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A Remark on Diffusion of Directed Polymers in
Random Environments

Renming Song' and Xian Yin Zhou?
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We consider a system of random walks or directed polymers interacting with an
environment which is random in space and time. Under minimal assumptions
on the distribution of the environment, we prove that this system has diffusive
behavior with probability one if ¢>2 and § < f,, where f, is defined in terms
of the probability that the symmetric nearest neighbor random walk on the
d-dimensional integer lattice ever returns to its starting point. We also obtain a
precise estimate for the mean square displacement of this system.

KEY WORDS: Random walks; directed polymers: random environment;
martingales.

1. INTRODUCTION AND THE MAIN RESULT

A directed polymer system is a statistical ensemble of walks or paths in z¢
parametrized by time. The graph of the walk in Z“*' is the “polymer”
which moves at a constant rate in the time direction and so is called
“directed.” A more formal description of a directed polymer system is as
follows. Let {X,},-o be a simple random walk in Z¢ on a probability
space (Q, Z, P). (n, X(n)) is our model of a directed polymer. Let P, be the
probability measure of {X,} starting at x, and E, be the corresponding
expectation. For convenience, we set P =P, and E = E,. The environment
is given by i(n, x), ne N, x e Z7, a collection of independent and identically
distributed random variables on a probability space (2, %y, Py). We
also assume that A(n, x), ne N, x € Z“ are independent of the random walk
X. We use E,, to stand for the expectation with respect to P . The directed
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polymer (n, X(n)) interacts with the environment {h(n, x), neN, xe Z9},
producing an interacting density

g(n, x)= <exp[ Z h(j, X1 ] X(n)—\>

j=1
where >0 is a constant. This density is unnormalized, and so we nor-
malize it to

gapn, x)=q(n, x)/Z 4 n)

where Z,(n) is the partition function

Zyn)=Y q(n x)= <exp [ﬂ Y, hj _1))])

Jj=1

The parameter f describes the strength of disorder or the extent to which
the directed polymer interacts with the random environment. When >0
is small, the interaction is weak, and when > 0 is large, the interaction is
strong. We are interested in studying the asymptotic behavior of the mean
square displacement of the interacting system

Ey (1 X(n)|?) =Z X%qp(n, X)

E(IX")! exp[ B 27_, h(j, X()))])
Zy(n)

There are many papers dealing in physical terms with the asymptotic
behavior of the mean square displacement E, , ,(|X(n)|?) as n— co. The
results in the physics literature are as follows. (i) When d <2, the directed
polymer is superdiffusive in the sense that Ej, ,(jX(n)|?) behaves like
n* for some {>1/2. In particular, it is believed that {=2/3 when d=1.
(ii) When d>2, the directed polymer is diffusive in the sense that
E; . (1X(n)|?) behaves like n as n — co if §> 0 is sufficiently small, and it
is superdiffusive if §> 0 is sufficiently large. The arguments in the physics
literature are either heuristic or numerical; they are not mathematically
rigorous.

The first rigorous result concerning the asymptotic behavior of
E; , W(IX(n)|?) is due to Imbrie and Spencer. They proved in ref. 6 that
when d>2, if >0 is small enough, and if for any neN and xeZ¢
h(n, x)= %1 with probability 1/2 each, then for typical realizations of the
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environment, the directed polymer system is diffusive, in other words the
following holds with probability one:

tim ZpndIX)

n— o n

1 (1)

They actually obtained in ref. 6 a more precise estimate than (1). Later,
Bolthausen'®’ used a martingale approach to prove a central limit theorem
for the system given in ref. 6. By means of the martingale approach,
Albeverio and Zhou'" recently obtained a Wiener process behavior and a
precise mean square displacement for the system given in ref. 6. However,
the coupling constants §> 0 given in refs. 1, 2, and 6 are assumed to be suf-
ficiently small. There is no rigorous result concerning the asymptotic
behavior of E, ,, ,(|X(n)|?) when d<2.

It seems that the assumption that A(n, x)= +1 with probability 1/2
each is probably not the assumption physicists had in mind. This is because
Olsen and Song'®’ proved that when d >4, if h(n, x) = 1 1 with probability
1/2 each, then (1) is always true with probability 1 for all f>0, contra-
dicting the results in the physics literature. The assumption physicists had
in mind about the distribution of the environment is probably that h
follows a continuous distribution, like the normal distribution or a uniform
distribution.

In this paper we study the asymptotic behavior of random directed
polymers under the following more general assumption on the environment
variables h(n, x):

Eqexpl[yhln, x}] < o0, Vy>0

Normal distributions and uniform distributions certainly satisfy the above
assumption.

Our way of approaching the problem above is that we first ignore
the coupling constant f and assume that f=1. For convenience, put
Ziny=Z(n)and E, ,=E, , ,. Let

_explh(n, x)] — Eyexplh(n, x)]
Hin, x)= E exp[h(n, x)]

and put A= E,(H(n, x)*). In this paper we prove the following result:

Theorem 1. Suppose that d> 2. If

1 —
'{< p(/
Pa
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then with probability 1,

1. E"_/,(IX(I'I)IZ)
m —--=

n— oL n

I

where p, is the probability that the random walk X(n) ever returns to its
starting point,

pa=P(X(i})=0 for some i>0)

Sinai''" also studied the diffusive behavior of the above system. Under
the same assumption as in Theorem 1, Sinai''" obtained a diffusive
behavior (in the weak sense) for this system. Here we prove that this
system has diffusive behavior with probability one. A more precise form of
Theorem | will be given in the next section (see Theorem 2 below).
Moreover, we will still use the martingale approach to prove our main
result.

It would be very interesting if one could find the “critical” value 2,
such that when A< A, the conclusion of Theorem 1 is true, while when
A> 4, the conclusion of Theorem 1 is not. We have not been able to do
that yet. However, Theorem 1 tells us that 1,=(1 —p,)/p.is a lower bound
for .. It is known that p,— 0 as d — oo, thus A, — o as d - oc. We also
know that p;=0.340537... (see, for instance, ref. 12). For numerical
values of p, for 4 <d<20 and some other values of d, see ref. 3.

Theorem 1 can be easily translated into the language of random
directed polymers. For instance, the following result is a direct consequence
of Theorem 1.

Corollary 1. Suppose d>2 and that for any neN and xeZ¢
h(n, x) follows the standard normal distribution. If # < (—In p,)!/?, then for
typical realizations of the environment A, our directed polymer system is
diffusive, or more precisely

Epns X001 _ |

lim
n— o n
with probability 1.
Proof. If we replace h(n, x) by Bh(n, x) in Theorem 1, then under our
assumption that /(n, x) is a standard normal random variable, we have
A=ef —1

The inequality 2 < (1 —p,)/p, is equivalent to f < (—Inp,)'"> QED
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As a consequence of Theorem [, we can easily get the following result,
which is a generalization of the main result of ref. 9.

Corollary 2. Suppose d>3 and that for any neN and xeZ¢
h(n, x)= + 1 with probability 1/2 each. Then for any >0, we have

llm EB, n, /,(IX(H)'Z) -

n— o n

1

with probability 1, ie., for typical realizations of the environment /4, our
directed polymer system is diffusive.

Proof. 1If we replace h(n, x) by fh(n, x) in Theorem 1, then under our
assumption about the environment,

_ cosh(28) —cosh® -

A
cosh’ g

while we know that (1 —p,)/p, is always larger than 1 when d>3. QED

2. PROOF OF THE MAIN RESULT

In this section we prove our main result. First we need to introduce
some notations and establish some preliminary results.

Let r,= P(X(2i)=0) be the probability that the random walk returns
to its starting point at the 2ith step. Then it is known that

o

Pa
ri= (2)
igl 1 —Pa

{see, for instance, ref. 10). We use this identity several times in the argu-
ment below.
It is clear that

exp[_z hJ, X(j))} = {Eqexp[A(1,0)1}" [T [1+H(j, XU))]

Jj=1 J=1
so if we put
k(n)=E [] [1+H(j, X())]

Jj=1
then we have

Z(n)={Eq exp[h(1,0)]}" k(n)

822/85/1-2-19
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and

_E(X()* T, U1+ HUj XU))D)
B x(n)

E, (1X(m)]?)

Let us first prove two lemmas.

Lemma 1. Ford>2, if

1—
l< Pa
Pa

then x(n) converges almost surely to a random variable { satisfying
Eu =1 and P ((=0)=0

Proof. It is easy to see that {«(n)},., is a P -martingale with
respect to the o-fields %, generated by the variables h(m, x), m<n, xeZ“.
Therefore x(n) converges almost surely by the martingale limit theorem,
say, to {.

Let { Y(n)}, 5, be an independent copy of { X(n)}, s, We assume that
{ Y(n)} .5, is also independent of the environment. Then

EH(K(’7)2)=EH<E H L1+ H(j, X() I+ H{, Y(J'))])

j=1

=E<Eﬂ [T U1+ HG, XN+ HU, Y(m])
j=1

n

=E ] (1+ 41 x5 = vun)

=143y A* Y P(X(i)) = Y(i})e X(ix) = Y(iy))

k=1 << - <ix€n

=1+ Z lk Z ri|ri3—i|'”rik—"k~l

k=1 €< - <ip<€n
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where we used (2). Therefore under the assumption A <(1—p,)/p,, we
know that
sup E(x(n)?) < o

n

hence we can conclude that x(n) converges to { in L' and L Therefore
En({)=1and P,({=0)<1. It is easy to see that the event {{ =0} belongs
to the tail field

N o(h(m, x):m=n, xeZ)

and thus by Kolmogorov’s zero—one law we know that P,({ =0)=0. QED
Let
fu= EH[1+H1X )11 X, |* —n), Vnz1
i=1

Then it is easy to check that {f,},., is a P, martingale with respect to
the filtrations %,.

Lemma 2. For d>2, if A<(l—p,)/p,. then there is a constant
C(d) e(0, oo) such that

C(d), d>6
E,f2<<{C(d)logn, d=6
Cld)yn—, 2<d<6

Proof. Again let {Y(n)},, be an independent copy of {X(n)}, 5,
and assume that { Y(n)},., is also independent of the environment. Then

B/ = EHE<H[1+H1X][1+H 10X, |—n)(|Yn|3—n>>

i=1

=E<n (1 +Aa1{x,=,,,;)<|X,,|2—n)(rY,,lz—m)

i=1

= Z' ik Z E(IXIIIZ_")(l Ynlz_”) 1{)(,-|= Yij oo X = Yigd
k=1

Isih<- .- <iprsn

=) Ak > E(1X, 1 =i )(1 Y3 |* ~ i) l{x,l_),l X =Yy

1 €< ... <iEz<n

n
=Y i Y E(|X,|*— 1{\',,—),‘ Xy = Yy

1 I<i<---<ixr<n
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Noting that

k
Xl =ie= 5 (X, =X, = (;=§,,))

j=1

+2 Y (M) - X, )[XG,) - X

1€ jy<jysk
we get that

(X ®— i)

k 2
<2 { Z [(Xi,_Xr,-_|l2“(’.j_l'1-l)]}
j=1

+z{z T (X~ X, )I[XG,) ~

1< ji<jy Sk

{Z (X, ¥, | <f,-—f,-_n1}z

il o]
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k-]

X(ij,_.)]}"

WY (X~ X, P (=i )T
J=1
k
2k =1V K Y X, —X, 1
j=1
k
S2U[1+2k = 17T 3 (X=X, 2= —1;4)]?
Jj=1
k
k~1y k }: (i, —i; 1)
Therefore E,(f2) is less than or equal to
Z 2k 14+ 2(k—1)2 Ax
k=1
k 2
X 2 2 E([lX,',‘Xi,-_.‘Z"(ij—ij—l)]_

Ishi<--<iksn j=1
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n k
+ Y 4k—1)2k** Y Yoi—i )
k=1 i< ---<igsn j=1
x P(X(i)) = Y(i)),..., X(i,) = Y(i}))
=: I|+12

It is easy to see that

n k
L=Y 4k-1)2k2F ¥ S Funonc e Pl — i)
k=1 I<sihi<- - <ip<n j=1
<3 4k—1) 2k3)f'<2 rf—'xz izr,.)
k=1 i=1 i=1
o(1), d>6

<< O0O(1)logn, d=6
o1y n? 92, 2<d<6

where we used the fact that when i is large

d d/2
2| —
i <4i7t>

Now we estimate /,. Note that for 1 < j<k,

E([lX,]_X,j_IIz_(lj_lj—l)]z I{Xil—)q

= ¥ij e /\','k = Yil«') )

="i,-+1—i,-""'fk—ik_lE{ Ly xiin = v X1y = Ytijo )}
2

x E([1X(5;—1;_ )] _(ij_ij—l)]z Lixi—ion= Y(g—i,-_.)})}

x Y E([|XU;—i;_ > —(;—i;_)]?

x 1 vg— v —nt PO = 1_) =x))}

s —dp2
<0(1)",;+1—i,'""ik—ik_|(lj_lj—1) “
. . 2 . . 2
XE{I{X(:‘,):)’(/.; ..... X(ij_|)=)’(i,-_1)}E([|X(Ij—Ij—-l)| "‘(lj“lj_1):| )}
X ) .. 2-d/2
S0(1)’l'|"'r"j—l—ij-z""iafn—ij''"l’k—il.-—l(lj_lj—l) v
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where we have used that facts that

E([1XH)IF =il )< 0(1)i?
and
P(X,=x)<O(1) i~

Therefore we have

? o k—1 n
L<O(1) Y 2i°[1+2(k—1)%] ,1k<z ’%) Y 2
i=1

k=1 i=1
o(1), d>6
<< O(1) log n, d=6
Oo(lyn® 9, 2<d<6
The proof is now complete. QED

Remark 1. By modifying the above argument, we can actually
prove that if 0 <A< (1—p,)/p,, then there is a constant c,e (0, oo) such
that:

(i) llm"_.x Elif)-’zzcd fOI' d>6.
(i) lim,_ , Eyf2/logn=c, for d=6.
(i) lim,_ , n 3 9E, f2=c,for 2<d<6.

The following theorem is an improvement of Theorem 1.
Theorem 2. Assume A< (1—p,)/p4-

(1) If d> 6, then there is a finite random variable & such that the
following limit holds with probability 1:

lim (En. 4 l l I}’) -

n—= 0

(i) For d=6, for any given d€(0, 1) there is a finite random
variable » such that the following holds with probability 1:

|E, » 1 X, |7 —n| <n(logn)'**%,  ¥nx=2

(i) For 2<d<6, for any given de(0, 1) there is also a finite
random variable # such that the following holds with probability 1:

IEn‘h anlz_nl <’7’13/2_d/4+69 Vn = 1
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Proof. The proof of this theorem is similar to that of Theorem 1.1 of
ref. 1. We provide the proof of (iii) here for the reader’s convenience.
Set a,=n'", ¥n>=1. By Lemma 2 we can show that

EH(lfa,,I l{lfanl > RSy )< a"_3/2+d/4_6EH( |fa,,|2)

< O(I)a"—3/2+rl/4—-6a3—d/2

=O(1)a3/2—d/4—6
Thus by Theorem 2.4 on p. 16 of ref. 4 we have that
Py max |f;|>2a?~"+%) a3+ 0E (| f.

| 1 32-dis+ sy )
>
,max ul g, 15 a2 )

< O( l ) a—3/2+¢l/4—6a'_’:/2—d/4—o‘

n

=0(1)a;¥=0(1)n"?
Let

I1<iga,

Qo={U ﬂ { max |fi|<2a?’/2—d/4+5}}
m=1 n=m

Then using the Borel-Cantelli lemma, we can get that P,(Q,)=1. It is
easy to see that when n is large,

2 5 2 — 5
ai/:l d/4+z)> %a?’/- df4 + 0

For each we Q2,, there is N(w) > 1 such that

max |f;| <2a)?"*%  VYnz Nw)

I<i<gay,
If iZapn.,, there is N \(w) = N(w) such that

Ay SE<Apw)+1
and so

Ifil< —max |fj]

I<j<anwi+1

32 —dja+s
<2“N.(m)+1

32—d/iA+9d
<4ayw)

:3/2 —d/4
<4I?/” dfd+9
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In other words, for each w € Q,, there is N{w)> 1 such that
|f,| <4i3/2_d/4+6, Vl? aN(a))
Let 3, 2, be the collection of w such that for each w e Q,,

lim xk(n)={>0

n-— oc

Then we know from Lemma 1 that P,(Q,)=1. From Lemma 1 we also
know that for each w e Q,, there is M(w) =1 such that

(=3¢ VizM(w)

Thus for each w e 3, N Q,,

2 i 8 2 .
|E; |X~|'—i|=ﬂ<:i3/""/4+", Yizay., v M(o)
ih i K(I) ¢ (w)

which proves (iii).

Remark 2. As in ref 1, we can also get a Wiener process behavior
with probability one for our system with 2 <(1 —p,)/p,.
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