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Regularity of the Density of States in
the Anderson Model on a Strip for Potentials
with Singular Continuous Distributions

Abel Klein,! Jean Lacroix,"? and Athanasios Speis'’
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We derive regularity properties for the density of states in the Anderson model
on a one-dimensional strip for potentials with singular continuous distributions.
For example, if the characteristic function is infinitely differentiable with bounded
derivatives and together with all its derivatives goes to zero at infinity, we show
that the density of states is infinitely differentiable.

KEY WORDS: Anderson model; density of states; Anderson model on a
strip.

1. INTRODUCTION

To describe the motion of a quantum particle on a disordered crystal,
Anderson” introduced a model in which the particle, an electron, is
assumed to interact only with the impurities in the crystal which produce
a potential varying stochastically from site to site.

The Anderson model is given by the random Schrédinger operator

H=—34+V

acting on /*(Z?), where 4 is the finite-difference Laplacian and the values
V(x) of the potential at the lattice site x are taken to be independent identi-
cally distributed random variables.
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In the study of such random Hamiltonians one is usually not
interested in the study of properties of H for a fixed potential V, but only
in properties that hold for typical V. For example, it is a consequence of
ergodicity that the spectrum of the Hamiltonian H is given by

o(H)=o(~%4)+supp p

with probability one,*! where p is the common probability distribution
of the potential at a single site. The spectrum of H can be decomposed into
pure point spectrum, absolutely continuous spectrum, and singular
continuous spectrum. This decomposition is independent of the potential
with probability one.V

An important quantity in disordered systems is the density of states,
which measures, in some sense, “how many states” corresponds to energies
below a certain level.

The integrated density of states N(F) is defined by

1 .
N(E)= Ali_)mzd Tl # {eigenvalues of H , < E}

where 4 is a cube centered at the origin and H , denotes the operator H
restricted to /°(A) with Dirichlet boundary conditions.

It is a consequence of the ergodic theorem that for almost every poten-
tial the limit exists for all £ and is independent of the potential.*>® N(E)
is always a continuous function”-*) and under some mild conditions is log-
Holder continuous.®’

It is known that without further restrictions on u one should not
expect too much more regularity.""'? In one dimension under very
general conditions N(E) is always Holder continuous on compact
intervals"'®'" and under some minimal regularity assumptions on y it is
always differentiable, even infinitely differentiable,>"**)

In more than one dimension little is known about the differentiability
of N(E).""7®) Under mild regularity conditions which include the uniform
distribution it follows that N(E) is differentiable at high disorder,*®) and
under some strong assumptions on u (analytic density or exponential
boundedness of its Fourier transform) it has been shown to be analytic at
low energy or high disorder.*1-20)

In this paper we study the regularity of N(E) for the Anderson model
on a strip. This had previously been done by Klein and Speis®" under
certain regularity assumptions on pu which required u to be absolutely
continuous (e.g., the uniform distribution). Their approach, following
ref. 13, was to use the supersymmetric replica trick to rewrite the averaged
Green’s function as a two-point function of a supersymmetric field theory,
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which was then studied by a supersymmetric transfer matrix. The problem
was reduced to the study of a certain eigenvector problem. Existence was
not hard to establish, but the uniqueness followed from the uniqueness of
a certain probability measure on the symplectic group which is invariant
under an action associated with the random Schrodinger operator on the
strip. Klein and Speis®" proved that the eigenvector was always the
restriction of the Fourier transform of that invariant measure to a certain
cone; to do so, they used an old result of Whitney®? to extend the eigen-
vector, originally defined on the cone of positive-semidefinite matrices, to
the space of all symmetric matrices. This extension required a hypothesis
on u that excluded singular distributions (Ref. 21, Theorem IV.2.7).

In this paper we prove directly the uniqueness of the eigenvector under
very weak hypothesis on g (see Theorem 4.11); in particular, our condi-
tions allow for singular continuous distributions. )

This paper is organized as follows: In Section 2 we introduce the
Anderson model on a strip and state our results; Section 3 is devoted to the
development of the supersymmetric Hilbert spaces used in ref. 21 as well as
to the introduction of some new ones which will be needed in the sequel.
The supersymmetric transfer matrix and the eigenvalue problem are
studied in Section 4. Finally, in Section 5 we derive the regularity of the
density of states from the above-mentioned eigenvector as in ref. 21.

2. Statement of Results

Let 2, be the one-dimensional lattice strip of width m, ie., 2, =
Zx {1,.,m}, where Z is the set of all integers, Z* is the set of all non-
negative integers, and me Z*\{0}. Let 2" = {(1,0), (—1,0)} and 2°=
{(0,1), (0, —1)}.

The Anderson model” on &, is given by the random Hamiltonian
H=H,+V on [*%2,,), where

(Hou)(x)= 3 (Ho)y u(y)

Y€ Dy
with

—1/2  if x—yeg?
0 otherwise

(o), = {

(Vu)(x)= ) Vyu(y)

ye D,
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with

—1/2  if x—yeP?
Ve =< V(x) if x=y
0 otherwise

and {¥(x)} ., are iid. real random variables with a common probability
distribution u whose characteristic function will be denoted by 4. We will
always assume that

jlog(1+|u|)du(v)< + oo

Let /, <l,e€Z and let A,y be the box [/, ,]1x {1, 2,.., m} in &,.
We will denote by Hp, ,; the operator H restricted to [*(Ap, ) with
boundary condition u(x)=0 for all x¢ A ;7.

Let e Z™*; we will denote by 4, the set A4;_,,; and by H, the operator
H; ;. We will also denote by |4,| the number of points in 4,.

The integrated density of states N(E), EcR, is defined by

N(E)= zlirg) |4, " # {eigenvalues of H, < E}

As in Z¢, for almost every potential the limit exists for all E and is a con-
tinuous function of E.*?®

On a one-dimensional strip, Klein et al.*® showed that if u is not con-
centrated in a single point and [ |v|* du(v) < + o0 for some «>0, then
N(E) is locally Holder continuous. Under the hypothesis that 4 is of class
C?on [0, +00) with 4d>3m*—m+4 and AY(t)=0O(1 + |¢] ~*) for some
%>1/2and all j=0, 1,.., d, Klein and Speis*"’ showed that N(E) is of class
CLE@+ 2] They also proved that if / is of class C®™ =" +%% on [0, +x0)
with AY9(1)=0(1+|7]7*) for some a>1/2 and all j=0, I1,.,
13m*—m+4) and h(t)=0(e ?'") for j=0,1 and some b>0, then
N(E) has an analytic extension to a strip about the real axis. Recently
Glaffig®® proved that if the potential on the top line consists of iid.
random variables with compactly supported distributions F(x) dx such that
FeL!={feL'(R); there exists g€ L'(R) such that g(z) = (1 + )2 f(1)},
with o >0, and on the rest of the strip consists of ii.d, Bernoulli random
variables with possible values 0 and b, independent of the ones on the top
line, then then exists b, > 0 which depends on F such that if |b] < b,, then
N(E) 1s of class C*=.

In this paper we prove the same type of regularity as in ref. 21 under
much weaker hypotheses, similar to the ones Klein and Speis used in
ref. 15. We now state our results.
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Theorem 2.1. Let de Z*\{0}. Let h be bounded and of class C*
with bounded derivatives on (0, +00). If AY(r) >0 as r— +oo for all
j=0, 1,.., d, then N(E) is of class CL¥+1V2],

Theorem 2.2. Let / be differentiable on (0, 4+ c0) and let
|Ar)] < Me™™

for some M < + 00, >0, all >0 and j=0, . Then N(E) has an analytic
extension to {zeC: |Im z| <b,} for some b, >0.

3. SUPERSYMMETRIES AND SUPERSYMMETRIC SPACES

3.1. Functions Defined on Superspaces

Definition 3.1. Let n, m be two positive integers. Let A(R*™™)
denote the Grassman algebra over R*” and let A'(R*™) be the vector
space of 1-forms in A(R*™).

The superspace %, ,, is defined to be the set of all n-tuples @ =
(@,,.., D,) where

¢i=(cpialpi’ l//i)’ i=1,...,l’l (31)
@; € R?, i=1,..,n

and {{, ¢}, =1,.,n is a family of 1-forms with its nonzero elements
forming a linearly independent set in A'(R*"™").

Definition 3.2. Let I be a finite index set, let neZ, and let ||
denote the number of elements of I.

We define &} to be the set of all functions &: I — %, |, of the form
D(x)=(D(x),.... P,(x)), xel, where @,,.., @, are functions from I to
Ly with @.(x) = (9,(x), ¥,(x), y,(x))e L, for all xel and for all
ie{1,.,n}; @, ¢, are functions from I to R?, and ,, ¥,..., Y/, ¥, are
functions from I to A'(R*!"), such that {{,(x), ¥;(x)} criz1. . is @
family of 1-forms with its nonzero elements forming a linearly independent
set in A'(R*"!'),

We will also be using the notation @ = (¢, ¥, ¥), where ¢ is a function
from I to R* with ¢=(¢,.,,) and ¥, ¥ are functions from I to

AI(R2n\I|) with lj/ = (l/lla'": ll’n)s 'p = (lllla"" l/;n)

Defini~ti9n 3.3. LetneZ, let I and I' be two finite index sets with
IS Let ) ={Pe?): d(x)=0Vx¢I'}). We say that £ is the copy
of #I'in £!.
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of index sets not necessary distinct. We define X7, £/ to be the usual
Cartesian product between the #%.

Let 7 be the disjoint union of /; and let 27 be the copy of #%in £,
Vi=1,.., m; then X7, Sff, can be identified in a canonical way with £/,

Since for the purposes of this paper the specific linear dimensions of
the Grassmann algebras in Definitions 3.1 and 3.2 are not important as
long as we have enough linearly independent 1-forms, we will not be
distinguishing between different copies of a superspace. Consequently we
will always assume that X7, %/ is a particular case of a superspace as it
is defined in Definition 3.2.

For the sake of clarity of our notation we will always be assuming that
all the index sets that appear are equipped with a fixed linear order ( <).
Let I be an index set; for x, yel we will write x < y if and only if x< y
and x # y.

Notations. Let I be a finite index set and let 27 be the set of all the
subsets of 1. Set S, =2"x 2" and let ® = (¢, ¥, ) be an element of £/ for
some neZ*\{0}. For every a in S% we assign to @ an element y, of
A(R*") defined by the formula y, =[17_, ¥,(a;, a;) where

a=((a,, ay),.., (@,,a,)) with a,a,e2’, Vi=1,.,n

1D| 1D

Y(D, D)= [] ¥i(x) [] ¥:i(x), (D, D)eS,

j=1 Jj=1
X, < - <XpeD and x,<--<xpeD

and |D| and |D| are the number of elements in D and D, respectively.
Let ae.S7 and let ¢ be a permutation in n symbols. Let o(a) be the
element of 57 which is defined by

o(a)= ((dau): aa(l))""? (a_o'(n)s aa’(n)))

where a=((a,, a,),.., (a,,a,)). Let xel and pe {1,..,n}; we define the
following operations on elements of S*:

Mra=((a, a)), (@, v {x},a,),., (@, a,))
Iya=((a, a;) (a,, a, v {x} )y (@, @)
Qra=((ay, a\),... (@,, a,\{x}),..., (a,, a,))
Q;a =((ay, ay)s (@, \{x}, @), (a4, a,))
Q,a=(ay, a\)ys (&, Doy (@, a,))
,a=(a,, a)s. (I, I),.... (d,, a,))

where (J is the empty set, and all changes were done in the pth position.
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We will be denoting ((J, &),.... (&, &)) by ag and ([, I), ..., (I, I)) by
a,;. We will also be using the notation

n
Y. la,l+la,]=ldl
p=1

Definition 3.4. Let I, n be as in Definition 3.2. A superfunction F
defined on %’ is understood to be a function F: %! — A(R*V!) of the
form

F(@)= ) FJlo).
aeS;'
where @ = (¢, ¥, Y)e Z], and {F,},cs is a family of complex-valued

functions defined on R>"!/!,
The notation

F(¢1’-"= ¢n): z Fa((pl""7 QD,z)lpa

n
ae Sy

will also be used.

We will say that a superfunction Fis in C*(£?) if and only if F, is of
class C* on R*"I'Vae S7. We will also say that Fis in C*(#!) if and only
if F, is of class C* and has compact support in R**"! Vge §7.

Definition 3.5. (Also see refs. 21 and 25-27.) Let I, n be as in
Definition 3.2 and let a, a’eS7. We will say that ¢'>a if and only if
a,ca,, a,<a,¥pe{l,.n}

Let I' be a subset of  and M a subset of {1,.., n}. We define the nota-
tion of superintegration through the formuia

(—1)% [ F@) [] &0, (x)dy,

= (=0 [ Foydp, ] d%o(x)
=0 T (- 1)(?:: Vi
<[ (=0 Fato) TT dotx) (3:2)

where

a\a=((a1\a,, a\a,),...)
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F is a superfunction defined over %/ such that

JiF (@)l 11 d%¢. forall aeS”
ieM
xel’
and
a a 1
S AL CAES T

p=1

If k<n, {iy,. iy} < {1,..,n}, and a=1I, ---II, a, we will be using
the notation d®,, ---d®, for

(=1 knﬂ Hd2 (x) d

xel i=1

If k = n, the notation d@ will be used instead of d®, ---d®,,.
We will say that a superfunction F defined on .#/ belongs to L?(£?)
if and only if F, € L?(R*")Vae S".

3.2. Supersymmetries and Supersymmetric Functions

Let I, n be as in Section 3.1.

Definition 3.6. (See also refs. 13, 19, and 21.) Let &, '€ &, ;.
We define a dot product between @ and @’ through the formula @ - @' =
', @, - D], where

D, -Pi=gp,; (p;+%(l/;1¢1,+lﬁlllpz)a i=1,..,n

Supersymmetric transformations are “rotations” of the superspace
&, (see ref 27) which leave the above dot product invariant. More
specifically, in addition to the usual rotations of R?* and symplectic
transformations of A(R*!!) they include transformations of the type
L3 P> 6L, [(P), where

Cy5(Disy @)= (P, s 5( D)oy D)
(gf,b,ﬁ(®p) = (qu + 255'1017 + 2b€lpp7 lpp - 45(/);755 Wp + 4b(Ppé)

¢ is a 1-form in A (R*1* 1) such that &(w)=0 for all weR**"", and b,
beR>

Definition 3.7. A supersymmetry # of #/ is a transformation of
the type ¥/ 5 @ — (@), where [4®|(x)=u(P(x))Vxel and u is a super-
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symmetric transformation of %, ;. The action of supersymmetries on
superfunctions defined on %/ will now be defined. If u is a usual rotation
or a pure symplectic transformation, the action of # is obvious. If u is of
the type €7, ;, the action of # on a superfunction F is defined by

(UF)(®) = F(id)
(@ 1()ss @p(X) + 208 (X),..., @,(x))
= 8(@1(X)se; 9,(x)) + 2V, () 8(01 (X)), 9,(x))
(B&Y ,(x) + bEP ,(x)) (33)

where g: R > C is a function in C'(R*') and Yxe/, V.x) 18 the usual
gradient with respect to ¢,(x)eR? for all xe L.

If u is of the type €%, ; and Fe C'(£}), then, following the notation
of Section 3.1 and using (3.3), it is easy to show that (UF}( D)= F(id)=
F(®)+ F'(®)¢, where F'e C(#!) and Vae S7

Fiip)= 3 (=1)"4¢,(x)-bFp.(0)

x¢ap
+ z (—1)[1”("”+1 Zb'vw(x)Fﬁ;a(Q))
+ Y (=¥ 49 (x) - bF pr(@)
x¢ay
£Y (ORI, P (0) (34)

where a,(x)=# of 1-forms in front of ¥ ,(x) in ‘//17‘ and a,(x)=# of
I-forms in front of ¥ ,(x) in !//H iy

Definition 3.8. Let n, 7 be as in Definition 3.2. A superfunction F
in C(£!) is called supersymmetric if it is left invariant by all sypersym-
metries of £’

We will say that a superfunction F defined over ¥/ is in SC*(£!)
[SC’((X )] if and only if F is supersymmetric and F is in CH%!)
[CX(#1)]. We will also say that Fe SF(L!)if and only if Fis supersym-
metric and F, e #(R*""")Vae S", where 5”(R2""') is the usual Schwartz
space over Rz”"‘.

Proposition 3.9. Let &k, n be a positive integers such that k <n.
Let 4 be a supersymmetric of £/ with the property (d®); =®,, ¥j> k and
V& e £!. Then for any Fe CH( L) n LY (#!)

j (GF) D,y ®,) dD, - db, = j F(®,,.,®,)dD, - db,
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Proof. The only non-obvious case is when u is of the type €%, ;, in
which case the proof follows as in ref. 27, Proposition 4.2. |

Notations. Let M, be the set of |I| x |I| real, symmetric matrices and
let M ;" be the set of all positive-semidefinite elements of M,. Topologi-
cally, we identify M, with R¥2711+D Tet ¢ be a function from I to R
we associate to ¢ an element 4, of M, defined by the formula (4,), , =
o(x)-@(y), xe I Let = (¢, §, ) be an clement of £/ ; we shall make use
of the supermatrix 4, defined by 44 = A, + Ay, where

1 2 . _
(Ayy)y =5 X Y2+ (1) Y ,(x)
p=1
Trivially (4g),, , =P(x) - D(y), x, yel.
Let e be an element of M, with its matrix elements being positive
integers. We shall make use of the notations

6 H aexy
x,yel aAi))?
Xgy
Ay, = I1 (g%
x,yel
Xy

We will say that e is I-admissible of order » if and only if |e,, | <n, for all
x, yel

To every element (D, D) of S, with the property |D|=|D|=d we
associate a d x d matrix O p, defined by the formula

T 14 Lo
0Ap, p, 2 0A4p, p, 204p, p,
10 0 1 0
(9(530)— ‘26‘452,01 ?Aﬁz,Dz 26"4!72 Dy
18 13 o
_2 6145%1)[ 28’454,02 6‘454,04

where 6/0A4p, p, is the partial derivative with respect to Ap, p, and D, <
D,<...<D,eD, D, <D, < .- <D,eD. We will be making use of the
operators d(D,D) which acts on functions defined on M ;" and they are
defined by the formula

6(5,0) = det[@(ﬁ,o)]

if |D| =|D| and zero otherwise.
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Let ke Z*. We will say that a complex-valued function f defined over
M} isin C (M ;) if and only il it is of class C* in the interior of M
and d, f is continuous all the way up to the boundary for all @ in S*, where

5[1 — ﬁ (_ 1)\&5(@&“)/2 5(

p=1

ap, ap)

and a=((a,, a, )y, (a, a)) e Sk.
To every element f of C, (M ;) we associate a supersymmetric function
L(f) which is defined by

F(@)=f(4s), Pe; (3:5)
where f(A4,) is defined as usual through a formal Taylor expansion,

VRN M VOV RYEY (36)

el-adm
of order &

where

Remark 3.10. Let fe C (M ). It is easy to see that
L)) = f(Ag) = Zk 0. (A )Y,
aeS;
and that L} maps C,(M ;) into SC°(Z;) for all ke Z "\ {0}.

Definition 3.11. Let k€Z*\{0}; we will say that a complex-
valued function f defined on M ;" is in #*(M," ) if and only if f € C,(M ;")
and Li(f)eSL(LL).

Theorem 3.12. If neZ*\{0} with n>|I|/2, then the function
Ll: $"M})->SFH(L))
is one to one and onto.

Proof. The proof follows easily from ref. 21, 11.2.7-11.2.9. §
Let R,: SH (L)) > SH(ZL), ), pe{l,.,n} be a family of functions
defined by

(R,F)(®,,.., D, _,)=F(&,,.. P, ,0,..,0)

n—p>
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where (&,,.., D,)e L., FeSH#(#’) and we have used the convention
SF(£§)=C. It is easy to see that R, L. =L} _ for all pe {1,..,n} and
neZ*\{0}and L)(L,)"'=R, ,forallpe{l,.,n}and neZ*\{0} with
n> |12

3.3. Supersymmetric Hilbert Spaces

Let ¢: I - R?" be as in Definition 3.2 and let K be a function from I
0 (Z™*)*". We shall make use of the following notations:

o= [l Loy [e}(x)]*

xel
pe{l,.,n}
oK) oK)
V - T
* “ Lo} (x) 15 B[p2(x) 150

Kl= Y K, (x)+K}(x)

where ¢, (x)=(p,(x), ¢Xx)), xel, pe{l,..n}, and K(x)=
(K1(x),0s Ki(x)), with K,(x) = (K )(x), K}(x))e (Z")*Vpe {1,.,n}.

Definition 3.13. Let K|, K, e(Z*)*" and let Fe S¥(¥’). Let
n, I be as in Section 3.1, let ae S, 1eZ™*, and let

||F||fl;11§2 = Hzlal/z(PKl VKzFa | LA(R27ill)

FIL.= X (FI?)?

K1+ K<t

(FIL =Y (FIG.)

aeS,

We define #(£!) to be the completion of SF (L) under ||- Il ;> where

(IE 5, Z nt)?

and we have used the convention R, F|§,=|F(0)| for all te Z*.

Trivially R, extends to a continuous linear function from #(%’) to
H(L, ,) forall teZ™ and for all pe {1,.., n}.

Definition 3.14. LetteZ* and let SM," = Li{[¥#(M; )], where

FM)=() S"(M])

neN
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We define #! to be the completion of SM; under the norm || -J|; =
.

It is clear that #' is a subspace of #(£?) and it consists of vector-
valued functions F= {F,},. s with F, e L*(R*") for all ae S;. However,
in view of the next proposition, we can assume that the components of F
are in some sense weak derivatives of F,.

Proposition 3.15. letteZ™ and let F, Ge #/; then F, =G, for
al ae ST F,, =G, .

Proof. Since #, is a subspace of #/ for 1< 7', it suffices to prove
the result for 5.

Let F be an element of #/ with F,, =0 and let {f“}, x be a
sequence in #(M ;) with L{(f*) > F in #7 as k > + co. It follows from
the usual chain rule that for all xeZ, peR?" and ke N

af* ar*
VL 0) =200 | = |+ 3 o] 5 |4,

where V, is the usual gradient with respect to the variable ¢(x)eR?
Trivially for every ke N we can solve the system of equations above
and compute the partial derivatives

af*/oA,,, x<y
in terms of V.[L1(f*)], xe I, on all of R*! except maybe a hypersurface
which we will denote by H,.

Let H=J,.nH, and let j be a function from ¥(M ;' ) whose support
is a compact subset of the interior of M f\{MeM}: M=A, for some
@€ H} and let J be the complex-valued function on R*" which is defined

by
Jo)=j(de),  @eR?
Using successive integrations by parts, one can show that, Vae S,

(ForJ) = lim ([L1f*],.)

= Jim [ 5,7(4,)J(0)d* g

k— o

k—

= lim [ 54, T0) 42
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where J’ is some other function in #(R?"') whose support is a compact
subset of the interior of RZVN\H.

Since [L{/*],, »0in L*(R*"") as k — oo and j was chosen arbitrarily,
we conclude that F=0 and the result follows. |

4. THE SUPERSYMMETRIC TRANSFER MATRIX

4.1. The Operators 7, B(z)

Let meZ*\{0} and let M}, S,, £", SM}, and #7 denote the
Sl
(1

,,,,, m}o e} pees

Definition 4.1, We define the supersymmetric transfer matrix as
an operator T from SM ' to S¥(¥™) defined by?"

[T(F)]((D’):Jexp [li @(j)-cﬁ’(j)] F(D) dd, D' esM (4.1)

Note that in view of Definition 3.3 the integral in (4.1) is well defined,
since exp[i Y.L, @(j)-D'(j)] is a kernel which is naturally defined in
Lrx L

Definition 4.2. Let t€Z™* and let 4 be a complex-valued function
defined on R; we will say that he %" if and only if 4 is bounded, of class
C" on (0, + o) with bounded derivatives, and |2“(r)| — 0 as r — oo for all
" with ' < 1.

Let ze I ¥ = {zeC: Imz >0} and let

0 —1/2 0
u(t, 1)—z 0 ~12 0 —1p2
V= + .
0 v(t, m)—z 0 —1p
0 ~12 0

where 2, 3 (1, j) = V{1, j) € R is the random potential defined in Section 2.
Let b,(z): M — C be a complex-valued function defined by

b(z)(A)=exp[—itr(Vi4)], AeM), tel

Let b(z): M} — C be a complex-valued function defined by

m—1

bz)(A)=T] MAw) T] explidisri), AeM,;
k=1

k=1
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Let 8,(z): £™ - A(R*™) be a superfunction defined by
B(2)(@)=b(z)(4,), PeZ™, 1€l

Let us assume that 4 is of class C” with bounded derivatives and let (z):
#™ — A(R®™) be the superfunction defined by

Bz)(®)=b(z)(4g), PeL” (4.2)

One can easily check that f(z)e SC(#™) and that if j' lo]™ p(dv) < + o0,
then

E{f(2)}=p(z), el (4.3)
We will denote by B(z) and B,(z) the operators mulfiplication by S(z)
and f.(z), respectively.

Proposition 4.3. Let meZ "\{0} and let he %" for some teZ*;
then:
(i) B(z) is a bounded operator on #7, for all ze [T ™.

(ii) T extends to a bounded operator on #7. In particular, T is an
isometry in #7 and T?=1.

(ili) B(z) TB(z) is a bounded operator from #7 to #7

) for all
T +1
tv'<tand zell * = {ZGCI Imz>0}

Proof. In view of ref. 21, 1V.14, it suffices to show that #7 is left
invariant by T and B(z), zeIl* for all ' <1. Indeed, let ne Z* with

(@)= [exp| i 0)-0G) | (LinN@) do, @

where the integration above is over the superspace £ 7.
It is a direct consequence of ref. 21, 11.2.10, that

(R, F")(@)=T[LTf1(®), PeZL™

Moreover, one can easily check that F”"e SF(&7) (see ref. 21, 111.2.1) and
that for all e ¥™

LYLLY) = (F) (@)= TILTf D)

Thus, T(LTf)e #"(M ). Since n was chosen arbitrarily large, we con-
clude that T(L7f)e (M} ) and the result for T follows.

822/57/1-2-6
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Finally, the fact that B(z), ze IT T, leaves # 7, t’ < 1, invariant follows
through an easy approximation argument.

Proposition 4.4. Let he%® for some tc€Z*\{0} and Ilet
meZ*\{0}; then:

(i) (B(z)T)? is compact on #" for all ze [T *.

(ii) Let B(#7) be the Banach space of all bounded linear operator

on #™. Then the operator-valued function /1 *z — B(z) TB(z)e B(#7) is
norm continuous.

Proof. Tt follows directly from the previous proposition and ref. 21,
Iv.16. 1

4.2, The Spectrum of B(z) T

We first state a theorem the proof of which follows directly from
Propositions 4.3 and 4.4.

Theorem 4.5. Let meZ*\{0} and let he %" for some 1eZ™;
then:

(i) B(z)T has discrete spectrum in 7 with zero being the only
possible accumulation point for all ze /T and all 7' <.

(ii) LetzelIl* and let v’ <t. A superfunction F is an eigenvector of
B(z)T on #3 <> F is an eigenvector of B(z)T on #°7.

We now proceed to study in more detail the point spectrum of B(z) T
on the Hilbert space #7. In particular, if he%", we will study the
existence and uniqueness of the eigenvalue 1 for the operators B(z)T,
zell ™.

Theorem 4.6. Let meZ*\{0} and let he¥" for some 1€Z™;
then:

(i) 11is an eigenvalue of B(z)T on #7 for all ze /1™ and all 7' <.

(ii) IfzeIT™, then 1 is algebraically simple and it is the only eigen-
value of modulus 1.

(iii) The spectral radius of B(z)T on #7 is 1 for all ze I * and all
'€ 1.

Proof. Let zell ™ and let Fe SM,} . As in ref. 21, Theorem 1V.2.12,
one can show that

lim (B(z) T)* (F)
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exists in £ § and it is equal to F(0) Z(z), where Z(z) is a fixed vector in
#§ which is independent of F and has the property [Z(z)](0)=1.

Thus, (i)-(iii) in the case ze I " follow from Theorem 4.5. The rest
of the theorem now follows easily from Proposition 4.4(ii) and
Theorem 4.5(1). §

Let H be the Hamiltonian defined in Section 2 and let EcR. To the
stationary Schrédinger equation

(H—E)y=0
we associate the matrix equation?*?%
— M, —5M, .+ VM, =0 (4.4)

where M, neN, are m x m square matrices.

Let H;, ,,, be the Hamiltonian H with boundary conditions
u(x, y)=0 if (x, y)e2, with x¢[1, +o0). If Y is a solution of the
equation

(Hpy ooy —E)W =0

then it can be written as
W, =P, n=1,2,. (4.5)

where P,, n=1, 2,.., is the solution of the associated matrix equations
(4.4) which is given by

P\ _(2VE — 2V, - I
P,/ \I 0O I 00
where [ is the m x m identity matrix, 0 the m x m zero matrix, and

Wy (m,n)
W, = : , neN

y(L,n)

Let ne Z "\ {0, 1}. We will denote by I', the operator on /*(%,,) which
is defined by
(Fa)(x)= Y. T,(x y)u(y), uel*(4,,)
Y€ Dy

where

1 if x=y=(in)forsomei=123_.

r 2 =
(% ¥) {O otherwise
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Let e> 0. We shall make use of the operator H{, ,;, which is defined by
HiYy =Hpyq— el
Lemma 4.7. The resolvent of HY, ,; contains the set of real
numbers for all configurations of the potential, all ne Z *\ {0, 1}, and ¢ > 0.

Proof. Let EcR, ¢>0, neZ*\{0,1}, and let ¢ be a solution of
(H{y . —ENW=0with y(k, 1)eR for all k=1, 2,.., m. It is an immediate
consequence of (4.5) that y is real-valued. However, since

V’éwn - —’ljwn~1 - ia(/jn =0
with
/%m,,-)
Y, = : , j=1,2,.,n
Yy
we conclude that ¥, =, , =0. Thus, =0 and the result follows. |1
Let EcR, we will denote by G}, ,;(E) the operator (Hj, ,,—E)~".
We will also denote by G, ,(E, k, k') the matrix
Gy B K k)= ((k, D) |G g (BN (K, J)D) i j= 1,2 m
where k, k'€ {1, 2,..., n}.

Lemma 4.8. Let EcR. For all configurations of the potential the
following are true:

(i) Im G{, ,4(E) is positive definite for all ¢ > 0.

(i) P,.,—ieP, is an invertible m x m matrix for all ne Z*\{0, 1}
and 0 <&, and

Gy y(E k1) =2P(P,, | —i2eP,)"" (4.6)
for all n, ke Z*\{1,0} with k <n and ¢>0.

Proof. (i) This follows easily from the resolvent identity.

2w —
i=1,2,..
( I 0’)7 J b >

are symplectic matrices, we conclude that P, P;=P,P;, , for all j=1,
2,..., where P; denotes the transpose of P;. Hence

(ii) Since

(P.\ —ieP)) (P, +ieP))=P, P, +&P,P,, j=1,2,.

J
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One can easily check that since

VL —
det( 7 OI>¢O

for all j=1, 2,.., the determinant of P;, P}, + P;P; is also nonzero for
all j=1, 2,.... Furthermore,

|det(P, , , — isP,)|” > min(1, £2) det[P,, P}, , + P,P}]

for all j=1, 2,... and all > 0. Thus, the invertibility of P, , —icP; follows.
Finally, let ¢ be a solution of (Hy, , ., — £)y¥ =0 and let

w(r.n,j)\

v, = ) =12,
l//(l,f)

Onmne can easily check that (also see ref. 28)
wk = [Gs[lrn](E; k? n)](%llln-f-] - igwn)) k: 17 2’
Thus,
Pk = Gg[l,n](E7 k7 n)(%Pn+l - iSPn)

and the result follows. ||

Proposition 4.9. Let EcR and let ¢>0.

(i) Let h(r)—> 0 as r — oo; then |G}, 4(E, 1, n)|| - 0 almost surely as
1 — C0.

(i) Gt 4(Enn)<M for all neZ*\{1,0} and for some
M < + oo independent of n.

Proof. (i) Under the assumption that k4 decays at infinity, it follows
from ref. 23, 1.3 and 1.2, that tr[(P,, P, ., +P,P,) '] -0 almost surely
as n - co. (2029

One can easily show, however, that for all 0 <z < 1,

1
te[(Pyy 1 Py +8°P,P) 1] SSUulPry Py +P,P) ]

and (i) follows from (4.6).
(i) This follows from (4.6) and the inequality

1
tr[PnP;(Pn+IPI,1+1+82PnP;1)_1]<_2m l
&
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Let A be an mxm matrix and let &, &' € ™. We will be using the
notations

(AP)(x)= Y  A,P(y), xe{l..m}

ve{l,...,m}

and -
(D, 0>= )  O(x)-D'(x)
xe{l,...,m}
We will also be using the notations
(Ap)x)= Y  A,e(p), xe{l,.,m}
ye{l,..m}
and

(o, '>= Y ox)-¢'(x)

xe {l,..m}

where @(x) = ((x), ¥(x), Y(x)), P'(x)=(¢'(x), J'(x), ¥'(x)).

Lemma 4.10. Let meZ\{0}, let EeR, neR*\{0}, Ilet
fe& (M, ) with f(0)=0, and let F=L7f; then

([B(E+in) T(B(E)T)* B(E+ in) T1(F)),, =0

in L%(R*") as k — 0.

Proof. Through an easy approximation argument and III.2.3 of
ref. 21, we conclude that for all @ € ™ and almost all configurations of the
potential

[Bo(E+in) TB(E)T -+ B(E) TBy, ,(E+in) TI(F)(®)

} i
=exp[~z<d§, V}5+in¢>+z (D, G, 1q(E5 L, 1)@}]

i
x | exp [Z (B, Gl gy (B 1Lk +1)@")

i
+Z (D', Gl Esk+ 1, 1)D)

+i<¢’, G’EI,HU(E;k—i—I,k—kl)(D’)} F(D'ydd’ (4.7)
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Using ref. 21, 11.2.10, one can rewrite (4.7) as

(CBo(E+in) TB{(E)T -+~ BY(E) TBy . ((E+in) T](F)), (@)

. 1.
= eXp [—1<<p, Virn® +Z’<"” Gliren(E 1, 1)@D>}

i !
XJRzm I:eXpZ <o, Glier (B Lkt 1)o')

+ (o, G?l,kH](E;k“*‘ Loy} — IJ
X 04, (JI WA ) d*" o' (4.8)

where a,, =ay;,_ ., €S” and J} an element of C*(M ) which is defined
by

J7(D)=exp [ —%tr[DG'ﬁl,Hl](E, k+1,k+ 1)]], DeM?

It now follows from (4.8) and ref. 21, II1.2.5, that for almost all con-
figurations of the potential

I([Bo(E +in) TB\(E)T
BUE) T By, ((E+in) TIEF)) o ll L2momy = 0

as k — co. On the other hand, from (4.8) and Proposition 4.9 one can easily
conclude that

I(LBo(E +in) TBL(E)T
< BUE) TBy . ((E+in) T 1(F))yll romemy <M

for some M < + oo which is independent of k& and of the configuration of
the potential. Thus, the result follows from the bounded convergence
theorem and the independence of V!, ieZ, ze [T.

Theorem 4.11. Let EcR, meZ*\{0}, 1eZ*, and let he ¥
then 1 is an algebraically simple eigenvalue of B(E)T on #7 for all
0t <.

Proof. In view of the fact that #°7 is a subspace of #” whenever
©' <1, we have only to show that 1 is algebraically simple on #7.

Indeed, let 4,,.., 4, be the eigenvalues of (B(E)T)? on #7 which lie
on the unit circle. Let Py,.., P, be the corresponding spectral projections
and let D,,..., D, be the corresponding nilpotents that appear in the Jordan
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decomposition of (B(E)T)~5% Since (B(E)T)* P,=A,P,+D,, one can
easily see that for all ke Z ™,

(B(E)T)2k=Qk+zn: [ifpf* i Ay~ Dy (:1)}

where @ is an operator on 3} whose spectral radius is strictly less than
one and m, is the algebraic multiplicity of 4;.
Let Fe SM,} with F(0)=0. If >0, then Lemma 4.10 implies that

I(CB(E +in) T(B(E)TY***?* B(E +in) T1(F)

as k — oo and since

ag Il L2(r2my = O

we conclude that
[B(E+in) TB(E)TPE)B(E) TB(E+ in) T |(F)=0 {4.9)

forall >0 and all j=1, 2,.., n

Let A7 be the closure of {Fe SM ) : F(0)=0} in #°7. It is easy to see
that A} is invariant under the action of B(E)T and has codimension one.
Letting # — 0, it follows from (4.9) that P,(F)=0 for all Fe A7 and all j=
1,2,..,n Thus, 1 has geometric multiplicity one.

The rest of the proof now follows as in ref. 21, IV.2.12(iii). |

5. CONCLUSION

In this section we give a brief outline of the rest of the proof of
Theorems 2.1 and 2.2. As we have already pointed- out, we use the same
techniques as in ref. 21 and we refer the reader to the last sections of that
article for more details.

Let EgeR, 1 Z*\{0}, and he %" Let ze C, let m be the width of the
strip 9,,, and let Z(z) be the eigenvector of B(z)T on #7 which
corresponds to 1 and has the property Z(z)(0)=1. From Theorems 4.5,
4.6, and 4.11 and a routine perturbation argument,*'*?! we conclude
that there exists a closed contour y around 1 and a complex neighborhood
Uy, of E, such that y is in the resolvent of B(z)T for all ze Uy n /T * and

He) =5 [ [ (BET—2)" dz} (5(E)) (5.1)
T T

One can easily show now (see ref. 21, V.1.2) that the complex-valued
function

H" 2z-E(z)eH#§
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is continuous on /7" and that its restriction to the real axis is [/2]-times
norm continuously differentiable. Thus, Theorem 2.1 follows directly from
the relations®!

dN, 1 -
%‘:;iiglmj;E{((O,j)I(H—E+i)1|(0,J')>}
1. A . . .
=7 lim Im 3’ i [ 410, ) (0.
X [E(E+in) (@) T(Z(E+ in)) [(P) dP (5.2)

where N, is the absolutely continuous part of N and the integration is over
the superspace &™.

Finally, under the assumptions of Theorem 2.2 one can easily show
that the complex-valued function

II* 3z E(z)ely

has an analytic extension to {z€C: Imz> —b} for some b >0 (see ref. 21,
V.1.4). Thus, Theorem 2.2 follows again from relations (5.2).
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