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NEW RESULTS ON CONTROL OF MULTIBODY
SYSTEMS WHICH CONSERVE ANGULAR
MOMENTUM

I. KOLMANOVSKY, N.H. McCLAMROCH, V.T. COPPOLA

ABSTRACT. A planar system of rigid bodies interconnected by one
degree of freedom rotational joints is considered. This multibody
system is referred to as a multilink, and the rigid bodies are referred
to as links. The angular momentum of the multilink is conserved
but is not necessarily zero. We show that if the number of links
is at least four, then periodic joint motions can make the absolute
orientation of a specified base link track exactly a specified function
of time whose time derivative is periodic. This result on the use
of periodic joint motions for orientation tracking extends previous
work [15], [20], [22] on using periodic joint motions for rest-to-rest
reorientation. It has interesting physical consequences. Specifically,
in the case of non-zero angular momentum periodic joint motions can
maintain the orientation of the base link constant. In the case of zero
angular momentum periodic joint motions can change the orientation
of the base link at a specified angular rate. We also demonstrate that
if the multilink consists of at least three links, then for any value
of the angular momentum joint motions can reorient the multilink
arbitrarily over an arbitrary time interval. This result extends similar
results in [15] for zero angular momentum and in [20] that apply for
nonzero angular momentum but not for an arbitrary time interval. In
terms of their control-theoretic aspects, the problems treated in the
paper can be viewed as controllability problems for a class of nonlinear
control system with time-dependent drift.

1. INTRODUCTION

We address a motion planning problem for a planar system of N > 1
rigid bodies interconnected with one degree of freedom frictionless rotational
joints in the form of an open kinematic tree (Fig. 1). This system of rigid
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Fig. 1. The multilink

bodies is referred to as a multilink, and the rigid bodies are referred to
as links. The origin of a reference frame is fixed at the center of mass of
the multilink. We assume that the reference frame is an inertial frame and
that the angular momentum of the multilink about the multilink’s center
of mass js conserved. The configuration of the multilink is specified by its
orientation § which is defined as the absolute orientation of the base link,
and by the joint angles ¢;, i = 1,--- , (N — 1), which determine the shape
of the multilink (Fig. 1). The joints are controlled by internal (angular
momentum preserving) actuators, e.g., by direct drive motors.

A number of control problems for a multilink with zero angular mo-
mentum has been considered in the literature; see, e.g., [1]-[3], [11], [15],
[17]-[20], [22]. The interest in these problems has been motivated, in part,
by space robotics applications [1]-{3], springboard diver dynamics [4], [8],
and the falling cat phenomenon [7], [16]. Previous work concentrated mostly
on using joint motions for rest-to-rest reconfiguration of the multilink. In
particular, for a multilink consisting of at least three nondegenerate links it
has been shown that periodic joint motions (i.e., cyclic shape changes) can
induce nonzero net orientation changes.

In the present paper we extend this result on the use of periodic joint
motions to tracking problems. Specifically, we show that if the multilink
consists of at least four nondegenerate links, then periodic joint motions
can make the orientation track exactly a specified function of time whose
time derivative is periodic. This result has interesting and, at a first glance,
counterintuitve consequences. Specifically, in the case of non-zero angular
momentum of the multilink periodic joint motions can maintain the orienta-
tion of the multilink constant. In the case of zero angular momentum of the
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multilink periodic joint motions can change the orientation of the multilink
at a specified angular rate. We also obtain new results for the problem of
reconfiguring the multilink from a given initial shape and orientation to a
specified final shape and orientation over a specified time interval. Specifi-
cally, we prove that if the multilink consists of at least three nondegenerate
links, then for any value of the angular momentum joint actuators can re-
configure the multilink arbitrarily over an arbitrary time interval. This
result extends similar results in [15] for zero angular momentum and in {20]
that apply for nonzero angular momentum but not for an arbitrary time
interval.

The paper is organized as follows. In Sec. 2 we summarize the equations
of motion. In Sec. 3 we present the results for the exact tracking problem.
In Sec. 4 we treat the reconfiguration problem. The proofs in Secs. 3—
4 are constructive and rely on averaging theory [6], [13, {14]. In Sec. 5 we
discuss implications of our results for multibody spacecraft attitude tracking
maneuvers, where the spacecraft is modeled as a multilink in orbit. Section 6
contains concluding remarks. Some of these results were reported in an
earlier conference paper [10].

Our notation is standard: R is the set of real numbers, Z* is the set
of nonnegative integers, a function f is C™ if f is n times continuously
differentiable.

2. EQUATIONS OF MOTION AND PRELIMINARIES

The angular momentum of the planar multilink about the center of mass
of the multilink is constant but not necessarily zero. Conservation of angular
momentum relates the joint angle velocities to the time rate of change of
the orientation as {15], [20]

N-1
; H mei(¢) .

0= -~ oi 1
meg(¢) 2 mee(¢) " ®

i=1

where H denotes the constant value of the angular momentum. The func-
tions mgg and mgi, ¢ = 1,--- , N — 1, are real analytic and 2w-periodic in
each of their arguments. The function mgg satisfies mgg(¢) > 0 for all ¢.

Assuming that every joint is actuated, equations relating the joint angles
and the joint torques can be written in the form

Fy(¢)¢ + Fa(¢,8)d + HF3(9)d + H*Fy(¢) = T, (2)

where T = (1,--- ,7n—1) is an (N ~ 1)-vector of joint torques. The matrix
functions Fy, Fy, Fy : RN-1 5 RN-1 By : RV-1 x RV-1 , RV-Dx(N-1)
are 2m-periodic in each of their arguments. Equations (2) can be obtained
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either by substituting (1) into Lagrange’s equations of motion for the mul-
tilink or, equivalently, by Routhian reduction; see [15], [20] for details. The
triple (8, ¢, ¢) is referred to as the state of the multilink.

Let p,r,s be three integers, 1 < p,7,s < (N — 1), which identify three
specific joints. To state our assumptions and results, it is convenient to
introduce two functions of the joint angles

Pprs :RV-D 4R and v, : RV-D SR

They are defined as

o(22) (22 - (o) ()

oo (8= 50, \mop O¢p  \mep
o) o(5)
9% 8,
() _2(5)
)= 55"~ oa

3. EXACT TRACKING

Throughout this section the following assumptions hold: (Al) N > 4;
(A2) there exist ¢° € RY~! and three integers p,7,s, 1 < p,r,s < (N —
1),p # r # s, such that mgp(¢°) # 0 and pprs(¢°) # 0; (A3) the scalar
tracking objective function 84(t), t > ¢/, is C2 and its time derivative 84 is T-
periodic for some T > 0. With the exception of some degenerate situations
(e.g., when masses or inertias of some of the links are zero), a multilink
with at least four links satisfies (A2). Moreover, in the usual case almost
all shapes ¢® € RN-! satisfy mgp(¢°) # 0, pprs(¢°) # 0. Assumption
(A3) implies that 64(t), ¢ > t/, can be represented as a sum of a linear
function of time and a periodic function of time which is twice continuously
differentiable. If (A1)-(A3) hold, the orientation of the multilink can track
exactly 04(t), t > t/, while the joint motions are periodic and joint angle
deviations are as small as desired.

Theorem 3.1. Suppose (A1)~(A3) hold and let € > 0 be given. Then
there eists a state (8*,¢*,¢*) € R2N=1 and continuous joint torques 7;(t),
i=1,---,(N —1), defined for t > t', such that if (6(t'), $(¢'), o)) =
(Hd(t') ¢* ¢*), then the solution of (1)~(2) satzsﬁes (i) 8(t) = 84(t) for
t >t (i) ¢i(t), t2t,,i=1,---,(N ~1), are C? and T-periodic; (iii)
[pi(t) ~ @2 < &, forallt > ¥, i= 1,~-- (N =1).
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Proof. The theorem is proved by constructing a twice continuously dif-
ferentiable T-periodic joint motion ¢(t), ¢t > t', which satisfies (iii) and
which guarantees that if (') = 64(t'), then the solution of Eq. (1) satis-
fies 0(t) = 64(t) for all t > t. The joint torques can be then obtained by
substituting ¢(t), t > t/, into (2).

Without loss of generality, assume that p = 1,r = 2,5 = 3, and
p123(¢°) > 0. If N > 4 define

Gi(t) =92, i=4,--- ,(N-1), t 21, (3)

and assume, without loss of generality, that N = 4.
Let
Uge = {(61,62,63) €R®: |6 — 671 < §,4=1,2,3}

be a neighborhood of ¢°. Since p123(¢°) > 0, mg1(¢°) # 0, and the functions
p123 and mg; are continuous, there exist scalars §, v, b, and B satisfying
0<d<e/4,v>0,B>b>0,

|m91(¢)| >v>0, forallge Uq;o,
and 8 8
;B > p123(h) > 7—rb >0, forall ¢ Up.
If 6(t) = 64(t), t > ', Eq. (1) implies

, __H _m99(¢)- _m92(¢)- _m93(¢).
B e @ ma@? ma@® @

Let !, and I3 be such that

H mee(9) ;
I > - 0,0)>1; forallpeUgp andt/ <t <t +T.
27 mei(d)  mer(9) a®)>h o< Uy -

Select M € Z* sufficiently large so that

4, T 4hLT 8T 8T
M > ma.x{—é—, —-6—, (lgB - llb)-gé—., (lzb - llB)-l;g}
The outline of the proof is now given. Let t; =¢' +Ti/M,i=0,--- , M.
We shall show that there exists a C?2 joint motion (¢1(t), #2(t), #3(t)) € Uge,
t' <t <t +T, satisfying (4) and such that

¢1(ti)=¢‘{r i=0,---,M, (5)

and

bo(ts) =63, ¢a(ti) =83, a(t:) = da(ts) =0, ba(ts) = da(ts) =0,
i=0,---, M. 6)
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The construction of the joint motion satisfying (5) and (6) is accomplished
separately in each interval ¢; < ¢ < ;4.;. We then extend (¢y(¢), ¢2(t), #3(t))
constructed for t' <t < t' 4+ T periodically with period T for t > t' + T
Since 64(t), t > t/, is T-periodic, (4) implies that ¢1(t + T) = ¢1(¢) for
t > t/. Therefore, (¢1(t), ¢2(t),¢3(t)) is C?, T-periodic, and contained in
Ugo for allt > t'.

We now construct the desired joint motion (1 (t), 2(t), #3(t)) for ¢; <
t < tiy1- The selection of M guarantees the existence of @ > 0 and 3 > 0
such that

6M/(4T) — Iy

b5M/(8BT) — Iy
B >

> B2 A (7)

and
4T T
6M/(4T) + U >a2>lg+bM6/(SB )‘ (8)
B b
Consider a family of joint motions ¢2(t, k,n) and ¢3(t, k, n) parametrized
for t € [t;,ti+1] in terms of a real parameter & € [-,a] and a positive
integer n as

tiy1— 1 -2
ba(t, kyn) = ¢ + | —5—— kyvi(o,n) + (—k)+v2(o,n))do,
2051 =02 ( 2mn ) t[( yui(o,n +v2(o,m)) )

tig1 — & -2
balt,kym) = 43+ ( + ) (ksva(o,m) + (—k) 401 (0, m)) do,
2mn Z/ (10)

where (k) = k if £k > 0 and is zero otherwise. Here, in terms of h =
(ti+1 —t:)/(4n),

( i
1-C05<2—7r£t—h-£‘-)->, t; <t<t;+h,
_ , ti+h<t<t; +2h,
n(t,n) = 2m(t —t; — 2h)
—14- cos ) ti +2h <t <t; +3h,
| 0, ti+3h <t <t;+4h,
(0, t; <t <t +h,
1_cos(371(—t%:—’-‘—)), ti+h<t<t+2h,
wltm) =1 g ti+2h <t <t +3h,
._1+cos<_2lr_(.t%:_.3_h_).), t‘+3hStSt,+4h’
\
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and
vl(t, n) = ’Ul(t — 4h, TL), 'Uz(t, n) = ’Ug(t —4h, n), t; +4h <t <ty

Note that for arbitrary values of the parameters k and n the joint motions
$2(t, k,n) and ¢3(t, k,n) are C? for t; <t < t;41 and satisfy

¢j(ti7k7n) = ¢5(t":+17k’ n) = .?’

¢j(ti1 k,n) = ¢j(ti+1’ k, n) = ¢j(t‘ia k, n) = ¢j(t‘i+1a k, n’) =0,
where j = 2, 3.

Let ¢;(t,k,n) denote the solution of Eq. (4), where ¢2(t,k,n) and
$a(t, k,n), t; <t < tiq1, are defined by Eqs. (9) and (10), and ¢1(t;, k,n) =
#39. We want to show that there exists a choice of parameters & = k and
n = # such that ¢;(tiy1, k, %) = ¢2.

By applying the averaging technique developed in [6], [14] to Eq. (4),
where ¢a(t, k,n) and ¢3(t, k,n) are defined by Eqgs. (9) and (10), it can be
shown that there exists M; € Z7% such that for all n > M; and for all
ke [_’ﬂ7 a]1

where 43_,-(15, k), t; £t < tiy1, j = 1,2,3, solve the averaged equations

¢, = mf(q_ﬁ) + ZZ?E% 64 — sign(k)kzgpma(qg), b1 (ti, k) = ¢3,
(é2 = ¢3,
@3 = ¢5.

Inequalities (7) and (8) guarantee that the solution of the averaged equations
exists for ¢; <t <t;41 and

|f1(t,k) — #5] < 8/4, forallt; <t <ty and all k € [, 0],
é1(tiv1, —B) — 3 > b5/(8B) > 0,
1 (tiy1, @) — ¢S < —b6/(8B) < 0.
Let A > M; be selected. The estimate (11) implies that
b(t, k,7) € Ugo, for all t; <t < t;4q and for all k € [0, 0],
b1 (tiv1, —B, 1) — @3 > b6/(16B) > 0,

and
d1(tigr, 0, 71) — 99 < —b6/(16B) < 0.

Since the solution ¢, (¢, k,7) of Eq. (4), where ¢2(t, k,7) and ¢a(t, k,72),
t; < t < tyyy, are defined by Egs. (9) and (10) and ¢1(t:, k, 1) = ¢%,
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depends continuously on the parameter k it follows that there exists a value
of the parameter k = k € [0, o] such that

$1(tir1, k) = @3
This completes the proof of Theorem 3.1. []

To suminarize, the proof shows that appropriately constructed small am-
plitude high frequency periodic joint motions result in 8(t) = 64(t), t > t'.
The two main ingredients of the proof are an averaging estimate and a fixed
point argument.

We now comment on some interesting implications of Theorem 3.1. First,
for any value of the angular momentuimn, the orientation of the multilink can
track an arbitrary tracking objective satisfying (A3), while the joint motions
are periodic and joint angle deviations are as small as desired. In fact, for
sufficiently small ¢ in (iii), it would appear to an external observer that
the multilink behaves as a rigid body with fixed shape ¢°, acted on by
an “external” torque that causes the orientation of the multilink to track
exactly the tracking objective. Furthermore, Theorem 3.1 implies that in
the case of non-zero angular momentum the orientation of the base link can
be maintained constant while at the same time the links do not rotate on
“average” relative to one another. In the case of zero angular momentum it
is possible that the base link rotates at a non-zero angular rate relative to
an inertial frame while the links do not rotate on “average” relative to one
another. These conclusions should be contrasted with possible solutions of -
the problem using a momentum wheel to control the absolute orientation
6(t) of the base link. Specifically, to guarantee 8(t) = 0, t > t/, for nonzero
angular momentum or to guarantee 8(t) = Q(¢t ~¢'), t > ¢/, Q # 0, for
zero angular momentum a momentum wheel must necessarily have nonzero
“average” rotation.

Our next remark concerns the conclusion in (iii). Assume the shape
#° is collision-free, i.e., the links do not intersect and do not touch each
other. Then, exact tracking can be accomplished without link collisions.
For that, it is necessary to select joint motions according to the construction
procedure in the proof of Theorem 3.1 for € sufficiently small.

While the proof of Theorem 3.1 is constructive, the construction proce-
dure is rather complex. In terms of computations, simpler approaches may
be desirable. Such approaches are available. One approach is sketched be-
low. Suppose that §(t) = 64(t) for all t > t'. Assuming me:(4) # 0 we can
solve (1) for ¢1, in terms of §; and g, - ,P(N-1), 85

o H  mes(d), moz(fﬁ)
1= me1 () m91(¢) Z mg1 ¢) (12)
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The approach relies on the assumption that the joint motions ¢2(t),-- -,
dn-1(t), t > t', can be parametrized as

$it) =D _Wwi(®), i=2--,(N-1), (13)
=0
where 1/1}, j=20,-.+,n, are specified twice continuously differentiable func-
tions that are T-periodic for ¢ > t'. The constants 'y} eER,j=1,---,n,
1=2,---,(N — 1), are determined from the condition
61(t' +T) — (') =0, (14)

The difference ¢1 (' +T)—1(t') is a function of v} and ¢1(¢'). Thus Eq. (14)
is a finite-dimensional root-finding problem. - If the set of functions 1&{ is
sufficiently rich, a solution to (14) exists and can be determined numerically.
If multiple solutions are available, a specific solution can be determined by
solving a constrained optimization problem. It is also possible to incorporate
link collision constraints and mg;(¢) # O into the above formulation using
the interior penalty function method [5]. Since (}'52, e+ ,$v-1) and 64 are
T-periodic, (12) and (14) imply that ¢1(t + T) = ¢41(¢t) for all ¢ > ¢/. After
¢(t), t > t/, has been obtained, the joint torques can be computed from (2).

4. RECONFIGURATION

Suppose an initial state (6, do, do) € RZ¥N ! at a time instant to, and a
final state (6*, ¢*,$*) € R2V-1 at a time instant ¢’ are given. The recon-
figuration problem is to determine joint torques 7;(t), ¢ = 1,--- ,(IN — 1),
to < t < t/, such that the solution of Egs. (1) and (2) with 6(tp) =
6o, ¢(to) = ¢o, d(to) = o satisfies

o) =0*, ¢i(t')=¢}, and (t) =4, i=1,---,(N—1).(15)

Our use of (6*,¢* ¢*) and ¢ in formulations of both the exact tracking
problem and the reconfiguration problem is not accidental. It is motivated
by the fact that a reconfiguration of the multilink is typically required prior
to exact tracking to match the orientation and the shape with the required
at t =t/ for the exact tracking. This combination of reconfiguration and
exact tracking is illustrated in Sec. 5 by a spacecraft example.

Throughout this section we assume: (S1) N > 3; (S2) there exist two
fixed integers pand 7, 1 < p,r < (N —1),p # r, and ¢° € RW-1) such
that vpr(¢°) # 0. The assumption (S2) can be interpreted as the angular
momentum nonintegrability condition [15], [20]. It is satisfied for a multilink
with at least three links, unless the multilink is degenerate (e.g., masses or
inertias of some of the links are zero) [15]. In the usual case almost all

shapes ¢° satisfy vpr(¢°) # 0.
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The reconfiguration problem was solved in [11], [15] for the case of zero
angular momentum and ¢o = ¢* = 0. In the present paper we provide a
reconfiguration procedure for the general case when the angular momentum
is not necessarily zero. While the proposed procedure can be viewed as an
extension to the case H # 0 of a similar procedure in [15], the arguments
which we justify it with are different. They are based on the averaging
theory used to obtain an estimate of the orientation drift induced by small
amplitude high frequency periodic joint motions. A related work on using
averaging for attitude control includes reference [12]. However, the results
in [12] do not apply to the problem at hand because of the different form of
the equations.

A specific reconfiguration procedure is now described. Let tg < ¢; < t2 <
t’ be a partition of the interval [tp,t’]. The desired joint motion is defined
intermsof n € Z*, k€ R, and p € {~1,+1} as

¢ (t), if to <t <t
¢(n, knu’ t) = ¢(n1 kv s t)v if ty St<ty, (16)
ot (1), ifta<t<t,

The function ¢~ (t), to <t <, is C? and satisfies
¢ (to) = do, ¢ (t0) =do, ¢~ (1) =9¢° ¢ (t)=0. (17)
The function ¢+ (t), to <t <t/,is C? and satisfies
¢t(ts) = 9% ¢t(t) =0, ¢T(t)=¢", $T()=¢"  (18)
There exist multiple choices of ¢~ and ¢*. One obvious choice is to use
cubic polynomials. Other choices can be made based on optimality or link
collision-avoidance considerations.

Let h = (t3—t1)/(4n). The function @(n, k, i, t) is defined for ¢t; <t < t2
in terms of parameters n € Z¥, k € R, and p € {~1,+1} as

t
J’r(ns k: H,y t) = ¢$‘ + %/ ([_L+111(0', n) + (“',Uc)+’l)2(0’, n))da,
t1

. k! (19)
Botn b t) = 85+ 7 [ (wyoa(om) + (—u)lovm)) o

- 1
¢'j(n,k,t)= 3‘, ifj=1,---,(N=1),5#np,
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where (u)+ = p if g > 0 and is zero otherwise. Here,

1-cos<-2-“—(ih—‘—“—)), h<t<t +h,
0, ti+h<t<t +2h,
v1(t,n) = 4 e -
—1+cos(m—f:—2h)), t1+2h <t <t +3h,
kO’ t +3h <t <t +4h,
(0, t1<t<ti+h,
1—cos<—2—7-r—(—t—:}fl——m), t1+h<t<t,+2h,
vtn) =9 o t+2h <t <t +3h,
—1+COS(M———ZI—_ihZ), t)+3h <t <t +4h,
\

and

v (t,n) = vi(t — 4h,n), va(t,n) =vat —4h,n), t1+4h <t <t
By construction, '

B,k ty) = $(n, K, i ta) = ¢, B(n,k, 1) = §j(n, K, t2) = 0.

Let 8(n, k, u,t), to <t < t/, denote the solution to equation (1), where
&(t) = ¢(n, k, i, t) is defined by equation (16) and 8(n, k, u, %0) = 6o.

Lemma 4.1. For allfi € Z* sufficiently large there exzists a choice of
parameters k =k € R and p = fi € {-1,+1} such that 8(i, k, 1, t') = 6.

Proof. Since ¢~ (t), to <t < t; and ¢*(t), t2 <t < t’ are bounded and do
not depend on n, k, and p and since mgs(¢) > O for all ¢, the differences
Ay = 0(n, k,u,t1) — O(n, k, p, to) and Ag = 0(n, k, n,t') — 0(n, k, p, t2) are
bounded and do not depend on the values of n, k, and u. Let (), u,t),
t1 <t <ts, k€R, p€ {—1,+1}, denote the solution to

H
mge(d°)

Let £ > 0 be given and, without loss of generality, assume that v,.(¢°) > 0.
Equation (20) implies that we can select A = A; < 0 so that

=

— N (#9500 t) = Om by tr). (20)

A+ 9_(/\1, —1,t2) — é(Ah “Lth)+ A >0"+¢
and A = A2 > 0 so that
A+ é(/\z, l,tg) — g(kz, l,tl) + Ay < 0" —e.
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c+ k€, c+ ke a
¢ P ¢c+ ke + ke,
;
¢
r
¢ 0°+ ke
B
Fig. 2. Reconfiguration maneuver.
- (ta —t1)m . .

Let »()\,n) = A\y/ —=———. By applying the method of averaging [6],

[14] to Eq. (1), where ¢(t) = ¢(n, »(A, n), u, t), it can be shown that for any
6 > 0 there exists M € Z* such that for any n > M,

|6’(n, x(’\lvn)a _l’t) - g(’\lv _17t)| < 6a
Ie(na K(Ag,’ﬂ), lft) - é(AZ’ l,t)l < 6: (21)
t <t <Lts.

Select 6 < /4 and 7t > M. Then,
9(ﬁ1 K()‘lv ﬁ')v sign(%(/\l, ﬁ))7 t,) > 9*

and
8(A, (A2, 1), sign(sc(Ag, A)), t') < 6™

By continuous dependence, there exists a value of the parameter & = k such
that (7, k, sign(k),t’) = 0*. This completes the proof of the lemma. [

The lemma leads to a two-step procedure for the reconfiguration ma-
neuver. First, we select n = A € Z1 sufficiently large so that together
the orientation differences 8(A, k, 1,t2) — (7, k, 1,¢1) and 0(A, k, —1,12) —
0(#, k, —1,t;) range from 0 to 27 (mod 27) as the parameter k varies. Then,
we solve the nonlinear root finding problem 6(#, k, 4, ') = 8* (mod 27) for
the parameters k = k € R and pu = i € {—1,1}. The joint torques which
accomplish the reconfiguration are computed by substituting ¢(7, E, p,t),
tp <t <, into Eq. (2).
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The reconfiguration maneuver is accomplished in three steps (Fig. 2). In
the first step (time duration o < ¢t < t1), the multilink is transferred from
the initial shape and initial joint angle velocities to the shape ¢¢ and zero
angle velocities. In the second step (time duration ¢; <t < ¢»), joint angles
¢p and ¢, are forced to trace a square path with side size |l;:|, 7i times.
The direction in which the square path is traced is determined by 4 = 1
or i = —1. In the third step (time duration {2 < t < t’), the multilink
is transferred from the shape ¢° and zero joint angle velocities to the final
shape and final joint angle velocities.

The orientation difference 8(n, k, u,t2) — 0(n, k, u,t1) has a number of
properties which can be exploited. For example, Eq. (1) implies that

9(77,, kv i, t2) - 9(‘)’7., k: Hy tl) = n(6(17 k’ s t2) - 9(1a kv 22 tl)) -

If the angular momentum is zero, then by writing 6(n, k, u, t2) —0(n, k, p, t1)
from (1) as a line integral along the path of joint angles, it can be shown
that 8(n, k, u, tz) — 0(n, k, i, t1) does not depend on ¢; and 3 and

9("’7 kv My t2) - 0(71, k, Hs tl) = Nl (0(1: kv 1, t2) - 0(1’ ka 1, tl)) -

In the literature the orientation differences resulting from periodic joint
motions (or cyclic shape changes) are referred to as phases [11], [16], [19],
[20], and are, typically, represented as a sum of two terms. The first term
is called the geometric phase [20] and it can be written as a line integral
along the path of joint angles. The geometric phase depends only on the
path of the joint angles and is independent of how fast or slowly the joint
angles are changed along this path. The second term is called the dynamic
phase {20] and it can be nonzero only if the angular momentum is nonzero.
For the multilink with at least three links the geometric phase term can be
made arbitrary large by periodic joint motions of sufficiently high frequency.
The dynamic phase term remains bounded on bounded time intervals, in-
dependently of the joint motions. Thus periodic joint motions can reorient
the multilink arbitrarily. This observation is made precise in the proof of
Lemma 4.1 using an averaging estimate, and a fixed point argument.

We formally summarize the main result of this section.

Theorem 4.2. Suppose (S1), (S2) hold. Then, for an arbitrary initial
state (8o, ¢o, do) and an arbitrary final state (6*, ¢*, #*), for arbitrary time
instants to and t' satisfying t' > -to, there ezist joint torques Ti(t), i =
1,--+,N —1, such that if 0(to) = o, ¢(to) = @9, and é(to) = do, then the
solutz'on of Eqs. (1) and (2) satisfies 0(t') = 6*, $(t') = ¢*, $(t') = é*.

Actually, by modifying slightly the construction of ¢~ and ¢, the con-
clusion of Theorem 4.2 can be strengthened. Specifically, the joint torques
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which accomplish the reconfiguration can be made continuous. Suppose
the shapes ¢y, @°, ¢* are collision-free, i.e., the links do not intersect or
touch each other. Then, the reconfiguration maneuver can be accomplished
without link collisions.

5. APPLICATION TO MULTIBODY SPACECRAFT ATTITUDE CONTROL
PROBLEMS

In this section we briefly comment on applicability of our results to multi-
body spacecraft exact orientation tracking maneuvers. A frequent attitude
control objective for spacecraft in orbit is to ensure that it remains pointed
in the direction of a specified target, e.g., a fixed star, the center of the
Earth, or another satellite, as may be required for space observations and
communications. A traditional approach to such problems is to use exter-
nal actuation, gas jets or momentum wheels, to produce external moments
on the spacecraft. Even without such external actuation it is still possi-
ble to accomplish a variety of pointing maneuvers by cyclicly changing the
shape of the spacecraft, e.g., by moving an appendage or a robotic arm in
a periodic fashion relative to the spacecraft body.

For the case of zero angular momentum it has been known for some time
that cyclic shape changes are capable of inducing net orientation drift. In
the present paper we showed that cyclic shape changes can be used for
exact orientation tracking. A typical spacecraft exact orientation tracking
maneuver would consist of two phases. During the first phase the spacecraft
is reconfigured so as to match its orientation and shape with those required
for exact tracking. During the second phase cyclic shape changes make the
orientation follow exactly a specified tracking objective whose time deriva-~
tive is periodic. Details of several such spacecraft maneuvers are reported
in [10].

6. CONCLUDING REMARKS

In this paper we developed new results on control of multibody systems
which conserve angular momentum. Prior results in the literature on the
use of periodic joint motions are extended to exact tracking problems and to
reconfiguration problems for the case of nonzero angular momentum. Fur-
ther extensions are available. For example, the assumption that the angular
momentum of the multilink is constant can be relaxed. It is sufficient to as-
sume that the angular momentum is prescribed as a function of joint angles
and time that is periodic in time.

In terms of their control-theoretic aspects, the problems addressed in
this paper can be viewed as controllability problems for a class of nonlinear
control systems with time-varying drift. The control systems may have no
equilibria, and state constraints may be imposed. It appears that in these
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controllability problems standard Lie-algebraic tools [9], [21] do not apply.
However, the direct approach of this paper, based on explicit control input
parametrization, averaging, and a fixed point argument, has been shown to
be effective in addressing these controllability problems.
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