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Smooth motion generation is an important issue in the computer animation and virtual reality (VR) area. In general, the motion of
a rigid body consists of translation and orientation. The former is described by a space curve in 3-dimensional Euclidean space,
while the latter is represented by a curve in the unit quaternion space. Although there are well-known techniques for smoothing the
translation curve in the Euclidean space, few results have been reported for smoothing motion as a whole. This paper improves the
previous study and provides a more robust algorithm, which seeks to minimize the weighted sum of the strain-energy and the sum
of the squared errors.

1. Introduction

Achieving smooth spatial motion is a challenging task in
computer graphics with practical applications in the
animation and virtual reality (VR) areas. The position, or,
more precisely, the position of a reference point which is
®xedwith respect to the object, andorientation of amoving
object at a given time are often paired and are called a
``frame'' of motion. Achieving smooth motion thus com-
prises two parts: the realization of smooth translation and
that of smooth rotation. For the former, many curve-
®tting and curve-fairing methods are known to provide
varying degrees of continuity for di�erent kinds of point
data. As for the latter, until recent progress in quaternions,
interpolating between orientations had been di�cult.

Although rotations can be represented as a 3�3 matrix,
directly interpolating corresponding entries is not viable
due to the partial dependency of entries in a rotation
matrix. In 1758, Euler [1] introduced a set of independent
co-ordinates, called Euler angles, which describe a three-
dimensional rotation as the composition of three inde-
pendent, ordered rotations about given axes through an
origin. Although interpolating rotations via Euler angles
is feasible, it is cumbersome [2]. On the other hand, a
quaternion represents an orientation as a single rotation,
enabling simple interpolation schemes.

Recent advances in quaternion algebra have stimulated
a considerable amount of interest in developing new

techniques to achieve smooth motion. These techniques
can be classi®ed into two categories: motion synthesis [3±
9] and motion fairing [10]. In motion synthesis, a series of
``key frames'' are ®rst given, which, for example, may
designate the crucial scenes, such as views of the kitchen,
living room, etc., in a ¯y-through tour of a model house,
then between these key frames, intermediate frames are
interpolated using two spline curves, one in the Euclidean
space R3 and the other in the unit quaternion space SO�3�,
to simulate smoothmotion. Despite the success of motion-
synthesis techniques in generating smooth animations
such as ¯y-throughs and rigid-body motions, the auto-
matic generation of smooth life-like animations for artic-
ulated creatures has yet to be achieved. The major factor
for this unbalanced progress is that themotion of amoving
creature is the result of complex interactions between
muscles, bones, inertia, and the environment. Hence, in
both animation andVR studies the physical worldmotions
have to be sampled on many occasions before being re-
constructed in the computer. In practice, rotational mo-
tion is usually sensed by gyroscopes which measure
angular velocity, whilst translational motion can be de-
termined using several techniques including telemetry
analysis and linear accelerometers. As is the case for most
sampled data, the successful reconstruction of sampled
motions depends signi®cantly on the ability to reduce noise
during the sampling process. Motion fairing addresses this
issue of reducing the jerkiness of sampled motions.
The use of curve-fairing techniques in R3 is an area that

has been extensively studied [11,12] and they have been
shown to provide varying degrees of continuity for dif-*To whom correspondence should be addressed.
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ferent kinds of point data. However very few results have
been reported for smoothing motion as a whole with the
notable exception of the work of Lee and Shin [10]. They
presented a fairing algorithm which is an extension of the
strain-energy minimizing technique in R3 discussed by
Eck and Jaspert [13]. This algorithm iteratively minimizes
the weighted sum of the derivatives of the unit quaternion
curve, which describes the strain energy stored in the
curve, within a user-speci®ed error bound from the orig-
inal data. Two areas in the algorithm in Lee and Shin [10]
require improvement, namely: (i) the formulation is scale-
dependent, i.e., the ®nally obtained motion varies with the
scale of the translational data; and (2) under some con-
ditions, the algorithm can loop in®nitely. To amend these
two shortcomings, we propose a more robust formulation
in this paper, which seeks to minimize the weighted sum
of the strain-energy and the sum of squared errors (SSE).
Our formulation is less prone to in®nite loops and gives
the user an intuitive control over the smoothness of the
®nal motion by adjusting the relative weight of the strain
energy to the SSE. Also, our formulation is invariant over
uniform scaling of the position data.

The rest of this paper is organized as follows: Section 2
gives a review of the crucial properties of a unit qua-
ternion, Section 3 presents our motion-fairing technique
with experimental results, and Section 4 concludes with a
brief summary.

2. Preliminary

A quaternion a, in the form of a complex number, consists
of one real part and three imaginary parts:

a � w� xî� yĵ� zk̂; w; x; y; z 2 R: �1�
which satis®es the multiplication rules [14,15]:

î2 � ĵ2 � k̂2 � ÿ1;
îĵ � k̂; ĵ̂i � ÿk̂;

ĵk̂ � î; k̂ĵ � ÿî;

k̂î � ĵ; îk̂ � ÿĵ:

The norm jjajj and the inverse aÿ1 of a quaternion a are
de®ned as follows:

jjajj �
�����������������������������������
w2 � x2 � y2 � z2

p
;

aÿ1 ��wÿ xîÿ yĵÿ zk̂�=jjajj:
A quaternion a can also be represented as an ordered pair
a � �w;~u�;~u � �x; y; z� 2 R3. A vector ~v 2 R3 can thus be
easily mapped into the quaternion space:

~v ÿ! �0;~v�: �2�
A unit quaternion q is a quaternion of the norm jjqjj � 1.
By using a unit quaternion as an alternative to 3� 3
rotation matrices, the rotation by h about a unit axis
vector û can be represented as a unit quaternion q:

q � �cos 1
2

h; û sin
1

2
h�; �3�

and then a vector ~v1 2 R3 rotated from ~v 2 R3 by the
rotation q, denoted by Rq�~v�, can be expressed as a qua-
ternion multiplication.

~v1 � Rq�~v�;
� q~vqÿ1; �4�

where ~v1 and ~v follow (2). The generalization of (4) in
which successive rotations Rq1 ; . . . ;Rqn

from ~v take place
is given by:

Rqn
�� � �Rq2�Rq1�~v�� � � �� � qn � � � q1~vqÿ11 � � � qÿ1n ;

� �qn � � � q1�~v�qÿ11 � � � qÿ1n �;
� Rqn���q1�~v�:

The well-known formation of an angular velocity
~v � h~u 2 R3 in classical mechanics is represented by a
rotation h � jj~vjj about the unit axis û �~v=jj~vjj. The ex-
ponentialmap from~v to its corresponding unit quaternion
is de®ned as [15]:

exp�~v� � �cos h; û sin h�; �5�

� cos
jj~vjj
2
;
~v

jj~vjj sin
jj~vjj
2

� �
:

As the quaternion exponential (5) is not one-to-one, the
constraint jj~vjj < p is imposed so that the inverse function
log q of a unit quaternion q is well de®ned.
Given two unit quaternions q1 and q2, it is possible to

form a path connecting them by a rotation with a ®xed
axis. One such rotation path is the geodesic interpolation
or slerp [2] which is a result of the Euler principal rotation
theorem [15]:

G�q1;q2��t� � q1 exp�t log�qÿ11 q2��; 0 � t � 1;

� q1�qÿ11 q2�t; 0 � t � 1: �6�
where log�qÿ11 q2� is the corresponding rotation axis. The
geodesic path is also embedded in the distance metric for
the unit quaternion space so that the distance between
two unit quaternions q1 and q2 is de®ned by :

dist�q1; q2� � jj log�qÿ11 q2�jj: �7�
Unlike in the Euclidean space in which the velocity v�t� of
a space curve p�t� is the ®rst derivative p0�t�, the angular
velocity x�t� of a unit quaternion curve q�t� takes a
nonlinear form [16,17]:

x�t� � 2qÿ1�t�q0�t�: �8�
On the other hand, given the angular velocity x�t�, the
corresponding unit quaternion curve q�t� can be derived
by the quaternion integration [18]:

q�t� � q0
Yt

0

exp�x�t�dt�: �9�

where q0 is the initial orientation.
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3. Energy and distance measures

In this section, a set of rigid postures is smoothed in terms
of energy and distance minimization. The discussion be-
gins with the formulation of the energy measure for a
space curve in R3, followed by that for a unit quaternion
curve. Together with the distance measures, the objective
functions are established and the numerical method for
solving the minimization problem is then given, with
numerical results demonstrated.

3.1. Energy functions

The motion r�t� of a rigid body can be represented as the
combination of the position and the orientation. The
former is described by a space curve p�t� in R3, while the
latter by a unit quaternion curve q�t�. Thus:

r�t� � � p�t�; q�t��:
Let p be a space curve in R3 parameterized by time t. Then
velocity v�t� and the acceleration a�t� of the curve p at t
are:

v�t� � p0�t�; �10�
a�t� � p00�t�: �11�

As the acceleration (11) measures the rate of change of
the neighboring velocities at t, the smoothness of a curve
can be evaluated by minimizing the total acceleration:

E�p� �
Z
p

jjp00�t�jj2 dt;

�
Z
p

jja�t�jj2 dt: �12�

The smaller E�p� is, the smoother the curve p. One such
smooth curve, though a degenerate solution, is a straight
line which has E � 0, since the acceleration a�t� is zero
everywhere. Note that if p is parameterized by an arc
length s, then Equation (12) represents the strain energy
of the curve p�s�:

E�p� �
Z
p

jp00�s�j2ds

�
Z
p

j�s�2ds:

By analogy, it is reasonable to measure the smoothness
of a unit quaternion curve q�t� in terms of the rate of
change of angular velocities. Of note is that the ®rst de-
rivative of a unit quaternion curve is not the angular
velocity, nor is the second derivative of the quaternion
curve the rate of change of angular velocities. The energy
function

R
q jjq00�t�jj2dt, which is directly derived

from (12), is therefore not a good measure [10,19]. In Lee
and Shin [10], it is also shown that a smooth unit qua-
ternion curve of a constant angular velocity, passing

through a great circle of the unit hyper-sphere, does not
meet the measure

R
qjjq00�t�jj2dt. A more appropriate en-

ergy function can be obtained by directly integrating the
norm of the derivative of the angular velocity:

E�q� �
Z
q

jjx0�t�jj2dt: �13�

It is clear that the energy function E�q� � 0 for a unit
quaternion curve with a constant angular velocity, pass-
ing through the great circle of the unit hyper-sphere.
In practice, the motion is described as a pair of posi-

tions and orientations �P;Q� where P � fp0; p1; . . . ;
pnÿ1g; pi 2 R3; is a sequence of positions and
Q � fq0; q1; . . . ; qnÿ1g a sequence of unit quaternions,
describing the orientations. Thus discrete energy func-
tions are necessary. For a discrete positional curve
P � fp0; p1; . . . ; pnÿ1g in R3, the ®rst and second deriva-
tives are given by:

D�1�pi �
pi�1 ÿ piÿ1

2h
; �14�

D�2�pi �
pi�1 ÿ 2pi � piÿ1

h2
; �15�

where h is the time interval between two successive points
pi and pi�1; i 2 �0::nÿ 2�. Then the discrete energy func-
tion of P is given by:

E�P� �
Xnÿ2
i�0
jjD�2�pijj2;

�
Xnÿ2
i�0

pi�1 ÿ 2pi � piÿ1
h2

���� �������� ����2: �16�

For a discrete quaternion curve Q � fq0; q1; . . . ; qnÿ1g, on
the other hand, the discrete angular velocity xi and the
derivative x0i at qi are given by:

xi � log�qÿ1i qi�1�
h

; �17�

x0i �
log�qÿ1i qi�1� ÿ log�qÿ1iÿ1qi�

h2
; �18�

and then the discrete energy function of Q is given by:

E�Q� �
Xnÿ2
i�0
jjx0ijj2;

�
Xnÿ2
i�0

log�qÿ1i qi�1� ÿ log�qÿ1iÿ1qi�
h2

���� �������� ����2: �19�

3.2. Distance measure

The energy functions (16) and (19) are necessary yet not
su�cient to smooth either a positional or a rotational
data set. This is because by only minimizing the energy
functions, the following problems can occur: (1) trivial
solutions are likely to occur; (2) the positional data points
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can be pulled to form a straight line; and (3) the qua-
ternion points can be relocated to form a great arc. In
order to preserve the shape of the data sets, an L2-norm
metric is thus taken into account which measures the sum
of the squared distances of the corresponding data points
in the original data set and those in the smoothed data
set. Let P� � fp�0; p�1; . . . ; p�nÿ1g and Q� � fq�0; q�1; . . . ;
q�nÿ1g be the resulting data sets of P and Q after the
smoothing process respectively. Then, the distance meas-
ures D�P�� and D�Q�� are:

D�P�� �
Xnÿ1
i�0
jjpi ÿ p�i jj2; �20�

D�Q�� �
Xnÿ1
i�0
jj log�qÿ1i q�i �jj2: �21�

Clearly, the distance measures (20) and (21) are mini-
mized when the smoothed data sets are identical to the
original data sets.

3.3. Optimization and its numerical method

The formulations for smoothing the positional data set P
and that for the orientation data set Q are now ready to
be established. The solution P� for smoothing the posi-
tional data set can be obtained by minimizing the objec-
tive function F �P��:

min F �P�� � D�P�� � aE�P��; �22�
where D�P�� and E�P�� follow (16) and (20) respectively;
and the constant a is the ratio of the signi®cance of the
energy measure over that of the distance measure.
Clearly, if a � 0, the solution for (22) would solely be the
set P. If a� 0, the energy function becomes dominant
thus the solution P� would be the straightened version of
P. Likewise, the solution Q� for smoothing the quatern-
ion data can be obtained by minimizing the objective
function G�Q��:

minG�Q�� � D�Q�� � bE�Q��; �23�
where D�Q�� and E�Q�� follow (19) and (21) respectively;
the constant b again is the ratio of the signi®cance of the
energy measure over that of the distance measure.

The numerical method for solving (22) consists of three
steps:

Step 1. Initialization:

P0 ÿP:
Step 2. Iteration:

Pk�1 � Pk ÿ k1rF �Pk�:
Step 3. Stopping criterion:

jjrF �Pk�jj < e1:

Step 1 simply speci®es the initial condition for the itera-
tive point P0. In step 2, a sequence of fPkg is generated
by the iteration Pk�1 � Pk ÿ k1rF �Pk�, where rF �Pk� is
the gradient of F �Pk� and the small number k1 determines
the convergence speed. The iteration will terminate when
the gradient rF �Pk� of the current iteration is bounded
by a pre-speci®ed constant e1, i.e., the current iterative
point set Pk is close to the local minimum. Thus, the
solution P� would be P� � Pk.
Similarly, the numerical procedure for solving (23) is as

follows:

Step 1. Initialization:

Q0 ÿQ:
Step 2. Iteration:

Qk�1 � Qk exp�ÿk2rG�Qk��:
Step 3. Stopping criterion:

jjrG�Qk�jj < e2:

The initialization of the starting point Q0 and the termin-
ation of the iteration are described in Step 1 and Step 3
respectively. In Step 2, the iteration, which is di�erent
from that for solving (22), occurs. We will describe this
procedure in the next paragraph.
By analogy to the previous numerical procedure, the

iteration would be Qk�1 � Qk ÿ k2rG�Qk�. However,
since this iteration would not generate unit quaternion
points in general, a better iteration scheme is required. As
the neighboring unit quaternion points of the unit qua-
ternion qi can be represented as qi exp�x� where x is a 3-
dimensional rotation vector, the component riG�Q� of
the gradient rG�Q� for qi can then be de®ned by:

riG�Q� � @

@x

����
x�0

G�q0; q0; . . . ; qi exp�w�; . . . ; qnÿ1�;

�24�
and thus the gradient rG�Q� is:

rG�Q� � friG�Q�g: �25�
The derivation of rG�Q� which requires the di�erentia-
tion of the quaternion multiplication, exponential, and
logarithm can be found in Kim et al. [16]. Now, the it-
erative points can be de®ned in a manner similar to that
in the previous procedure:

Qk�1 � Qk exp�ÿk2rG�Qk��;
which follows (24) and (25).

3.4. Numerical results

The motion data R � �P;Q� are sampled from a per-
turbed B-spline curve and a perturbed quaternion B-
spline curve, both of which are injected with random
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noise. Note that the quaternion data are perturbed with
random direction and random geodesic length on the unit
hyper-sphere so that the perturbed points are guaranteed
to be unit quaternions. To be more illustrative, relatively
dense samples are taken with respect to the magnitude of
the random noise. As is shown in Fig. 1 (a and b), the
sequence of the positions for both the motion and ori-
entations are not smooth. By applying the numerical
method described in the preceding subsection with a small
a value of 0.7, the resulting positions of the motion, that
resemble the original trajectory of the motion, appears to
be smoother, as is shown in Fig. 2. The minimization of
the orientations with b � 0:1, along with the whole
smoothed motion is shown in Fig. 3(a), while the
smoothed quaternions are shown in Fig. 3(b). It is no-

ticeable in Fig. 3 (a and b) that disorientation exists along
the motion path. As discussed earlier, the smoothness of
the orientations can be increased by the use of larger
values of b. Figures 4 and 5 (a and b), illustrate the
smoothed positions and the smoothed motion for
a � b � 0:3. It is clear that in Fig. 5 (a and b), the ori-
entation of the motion appears smoother than that in Fig.
3 (a and b).

4. Summary

A minimization method for smoothing motion data has
been established. The smoothness of the motion data can
be controlled by the factors a and b, each of which is the

Fig. 1. (a) The motion of a rigid body and (b) the four com-
ponents of the associated quaternions.

Fig. 2. The resulting positions of the motion where a � 0:1:

Fig. 3. (a) The smoothed motion and (b) the smoothed com-
ponents of the quaternions produced when a � b � 0:1:

Fig. 4. The resulting positional curve where a � 0:3:
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ratio of the signi®cance of the corresponding energy
measure to that of the corresponding distance measure.
For a � b � 0, the smoothed motion is identical to the
original motion. As a and b are increased, a smoother
motion can be achieved without the loss of the original
shape of the motion. The examples presented in this pa-
per also show the robustness of our algorithm.
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