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Interfacial fracture energy and the 
toughness of composites 

T. U. MARSTON* ,  A. G. ATK INS,  D. K. FELBECK 
Department of Mechanical Engineering, University of Michigan, Ann Arbor, Michigan, USA 

The premises upon which prevailing composite toughness theories are based are discussed 
in the light of observed strength variations in boron-epoxy composites with differing 
shear strengths of the interracial bond. None of the extant toughness theories (pull-out, 
debonding, stress redistribution) successfully predicts the work of fracture of the boron- 
epoxy system. However, incorporation of the work to create new surfaces into the total 
toughness analysis gives better agreement with experiment, and work of fracture predic- 
tions for other sytems, such as carbon-polyester, can also be modified. The approach 
is more generalized than the Outwater/Murphy debonding explanation for toughness, which 
in the way usually presented only applies when the filament fracture strain is greater than 
the matrix fracture strain. The present analysis suggests how to tailor the interfacial shear 
strength in order to obtain a reasonable toughness yet still maintain strengths of the order 
of the rule of mixtures. 

1. Introduction 
Fig. 1 shows the experimentally observed rela- 
tionship between flexural strength and work of 
fracture for various surface conditions of boron 
filament in a boron-epoxy composite. The speci- 
mens were the Tattersall and Tappin 3-point 
bending " roo f "  design [1], with 4 2 ~  volume 
fraction filaments. The interfacial strength was 
altered by coating the filaments with silicon 
vacuum grease in a carefully controlled manner. 
This process, and further mechanical property 
data, are to be the subject of a forthcoming 
publication. 

An explanation for the behaviour shown in 
Fig. 1 led us to review the premises upon which 
prevailing toughness theories are based. Inter- 
pretation of the data depends on the complex 
inter-relations between tensile strength, ~r, 
interracial bonding shear strength, -r, and the 
composite fracture toughness, R.? As discussed 
in detail later, it is generally agreed that as -r 
decreases, R increases. Also, arguing solely from 
a Griffith "fracture mechanics" viewpoint, as R 
increases, ~r should also increase. However, 

considerations of "critical transfer length" and 
filament reinforcement potential, when taken 
alone, suggest that as ~- decreases (R increasing), 
cr also must decrease. The missing link in analyses 
is the precise (or, R) relation for this latter 
region. 

Section 2 of this paper summarizes the extant 
theories for toughness in composites. None gives 
good numerical predictions for works of fracture 
in the boron-epoxy system (see Appendix). This 
has led to the consideration of additional con- 
tributions to toughness in terms of interfacial 
energies, in Section 3. The total works of fracture 
suggested by the new treatments are shown in the 
Appendix to give improved predictions for the 
boron-epoxy system and also for the carbon- 
polyester system, where the principal contributor 
to toughness is known to be pull-out. Section 4 
takes the new analysis for total fracture work 
and gives an explanation for the behaviour shown 
in Fig. 1. The conditions that give maximum 
toughness whilst retaining the rule of mixtures 
are discussed. Section 5 considers the analysis 
from the design point of view. 

*Present address: Combustion Engineering, Chattanooga, Tennessee, USA 
fThroughout this paper, the local specific work of fracture referred to one side of the transverse crack (R) is employed 
and not the fracture work divided by twice the area (commonly called 7), because of the relationships with generalized 
cracking theories and "fracture mechanics". For example, R may be identified with Gc or Ke2/E, etc. R and 7 are 
related, of course, by R = 27. 
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Figure i Experimental flexural strengths and toughnesses 
for Tattersall and Tappin 3-point bending specimens of 
boron-epoxy. 

2. Present toughness theories 
The mechanisms of "pull-out", "debonding" 
and "stress redistribution" have so far been 
put forward to explain the origins of toughness 
in brittle filament/brittle matrix composites. 
Analyses bring out the interplay between factors 
such as interfacial bonding strength and the 
fracture strength (a~), volume fraction (v~), 
diameter (d) and Young's modulus (EO of the 
filaments, giving the relative importance of these 
parameters in establishing criteria for tough 
composites. 

2.1, Pull-out 
The pull-out theory of Cottrell and Kelly (see, 
for example [2]) attributes the work of fracture 
to frictional work in pulling broken filaments 
out of the matrix after fracture. With the assump- 
tions that (i) filaments break randomly, (ii) 
the original shear strength of the filament/matrix 
bond is maintained during pull-out and (iii) 
there is negligible gross plastic flow in the matrix, 
the specific work of fracture may be expressed as 
follows: 
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v fettle 
Rpull-out = 12 

vfcrt2d 

24~- (1), 

where lc = afd/2r is the critical transfer length 
of the filament. 

The pull-out theory is successful in predicting 
toughnesses of metal filament/metal matrix com- 
posites, such as tungsten filaments embedded in 
copper, where the validity of assumption (ii) is 
demonstrated by copper being smeared on the 
tungsten filaments after fracture [3]. 

2.2. Debonding 
Outwater and Carnes in 1967 developed a 
different mechanism of toughness specifically for 
fibreglass systems (see for example Outwater and 
Murphy [4], by whose names the theory is 
normally called). Here they attribute the work of 
fracture to filament debonding, which in 
fibreglass composites is shown by the relevant 
areas turning milky. The fracture strain of 
typical glass filaments is somewhat greater than 
the fracture strains of typical matrix materials. 
Glass filaments can thus stretch as a matrix 
crack passes round them, as shown schematically 
in Fig. 2. The additional strain energy in the 
stretched filaments is the source of debond work 
for glass-resin systems. Debonding progresses 
until the fracture stress of the stretched filaments 
is reached. 

For reasons that will be apparent later, let us 
consider the mathematical formulation of the 

i 
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Figure 2 Debonding according to Outwater/Murphy, 
where the filament fracture strain is greater than  the 
matrix fracture strain, and where the strain energy of the 
stretched filaments is the source of debond work. No 
debonding takes place until the crack passes bY the 
filaments. 
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Outwater/Murphy theory. The strain energy, 
A, in a length, L, of filament under stress, ~, is 

1 (# 
A = ~ ~ (stressed volume) 

1 ~2 7rd 2 

- 2  E~ 4 L .  (2) 

From the definition of filament volume fraction, 

N~rd ~ 
v~ = - 4A (3) 

where N is the number of filaments and A the 
specimen cross-sectional area. 

Thus if debonding occurs on N filaments for 
:an average debond length, L, the total strain 
energy dissipated as work of fracture is 

1 cr 2 1rd ~ 4Av~ 
L 

2 Er 4 "a'd ~ 

o r  

cr2LvfA 
2E~ (4) 

When c~ reaches e~ we have 

o-f2ufL 
Roebona = 2---~f (5) 

Although usually measured experimentally, L 
must be of the order of/e if err is used in the above 
derivation, since L on either side of a broken 
filament has to be at least le/2 to attain at in the 
filament (see Fig. 2, and Section 3 following). 

Notice that the foregoing is different from the 
usual debonding mathematics which start by 
considering stresses within the transfer length. 
Gurney [5] describes a generalized theory of 
quasi-static cracking and uses the "embedded 
rod" model as one illustration. It is shown there 
that the method of obtaining expressions for 
toughness by equating the strain energy to the 
fracture work is strictly erroneous. Rather, the 
strain energy release rates, as a crack propagates, 
should be considered. In the case in question, it is 
fortunate that the answer for toughness is the 
same by either route. The work of fracture given 
in this theory is quantified relative to the trans- 
verse cross-sectional area of the cracked speci- 
men, and not to the (greater) cylindrical debond- 
ed are as. This gives rise to the toughness synergism 
in composites. If  we do divide the work of fracture 
(Equation 2) by the actual debonded area (rrdL) 
we get 
*Strictly, only when L/d >~ 1 [5]. 

a~d 
_e~ = ~ (6) 

where R~f is the fracture toughness of the fila- 
ment-matrix interface [5]. Rif is called Wd by 
Kelly in an "energy equating" derivation [6]. 
We note that Ri~ is independent of debond 
length*; which is of consequence in experiments 
that measure Rif by debonding. Also, if Rjf > 
(~rPd/8E~), the filaments break and no debonding 
occurs. 

Since the energy for debonding, as expressed 
in the Outwater/Murphy equation (5), must come 
from additional minute elongations of the fibres, 
Equation 5 is valid only for those systems where 
the matrix fracture strain is less than that of the 
filament. Thus, debonding in the sense en- 
visaged by Cook and Gordon [7] - where a 
tensile component perpendicular to the fibres in 
the stress field ahead of a running crack causes 
interfacial failure before the crack gets to the 
filament or passes it by (Fig. 3) - cannot be 
quantified by the Outwater/Murphy approach, 
since the latter does not allow debonding until 
after the crack front has passed by the filament. 
We will return to this point later in the paper. 
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Figure 3 Debonding according to Cook/Gordon, where a 
tensile component in the stress field ahead of the crack 
causes interfacial failure before the crack reaches the 
filament. 

2.3. Stress  redistribution 
Piggott [8] and Fitz-Randolph (quoted in [9]) have 
put forward another explanation for the tough- 
ness of composites. The energy-dissipating 
mechanism is the redistribution of strain energy 
from the fibre to the matrix after a filament 
breaks. Before fracture, matrix material adjacent 
to the impending fracture is virtually unstressed. 

4 4 9  
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When rupture occurs, the severed ends must pick 
up load from the matrix, so' that the matrix 
itself picks up load too. The strain energy lost 
in the fibre is said to be the work of fracture. 

Then 

vf~t2le 
Rredtst - -  3E~ 

vfGf3d 
= 6Ee----7 (7) 

Strictly, the net work dissipated should be the 
loss of filament strain energy less the gain in 
matrix strain energy, but since typical {c,2/E}~ > 
(72/G)rn, where G is the shear modulus, the 
shear terms may be neglected; we also omit the 
Poisson's ratio terms of [8]. 

Notice that the Piggott/Fitz-Randolph Rreaist 
is the direct multiple (2le/3L) of the usual 
Outwater/Murphy Rdebond. 

2.4. Comparison of present theories 
It is clear that these theories will give widely 
different predictions for R. For illustration, if we 
assume that af = El/100 roughly, we have Rs in 
the ratios 150:3:1 for the Cottrell/Kelly, 
Outwater/Murphy and Piggott/Fitz-Randolph 
theories respectively. Nevertheless the analyses 
can work reasonably well for certain fibre/ 
matrix combinations. Pull-out has been men- 
tioned in connection with the W/Cu system, and 
it also predicts a large proportion of the work of 
fracture in carbon fibre/polyester composites. 
The Outwater/Murphy analysis has found 
success with glass fibre/resin matrix composites. 
Fitz-Randolph's theory was proposed for the 
boron-epoxy system. Careful investigation of the 
published results [9] shows, however, that in this 
latter circumstance rather unrealistically long 
critical lengths were employed to make theory 
and experiment agree. Critical lengths from 12.5 
to 7.75 mm (which correspond to an interfacial 
shear strength from 12.5 to 36.2 MN m -2) were 
used, whereas most predictions of the critical 
length in the boron-epoxy system are of the 
order of 2.2 mm and the interfacial shear strength 
of the order of 65 MN m -~ [10, 11]. 

When applied to composite systems other than 
those for which they were first used, the three 
theories are less successful in predicting the 
toughnesses that are obtained in practice. For 
example, in a 42% volume fraction boron- 
epoxy composite, the following fracture tough- 
nesses are predicted: pull-out analysis, 456 

450 

kJ m-S; debonding analysis, 10.8 kJ m-~; 
redistribution analysis, 6.8 kJ m -2 (le = 2.2 
ram), 44.4 kJ m -~ (/c = 12.5 ram). The experi- 
mental toughness for the composite is typically 
35 kJ m -2 ([11]; see also [9]). 

The obvious conclusion from the foregoing, is 
that the theories work well when the mechanisms 
upon which they are based are the principal 
methods of energy dissipation, but that they can 
be much in error in general when the assump- 
tions in their derivations are violated. For 
example, the Cottrell/Kelly theory assumes that 
the original shear strength of the interface is 
maintained during pull-out which evidently is 
not always true, so that rather high values of R 
are predicted. Again, implicit in the Outwater/ 
Murphy theory is that the fracture strains of the 
fibres are greater than the fracture strains of the 
matrix. Moreover, since none of the three 
theories that have been reported comes close to 
predicting the boron-epoxy works of fracture, it 
follows that certain energy dissipation mechan- 
isms (which have been ignored) are operative in 
that system. A general theory of composite frac- 
ture might be expected to incorporate many 
possible modes of energy dissipation, some of 
which may be mutually exclusive. 

3. New theory 
3.1. Background 
Scanning electron microscopy studies which are 
reported by Marston [11 ] shed some light on the 
fracture mechanisms in boron/epoxy composites 
and the reasons for the inability of the extant 
theories to predict R. Firstly, no interfacial 
debonding appears to take place prior to 
filament fracture. Secondly, after filament 
fracture, the matrix material relaxes away from 
the filaments thus presumably reducing the 
normal force at the filament/matrix interface and, 
therefore, diminishing the frictional force oppos- 
ing pull-out. These two observations refute the 
toughness mechanisms of Outwater/Murphy 
and Cottrell/Kelly. Yet, since the Piggott/Fitz- 
Randolph theory does not successfully predict 
R for this system (using normal le), explanation 
has to be sought elsewhere. 

The new theory suggested in this paper takes 
into account the contribution of the work done 
in creating new surfaces during fracture of a 
composite: Three types of surface are generated, 
namely: (i) filament cross-sectional surfaces 
after fracture, (which are generally conical in 
B/W filaments), ( i i )  matrix cross-sectional 
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surfaces after passage of the fracture crack, (iii) 
cylindrical surfaces created between filament and 
matrix. The third type of surface is essentially the 
same as a debonded surface, for which the 
Outwater/Murphy analysis might be thought to 
apply. However, their sums are applicable only 
when the work is supplied from strain energy in 
the filaments. This is not necessarily the only 
source of energy and it seems better to develop 
the argument for total work of fracture in terms 
of the fracture toughness of the interfacial 
cylindrical surface. As alluded to in Section 2.2, 
when a debond is produced by interchange of 
energy with the filament there must be a rela- 
tionship between the filament diameter, stress, 
filament modulus and the interfacial fracture 
toughness (i.e. the Outwater/Murphy mathema- 
tics), but when debonding is produced by other 
means, such as a Cook/Gordon-type mechanism, 
there need be no obvious relationship. Yet, 
since energy is dissipated, it is necessary to be 
able to express that work in known terms. The 
proposed method does this; if filament strain 
energy is the source of debond work, Outwater/ 
Murphy appears as a special case. 

3.2. New expression 
The theory is developed in detail in the Appen- 
dix. The total fracture work is the sum of the 
works of fracture of the three types of surfaces 
mentioned above: filament, matrix and filament- 
matrix interface. The fracture toughness from 
this generation of new surfaces is thus the total 
fracture work divided by the nominal transverse 
fracture area (i.e. neglecting cylindrical inter- 
facial areas). 

We have f rom Equation A12 in the Appendix, 

le 
Rsur~aces z (1 - v~)Rm + vf -d Rif (8a) 

/e lR m (see assumptions 
(I - vf) + vf d_] below) (8b) 

lo  
z vf -d Rm. (8c) 

Notice that this contribution to work of fracture 
involves R~r and Rm, which are not present in 
earlier analyses. The physical picture for the 
"'modifying factor" le/d (or crf/2~-), which has a 
pronounced effect on R, relates to the lengths 
of  the debonded areas. 

Some important points of argument used in 
obtaining the final expression are as follows. 

1. The fibres fracture randomly so that the 
average length of exposed filament on either side 
of the filament fracture is le/4. This is reflected in 
experimental pull-out lengths in the boron- 
epoxy system, where the longest exposed fila- 
ment is le/2 and the shortest zero. The assump- 
tion of random fracture, which has been observed 
experimentally [11 ], is also borne out by Kelly's 
postulate (in [6]) that if the elastic shear strain 
energy stored in the matrix at the time of fracture 
is much less than the filament strain energy, 
then the fibres break randomly. This is expressed 
by 

~" < e~4(Grn/Ed (9) 

where Gm is the matrix shear modulus. Approxi- 
mate values for the boron-epoxy system are 

e~=  3 G N m  -2 E~=  3 8 0 G N m  2 
G m =  4.6 GN m -2 

so if ~- < 0.3 GN m 2, random filament frac- 
tures will occur. The highest observed shear 
strength is perhaps 0.1 G N  m -2 [12]. 

2. The fracture toughness of the boron fila- 
ments is low ( ~  14 J m -a) and the net contribu- 
tion to the total work of fracture from fibre 
cross-sectional areas may be neglected. 

3. The interfacial fracture toughness, Ru, 
between matrix and filament must be known. In 
the absence of direct information for Ru, the 
toughness of the matrix Rm can be substituted 
as in Equation 8b. In assuming Rif z Rm we 
recognize that this provides only an upper bound 
for the work to generate debonded surfaces. If  
Ru > Rm, matrix material should adhere to the 
filaments, and where this is observed some value 
greater than Rm should be used in Equations 8. 
A lower bound is not as easily determined, 
because the filament is normally far stronger in 
transverse tension than either the matrix or the 
interface, so the interface could fracture over a 
wide range of Rm even with Poisson contraction 
in the filament. Note that tensile experiments 
suggested by Equation 6 are successful only 
when Rif < (cr~2d/8Ef). If, in such tests, filaments 
fracture with no debonding, a lower bound on 
R~f is indicated. Clearly for use in Equations 8, 
the most desirable procedure is to measure Ru 
independently. 

3.3. Total fracture work 
When all the mechanisms of toughness related 
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earlier are operating, we might expect that the 
fracture toughness would be given by adding up 
the separate contributions, namely: 

Rtota l  = Rpull-out  + R r e d i s t  + Rsurfaees .  (10) 

The Rdebond of Outwater/Murphy is implicit in 
Rsurfaees  and is thus not written separately. 
When one contributor is not acting (such as 
RpuU-out perhaps in boron-epoxy, see Section 
3.1), it is omitted. Numerical examples are given 
in the Appendix. 

4. Consequences of new analysis 
It is well known that the elementary rule of 
mixtures for the longitudinal tensile strength of 
composites implicitly assumes an interfacial 
shear strength between the filament and matrix at 
least equal to the shear strength of the weaker 
component. Associated with strong interfaces is 
a comparatively low fracture toughness. Weaker 
interfaces, although diminishing the longitudinal 
tensile strength, do accommodate more energy 
dissipation upon fracture of the filament by 
mechanisms such as those given earlier in this 
paper. 

Increasing -r from very low values will increase 
or, with an upper limit on cr of the rule-of- 
mixtures value. This follows from the mode of 
reinforcement. Filament tensile stresses can build 
up at the ends of the filaments by transfer of 
shear stresses from the matrix no more rapidly 
than tan -1 (4~-/d). If  ~- is low, the potential 
strength of the fibres is never reached. Equiva- 
lently the critical transfer length le = crd/2"c 
becomes excessively long, longer than either the 
lengths of given discontinuous fibres or the size 
of the composite article itself. 

Thus the average working stress in the fila- 
ments of finite length L, is 

(ray= - = a f  1 - 4~'L] " (11) 

This is the value that would be used in a rule of 
mixtures calculation, which gives 

( = ( 1  - v f )  am+Vr~r 1 - ~ -~ j  (12) 

as opposed to 

cr = (1 - vf)Crm + vfo'f (13) 

for relatively large -r where le < L. 
The relationship in Equation 12 is shown 

schematically in Fig. 4a and b, where rr falls from 

the RoM value with increasing 1/~- at the rate 
[&r/d(1/~-)] = - vr (ar2d/4L), which gives a for 
"weaker" interfaces. 

(a3 (b) 

RoM 

�9 
0 "r 0 l/.r: 

Figure 4 (a) o versus ~- when (cr~d/4"rL) is not  much smaller 
than unity. (b) ~ versus 1/~ when (crrd/4rL) is not  much 
smaller than unity. 

RoM -~-z-z_C_ 

O" 

The specific work of fracture when we have 
weak interfaces is given by adding the various 
contributions due to pull-out, redistribution, 
creation of new surfaces etc. Thus Equation 
10 becomes 

v~crr~d v~f~d 
Rto,al = 24---7 + 6Er------~ 

Iv  
+ (1 - -  vr )Rm + vr ~ - R i e  (14) 

or, approximately, 

Rtotal ~ - -  + + 
T 

+ (1 - vf)Rm. (15) 
Thus, in general terms, R,o~al varies linearly 

with 1/'r, with the (small) lower limit on Rtotal of 
(1 --  v f )Rm (Fig. 5).* Hence the 1/~- abscissa of 
Fig. 4b can be interpreted as an R~otal axis. The 
rate at which cr falls with increasing Rtotal is 

dcr d~ d(1/~-) 
dRtotal d(1/~-) dRtotal 

~2d 
v~ 4L 

vftyf  

- -  o ' f d  

4L [ ~ ( 1  + _~f) + R_~] (16) 

We seem to have picked up the right hand side 
*Beaumont and Harris [13 ] plot essentially R against ~-, where R relates principally to pull-out. 
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~ t o t a l  

.(1-v~),% 

o,i 
O 1/-c 

Figure 5 Linear relation between Rtotal and 1It ~ hen r 
is "weakened". 

of  Fig. 1 in this way, where for the boron-epoxy 
system we would omit the contribution of 
Rvun_out in scaling between 1/7 and Rtotaa in 
Equations 15 and 16. 

Regarding the left hand side of  Fig. I, we 
must remember that the arguments given for 0- 
are strictly not valid when bonding is strong 
enough to satisfy the rule of  mixtures assump- 
tions. Then, the composite fracture behaviour is 
dictated by the propagation of cracks through the 
brittle matrix, initiated either at flaws in the 
matrix or by premature low stress failures of  
weak filaments within the statistical distribution 
of  filament strengths. If  we invoke some sort of  
Griffith argument for the critical crack pro- 
pagation stress, we have 

cr 20C -Rm. 

Since we have shown that R,otal cc 1/% then 

1 
0 - 2 0 C  - 

"F 

and a plot of ~ versus 1/-r or R for the strongly 
bonded portion of the 1/-r axis looks as in Fig. 6. 
The maximum attainable cr is, of  course, the 
RoM value, so the "cut-off" R or ( l / r )  comes 
from equating a critical fracture stress formula 
(from anisotropic fracture mechanics perhaps) 
with 

( 1  - -  V f ) O ' m  2 7  V f O ' f  . 

The results for the two regimes in Figs. 4 and 
6 are superimposed in Fig. 7, where the 1/r 
abscissa is amended to an equivalent R axis. We 
see that the experimental o versus R data shown 
in Fig. 1 follow the general trend in Fig. 7. The 
right hand slope is given by Equation I6, which 

R o M  

O 

O t1~ or R 

Figure 6 ~ versus (l/r) or R for strong interracial bonds. 

b 

�9 �9 0 "2~  R 

R o M  �9 " 

�9 . , . . . . "  a 

~ N 15 

R t o t a  I o r  1 ] ' t  

Figure 7 The predictions of Figs. 4 and 6 superimposed, 
with the abscissa in terms of (l/r) or R via Fig. 5. 

with the boron-epoxy property values in Section 
2 of the Appendix becomes - (44 .  l / L )  m -1. The 
measured slope from Fig. 1 is, roughly, - 4 x 10 a 
m -1, so that L ~ l I mm. 

The Tattersall and Tappin bend specimens 
were 35 mm long with a 1.6 mm wide saw cut 
roof. 

5. Design considerations 
These observations on fracture mode change lead 
to a unique approach to design for the use of 
composite materials. From Fig. 7 the designer 
can select a broad range of strength-toughness 
combinations. Assuming that he wishes to 
avoid the relatively steep drop in strength that 
occurs to the left of point A, the designer ought 
to be able to specify a toughness range, say B-C 
and thus obtain a known strength range. It is 
also apparent that a given strength may be 
achieved from two very different values of  
toughness, one on either side of  point A, so a 
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strength specification alone is not sufficient. 
Designers are already acquainted with the 
strength-toughness trade-offs in selection of 
martensite tempering temperatures and alu- 
minium alloy ageing temperatures, so the 
opportunity to make the same sort of choice in 
composites should present no particular prob- 
lems. 

6. Conclusions 
The numerical examples in the Appendix show 
that the proposed expression for total work of 
fracture, which incorporates debonding in a 
more generalized way than Outwater/Murphy, 
and which also involves mechanisms of energy 
dissipation not hitherto used, is reasonably 
successful in predicting R for two composites in 
which the principal contributors to toughness are 
quite different. 

The overall trends given by the expression for 
fracture toughness agree with observed data 
between tensile strength and toughness obtained 
in specimens where the interfacial bonding 
strength was varied. The conditions for reason- 
able toughness commensurate with maintaining 
RoM strengths are contained in the analysis. 

7. Appendix 
7.1. New analysis 
The new analysis incorporates the energy 
absorbed in creating all new surfaces during the 
fracture of a composite material; none of the 
earlier analyses do this. For the assumptions of 
the following analysis, and amplification of 
certain points, Section 3 of the paper should be 
consulted. In order to predict the total energy 
absorbed, it is necessary to account for both the 
area created and the work done to create a unit 
of that area. The total energy is simply the sum 
of the products of the areas and their associated 
energies. 

The cross-sectional surface area of newly 
created filament fractures can be approximated 
by: 

NTrd ~ 
A~ = " T  (A1) 

where N is the total number of filaments frac- 
turing and d is the filament diameter. This 
assumes a planar type of filament fracture, which 
is not strictly correct for the double conical 
fracture present in the boron system. Let us 
also define Rf as the surface toughness of the 
filament. 

454 

The second type of surface formed is the 
matrix cross-sectional area which can be 
approximated by the equation 

Am = Anom - Af (A2) 

where Anom is the nominal cross-sectional area. 
This equation neglects small order deviations 
from a planar fracture surface such as branching, 
parabola formation, etc. The work of fracture for 
the matrix material, Rm, is determined experi- 
mentally with a suitable specimen. 

The third type of newly formed surface is that 
created between filament and matrix as a result 
of interfacial fractures. They are by far the most 
important with respect to the dissipation of 
fracture energy. The surface area created by 
interracial fracture can be approximated by: 

A~ = Nzrdl (A3) 

where l is the average exposed length of filament 
on both halves of the fracture surface. If the 
filaments fracture randomly, the average length 
of exposed filament will be one quarter the critical 
transfer length, since the longest exposed 
filament will be one half the critical transfer 
length and the shortest will be zero length. 

Thus, 

Ai~ = Nzrdlc/4. (A4) 

If the energy associated with the interface is 
Rif, the total energy consumed is equal to 

Nzr d ( N~r 
U t o t a l  - R f  + Anom )Rm 

-J7 N4al----2 Rif. (A5) 

The fracture toughness is defined as simply 
the total energy dissipated divided by the area 
of dissipation or: 

U t o t a l  

Anom (A6) 

The nominal (or cross-sectional) area can be 
accounted for in the definition of volume frac- 
tion filament: 

Nzrd 2 
vf = 4 Anom (A7) 

Rearranging gives : 

Nzr d ~ 
A nora = 4 v--~ (A8) 
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Subst i tu t ing  Equa t ions  A5 and A8 into Equa t ion  
A6  gives: 

v~leRif 
Rsur~aees = vfRf + (1 - vf)Rm + ~ . (A9) 

Us ing  

crfd 
lc = 2-~ (A 1 O) 

we get, equivalent ly,  

vfo'fRif 
Rsurtaees = vfRf  + (1 - vf) Rm + 2----~ " ( A l l )  

I f  vfRr is small ,  

Rsur faees  ~ (1 - vf) R m  + Vf -~ Rif  (A12) 

I t  is shown in Sect ion 3 o f  the pape r  
tha t  the significant con t r ibu t ion  comes f rom 
vf (lc/d) Rif  z vf (lc/d) Rm. 

7.2, A p p l i c a t i o n  to b o r o n - e p o x y  

Cons ider  the fol lowing compos i t e  made  f rom 
"as - rece ived"  b o r o n  f i laments in Shell Epon  828 
matr ix ,  vf = 0.42, af = 2.96 G N  m -z, Ef = 380 
G N m  e, lc = 2 . 1 8 m m ,  d =  100 gm, r = 70 
M N  m - L  W e  do no t  know the value o f  Rif, b u t  
we have measured  Rm for Shell Epon  828 epoxy  
as 2.6 kJ  m -~ in a 3-point  bend  test. Then  

Rtota l  = R r e d i s t  + Rsurfaees 

= 6.8 + 25.1 

= 31.9 kJ  m -~. 

Our  exper imenta l  values for  the as-received 
f i laments were some 35 kJ  m -e (cf. Fig. 1). I t  
has been suggested [14] tha t  2.6 kJ  m -2 is 
ra ther  high for  Rm. M o s t  values r epor ted  in the 
l i tera ture  are  lower  [e.g. 13, 15-18], b u t  a com-  
pa rab le  value of  ~ 14 l b  in. in. -~ was measured  
for  an epoxy  resin by  F i t z - R a n d o l p h  et al 
(see [9]). Rm values will depend  on the epoxy  
curing recipe and also on the m e t h o d  o f  test ing 
(different types o f  specimen having different 
s train ra te /p lane  s tress/plane s t ra in  combina -  
t ions).  Even quite low values o f  Rm make  
Rsurfaces a significant con t r ibu to r  to Rtotal in 
bo ron -epoxy  systems. 

7.3. A p p l i c a t i o n  to  c a r b o n - p o l y e s t e r  

Cons ider  the fol lowing compos i te  [19], vf = 
0.40, err = 1.6 G N  m -e, Ef = 360 G N  m -e, 
-r = 20 M N  m -2, d = 8 l~m, lc/d (experimental)  
= 120, (but  note  crf/2~- = 40). In  the absence o f  a 
value for  Rm (replacing Rif), let us use 600 
J m -e as a reasonable  guess [14]. 

Then in Equa t ion  10, using ~rr/2r = 40, 
Rtota l  = Rpul l -out  + R r e d i s t  + Rsur faces  

= 16.7 + 0.3 + 9.6 
= 26.6 kJ  m -~ 

or, using le/d = 120, 
Rtotal = 50.4 + 0.9 + 28.8 

= 80.1 kJ  m -2 

The  exper imenta l  values in [19] were a b o u t  
68 kJ  m - L  Given the uncer ta in ty  abou t  le and  
Rif, the agreement  seems reasonable .  Not ice  tha t  
pul l -out ,  a l though  the greatest  con t r ibu to r  to 
R,otal, is no t  sufficient o f  i tself  to give the 
observed fracture toughness.  
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