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The Subgroup Theorem

By

RoBERT KUBOTA

We give a simplified proof of a theorem of FEDERER and JONssox [1], which
contains NIELSEN’s theorem, that every subgroup of a free group is free.

Theorem. Let F be a free group with basis X, and, for a € F, let |a| be the length of a
relative to X. Let G be a subgroup of F, well ordered by a relation < such that |a| < |b|
implies a <b. Forae G, let Go =gp {be G|b <a}. Let A = {ac G|a¢ Gu}. Then
G is free on the basis A.

We prove that 4 generates G. Suppose not. Let ¢ be the least member of G — gp 4.
Then ¢ ¢ A, whence ¢ € G¢. But G, is generated by elements b < ¢ which, by the
minimality of ¢, lie in gp A, whence G, C gp 4. This impliés that ¢ € gp 4, a con-
tradiction.

We prove that 4 is a free basis for ¢. Suppose not. Then there is a relation
up--Un =1 where n = 1, uFle A, and u; + u;},. Let a be maximal among the
u! e A. We may suppose our relation chosen such that a is minimal, and hence such
that 4, = {be A|b < a} is a basis for a free group. Note that, for 1 <i < n,
either w; = a=! or u; € Gy, and in either case |u;| < |a].

The sequence u1, ..., u, satisfies the following conditions:
(1) For 1<is<n—1, wu+ul,.
(2) For 15ign, 0<|uw|<|al.
(3) For 1=Zi<n, cither wjeGy or u;=a*l.
4) For some 1,1 <i<n, w=a*l.
5) Ur-rup=1.

If, for some i, 1 < ¢ <n — 1, we have u;, %41 € Go and |usugya| < |al, then we
replace the two factors u; and u;+; by a single factor w;u;; to obtain a sequence
¥1, ..., ¥p—3 of n — 1 factors. Since 4, is a basis for a free group not containing a, the
sequence v1, ..., U1 satisfies (1)—(6), and iteration of this process will yield a new
sequence satisfying the further condition:

) For 1=isn—1, if u,wneGq then |wjusi|>|al.
Lemma 1. If 1 <7 <n — 1, then |usuga} = |us|, |us+a|, and both inequalities are

strict unless exactly one of i, uz+1 ts a=1,
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Proof. Either u; € G4 or u; = a*l, and either u;.; € Gy or #s41 = a*l. The case
that u;, ui+1 € Gy is given by (7). The case that u; = ;1 = a*! is excluded by (1).
In the case that u; = w41 = a*1, since @ + 1 we have |a*2| > |a|. The case remains
that one of u;, 441 is in G and the other is a+!. Suppose u; € G4 and 411 = a+l.
Then |usus+1| < |@| would imply wu;ui41 € Gg. This, with u; € G, would give a =
= u}! € Gy, contrary to a € 4.

Lemma 2. If 2 £ < n — 1 and u; cancels exactly half in each of its neighbors,
that s,
|wimywi| = |ui-1] and  |wsugss| = |ussa],
then either:
(A) wp=a*; oy, wier % 0FL |ui] = || = |a|;

and exactly half of each of u;, 11 remains in Uz—1 UiUg+1; OF:
(B) i1 = U1 = aFl;  |ug| < |al;
and more than half of each of u;—1, wiry remains i i1 Uz Ust1.

Proof. By Lemma 1, we must have either (A): u; = a*! and w;—1, uz41 € Gg;
or (B): u; € Gg and u;—;, w1 = a*l,

In Case A, Lemma 1 gives |a| = |u;| < |ui_1us| = |us—1|, whence, by (2),
|wi—1] = |a|; similarly, |us1] = |a|. If there were cancellation between u;—; and
ui+1 we should have |wujyusus+1| < |a| and so wj—1u;us+1 € Gy This with w;y,
u+1 € Gq would give @ = uit! € Gy, contrary to a € 4.

In Case B, we can write u; = pq where |p| = |¢q| = 3+ |us|- Now w1 = u;}, =
= g*1 would imply that p = ¢~! and u; = 1, contrary to (2). Therefore u;— =
= w341 = a*! and we can write a*! = g-1rp~1 for some r. Now |u;| = |a| would

imply that r = 1 and u; = a%l, contrary to (1). Therefore |u;| < |a| and r + 1. If
as much as half of one of u;—1 or w1, and so of both, cancelled in the product
wi_1UsUz+1 = q~1r2p~1, then each factor 7 in 72 would have to cancel at least half,
giving |r2| < |r|, which is not possible for r + 1.

Since, by (5), %1 *** 4y = 1, the proof of the theorem will be complete when we have
established the following lemma.

Lemma 3, 0 < [u1] < |waus| £ -+ = |uz -+ ual.

Proof. We write p; = u; +-* u;. We shall show, by induction on 7, that 0 < |p1]| <
< -+ < |ps| and that | Pz—zl = |pi-1| = | p:| only in case that | p,_gl < | pi-2| and
that %;—s, u;—1, u; fall under Case A of Lemma 2. For i = 1, 2, 3, this follows directly
from (2) and Lemmas 1 and 2. We assume this condition for some s, 3 =7 =n — 1,
and shall prove it for ¢ 4 1.

Suppose | pi-1| < |p:]; then we must show that |pi| < |pir1]. Now |pia| < |4
implies that more than half of ; remains in p;; since at most half of u; cancels in
usus+1 , Some part of %; remains in p;11. Therefore as much of u;+; remains in p;13 asin
uUs41, that is, at least half, and |p;| < |pes1]-
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Suppose |pi—a| < |pi-1| = |p:|; we must show that |p;| < |pi+1|, with equality
only under Case A. Now part of %;_; remains in p;, whence as much of u;4; remains in
Pi+1 a8 in %;—3 U;%;4+1, and the conelusion follows by Lemma 2.

Finally, suppose that |pi—2| = |pi-1| = |p:|; we must show that |p;| < |pis1]-.
By the induction hypothesis, #;—g, #;—1, %; fall under Case A, and half of u; remains
in p;. Then |ug] = |a|, and w;—1, u;, w;+1 cannot fall under Lemma 2, whence less than
half of u; cancels in w;u;+1, and part of #; remains in p;41. But then u;41 cancels no
more in p;4; than in w;ui41. If ;41 = a1 this is less than «; cancels in u;u;41, hence
less than half, while if u;11 € G, this is less than half by (7). In both cases, |p;| <

< |pes|-
Reference

[1] H. FeperEr and B. JoNssoN, Some properties of free groups. Trans. Amer. Math. Soc. 68,
1—27 (1950).

Eingegangen am 12. 5. 1964

Anschrift des Autors:

Robert Kubota

c.0. R.C.Lyndon
Mathematics Angell Hall
University of Michigan
Ann Arbor (Mich.), USA



