to fire the
second thyratron by about a volt., This difficulty was eliminated and
the sensitivity increased by using separate power supplies for the
thyratron plate circuits.

In order to determine the difference in time lag between the
two circults a series of runs were performed and compared with the
" results obtained by interchanging the stop and start channels including
the transducers, There was a time difference of 5 microseconds. The
circult was then set up to give the largest time interval and a tare
reading of 2,5 u's was subtracted from all the readings to follow.

The choice of a satisfactory location for the pressure
transducers required the consideration of two problems; shock wave

attenuation and the effect of a flame in the test section. The small
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cross-sectional area of the tube aggravated the attenuation problem as
wave speeds decreased as much as four percent over a four foot length,
Tdeally the best location for the transducers would have been across
the test section had not a flame existed in this region. The effect
of the hot gases produced by the flame was to increase the wave speed
and convective flow velocity.

In order to estimate the magnitude of the hot gas effect it
was necessary to estimate the temperature above the test section. This
was done as a separate test by removing the toggle valve and inserting
a loosely fitting thermocouple. The fact that the thermocouple did not
fit tightly in the hole left by removal of the toggle valve caused con-
siderable leakage of the gases from the test section when the mixture
was ignited, A temperature of 500°F was measured. However, this value
was probably high since, in the actual case, the pressures in the test
section would be larger, the mass flows less, and consequently less
energy release per unit time for heating of the gases.

Nevertheless a temperature of 500°F was used in Appendix A
to determine the effect of the hot gases. The simplified analysis pre=-
sented therein indicated the wave speed increased by as much as 40%
while the convective flow velocity was augmented by 15%. The particle's
velocity being much less than the flow velocity, the particle experienced
a change in free stream velocity of only a fraction of this value. How-
ever, the inertial effect of the cooler gases together with a high
assumption for gas temperature make a number like 3 or 4% a most logical

choice for the change in the particle's free stream velocity.
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If the wave speed had been measured across the test section
it would have been most difficult to interpret the time interval reading
since the wave speed varies so in this region. Consequently it was
decided to measure the wave speed as close to the test section as possible
but below it to avoid the hot gases. One pressure transducer was placed
3" below the test section while the other one was placed 8" below the
first. A series of runs were then performed to determine the extent
of attenuation between the test section and where the wave speed was
measured. These data wers then used to correct the readings for attenua-
tion in the experiments to follow.

Readings on the inferval timer ranged from 462 to 533 micro-
seconds,

3,2,6 Sequence Timing System

The correct timing of operations in the experiment was most
crucial, The timing sequence centered arcund having the shock wave en-
counter the particles at the test section as the camera approached its
highest framing rate., The slowest operation was bringing the camera
up to speed which reguired about E/h of a second, Shortly after the
camera had been started, the solenoid valve on the particle injection
system would open injecting the particles into the tube, Almost immediately
the solenoid valve between the nitrogen bottle and driver section would open
bursting the diaphragm and sending a shock wave up the tube. Thus, two
time delay units were necessary., One of the fime delay units was an
integral part of the "Goose" and timed the activation of the particle

injection system. Another time delay unit, capable of time delays up
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to 3/4 second, was built to time the bursting of the diaphragm and its
circuit diagram is shown in Figure 10. All time delays were initiated
by a single start switch.

3,3 Experimental Procedure

Prior to performing an experiment it was necessary to check the
thyratron bias setting, camera focus, and cleanliness of the pyrex glass
windows and to mske sure all the electronic circuitry was performing
normally.

The normal experimental procedure was as follows:

1) 1load camera

2) install diaphragm

3) load injector and pressurize

L) ignite mixture¥

5) activate light source

6) set thyratrons and zero timer

7) engage start switch
While running the experiment the test section was closely observed to
verify the ignition of the particles,

After each run the atmospheric temperature and pressure were
recorded as well as the time interval reading on the Berkely timer, The
film was also removed from the camera and marked.

One important feature of the experimental procedure was the
amount of particles to be loaded in the injector. Too many particles
caused the particle tracing to be difficult in the reduction of data as
well as appreciable attenuation of the wave velocity. Too few particles

increased the probability that no particle may have existed at the test

* In the experiments with non-burning particles this step was omitted.
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section when the wave passed. By experimenting with different amounts
of particles, it was found that about one tenth of a cubic centimeter
was best for reliability of the run and observational purposes., In
addition,a test was performed to measure the magnitude of attenuation
due to the presence of the particles. It was found that the convective
flow velocity would decrease, at the very most, four percent due to the
presence of a l/lO of a cubic centimeter of particles. This particular
test was performed at the lower Mach numbers. However, a simple but
crude analysis indicated the magnitude would be the same for the larger
Mach numbers used in the experiments., The attenuation effect tends to
compensate for the existence of hot gases in the test section and the
magnitude of the effects were probably of the same order.

The final step in the operational procedure was to develop
the film using a manually operated Morse developer kit for 16 mm film.

Although a reversal film was used it was not developed in reversal.



IV. DATA REDUCTION AND ERROR ANALYSIS

4.1 Scope of Experimental Results

Although the primary purpose of this study was to determine
the drag coefficients of burning particles, a series of tests were performed
with non-burning particles in order to gain a comparison between the two
cases,

Two kinds of particles were used, gun powder and small glass beads.
The gun powders used were ball powders; military ball powder - Type C and
Winchester-Western 295 HP ball powder. The glass beads were purchased from
Potters Brothers of Carlstadt, New Jersey, in lots of ten pounds. Typical
photographs of these particles are shown in Figure 11. The 295 HP ball
powder and the glass beads appeared to be nearly spherical in shape while
the military powder had a more ellipsoidal shape. A table of the particles'’
characteristics appears below.

TABLE II

PARTICLE CHARACTERISTICS

Density Approximate Size Range
(gms/c.c.) (microns)
Glass Beads 2.50 100u - 200u
Military Ball Powder-Type C 1. 49 200n - 250u
W. and W, 295 HP Ball Powder 1.67 150p - 225u

The densities in the above table were obtained experimentally.
The particles described above together with the range of convective
flow velocities obtained in the present experiment gave date for Reynolds

numbers varying from 263 to 1610.

-34-
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Glass Beads Military Ball Powder - type C
Mag. 16 Mag. 20

Non-vurning 295 HP powder Burning 295 HP powder
Mas. 18 Mag. 20

Figure 11. Samples of Particles Used in Experiment.
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4,2 Data Reduction Equations

In Section II, the general equation for particle dynamics of
reacting particles was presented. The equation expresging the drag co-
efficient in terms of the particle acceleration, applied body force, and

mass flux from the surface was

cog/a‘laﬂ=m(&’-f)+5chz)ﬁdxa (2.6)
4 (4

In the present analysis the body force term is the gravitational force on
the body and has the same direction but opposite sense of the velocity vector,
The acceleration vector has the same direction and sense as the velocity
vector. Applying these specializations, the above equation becomes
Z - -
CDS_U-UQ..=/Y)(OG+3)+_&L_- (fua)ndA (1)
2 U
S

ﬁ
where U = |u[

_)

a = |d .
Obviously, for non-burning particles, the equation to be used in data reduc-
tion is
Co= Zm «+g (4.2)
> .
U R
For the burning particle some estimate must be mede for the final integral
in Equation (k4. 1),
An indication of the order of magnitude of the integral in

question was made by assuming a simple model for a burning particle, namely;

a flat disc normal to the flow, Assume, in addition, that:



..3"(-

1) Stagnation pressure exists over whole forward face

2) Pressure coefficient in the wake is -0, L

3) Burning rate is proportional to pressure (r = kp)

4) At atmospheric pressure the burning rate is 0.2 inches

per second which conforms with experimental evidence
presented later.
The model chosen and assumptions made give a conservative estimate of the

integral's value. Applying these assumptions the integral evaluates to

z, j‘ (pu)AdA = ~arr ¢F [1.4kq, T (+.3)
U s $s
where 1, = radius of disc
pp = particle density
Pg = gas density at surface

Qo dynamic pressure

If the characteristic area chosen was the area of the disc normal to the

flow, then the contribution to the drag coefficient by the above integral

was

ACy = -1.9 ?pz kzgo (4, 1)

$s
However for the present experiment the terms in Equation (4. 1) had the
following orders of magnitude:
k=< 07° f43/s-sec
Co< 105 #/ 3
Co > 1072 # /443

Qo< 3 X (0" #/ Py

* The experimental verification of this for a sphere is discussed in Section V.



Thus

~10 2 -4
/NGy < //.%1/0;)_(2/; X3x/0") < 0.2X/0 (4.5)

As will be seen later in this section, the contribution of the mx term

to the drag coefficient was the order of 0.5. Consequently the mass flux
integral was neglected in the calculations for drag coefficient since the
error introduced would have been less than one percent. Furthermore, since
a>g the mg term was also neglected. Thus, the equation used for both the

burning and non-burning particles was

= 2m
CD gth’lﬂ. (4_2')
As Equation (4.2) indicated the data necessary to determine the
drag coefficient was:

1) particle mass

no

)
) particle acceleration
3) free stream density

L) relative velocity between particle and stream

5) particle's characteristic area.

Measurements on the movie film were made by projecting the
image of the film on a white background and measuring distances with
a scale, The resulting magnification was the product of the camera lens
magnification and that due to projection. This was equal to 73 for the
particular system used.

The asphericity of the glass beads and 295 HP powder could not
be detected by the accuracy of the measurements performed on the film,

Consequently, little error would have resulted if these particles were

considered spherical for purposes of data reduction.
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Assuming a spherical particle of uniform density and the
projected area normal to the flow direction as the characteristic area,

Equation (4.2) simplified to

Cp= %8 do (k. 6)
3 fﬂ UZ

where pg = density of the free stream gas

d = particle diameter

U = felative velocity between particle and stream.
Thus the drag coefficient for a spherical particle depended on the density
ratio between particle and stream and the acceleration modulus,

Two pleces of information were obtained from the photographs,
namelys3 variation of particle size and position with time., The experi-
mentally observed wave speeds together with the atmospheric pressure and
temperature yielded the gas velocity and density.

4,3 Typical Example of Data Reduction

Figure 12 indicates a sequence of photographs for small glass
beads being accelerated upwards by the convective flow behind a shock wave,
The measurements indicated on the figure were those actually measured on
the projection of the film, The magnification was T3 and the film speed
was 6,720 frames per second,

The acceleration was found as a result of plotting the change
in distence for each frame versus the number of frames, The graph corres-
ponding to the particular case in question is shown in Figure 13. The

slope of this curve was then equated to the acceleration by

2
d (change in distance per frame) % (framing rate) £t
d(freme) (12)(73) ~ sec?
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Figure 12. Typical Example of Measurements to Determine
Particle Acceleration.
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or
(0.305)(6720)°
(12)(73)

o =

= 15,730 ft/sec®

The average velocity of the particle, over the interval in which
the particle appeared to have a constant acceleration, was 5 feet per
second.,

The size of the particle was also measured on each frame and the
average value was used 1n the calculations. These measurements varied,at
most,by five percent and were due to the difficulty in locating the exact
edge of the particle., For the case under consideration here the diameter

b feet,

of the particle was 6,40 x 10~

The speed of the shock wave in this instance was 1254 feet per
second, The temperature was 81°F and the atmospheric pressure was é9.13
inches of mercury.

Since many trial runs had been performed prior to the experiment
to check the operation of the electronic equipment it appeared reasonable
to assume the temperature within the tube was atmospheric. Thus, the speed
of sound and density which were to be used in the shock tube relationships
were 1141 feet per second and O, 0714k pounds per cubic foot respectively.

Using the equations for shock tubes given in Reference 21, the
convective flow veloclty and density behind the wave were calculated to be

U, = 179 ft/sec
Pg = 0. 0830 1b./ft.5
The average relative veloclty between the particle and the stream was
U = 17k ft/sec
Using the above values in Equation (4.6) yielded the result

Cp = 0.835
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The Reynolds number calculated using the viscosity corresponding

to the atmospheric temperature was
Re = 337

Equation (4.6) could not be used for the military ball powder
since its asphericity was most apparent. It appeared to be ellipsoidal in
shape and this assumption was used in the data reduction calculations.
Also by observing the orientation of the particles an estimate of the
projected area normal to the stream was obtained, For the characteristic
length in the formulation of Reynoldsnumbers, the diameter of a sphere of
equivalent surface area was employed.

Table IIT summarizes the results for burning and non-burning
particles. In addition, the experimental results are plotted in Figures
14 and 15.

The most disappointing feature of the whole experiment was the
difficulty in measuring burning rates. Due to the short times available
to trace single particles and the relatively slow burning rate of gun
powder, the particle size did not decrease sufficiently to obtain an
accurate measurement., However, in some instances, it was possible to
identify a particle after it had fallen below the field of view and re-
appeared due to the convective flow., In these cases sufficient time had
elapsed to measure burning rates, The few measurements which were
possible indicated the military ball powder had a burning rate ranging
from 0.13 to 0,16 inches per second while the 295 HP powder ranged from
0.06 to 0.08 inches per second.

Equation (4 6) indicates that the acceleration modulus (Q%) for

U
the Reynolds number range considered in this report was

xd - 0 §)=0 (%)
U* Sr
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TABLE III
DATA SUMMARY

Acceleration Relative Velocity Diameter  Gas Density Cp Re

£t /sec? £t /sec. £1. 1b. /20

Glass Beads
15,730 7% 6.40xlo’lL 0. 0830 0.835 337
20, 650 173 L oo1 0. 0830 0.850 263
17,550 173 5.60 0. 0830 0. 824 300
19,700 182 5,02 0. 0836 0. 743 278
15,900 185 6.16 0. 0836 0.713 3h7
17,000 185 5,82 0. 0836 0. 720 328
15,200 185 6. 70 0. 0836 0. 740 377
64,600 395 6.71 0. 1030 0.561 1007
64,600 395 5.28 0. 1030 0. bho 795
57,300 395 5.59 0. 1030 0. kok 830
63,800 408 5.93 0. 1030 0. 459 907
71,500 408 6. 27 0. 1030 0. 54k 958
29,500 240 7.06 0, 0892 0, 845 552
37,500 2kho 5.70 0. 0892 0. 865 460
36,700 305 7.02 0. 0949 0. 605 Tho
39,800 300 5.81 0. 0949 0.563 595
k1,000 300 k, 90 0. 0949 0. 489 510
Non-Burning 295 HP Powder

29,350 313 9.69x10™% 00949 0.435 10k
28,800 25k 10, 41 0. 0930 0. 663 ol
25,100 25k 9, 00 0. 0980 0. 500 815
30,400 25% 8.50 0. 0980 0.579 840
28,600 251 9.%0 0. 0980 0. 609 840
11,070 156 9.2hx10"% 0. 08%6 0.701 Mo
12,720 151 9. 35 0. 0835 0.817 EYo)
10,500 156 &, 4h 0, 0836 0. 609 Loz

Non-Burning Military Ball Powder
18,800 270 1. 623x10™7 0. 0911 0.510 1460
23,200 270 1.790 0. 0911 0. 685 1610
24,500 268 1. k12 0, 0911 0. 486 1260
12,100 265 1,657 0, 0911 0. 505 1460
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TABLE III (CONT'D)

Acceleration Relative Velocity Diameter  Gas Density Cp Re
£t /sec? £t /sec. ft. 1b. /T2
Burning 295 HP Powder
22,1450 233 9.00x10‘“ 0. 0886 0. 640 640
17,520 222 8.78 0. 0886 0.525 610
23,700 222 9.30 0. 0886 0. 775 630
15,900 173 9,01 0. 0836 0. 800 k75
14,800 173 8. 66 0. 0836 0. 717 L5
16,450 161 7.98 0. 0836 0. 843 392
13,170 155 9. 66 0. 0836 0. 88k 456
Burning Military Ball Powder
32,600 o5k 1,110x10™2  0,0905 0. 670 930
23,700 25k 1.603 0. 0905 0. 506 1310
17,800 24p 1.488 0, 0905 0.510 1190
L, 092 11k 1. ko7 0. 0793 0. 606 Lo6
4,322 106 1, ko2 0. 0793 0. 766 431
3,842 111 1778 0. 0793 0.779 571
4 277 135 1. 903 0. 0819 0. 680 565
7,690 165 2.170 0. 0862 0. 651 850
Balloon Experiment
413 23 0. 35 0.0723 0.365 20,800
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In order to investigate the effect of acceleration moduli which were the
order of one a very simple but effective experiment was suggested. Balloons
were released in a low speed wind tunnel and their ensuing motion recorded
by a movie camera., The major difficulty was supplying sufficient light
inside the tunnel for the high speed photography. Although the photographs
were most difficult to read, indicative results were obtained and appear in
Table III. The drag coefficient obtained was discernibly less than the
corresponding value for a sphere in steady flow.

Another characteristic of the experimental data which should be
mentioned was the difficulty in distinguishing burning and non-burning
particles in the photographs (Figure 10). This was probably the result
of the surface reaction zone being small. In the photographs of the small
burning droplets reported by Rabin(lg) burning regions were also nondetectable,

4L 4 Error Analysis

The equation used for the majority of the data reduction was

-2 & xd
Cr=1% ¢ o (L 6)
As illustratec above, the relative velocity was essentially the convective

flow velocity behind the wave, so for purposes of error analysis, the above

equation was written

- 4+ ¢ «d
Cp 3’-% o (4.6)
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However, pg was a function of U, and aj (speed of sound in the undisturbed

gas) and for weak shock waves the following relation was valid

| «d (5.7)
€ (1+%) UZ
a.o

Since all the quentities in this expression were independently observed

|50

CD'—-"i
3

values, the probable error of Cp, ACp, was written in terms of the probable

errors of each quantity as(gg)

2
éﬁn:{(&})+(5§,) _4 [4—+/ )](AUQ § (4.8)
QD K §P d
where the probable error in determining the atmospherlc density was neglected.

Also in the present experiment

gc z
( % |\ =0 —L> (4.9)
I+ Ye ) 25
and this term could be neglected compared to 4, The expression for the

probable error reduced to
ACo psf . rA@) 4+ (B9Y NSRS
=D = (_)—-/—- ( P)—'l'(g—) +4‘( __.) (J.{.’lo)
Co ~ Cp O

The wave speed being the experimentally observed quantity, it was most

convenient to express the probable error of the convective flow velocity

in terms of the wave speed error, or

ég_’c:- __/__ é_SS
Ue M-1 O

where the assumption of weak shock waves had once more been applied.
The probable error in the determination of the acceleration was
a result of two effects; incorrect distance measurements and framing rate

data. The probable error in measurements was estimated by taking a typical
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example, finding the slopes which exist between all possible pairs of experi-
mental points on the change in velocity versus frame curve, averaging the
results, and using the Ceviations from the average to calculate a probable
error. To find the framing rate it was necessary to count frames between
timing marks, A reasonable error would be one frame out of fifty or 2%.
Combining both effects a probable error of 4, 5% was obtained.

The particle density was calculated by immersing a known mass of
powder in water and noting the change in volume, A reasonable probable
error for this operation was estimated at 3%.

Errors resulted in measuring the diameter by being unable to
precisely locate the particle's edge. A typical probable error for such
measurements was found to be L%,

It is imperative at this point to say errors in the magnification
factor could have resulted from the particle not being exactly at the test
section center. However, only those particles in sharpest focus were
measured and the error in magnification would be small but inestimable
by present knowledge.

The wave speed was calculated by dividing the distance between
the transducers by the time interval recorded and correcting this value

for attenuation with the relation

cg = KcSO
where cg = wave speed in test section
cso = wave speed at position of measurements
K = attenuation factor.

In order to determine K a series of experiments were performed with the
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transducers across the test section and another series were performed
with them below the test section in the position used to record the
experimental wave speeds. The probable error in the evaluation of the

speed at the test section was written independently of k in the form

/

&[0« (2T

c soT

ey

where AcST and ACSO,T were the probable errors found for the series of
tests employed to determine K.

Errors could also have occured in the wave speed measurement
by an incorrect time measurement or inaccurate distance measurement be-
tween the transducers. The probable error due to the timer would have been
the order of l/lO of a percent and was neglected. The error due to
distance measurement was estimated at 0.25 percent. Combining this

value with those obtained for attenuation effects resulted in the follow-

ing table.

TABLE IV

WAVE SPEED PROBABLE ERRORS

Material é‘i:‘%_/ﬁ
Tissue paper 1.30%
Scratch paper 0. 77%
Bond paper 1. 08%

It must be noted here that the effect of the hot gas in the chamber and
attenuation of the wave due to the particles had been omitted since they

were classified as systematic errors.
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Substituting the values obtained above into Equation (4. 10)

results in

/,
%%u = [o.oo+54 + (;:—.,)"' (AC_SS)Z]/Z

This equation is then used to calculate the probable errors and they

appear as vertical lines on Figures 14 and 15.



V. THEORETICAL ANALYSIS

5.1 Scope of the Analysis

In this section a theoretical analysis is presented in an
effort to describe the fluid dynamic aspects of both liquid drops and
solid particles in convective flow fields. The analysis will be limited
to the regime of continuum gas dynamics and to flows in which the boundary
layer formed on the particle is much smaller in size than the particle
diameter,

The particular problems to be considered may be summarized as
follovs:

a) Evaporation rate of liquid drops

o’

Effect of evaporation on drag coefficient

oQ

)
)
) Effect of particle acceleration on drag coefficient
d) Effect of burning on drag coefficient,

These problems will be treated by rewriting the governing equations in
integral form and solving the resulting equations to conform with the
appropriate boundary éonditionso This technique fails to give a detailed
description of the flow field but serves to indicate the significant param-

eters involved and the importance of each,

5.2 Basic Equations

The two fundamental equations which will be used in the follow-
ing analysis are the continuity equation and momentum equation for fluid
flow,

_53_



-54-

The continuity equation for species k may be written, using

(23)

index notation, in the following form

9 (¢ )+ (¢ U« Cr) = W
S ST SR TR )= e (5.1)

where p density

Ci mass fraction of species k

U g = averaged flow velocity of species k in "c¢" direction
Qk = net mass rate of production of species k per unit volume
by chemical reaction,
Summing Equation (5.1) over all species, the overall continuity equation

is obtained in the form

98 + 3 (gul) =0 (5.2)
At X4

taking u; as the mass averaged velocity, or

2]

u, = = 0, Ui, K (5.3)

k=

The equation expressing the balance between the inertial and

applied forces on a fluid element has the form

POV + 3 (9ui)+ 3 (pusda) == 3p + 2 (T + 12 (5.4)
0t At dxa, Ix; DXy
where D = pressure
TV = stress tensor due to viscous forces
D = stress tensor arising from diffusion velocities
V; = velocity of coordinate system with respect to an inertial

reference system.

* Greek letters shall be used for the summation indicies.
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This equation neglects any body forces which may exist. In addition,
it is restricted to a coordinate system which undergoes translation but
no rotation with respect to inertial space.

In Appendix B the above set of equations are rewritten employ-
ing non-dimensional variables and specialized to a spherical coordinate
system, An order of magnitude analysis is performed assuming the non-
dimensional boundary layer thickness is small (5 << 1) and retention of
the significant terms leads to the conventional boundary layer equations.

As found in Appendix B, the governing equations are

_a_(fr urCe) + 1 (fu@sme(?;c) + 2 (¢Ck)

/
_E a rsné c;-Q- ot (5‘5)

2 D (eDr®aCk
r2or § 57:)

L2 (er?u.)+ _L o ( C(eSrnG):—_Qj 6
r2 or 2 rs.ne—Qe £ Dt (5.6)
?QV@ + _L &(fqpr‘ Us) + 1 Q. (fuis,'ne.)
¢ F*9r PSmGée
(5.7)
+ 3 (fue) = —/ Idp +_1_ (r3umdu
5 fuUe . 3‘2 rz(r\/uﬁﬁ)
dp = o (gU°
Sr ( L ) (5.8)
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In Equation (5.5) the restriction of no chemical reaction occurring in
the boundary layer was applied. This does not, however, preclude reactions
such as burning occurring on the particle's surface.

The particles found in rocket motor exhausts may possibly have
various irregular shapes. However, for purposes of analysis, a spherical
shape will be assumed. This assumption is probably not too severe as it
seems probable that a burning particle will tend to approach a spherical
shape as burning progresses,

Integrating the continuity Equation (5.6) over “r" from the

particle surface (r = a) to some arbitrary distaence (r = re) gives

% e
?Fur{ + S‘§_$n9b§Uth‘=“gn}2§dr (5.9)
@ N « It
or
re e
(fr'zur)/ =at (Pur)s = j‘é’_(smerf“e)d" “J’Y‘Z-‘ﬂ’d" (5.10)
Sme' ae a &t
where the subscript "s" refers to the surface. Integration of (5.5) be-

tween the surface and edge of the diffusion boundary layer (r = a + BD)

leads to
a+dp
(9r"‘u.—c.¢)q = A (pup)sCeg = ‘('9 (sine rquCk)dr
+S‘ S:n'e'
atlp (5.,11)
r2d (eex)dr —a®(pD Qax
~ ¢ § ¥ Qr-)s
Bck

By definition, 3J7~ = O at the edge of the diffusion boundary layer.
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In accordance with Nusselt's early work in evaporation

(2k)

problems it is reasonable to require that the surrounding gas
cannot penetrate the particle surface. If c, represents the mass

fraction of the surrounding gas, this restriction amounts to

-(sur)sc, + ¢D g;/ =0 (5.12)
or ls

If the problem is simplified to a binary mixture, i.e., the surrounding
gas and the particle's vapor, the mass flux from the surface can be
written as

(furls= 9D .9_9/ (5.13)

(C-2) Irlis
where ¢ = mass concentration of particle vapor.
c, = mass concentration of particle vepor at the surface.
Substituting Equations (5.10) and (5.13) into Equation (5.11)

yields the integrodifferential equation for the vapor concentration in

the diffusion boundary layer

q-fgp a-‘S’D

e S 9 [sine r§Ue (ce-c)]dr +§Pzi(§’('¢—§c)dr~

Sin®& pyeY Jt s 1)
= 2 (5,14

= a?(pur)s (Ce~1)

where C, = vapor concentration at edge of the diffusion boundary layer.
Implicit in the derivation of the above equation are the following

assumptions

&c: QE_C:O
26 Jt

Since the integrands are identically zero at the upper limit Equation (5.14)
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can further be simplified to
leSD a+8D

' 3 sind rgue(Ce—C)dr + 9 [ r?p (ce-c)dr
siné Jg Jt

A

(5.15)
=a®(puels (Ce-1)
A change of integration varilable of the first integral on the left to

r=a+ g results in
Q+SD SD lS‘

fr-fae, (ce-a)dr =q ffug(ce e) dﬂ fﬂf(xﬁ(f‘e C)dcj (5.16)

However
8o 8
fcjfue(Ce—C)dﬂ < SD ffaeCCc-C)dcj (vef. 25)

To be consistent with the fundamental assumption used to obtain the govern-
ing equations, namely SD/d << 1, the second integral on the right in
Equation (5.16) may be neglected in comparison with the first. Applying
the same reasoning to the second integral of Equation (5.15) further simp-

lifies the expression to

Sp S5

a2 J si 5\?”9 (e ~c)a’3 +a? o ?(ce—c)dﬂ a (yu.-)s(c: 1) (5,17)
Sing & at
The corresponding integral relationship for the momentum equation
is obtained using the same scheme as sbove, Integration of Equation (5.7)
with respect to "r' from the particle surface to the edge of the velocity

boundary layer (r = a + 3,) ylelds

q‘va a+$>V

Srzf%d" + S"z—a—(f’“e)dr + (rPur) U (5.18

g 3T U Fhraw, e 5.18)
a+s, a+by

S’f‘&(smefue)dr = frgg_dr - a®%
Szne- 0. Q6
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where T, = shearing stress at the surface
Ue = tangential velocity at the edge of the boundary layer.
Integration of Equation (5.8) over ' r* introduces the useful
result
Ap = © Sv)
=F (5 (5.19)

P

. o)
or, in other words, P-?- = 1 since i—f << 1. Thus it is permissable to
S

express the pressure integral in (5.18) as

a.,gy a+§y
Sr‘éﬁdr:j\r‘ﬂgdr (5.20)
o 9 5. a8

The variation in pressure with © outside the boundary layer

is directly obtainable from Equation (5.7) since, by definition,

éi_() = 0, Thus

(S

~9Pe = r 3 (Ue) + pfea_\@, + L 9 (f:U;Siné) (5.21)
26 dt ot Sin® Qb

After substitution of (5.21) into Equation (5.20) and some further manip-

ulations, the following equation is produced

a+Sy a+dy
Ve frsz-fac/r + 9. frz(ere“fUG)QlV‘
ot ot )
A
a+Sy qu’y
+Ue 3 \'r*e-g)dr + ©£¢.fr (feUe - fus) dr
o€ * e a (5.22)
a+ly
+_t Q_Sr‘nefr?qg (Ue-ue) dr -—(&)5 chcZ = ‘)—gaz
Snedy

(sU)c



-60~

Changing the variable of integration to "g" in the above
integrals and neglecting the smaller terms, the momentum equation be-

comes

S by
(éVa» + Ue O ) f(h_)dcj + §_+E/%_(_é¥}ery(l—§_i)dc]

2 8" :
+1L 3 sinopU (' oue( /- us)dq — (Pur)s §e Ue ,
as:neaesn e ;%i(/ L%Z)a 5?75:) e (5.23)

=T

The two integrals expressing the conventional displacement and momentum

thickness are at once recognizable, The third integral

Sv
fop

could be called a "density" thickness and will only appear when the density
distribution in the boundary layer changes with time or the coordinate
system 1s undergoing acceleration with respect to inertial space,

5.3 Evaluation of Integrals

The next step is to evaluate the integrals so as to reduce the

equations to differential equations once more. The scheme to be used here

is that reported by Covertk26) and 1s based on changing the variable of

integration to the velocity distribution using the relationship

dg = s due
1 4—3 (5.24)
Applying this to the momentum integral in Equation (5.23) results in
ffi ~gs) d‘j =peUe | S4B g (1~7) Iy (5.25)
S’e,Ue -}‘ fe/ut.v_

1,
where 1 = ﬁg.. If the assumption is made that
e

N
Sepe

= f(n) only (5.26)

<)
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the momentum integral further reduces to

Sy
S’__B(/— ue)dg /JeUeA (5.27)
© gUe >
where f
A=§1‘-’c 1-p)d
LT l-n)dn
Similarily, should P_ = f(q) then the displacement integral be-
Pe ’
comes

!

(/- fue Ol e Ue 7 [ e — )d =/Ll_£eB
‘of S’Ue )93 /u’)g }%ﬁ_?’(? U5 (5.28)

and the density integral reduces to

SB(/— da_/ufc ;&j"?'s(;gul)dfz"/‘%%tc (5.29)

5.4 Steady State Drag Coefficient for a Sphere

In order to assess the usefulness of the integral technique,
the simple case of steady flow over a sphere will be investigated. The
analysis will serve to indicate the dependence of the result on the
particular functional form chosen for Equation (5.26) and will serve as
a starting point for many of the analyses to follow.

For steady flow, a stationary coordinate system, and no mass

injection at the surface, the momentum Equation (5.23) reduces to
§y

o/_e ?eUgj(/~LqC} + 1 c/S:neerg f‘__&(/- S)dﬂ (5.30)

=
a @.Ue asinedeg U,

Substituting the values of the integrals obtained above, this equation
becomes

z 3
a7 = BdUe eUepe + A d sin® g MeUe (5.31)
do s sine do 5
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If g&g = 0 and the classical,incompressible, inviscid velocity distri-
e
bution

= 3 i
Ue EUSH@ (5.52)

is chosen for the flow outside the boundary layer, the equation further

simplifies to

2 3
gj +2(/+_/3_)c°se 3,‘7':__3’__!_5”7@ (5.33)
do Alsine 8 A
9 sin39 ‘o s . . s .. .
where '; = . In this instance the skin friction coefficient is

1 cfiRe

defined as

Cp= 7

4507

Solving the differential equation gives the skin friction distribution as

(5.34)

4,

CpJRe =(§) ZJ/—\*_%)n‘H"g e} (5.35)
[ﬁsm 5-4.%@)\&/\1”2

The solution now depends on the particular distribution of

PU Tg
Pekle T
For an unheated particle in a low Mach number flow the variations of

to be chosen since this will determine the constants A and B.

density and temperature will be small so a resonable assumption would be

Pr=a21 & S=-121
fc/uc. Se

The solution will then depend on the shear distribution through the

boundary layer. Covert(25) suggests the following distributions:

T/TS A B
Case I 1 1/6 1/2
Case TT J1-9° 0.215 0.571

Case III 1-7 1/2 1
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The particular velocity distributions corresponding to each
case are shown in Figure 16, For reference the Blasius solution for a
flat plate has been included and is seen to match very closely with
Case II.

Figure 17 indiéates the results of evaluating Equation (5.35)
for the three cases of shear distribution described above, On the same

27)

diagram the results of Tomotika( are shown, Tomotika assumed the
velocity distribution through the boundary layer could be expressed by
a fourth power polynomial. This distribution is more flexible than
those used in the present analysis and should give a more reliable result
although the effort required is considerably greater. In the region of
the stagnation point Case III matches Tomotika's results very well but
tends to exceed his values for the larger angles. In the region of the
separation point the present analysis fails due to the invariance of the
shear distribution, However, this will not be a serious shortcoming
since the major contribution of the skin friction to the drag coefficient
occurs on the forward portion of the sphere,

To obtaln the complete drag coefficient it is necessary to add
the contributions due to skin friction and pressure forces. The gbove

analysis can be used to obtain the drag coefficient due to shear forces

by performing the integration

Ss
\/7?2 Cbﬁ =z 5 Ce JRe sin%e de (5.36)
()

where 64 = angle of flow separation. This drag coefficient is based on

the frontal area of the sphere, If the classical pressure coefficient
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for a sphere in steady flow is assumed to be valid up to the separation
angle and a constant pressure coefficient in the wake (pr) is assumed,

the pressufe drag coefficient can be expressed as
.2 .2
Cp = sin“es[ (1~ Cp,) = L sin“es | (5.37)
8

The pressure coefficient in the wake and the separation angle will be
obtained from existing experimental data,
(28)

Tangda of Kyushu University in Japan, experimenting with
a sphere moving in a water tank, was able to measure photographically
the position of separation., For Reynolds numbers in excess of 80 the
angle of separation, as measured from the rear stagnation point, varied

linearly with the logarithm of the Reynolds number. The data can be

represented by the following empirical formula

@5 =/80°‘ 35%0 Eg
‘ 3.26 (5.38)

Teneda's data, however, extend only to a Reynolds number of 300,

(29)

Garner et al. report that the separation angle reaches

a maximum value of 104 at a Reynolds number of approximately 450 and
remains at this position for Reynolds numbers well above 1000. Assuming
the empirical formula describing Taneda's experimental results is valid

for Reynolds numbers above 300, a separation angle of 104° is obtained

when Re ~ 490, This value is reasonably near that reported by Garner et al.

so the following relationships will be used for the variation of the

separation angle with Reynolds number

e; = /80 - 3’5'[«} Fe 80 <A s490 (5.39)

@’ = /04° Re >490
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The experimental work reported by Ermisch(Bo) indicates
the average pressure coefficient in the wake region of a sphere is
approximately -0.4 Ermisch's results extend to Reynolds numbers as
low as T750.

Substituting pr = -0.4 and separation angle variations given
above into Equations (5.36) and (5.37) and summing the results gives
the drag coefficient versus Reynolds number for a sphere. The results
for the three shear distributions are plotted in Figure 18. In addition,
the standard drag coefficient curve for a sphere, as found by numerous
experiments, is shown for reference, Cases I and II fit the standard
curve quite well for the regime of interest. However, Case III gives
a better, although slightly higher, representation of the experimental
results found in the present study.

The shear distribution corresponding to Case III will be used
in the analyses to follow for two reasons:

1) best agreement with more accurate analysis near stagna-

tion point, as found above, for the skin frietion coefficient.

2) turbulence intensities of 5% can occur near the rocket

nozzle(Bl) which would tend to make a fuller velocity
profile more likely,

5.5 Rate of Evaporation of a Spherical Drop in Steady Flow

For steady flow, Equation (5.17) reduces to
Y
L 9 sin0| Pus (Ce=c) dg = a(pur);(ce-2) (5.k0)

S/h6 90
°
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where, for convenience, the subscripts have been dropped on the c's
since they now represent the mass fraction of the particle's vapor.

In accordance with Covert's technique(25), assume that the
velocity and concentration profiles vary linearly with the radial
distance from the surface.

Up = hg (5. 41a)

C=¢Cy +la (5. 41p)

The constants, h and,ﬁ, are then chosen to satisfy the conditions at the

edge of the boundary layers, or

h'—‘-g_e ,Q:C_‘g_-_cs (5. 42)
Sy $o

However, the assumption of linear profiles necessitates

QU = Ue = % (5.43)
c93 Sy Ms

D (c-a) = 37.9/ = (e~ (5. bk
99 Idrig Sp

Equations (5.41) become

C(9=

9

=l

Q"'Csz.' Q_@.
QP/Sa

Employing Equations (5.13) and (5.45), the mass fraction "c-c " is

expressible as

C-Cs= (pur)s (Cs-2) Ms ue (5. 46)
@ s i
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and rearranging for Ug yields

(c-t) Is L (5. 47)
(fur)s SC_«, (Csvi)
i
where Scg = Schmidt number at the surface (Scy = > ; ). This expression
s's

is only valid for 6D < 6V. If SD > 6V, the above expression is only
valid up to the edge of the velocity boundary layer and beyond this
point ug = U, must be used. The present study, however, will only con-
sider the former case and is consequently restricted to problems in which
the Schmidt number is the order of one or greater,

Upon substitution of Equations (5.42) and (5.43) into the

integral of Equation (5.40), it becomes

Sgae (Ce=)dgq = % §sMs (ac)’ f e\ Y (r-w)dy (5.48)
SC' (pur )z(/“cs)

c-c
where 7y = —-(s:—
Ce=Cq

Ac = CoCq

In the case of evaporation at room temperature of liquids such as
most hydrocarbon fuels the vapor concentration at the surface is small and
consequently less in the diffusion boundary layer. Therefore it is reason-
able to assume that the density of the mixture is that of the environmental

medium. Equation (5.40) then simplifies to

3
d sin® % egu (M) = aleU)s(Ce-1)sinO (5.49)
de © S (puUMZ(1-¢)°

Integrating this expression and non-dimensionalizing the mass flux at the

surface by dividing by the mass flux in the free steam gives

, Y,

. sin% [CedRE(>]
(fur).s = A 5 50
20 =(3) 5t e [ fsn/zsé[m:wﬂ “Jo
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The non-dimensional Sherwood number, sometimes known as the

Nusselt diffusion number, is defined as(Be)

_ Lm
Sh= BSte-c) e

mass flow at surface

where m
S = reference area
L = reference length

However

m - - (fur)s

S

and the evaporation rate expressed in terms of the Sherwood number is

.
sinz @ [Cpﬁ (C‘))] <

Sh= (27'_)/3@:5‘:3 o A
(1= 4 (1=ce)® [fsm “g [CevRe ($)1 zd(é}

33)

(5.52)

Frbssling( in 1938 conducted a series of experiments to

determine the evaporation characteristics of particles in convective

flow fields. A portion of his experimental work involved finding the
variation in evaporation rate over the surface of a naphthalene sphere
at various Reynolds numbers from 48 to 1060. Under the conditions at
which Frossling performed his experiments, namely atmospheric pressure
and a temperature of 20°C., the concentration of naphthalene vapor at

the surface is very small (cg < 0.001) and the above equation simplifies

to

Sh  _ /Y5 sin2e [C’x«/?:(e)]//y‘
wao” (@) 75 ’
(s $ L0 1R p)ldo |

(5.53)
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Figure 19 shows both the experimental results of Reference 33 and the
results of Equation (5.53) evaluated using the skin friction distribu-
tion corresponding to Case III. As can be seen,the agreement is good
near the region of the stagnation point but exceeds the experimental
values up to the separation point. This may be attributed to the
relatively large skin friction as dictated by the particular shear
distribution chosen, The evaporation increase beyond the separation
point is due to the reverse flow created by the fixed vortex ring in
the wake of the sphere,

The overall evaporation rate is obtained by integrating the
local evaporation rate over the surface of the sphere, As can be seen
from Figure 19, the major portion of the evaporation occurs over the
forward hemisphere and is roughly ten times greater than that which occurs
in the wake region, Though the theory is not valid in the wake region,
the integration may be extended to © = 180° since the error introduced

will be small, Thus, for the whole particle

A

Sh= Re S § (purs sin© d@
2(Ac) Yy (pUJ.

_ ., (5:5%)
b Y 3
= 3 e.‘2 in-%' e
_%<_L) Re* Se; {j’s ¢5[C¢J;?'c¢)]o/¢}

c' (1=¢;) (/- ce)™

Using the skin friction distribution corresponding to Case III, this

equation reduces to

Sh = o728 R2SS (5.55)
(/-G )Y (1=Ce)”
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If cg and c, are small compared to one, the expression further reduces to

Y.
Sh=0.728 R4S’ (5.56)
Frgssling(BB) found experimentally a value of 0.552 for the coefficient in

the above equation. However, other experimenters have found that the
coefficient may be as large as 0.95 (29) so the theoretical value found

above seems most reasonable, The spread in coefficients found experimentally
is most probably due to turbulence effects.

5.6 Effect of Evaporation on Drag Coefficient

The effect of evaporation appears in the momentum Equation (5.23)
by the inclusion of the radial mass flux term at the surface. Evaluating
the integrals by the method of Section 5.3 and substituting into the momentum
equation gives

3 z
Bpepe U dUe + A d sino g U -alear)s Ve = @% (5 57)
%~ d8  Sinede % (PU)e

Rewriting this equation assuming the classical free stream velocity distri-

bution yields

dF +2(1+B)coso * - Courds JRE e kg =35’  (558)

de A'sin® (pU)e GA
where 3
Tg,_ :_67_ sin ©
4 CrlRe’

The equation may now be ldentified as an ordinary non-linear differential
equation,

Substituting the results of the previous section for the mass
flux at the surface into Equation (5,58) results in the rather complex inte-

grodifferential equation
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ij,' 3 =
dz"+ 2(1#B)coso 2 B)snez — =3 sin’®  (5.59)
de A sSne ZA fslh A&/\ 3 8A

where

A= 'i«)s_. AL
& (r=CsFa(r-0)%

Since no closed form solution is immediately evident for this
particular equation a perturbation solution is attempted. Assume

2= %, (1+€) (€<<1) (5.60)
where ?) is solution of the equation forno mass flux at the surface., Substitut-
ing this expression for ? in Equation (5.59) and canceling the portion of the

equation which 5,’0 satisfies gives

d# (ze+e) + g(2) ¢os 6 5, 2 (2e+€7)
de A’ sine

, (5.61")
/- /.
(53) 3Sm3e 701 [/+§.‘. 1

2A[§sm3>\ [1— € 6 jdz\]
Fo

However

) (S)
3 .
fs,nx\ dA £ Em(o) fsmgx da
2
/,
(o} Q/z l Sfo
where € (@) is the largest value of € in the range of integration. Thus:

(=]

j’” sindAdA = [/+ o(e)] Sin3z\d>\
o 3_"2. 710,2
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Exploying the assumption that € << 1 Equation (5.61') may be written

c{ (_'50 (2€+€%)] + 2+ A) Cos © 50 (2e +¢7)

sin®
N v
- (3) ’sin’0 2,2 [1+ 0]
ZA[fSInBI\ QI>\ /3

I/,_

Neglecting the higher order term yields

Y/

o ] 3in % oo R(D],
(z%) + 2(1+B) cose (z,€)= A S , .
“fe— (") o 0GR [ ﬁfn3"¢£<’,elk?fd¢ fs

Using the values of A and B corresponding to Case IIT results in the ex-

(5.61)

pression
d (35€) + G coso (32€) = T AReE) (5.62)
de Sin O 8
where

Qe) = Sin Ze[t’#fﬁ?(e)f]
ffS'n"¢£0f4ﬁe*c¢>J o’¢>}3

Solving Equation (5.62) for ;ﬂ"’e yields

(3]
gfe = _g_sg 5in®4 Q(f)dd (5.63)

However, referring back to Equation (5.35), the 3o for this particular
case can be written

}7“( ) [f)sfnﬂﬁdﬁbj

251
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and dividing Equation (6,63) by the square of %. gives

fStn é Q(d dQS
j:sin?d Jde

_.3A
Z

(5.64)

The results of evaluating the above equation appear in Figure 20 as
A 3 0%

e (1-0) 3 (ee=1)"Ses
Ac '

point. The values increase monotonically with 6 and reach a maximum value

versus the angle measured from the forward stagnation

of 0,282, At the separation point for Reynolds numbers greater than 450

©. = 104°), the abscissa is approximately 0.28. Thus, it is possible to
s ‘

write
€< 0.28 4Q
Q5 (1 -¢;) 8 (ce-2)"3

or

Ch < /+ 0.20 Ac (Se>1)
Qp gcz/a (7-¢5) a(Ce"/)//s

(5.65)

In order to appreciate the magnitude of the correction factor,
consider the case of an evaporating ethanol droplet in air at 20°C. and
atmospheric pressure, Assume the mass fraction of ethanol vapor in the
free stream is zero (ce = 0), Under these ambient conditions the Schmidt
number for ethanol vapor in air is 1.3%6 (3 LL). The mass fraction of vapor

at the surface can be found using the expression

Qg =

3‘[3[ B

+ £ B (v ) (5.66)

% Assuming equilibrimm conditions at the surface.
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where M, and M, are the molecular weights of the air and vapor respectively

while p, is the partial pressure of the vapor. For ethanol at 20°C and

Py

atmospheric pressure, 3

<< 1 and it is possible to write
P M,
using the values found in Reference 35. Substituting the above values into

Equation (5.65) results in

Ct < 7+ 0.0222
Qe

Thus, the skin friction will be decreased by less than 2,22 percent.

In the conventional evaporation problem the vapor concentration
at the surface is small and thus for the large majority of cases Equation
(5.65) simplifies to

%%% < /+ Q:%%gs (5.67)
and. the change in skin friction due to evaporation is small.

The probable effect of evaporation in the wake region will be a
decrease in base pressure on the sphere and a consequent increase in the
pressure drag coefficient, A very crude analysis can be made if the
following assumptions are applied:

1) pressure in the wake negligibly effected by evaporation

2) radial component of momentum is zero a short distance from

the surface.
Using the difference equation formulation of the one dimensional momentum
equation and applying it in the radial direction between the surface and
where the radial component of momentum is zero gives

Ps—Pw = “(5""5)5 (5.68)
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where P, = pressure on the surface

P, = pressure in the wake

In terms of pressure coefficients, Equation (5.68) becomes

e
CPS= Ps—=Pe = pr—a?fs[(fur)s (569>

£ U* L

Z
where Cp is the pressure coefficient to be used in pressure drag calcula-

]
tions and Cp when there is no evaporation. Thus gﬁﬁ{ 123525]2 represents
v Ps  Pe

a correction factor to account for evaporation.
The ratio of mass flux from the surface to that in the free

stream may be expressed in terms of non-dimensional numbers as follows

(pur)s —= Ac Sh (5.70)
ch- Qe gQ

or
(pdr)s = Sh Ac (5.71)

ol T o
U R207? R 83

From Frossling's data it appears that

Sh < O.5 (
=0 5.72)
RE&‘SC%
so 1t is possible to write
— < 2
L (fur)s] < 0.25Cs (5.73)
?eU Ke SQ‘?@

if the concentration of vapor in the free stream is zero and the mass

ratio of the vapor at the surface is small.
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Referring once more to example of the ethanol droplet, it is

possible to assume pe/pS = 1 and the correction factor becomes

2 [ (9ur)s]5 < 0.00138
U Re

which is very small in magnitude compared to the pressure coefficient in
the wake and can be neglected. Consequent'y by use of the assumptions
stated above, the effect of evaporation on the pressure drag is negligible.

Since evaporation fails to influence either the pressure or skin
friction drag appreciably, the overall drag coefficient will not be altered
significantly. This conclusion should be valid for the conventional evap-
oration problems when the mass fraction of the vapor at the surface is
small, The experimental evidence of Reference 10 indicates the above
conclusion is valid.

5.7 The Effect of Burning on Drag Coefficient

Burning will reduce the skin friction coefficient in the same
way as evaporation, that is; there will be a radial mass flux from the
surface,

A model must be chosen to represent the burning particle, A
spherical particle will be assumed with all burning taking place on the
surface and no chemical reactions in the boundary layer. In addition, it
will be assumed that the temperature ratio between the particle surface
and free stream remains invariant with respect to time and surface coordi-
nates., Figure 21 illustrates the model to be chosen and a representative
temperature distribution. The model of the burning particle is essentially
a spherical surface of fluid sources creating an outward mass flux. The

effect of the decrease in size of the particle with time will be neglected,
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In addition it will be assumed that the burning rate is constant over

the whole surface. This assumption is in accordance with the present

experiment since for velocities less than 500 feet per second, the

. , o (36)

effects of erosive burning are negligible,
The temperature variation through the boundary lsyer necesi-

tates a recalculation of the displacement and momentum thicknesses, Assume

the temperature and velocity distribution are the same, that is

T, - T !
= = =22 (5.7%)
Ty - Tg U,
where Ts = temperatiure at the surface
T, = temperature in the free stream.

This relationship is exact for a flat plate at zero angle of attack in
parallel flow at low velocities provided the Prandtl number is unity.
Although these conditions are not identical with those of the present
problem, the assumption made should serve as a reasonable approximation.
The gas in the boundary layer is composed of the environmental
gas as well as the products of combustion. To simplify the analysis it
will be assumed that the mixture of gases have & molecular weight and
viscosity variation with temperature equivalent to that of air. As found

(37)

in Kennard the viscosity variation of air with temperature can best be

approximated by

0.79
v T
— = (=) (5.75)
He Te
to temperatures of gbout 300°C. . For the present analysis an exponent

of 0.8 will be used.
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The assumption of constant pressure through the boundary layer

together with invariance of molecular weight makes it possible to write

=T (5.768)
§e T
Thus,
0.2
K = (T_e) (5.76b)
Sepe T

Rewriting Equation (5.74), the temperature variation as a function

of n has the form
%'[T'Qﬁ'l)j (5.77)
where T = T /T,. Using the shear distribution for Case III, namely
-
the particular constants A and B introduced in Section 5.3 become

A= 7—/'8‘/-8(7—:-—1)“1 (5.788,)
1449 (F- 1)3
B= 7"-7
0.8(7-1) (5.78b)

The values of A and B are plotted in Figure 22 versus T, It is observed
that A is a relatively weak function of T while B increases monotonically,
Thus, the quotient B/A, which is most important in the momentum equation,
can be expected to be quite different for the burning particle.

Reference 36 suggests a reasonable value for the surface temper-
ature of a burning double base propellant is about 300°C., For an atmos-

phere at room temperature, such as the case of experimental study, the
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value of T would be approximately two, Substituting this value into

Equations(5,78a) and (5.78b) yields

A = 0,472

B = 1,85
and

B

2 = 3,06

n 3.9

For simplification in evaluating the ensuing equations a value of 4 will
be selected for B/A while the value of 0.5 will be retained for A.
For steady flow in a non-accelerating system, Equation (5.23)

reduces to

3
B dUe qUpple +_A_ dsine g Upte ~(purk 905 =75 (5. 57)
a de % asinede 3 (49)% .

Assuming once again the classical incompressible velocity distribution
for the external flow and substituting the appropriate values for A and B

gives the following non-linear ordinary differential equation

c_{_Iz + /0 Cos® 3.2 = +/he Zsin @ + 3sin°0 (5.79)
de Sin® <
where
5 =9 S}nse
4 Cplre
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This equation may be rewritten as

d (Zsn°0) = £ sin“e + 3 sin’
JE,(? n Sin $Sn (5.80)

Let
B=Z% = 2sin®

——a

sin“e 4 Celre’
and substituting into the above equation gives

. 2
sino dB°+ ,4c059}32=-,0jﬁe}3 +3 (5.81)
de 4
This equation is solved in two steps in Appendix C. For the region

near the stagnation point a series expansion of the form:
[ ¢] .
F== fig
J!
is assumed. The results of this solution then provide a starting point
for the Adams method(58> of numerical integration. The solution to the
equation for-Cf~Jhe is shown in Figure 23 for three values of f-Jﬁe;
namely, 0, 2, and 4,
The effect of burning on the wake region is subject to discussion.
If burning occurs in the wake region, the increase in pressure due to burn-
ing will tend to reduce the drag coefficient since the pressure coefficient
in the wake will be increased. On the other hand, if the assumption is
made that burning occurs on the particle surface only, the problem will
reduce to that studied earlier for evaporation and the drag coefficient
will be larger. To be consistent with the postulates made above as to
the model of a burning particle, the latter case will be assumed. This

appears to be consistent with experimental photographs in which burning
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could not be detected in the wake. Thus, from Equation (5.69) above,

the pressure coefficient in the wake due to burning would be

g
Cps = Cpuy — £5¢ [(fu,)s] (5.69)
& - ¢U

Burning will also effect the separation angle and must be
accounted for in order to determine the pressure drag. From the Karman-

(39)

Polhausen integral technique for boundary layers, in which a fourth
degree polynomial is used to describe the velocity distribution, it is

found that separation will occur when

= 2
NA=dp & =-/z (5.82)
where N is sometimes called the "shape factor". Also it is possible to

show, after applying boundary conditions to the assumed distribution, that

* - -
& §
where 5% and © are the displacement and momentum thicknesses respec-

tively. Thus at separation:

=N _@_:/"l

8¥
5 5 (5.8%)

where N and M are some numerical constants. At separation

_ 2
%E SNM - -/ dp 7@ = Q (5.85)
X e Ue A do U Ue

where Q 1is a new constant. Assuming once again the classical free
*
stream velocity distribution and substituting the values for & and ©

from Section 5.3 gives
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Q = AB Cos O 5in?0 (Q' = new constant)  (5.86)
Re Cp

at the separation point. Taking the square root, this expression becomes

Q' =JO =JAB /coso ] sin @ 6 > 90 (5.87)
Crire’

since we have assumed A, B and Q are positive numbers. Since A is
considered a constant in the burning and non-burning problem, the equation
can further be reduced to

_@_“ - 5=E/case/%s/ne (5.88)
"y Cr IR’

Tn order to determine the constant Q it is assumed that separation occurs
at © = 104° for case III of the non-burning particle. Substituting the
values corresponding to this point gives Q = 0.1725. Figure 2% illus-
trates the solution of Equation (5.76) for the three values of £ JRe
considered.

For Reynold's numbers less than 490 a line for Os of the same
slope as in the non-burning case is assumed however translated to give
the new value at Re = 490,

This analysis will not give accurate results but should serve
to provide a trend in separation angles., A curve for the variation of
the separation angle for the range of Reynolds numbers considered is shown
in Figure 25.

The above determined separation angle and modified pressure co-
efficient together with the skin friction drag yield a drag coefficient

for burning particles and is plotted on Figure 26 for values of f
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ranging from O to 0.15. The value f = O corresponds to a hot particle
which is not burning. The figure indicates an increase in burning
rate tends to reduce the drag coefficient.

5.8 The Effect of Acceleration on Drag Coefficient

The fluid dynamics of an accelerating particle will be altered
by the inertial forces introduced due to acceleration. For the present
analysis the effect of mass flux from the surface will not be included,
In addition, it is assumed that the particle undergoes a constant linear
acceleration. Also, because of the incompressible flow assumption to be
applied, it seems reasonable to assume the density integral remains
invariant with time. Applying these restrictions to Equation (5.23)

results in

Sv 8
—%fef(/~zd + [ & + LIUc] e Ue| (/- ue)d
3t J, s—z) 3 o It @0 h 0 5?:5) E
20 (5.89)
1 2 Sind e U &e}(/—gj)dﬂ-;?;
asine 26 of,eUQ, Ue

Assuming once again the incompressible inviscid velocity distribution
for the free stream and evaluating the integrals as done in Section 5.3

gives

(5.90)
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Employing the same scheme as above for calculating the constants
A and B for a temperature variation through the boundary layer yields

0.8
C=7_-1 (5.91)
078
For T =2, C = 0.925. However, for purposes of analysis, a value of C = 1
will be used. Substituting the values of A and B used in the previous

section reduces Equation (5.90) to
2 ‘_2
od L ]5 + 9% = Zsin’e (5.92)

This equation is more complex than those obtained above, being a first
order linear partial differential equation. It is possible to obtain a
characteristic solution by solving two ordinary differential equations
and this scheme will be used upon further simplifications.

For the experimental results reported in this paper the relative
velocity between the particle and stream did not change over 10 per cent
so it is reasonable to say that Ue is a constant with respect to time for

the particular case in question. Introducing a characteristic time

defined by
te=U
= (5.93)
Equation (5.92) can be rewritten as
4+ PRe §_§2+ 10 Cos © 8 Ac _] Z-/- 2}2— 3 sin @ (5 94)
3 sin® A€ 5ine I 5in8 2 - '

where T =

<+|<+
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(acceleration modulus)

and Q% = Ac
U
The above equation can also be written in the form
2. €
Ac 2%+ 3 ¥ _ Zsinee (5.95)
sine Jdt¢ 4 Qe /6

where K =
From the theory of first order linear partial differential equations,

(for example; reference 40) the characteristic solution can be obtained

by solving
sinede = +de =/ d¥ | (5.96)
Ac 3 7 sinee ®
Solving the first two members of the equality, one obtains
3¢
QCeFhc = tan ©
Z (5.97)
Equating the second and last member results in
/3 —%/E;
dX - 3 sin ®e 7 (5.98)
do %
Using Equation (5.97) one finds
—2/3‘2— a A -.%&-
e = 7 ¢an o
2 (5.99)
Substituting Equation (5.99) into (5.98) and integrating yields
)
. A 8hn  _pA
Fsmntee T=30C7 |tan T osinede (5.100)
+ ° 2 )
or
=3
2 gk -84 3
+ Z 2, ’
o
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The drag coefficient depends largely on the contribution of the skin
friction near 6 = 90° go the expression will be =valuated at this point.
Expanding tan 8 " _g; around @ = =/2 in a Taylor series, one

finds
-8Ac fe A 2
tan T o -/~ 8fc(o-T)+0 [ fe(e-T)]
2 T(;Z, < [2. (2, <+ (5.102)
since Ac = 0 (10“5) in the present experiment. The last term in Equation

(5.100) may now be approximated by

& _ghc . >
or T sin%0 do < feutych, - 8 (1) o’
j: an %sn ede lcos ’(,0/7(» %ﬂg (g_ %)Cos;(d:((imﬂ
%2 %

Even though the series is not valid at @ = 0, the error would be small
since the contribution to integral in this region 1s small because of
the sin]j@ term. The order of megnitude of the last term in (5.103) is

1) 7,
£ (% -_2_"_)063’3% Q/)Z 2 ‘gf S‘r‘n,ae Q/e (5.104)
s

8]

Thus 1t is possible to write

W
2 -
(54)7,72 S%—(‘QSinwe de [1+ %rﬂ@j (5,105)

For the steady state case

T

f S/nl36 O/6 (56106)

©

(§f)z =

3.
2 =
and Equation (5,10) simplifies to

(%) < /”‘Z;:AC (5.107)

Ce ‘gex
2
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or

Cp-Cp, = -7 Ae 108
)T (5.109)

6=77,

Equation (5.108) indicates the effect of acceleration on the
skin friction coefficient is the order of 0.03%% in the present experi-
ments, Assuming acceleration will not appreciably alter the character-
istics of the wake the accelerative effect on drag coefficients is
negligible,

Equation (5.108) is valid for other experimental conditions

so long as the three assumptions are applicable, namely:

3 (relative ye_loahj = O

ot

o =8 constant

2 f’(/—jﬁ)(ﬁ >~ O
It Jq S’c?

Equation (5.90), however, may be used equally well to consider other sets

of conditions.,



VI. DISCUSSION OF THEORETICAL AND EXPERIMENTAL RESULTS

6.1 Comparison of Present Experimentel and Theoretical Results

Figures 14 end 15 illustrate the experimental and theoretical re-
sults of the present experiment. The steady state drag coefficient for &
sphere is included for reference. The spread in the experimental points
on both curves wes sttributed to various factors, some of which were:

1) relatively large probsble error incurred in data reduction.

2) particle rotations. As a particle rotated it was conceivable
that the weke characteristics, separation angles, and skin friction distri-
butions differed from the fixed sphere results. Differing rotational magni-
tudes and directions could have given rise to variations in the drag coeffi-
clent.

3) boundary layer effects. Using Rayleigh's formula(tl) for
the velocity profile on a impulsively started plate, 1t was found there
would only be a 2% decrease in velocity at a distence of 1/16" from the
wall 6 milliseconds after the shock had passed. It was most unlikely that
the particles which were closer then 1/16" to the wall were in sharp focus
and recorded in the data. However, it was possible the boundary layer was
thicker than indicated by Rayleigh's formule and some of the particles ex-
perienced a smaller free stream velocity then used in the drag coefficient
calculations.

As noted in Figure 14, the experimental results generally fell
below the theoretical curve. There appeared to be several reasons for this

discrepancy.
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One obvious consideration is the assumption made for the "fullness"
of the velocity profile in the theoretical analysis. It is possible the
assumption was too severe and & velocity profile somewhere between case
IT and case III was more repregentative of the physical problem.

Another reason for the lack of agreement between the analytical
and theoretical results was the neglect of the wave attenuation due to the
presence of the particles. Would it have been possible to consider this
effect for every run it would have amounted, at the very most, to an 8%
increase in drag coefficient.

A most simplified model of the pressure distribution around the
sphere was used in the theoretical analysis. The inability of the simpli-
fied model to correctly represent the physical situation could have accounted
for a portion of the discrepancy. A more realistic pressure distribution
would have given a decreased pressure drag.

The theoretical and experimental results for the burning particles
appeared to agree more favorably then in the case of the non burning parti-
cles. The same sources of error are applicable in both cases. However,
the particle attenuation effect would have been compensated for by the hot
gases in the test section as discussed earlier in section III.

Since it was not possible to measure individually the burning
rate of each particle considered, the range of burning rates found for each
type of gun powder was employed. This gave a range in theoretical results
as shown in Figure 15.

Considering the relative crudeness of the theory employed and
the possible experimental errors, the agreement between the analytical

and experimental results appeared satisfactory.
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It is interesting to note that the drag coefficients found in this

study were generally larger than the standard steady state curve for a sphere.
As found in the theoretical analysis, the effect of acceleration was too
small to account for the larger coefficients and, moreover, would have tended
to decrease the drag coefficient. Free stream turbulence, undetermined in
the present experiment, could have accounted for increased skin frictionms.
The alteration of the flow field caused by particle rotations could have
created larger pressure drags. Lastly, the existence of roughness on the
particle could have yielded a large roughness factor due to the smallness
of the particles considered.

6.2 Comparison of Present Results with those of Other Experiments

Figure 2 illustrates the data found by other experimenters in
similer studies. The data shows very little agreement and an attempt was
made here to ascertain the reasons for discrepancy and correlate them with
the results of the present study.

6.2.1 Torobin and Gauvin's data

The fundamental purpose of Torobin and Gauvin's experiments(l5>
was to determine the effect of free stream turbulence on the critical Rey-
nolds number for a sphere. Figure 27 gives a more detailed representation
of the data they obtained. By creating turbulence intensities, based on
the particle's relative velocity, of 4Q¢% they were able to show the critical
Reynolds number would decrease to approximately 400.

In the subcritical regime the results agreed favorably with
those of the present experiments, that is; they fell above the standard

drag coefficient curve for & sphere. This correlation supported the
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statement made earlier in regserd to turbulence being respoansible for the
increased drag coefficients. It was also noted that particle rotations,
which were immeasurable in both tne present and Tcrobin's experiments, could
have cuntributed to sn increesed drag ccefficient in both sets uf experi-
mental results.

The enaelytical discussion of Torobin's report is presented here
since there will be occasion to use the results below.

The goal of Torobin's theoretical studies was to derive a rela-
tionship between the relative turbulence intensity and the critical Rey-
polds number. The basic assumption stated that the critical Reynolds num-
ber would occur when the ratio of turbulent energy per unit volume to work
done by viscous forces per unit volume attained a definite but unspecified
value.

It was assumed that the turbulent energy per unit volume was
T2
fu (6.1)

where w* = mean square of the velocity fluctuations. The viscous work

per unit volume was assumed to be
/ié? (6.2)
L

where

U

relative velocity

L

1}

characteristic length
Teking the sphere diameter as the characteristic length and equating the

quotient of the above expressions to a constant gave

(Rec)//z(é@;) = CONSTANT (6.3)
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Figure 28 shows the agreement between this theoretical relationship and
his experimental results.
If the characteristic length were assumed to be the diameter

modified by a scale factor of the form

h
L=dRe (6.1)

an empirical expression, similar to Equation (6.3), would have been ob-
tained, namely

R"e? (@) = CONSTANT (6.5)
U

where m = E%£ . Replotting Torobin's data on log-log paper it was found

—

U

o.81 —
Re. (fu_) = ConsTANT (6.6)

for 40O < ReC < 1200. For the larger critical Reynolds numbers m
appeared to approach % as predicted by Torobin's theoretical result.

6.2.2 Ingebo's Data

As reported in the introduction, Ingebo<lO) found the empirical

relationship
-0.84

CD= 27 Re
held for droplets and small particles accelerating in a gas stream. These
results fell well below the steady state results for a sphere and the des-

crepancy can be attributed to turbulence.
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In the region of the critical Reynolds number the following

formulation for drag coefficient was assumed

Assuming Torobin's results were valid in the Reynolds number regime of

Ingebo's experiments, Equation (6.6) was rewritten as

L2385

) (6.8)

1,235 -1.235
Ke. = constanT Re) (JU’Z (

Feo

where

Reg = Reynolds number when particle velocity is zero

u' = turbulent intensity based on tunnel flow velocity

d, = particle diameter when velocity is zero.
As a particular example the accelerating isooctone droplets used in Ingebo's
experiments were considered. The velocity variation with distance is given
in Figure 11 of Reference (10) for a 40 micron drop.

Ingebo employed a 4O x 50 mesh screen to facilitate the drop for-
mation. Turbulence created by the screen would have decayed inversely in
proportion to the square root of distance from the screen for approximately

42)

a distance equivalent to 200 mesh sizes( , or

4
2 o<ﬁ<2m> (6.9)
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where M = size of a single mesh. Consequently, for the particular case in
question here, this decay law was valid up to 4" from the screen.

The isooctane droplet travelled this 4 inch distance in roughly
3> milliseconds. Reference (43) indicated the diameter of the drop will
change, at most, by 6% and this change was neglected.

Evaluating the velocity variation with distance given in Figure 11
of Reference (lO) it was found that the relative velocity varied roughly
with the inverse of the distance, or

Fe « I (6.10)
X

since the diameter, density, and viscosity were assumed invariant.
Combining Equations (6.9) and (6.10) to eliminate the distance
variable yielded

py 7
T (6.11)
0.

The critical Reynolds number was then expressed as

Rec = const " (6.12)

Substituting Equation (6.12) into (6.7) gave

,383
CD = Const R@o (6.13)

From Torobin's experiments, a reasonable valve for ¢ appeared

to be

X = -2/ (6.14)
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Substitution in Equation (6.13) yielded

-0.805
Cp & Fe (6.15)

This exponent was reasonably close to that obtained experimentally by
Ingebo and suggested the discrepancy between his results and those of the
present experiment could have been attributed to turbulence.

6.2.%3 Rabin's Data

Rabin's results(lg) agreed favourably well with the present data
for Reynolds numbers of about 300. As the Reynolds number increased the
drag coefficients increase accordingly and diverge from the steady state
results for a sphere.

In calculating the drag coefficients, Rabin used, as a representa-
tive area, the projected area of the droplet before deformation by aero-
dynamic forces.* From the photographs presented in his report it appeared
the drops deform towards the configuration of a disc normal to the flow.
This would have caused a larger projected area and, correspondingly, a
smaller drag coefficient. Should this projected area have been used his
results would have approached those of the present experiment. However
a perfect correlation would not have been expected since the deformed
drops were a different aerodynamic shape than the particles used in the
present study and the drag coefficients would have correspondingly

differed,

¥ Private communication with author.
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An interesting feature of Rabin's results was the larger drag co-
efficients for the non burning drops. This appeared to substantiate the
theoretical results of section V which indicated a smaller drag coefficient
for burning particles.

Rabin's results for the low Reynoldsnumbers agree quite well with
Ingebo's results and this may also have been due to the free stream turbu-
lence creation of the critical Reynolds number regime.

6.2.4 Hanson's Results

The drag coefficient obtained experimentally by Hanson(ll) fell
well below the steady state drag coefficient for a sphere.

The theoretical analysis of section V indicated the effect of
droplet evaporation could not account for such a discrepancy. Rewriting

Equation (5.65) one finds

ACp « - 0.28 AC (5.65)
ap 2 /3
8% (1=Cs)

where cg is assumed zero. Under the conditions of Hanson's experiments

AC =0.58
/—Cs = 0.42
Sc =208

Substitution of these values into (5.65) gave

At « - 17.7%
Ce
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The effect on drag coefficient would have been less, It must remembered
that the above equation is not strictly valid either for the comparatively
large vapor concentrations at the surface or the Reynolds number regime
of Hanson's experiments but should produce indicative results.

Hanson's results were most likely low as a result of assumptiong
he used in the data reduction,namely; the applicability of Frbssling's
equation to determine drop velocity and the invariance of the free stream
velocity through the droplet cloud. Other experimenters(hu) have found
larger values for the empirical coefficient of Rel/2 Scl/5 in Fr0ssling's
equation. Using this larger coefficient would have given larger values
for droplet velocities and hence smaller relative velocities. Also it
seems likely the velocity of the gases encountered by the droplet cloud
would have been reduced due to the momentum loss to the droplets. Com-
bining both these effects would have given a smaller relative velocity
and perhaps accounted for much of the discrepancy in data.

6.2.5 Balloon experiments

The purpose of the balloon experiment, as stated above, was to
Obtain a drag coefficient when the accelerafion modulus was the order of
one. The result was

Cp = 0.365 at Re = 20,800

The corresponding steady state value for the sphere in steady flow at this
Reynolds number is 0.45. The acceleration modulus being one caused a
discernible reduction in drag coefficient and substantiates the importance
of the acceleration modulus as a parameter of the drag coefficient. An

increase in drag coefficients for balloons accelerating into air at rest
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was found by Schmidt in 1920(h5). This increase was to be expected since
the acceleration and relative velocity vectors were of opposite sense.

6.2.6 Bolt's Results

No theory exists at present for drag coefficients of burning
drops in the Stokes's flow regime. Also Bolt's work (14) appeared to be the
only experimental work for drag coefficients of burning particles for Rey-
nolds numbers less than one. Consequently comparison with theory or other
results 1s not possible at this time. It is interesting to note, however,

that the usual trend was apparent; reduction of drag coefficient due to

burning.



VII. CONCLUSIONS

The purpose of this study was to determine the drag coefficients
of reacting particles accelerating in gas streams. The information gained
herein was then to be applied to the two phase flow problems in rocket
nozzles as discussed in the introduction.

There are five major effects which could influence the drag co-
efficients of small reacting particles, namely; Reynolds number, acceleration
modulus, non dimensional burning or evaporation rate, Knudsen number and
Mach number. In this study only the first three were considered. For the
other effects, continuum, incompressible flow was assumed. Consequently
the present report may only be considered a preliminary attempt to solve the
complete problem which would include all five major effects and the inter-
action of each.

7.1 Reynolds Number Effect

The Reynolds number range investigated in this study extended
from 263 to 1610. It was predicted theoretically and experimentally ob-
served that the drag coefficients of reacting and non reacting particles
decrease with increasing Reynolds number. The variation with Reynolds
number was similar to that for a sphere in steady flow.

7.2 Acceleration Modulus Effect

The theoretical studies indicated a decrease in drag coefficient

with increasing acceleration moduli. In particular it was shown that

3
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where

The acceleration moduli were the order of 10-3 in the present experiments
and acceleration effects could not be observed. However an experiment with
balloons indicated & discernible decrease in drag coefficient over the
steady state value for acceleration moduli of the order of 1.

7.3 Evaporation Effect

Theoretically)evaporation will decrease the drag coefficient.
When the mass ratio of particle vapor at the surface is much less than
one, the following expression was found

ACo <« -0.280s (S > 1)

Co Se”
Consequently when the above condition is met, the change in drag will be
negligible. Experiments performed in other studies bear out this conclu-
sion,

7.4 Burning Effect

The radial mass flux created by burning theoretically reduced the
drag coefficient. The most significant parameter in the burning problem
was the ratio between the mass flux from the surface and that in the free
stream denoted in this study as "f". Conditions applicable to the present
experiment were used to determine the effects of burning on the experimen-
tal results. A certain degree of correlation was obtained but once again

the effect was too small to be definitely distinguished as burning effects.



-11k4-

However it appeared the magnitude of the effects as predicted by theory
was applicable to the physical problem.

With the burning and acceleration effects being small it appeared
the drag coefficient for a particle should be that for a sphere in steady
flow. The experimental results gave generally larger coefficients which
was attributed to particle rotations, turbulence,and roughness effects.

7.5 Application to Rocket Exhaust Problem

The information obtained above was applied to the example dis-
cussed earlier in the Introduction(8), That is, a seven micron aluminum
particle experienced a 2500 feet per second velocity lag at the throat of
a nozzle. The chamber conditions were 6670°R and 1000 psia. The molecular
weight of the composition was 30.94 1bm-1bm mole™t and the specific heat
ratio was 1.173.

As determined earlier the Reynolds number of the particle at the
throat was 266. The density used to determine the Reynolds number was
0.27 pounds per cubic foot.

The acceleration parameter is approximated by
he = o($)
§r
The density of aluminium being 169 pounds per cubic foot gives

Ac = 0(1.6 x 1073)

From the experimental and theoretical results of this report, it is con-

cluded that acceleration effects can be neglected.
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The burning rate for an aluminum particle was estimated from the
work of Blockman and Kuehl(ué), Photographing the luminous streaks of burn-
ing particles with a high speed shutter they were able to determine burn-
ing times by noting the number of frames for which the luminosity persisted.
The photograph of an aluminum particle, approximately 50 microns in diameter,
indicated a burning time of approximetely 1.5 milliseconds. Since there
appeared to be no information as to the variation of the burning rate with

time or size, it was postulated that

r (burning rate) = Do

19

Employing Blockman and Kuehl's data gave
r = 1.3 in/sec

The ratio of mass flux from the surface to that in the free stream is found

t0 be

f =0.027

In the theoretical analysis a temperature ratio between the particle sur-
face and stream was taken as 2. Although the same ratio will not necessarily
be valid for the aluminium particle the temperature ratio appeared to have
little influence and it appears reasonable to apply the results gained
therein to the present case. Consequently this value of "f" would corres-
pond to roughly a 5% decrease in drag coefficient.

In the light of the present experimental and theoretical analysis
it was found that the steady state drag coefficient for a sphere is a sat-

isfactory drag law to use for reacting particles in a rocket exhaust.
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Should more accurate drag coefficients be required in the range of Reynolds
numbers between 200 and 1600, the experimental results for a non reacting

particle suggested a drag coefficient variation of the form

&
Lpo Co = 2580 = 1705 b, R + 0.2501 (A, R 200< Re< /60O

In the majority of cases acceleration effects can be neglected
due to the very small magnitude of the acceleration modulus.

The effect of burning on the drag coefficient can be estimated
by evaluating the ratio of the mass flux from the burning surface to that
in the free stream. To do this, information concerning the particle burn-
ing rate must be available.

In summation, the results of this study indicate that the particle
drag coefficient is insensitive to evaporation, burning, or accelerating

effects if;

S <oa (Se=1), HAc <o.1, P<ooz5
Sht

If these conditions are satisfied, other factors, such as free stream tur-
bulence, particle rotations, and particle roughness, can have a larger
effect on the particle drag coefficient than the mechanisms considered in
this study.

7.6 Suggestions for Further Study

As stated above, the present work can be considered a preliminary
study considering only certain aspects of the complete problem. Conse-
quently there are many extensions and refinements of the experimental and

analytical work which would give rise to most fruitful research.
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The experimental technique employed in this study appears to be
sufficiently successful to merit its use in further studies. In particular,
by using stronger shock waves and a higher speed camera, the effect of Mach
number could be investigated. In addition it appears feasible to study
rarefied flow effects by using low density gas in the shock tube and smaller
particles. This would necessitate using a camera capable of larger magni-
fication,

There are many refinements which could be applied to the experi-
mental techniques used in the present study. Employing particles with lar-
ger burning rates would tend to give more discernible burning effects than
in the present experiment. Also if it were possible to have the particle
ignite before entering the tube, the wave speed could be measured across
the test section and would result in a smaller experimental error. A
larger tube would reduce the attenuation effects and lead to more reliable
experimental results. The use of smaller particles and more sensitive
pPressure devices to record the passage of weaker shock waves wculd make
1t possible to obtain results for lower Reynolds numbers than achieved in
the present study.

Although the present study indicated the magnitude of the accel-
eration modulus of particles in rocket exhausts was very small, it would be
of significant academic interest to perform extensive experiments in which
the acceleration modulus was of order one. This could be accomplished,
perhaps, by accelerating particles in a fluid such as water,

Extensions and refinements of the analytical work presented here-

in are numerous. The effect of compressibility could be included by
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employing a more realistic pressure and velocity distribution over the
sphere. It may also be possible to include the effects of slip flow by
modifying the boundary conditions. Although the task appears most formid-
able, it would be most instructive and fruitful to extend the analytical
results to the lower Reynolds number regime where the boundary layer thick-
ness is the order of the particle's characteristic length.

Needless to say there is much work yet to be done towards the
better understanding of the fluid dynamics of burning or evaporating parti-
cles accelerating in gas streams. The above suggestions only represent a

few of the areas of future study concerning this most interesting problem.
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APPENDIX A

EFFECT OF HOT GASES ON SHOCK WAVE AND CONVECTIVE

FLOW VELOCITY IN A SHOCK TUBE
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EFFECT OF HOT GASES ON SHOCK WAVE AND CONVECTIVE

FIOW VELOCITY IN A SHOCK TUBE

A crude analysis 1s to be made as to the effect of the hot gases
above the test section on the wave and convective flow velocity.

The model to be used is shown in Figure 29. The shock tube con-
sists of a driver section and two regions in which the speed of sound of
the undisturbed gas is different and

8.)+ >ao

Assume the gases with differing speéds of sound do not mix. Also the as-
sumption is made that the waves are wesk.
The condition to be satisfied is flow continuity between regions

1l and 2, or#”

P1lq =Pl (AL.1)

Assuming an isentropic expansion wave exists between regions 1 sand 2 the

Pressures and densities are related by

P2 (92)7 (A1.2)
Pp ey

For weak shpck waves (Reference 21)

Py = Py(1 + 7zi2) (AL.3)
and
yucl
P, =P (1+ - ) (AL. k)
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The pressure across the interface between region 2 and 3 is con-

stant and the pressures of the undisturbed gases in region O and 4 are as-

sumed equal, so

Yiep
1
Ut e
P U Al.5

From Equation (Al.1) and (Al.2) one has

1/7
=°2=<2>/

o P, (A1.6)

L—‘E

(]
O

b~

Ueo

Combining Equation (Al.5) and (Al.6) results in

14 Ydc2 1/7
Yel _ &y, (AL.7)
Ue2 L ra
: 1+ —<d
8g

As stated in section III, the temperature ratio between the gas

above the test section and that below is approximately 2. Thus it follows

a)+ =j§ao (Al.8>

Typical values for the present set of experiments are

I

Us] = 200 ft/sec

ay = 1140 ft/sec

y = 1.4
Substituting these values into Equation (AL.7) and solving graphically

yielded

Uop = 230 ft/sec



=12k

Thus the convective flow velocity increases by 30 ft/sec

Using these values of convective flow velocities in the weak shock

relationships gives accordingly

1202 ft/sec

H
H

€51

and

]

1687 ft/sec

Cg2

The wave speed increases by 485 ft/sec in the hot gases.
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ORDER OF MAGNITUDE ANALYSIS

ON GOVERNING EQUATIONS

An order of magnitude analysis will be performed on the general
equations to obtain the governing equations used in section V. Tne three
equations to be considered are:

species continuity equafion

Sf(p cy) + 0 (p Yo,k i) = W (p2.1)
overall continuity
op + 9 (puy) =v
3 Iag @ (12.2)
momentum equstion
v, ., 9 , v ) -dp d v D (A2.3)
p 5.--1- * Y (prug) + ST (0 ui ug)= sy (riq + Tia)
k "o 49 %

1f no chemical reaction occurs in the flow, Equation (£2.1) becomes

(b o ) = 0 (17
ok

The species flow velocity, wujx, is the sum of the mass averaged velority,
u;, #nd the species diffusional velocity.
D

Uje = Uy Uy (r2.5)
The diffusionsl velocity is a function of diffusion coefficients and gra-
dients in concentrations, pressure eand temperafure as well as external
forces. For purposes of an order of magnitude snalysis, however, assume
Fick's lew is velid and write

uj_k = ...D v ,@[1 Ck
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Substituting this expression for diffusional velocity into Equation (A2.k4)

gives
2 (pok) + =2—(p o ut) = -2 —(p D2K ) (42.7)
Introducing the non dimensionel verisbles
= Xi Uy - _ P = = tU - =
Xi=_l U-i:_l_ p = — p:__pg t = - P,:H_ D = __
L U % pU U bo Do
where
L = characteristic length
U = relative velocity between particle and ges
y=9Y
ot

into Equations (A2.1), (A2.2) and (A2.7) gives

8B+ _9 (BT =0 (A2.8)
ot 0 Xy
bl (P + 2 FoTg)s o 2 (PO LX) (42.9)
dt ) %y Re Sc d X, Xo
o7 2 -1 d e = 5%
Acipg &4 + 2(5 4y) 2 (F A
P sl | e PR - -5
100 Y 1 3 D
+ . Ty + . Ty A2.10
Re 0%, ©  (Resc)? dx, O (42.10)
where
_ UL
Ac = =2
Re = PUL
Mo
Sc = MO

Po Do
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Apply the equation to a boundary layer on a sphere in which the diffusional
and velocity boundary layer thicknesses are much less than the sphere dia-

meter, or

(o4

‘%v’.éD <<1 where ® = 2 (A2.11)

The magnitude of a derivative with respect to distance across the boundary
layer is then

d 1
= 4 (3) (A2.12)

In accordance with the conventional order of magnitude analiyses

(for example, Reference 42) for boundary layers one writes

C, p_z a@p 5) }—-.l) D = O(l) (AE.IS)
where E@ = nondimensional velocity in the tangential direction.
Writing out the continuity equation in spherical coordinates for

axisymmetric flow, one has

1
2 1 =1
By 1 1
Ac ég + —% —g (o @ ur) + = 1 o (p sin 6 ug)=0 (A2.1k)
Ot r° or r sin® 96

where the orders of magnitude of the terms are written above. For the un-
steady term to be significant, Ac = 0(1). In addition, in the second
term, u,. = 0(%y) in order that the equation be meaningful.

In the species continuity Equation (A2.9) the largest term on

the right is that which contains the second derivative with respect to r.

Neglecting the other terms one may write:
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1 1 1 1 1

3 - 1)
Ae O (o cp) + 5.9 (0 T° ci up) + O (6 ck ug sin @) =

3t e o) 2 a?( i ) T sino 30 ke

(A2.15)
1
o
1 190 (pDocy
Re Sc }'2 a BT

Assuming that the diffusion and velocity boundary layers are not an order
of magnitude different; the second term in Equation (A2.15) must be of

order one. In addition one must have

Re Sc = 0 (5%2) (A2.16)

There are two components of the momentum equation to be consid-
ered, the normel end tengential components to the surface. In the equation

for the tangential momentum belance the largest term in the viscous force

expression is:(u7>
1 3 (¢® ydug
2 Jdr or ) (#2.17)

and the corresponding term in the diffusion force relation is

chké_

d p 3 (A2.18)
P K MmOk

Writing out the tangential compqgint of the momentum equation, one has

1 l 1 1 1 1 1
g Ly - - % __ o 10y -2
Ac O + 2_ (¢ + 1 & . — 9 -
o+ LG+l ST ) o & T s e)
_ 1 1 - 1 1 (A2.19)
1. 1 9 - X = .= =
o i v & I
~ugu, _ 1op 1 1 9 (E?aa©)+ 1 a-p-zacka
TP T3 ©Re 2 o7 3 (Resc)2or kL3 Too ok
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From this equation one finds the Reynolds number must be of the order

Re = 0(=) (42.20)

By

to have significant viscous forces. The stress tensor due to diffusional
velocities is two orders of magnitude smaller than the rest of the terms
and can be neglected. In addition the Coriolis acceleration term can be
neglected.

The equation for the normal component of momentum may be written

as _ 1 _ _

101 &y = By 1%y
2V ) 2.2 - -

Aclp—X + — (p ﬁr)] + %, §: pupr T ) + 1 o (p ug ur sin 9)
ot ot 1 e dr T sin 6 00

1 6V2_____ SDM 1
2 o L WE L B3y (a2.21)

PP - 9p 41 1 é_ (r p UT) + 1 é_ Y éfh é_fg_fk

- 2 = 2

3T (Re sc)d7 ¥y 5%

9P - o(1) (A2.22)
or
or
—e
9p = o(&L) (82.23)
dr L

1 0 (map2 )y + 1 0O i
op . — =2 9 (pu, sin@9) =
dt e dr (pr ur) r sin 6 06 ( ° ?AE oly)

1 ) :
+ Cr Un Sin 6)=
r sin 6 06 (p k™o )

(A2.25)
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2 .
r2 up. ug) + 1 9 (p ug~ sin )
r sin 6 06

(22.26)

(A2.27)
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SERIES SOLUTION FOR A NON LINEAR

ORDINARY DIFFERENTIAL EQUATION

A series solution will be presented for solution of Equation (5.81)

neer the stegnation point. Rewriting the differentiel equstion

2
sin 6 2B~ + 14 cos @ 82 = fJRe g + 2
de L
one notes it is a non linear ordinary equetion of the first degree.
Since 8 = 0 is & reguler singular point of the equation assume
& series of the form¥
.3 As 8d (A3.1)
3=0 Je

Squaring this series yields

(o]
- n
2= T A& (A3.2)
n:o Il’
n n
where A = _Zb (1) Ai Apn-i. Differentiating the expression for B2 with
1=

respect to © resulfts in

2
ap_ - Z Py 8
as ml 2 (43.3%)

* In the theory of ordinary differential equation a series of the form(49):

® J
B =0 T Aj e
J=0 g

should be assumed. The corresponding indicial equation to determine r
cannot be formed for this non liniar equation so a value of r = 0 will be
assumed from physical considerations.
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The series representation for sine and cosire are(so)

25+1 :
sine = Y 09 (1) (43.4)
J=0 (2j+1)!
and
[+] 2. .
cos © = L @.J (-1)¢
j=0 (23)!

Combining the series as dictated by the form of Equation (5.81) gives the

following series

2 00 J
sineg B - 2 c; 27 (A3.5)
e 7 I
where T<g:l
- 2 . T
% i (3 12 ) =
c: = ‘ j-1-27
J 7=0 J-2r
and ]
0 _ @'
cos 9-52 = L cy "oy (A3.6)
3= Je
where T<i
() ;
¢y = L (-1) AJ - (3-27)

Substituting the above expressions in the differential equation

and collecting like powers of Gj gives

® J
L (cj+ 1k ey - £VRe Aj) %T + 14 Cy - £y Re Ay - % =0
j=1 '

To satisfy the above equation for arbitrarily chosen © it is necessary that

1k Co - £NRE Ay - 2 = 0 (43.7)
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and

+ 1k 75i - fNRe Ay =0 (A%.8)

€3
Using the definition of Cj given sbove, Equation (AB.?) can be rewritten

as

14 a8 - £y Re Ao-%=0 (83.9)

This equation determines fthe first coefficient Aj.

Employing the series representations of cj and Ej in

Equation (A3.8) gives

J-1 3
E =2 (£3.10)
LBy 0 01T+ (-1)7 (3 ) Bjopr = £Re A,
=0 j-1-27 =0 os

J
T <5 ;
2 J .
Aso; [( o)+ () } (-1)7 + 14(-1)° B, =t JRe Aj(‘]}éo)
7=0 j-l-27 j-21
(A3.11)
while for j odd one finds
j-1
T2 _
L Ao [ (3 )+ 1h( ] )1 (-1)7 = £ JRe A; (A%.12)
=0 j-1-27 s2r
Specializing (Le.12) to § =1 results in
15 Al = f NRe A (ABl;)

or

A (30 Ao - £ JRe) =0 (A3.14)



-136-

But it can be shown from Equation (A3%.9) that
(30 &, - &/Re) #0 (£3.15)

S0

AL =0 (A3.16)

Realizing that —odd is a series of terms which consist of Asyen® Aogd
products it can be reasoned that all the Aggq's are zero.

The first six Agyep's found from Equation (A}.ll)sare

b

_8/Re +Jf2 Re + L2’

by = (A3.17)
28
A = _ A (A3.18)
52 A, - tRe
. _ _
n, - 7108 8% + 88 8y - 14 & (1.19)

56 A, - £ Re

K - -600 Ap B) + 230 Ay - 216 Ay + 1k Ag (23.20)

Lo AO - f'Jie‘

-1232 By Ag - 1540 8,7 + LU8 Ac - 1036 Ay + L0O Ay - 1k A

Ag = {A3.21)
by Ao - £4Re
Ao = -2160 Ay Ag - 5040 By Ag + 750 Ag - 3192 Ag + 3060 By
1270 Ap + 1k Ag
(A3.22)

48 A, - £4Re
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Mn attempt shall now be made to prove convergence of the series.
In Equation (A3.11) introduce & new coefficient related to A by
Bjpr = Ayepr (3 ) (83.23)
J-ar
and rewrite the equationas

J

T=

j-2
By [§;§§ + 14} (-1)7T =0 (A3.2L)
=0 ‘

considering first the special case fNRe = 0. As J approaches infinity,
this expression becomes an infinite series which is convergent and whose
sum is zero. From Reference (51) it may be concluded that terms in the
series form a null sequence and it is always possible to choose a v such

that

J=er
B.
J-ar 1+2T

+ 1L } < ¢ T< vV (A3.25)

where < 1g gome arbitrerily smell number. Therefore one may conclude

{ JH22ET 4 1y }

B: prap 14+27-2
EQ-—I—- <1 (A3.26)
“d-er [ J-BT 4 1k
Lj+2T
or
B- ~ 2
J-2142 <1 (83.27)
B.

J-2r
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Rewriting the expression in terms of the A's one finds

Pirame o (p0)(3#2) ¢ ((4R) (A3.28)
Ay oq 2r(21-1) 2

Thus one may write

A
lim -n+2

n -
Ap

2
Z. (A3.29)
2

Applying the ratio test for convergence of series (A3.2) it is sufficient

that
A 2 *
1im f_‘,n:ﬁ & <1 (A3.30)
noe A, n?

Using Equation (A3.29) in Equation (A3,30) gives
6 <2

Thus the radius of convergence is © <N2. In eddition since (A3.2) re-
presents the square of series (A3.1) it will be concluded that series
(Ai.l) will also converge in the seame radius of convergence,

When £NRe #0 the lest term in the sequence is
[(3 +14) Ao - £4Re] Ay % (3 + 18) (g - A Ay)

Since Ay #0, as j becomes lerge and the series becomes a infinite series,
f”Jhe can be neglected in comparison with j A,. Thus the terms Kn for n
large will tend to have the same convergence characteristics as those in the

fVRe = 0 case. Consequently the redius of convergence will be 6 <~fé.

* The fact that the odd terms are zero has been employed here.
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In the computation, however, the series solution was used up €O
© < 1 since convergence is slow for © > 1. These solutionsthen provided
a starting point for Adems method of numerical integration. In order to
assess the accuracy of the technique en enalyticel solution was found for
fVRe =0 and 6 = x/2 end was found to differ from the result of numeri-

cel integration by 2%. This genersted a certain amount of faith in the

technique.
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