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Abstract. Motivated by empirical evidence that fluctuations in age structure
affect relative wages across age groups, this paper asks whether there is a
steady-state age distribution that maximizes the lifetime wages of a represen-
tative worker. The paper proves the surprising result that in a pure labor
economy with any constant returns technology, a uniform age distribution
minimizes lifetime wages. Skewed age distributions, generated by either
positive or negative population growth rates, generate unambiguously higher
lifetime wages than a stationary population, in spite of possible reductions in
per capita output in every period. The presence of non-labor factors com-
plicates, but does not necessarily reverse, this result. The paper relates the
beneficial effects of higher rates of population growth on lifetime wages in a
pure labor economy with imperfect substitutability across age groups to the
benefits of population growth that appear in overlapping-generation con-
sumption loan models with intergenerational transfers.

1. Introduction

Empirical research on the effects of cohort size on wages documents the sensitivi-
ty of age-specific wages to the relative sizes of age groups. The effects of cohort
size on wages were first documented for the case of the United States baby boom
by Easterlin (1978), Welch (1979), and Freeman (1979). Subsequent research, such
as Stapleton and Young (1984, 1988), Berger (1985, 1989), Bloom et al. (1988),
Connelly (1986), Dooley and Gottschalk (1984), and Falaris and Peters (1988),
has provided a rich literature exploring the relationship between cohort size and
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wages. Debate continues on the persistence of cohort size effects over the life cycle
and on the nature of behavioral responses to cohort size in schooling and fertility.
The fundamental fact that the relative size of age groups affects age-specific
wages has now been firmly established, however.

Although empirical research has focussed on the effects of short-term fluctua-
tions in cohort size, the results suggest that wages will be influenced by age struc-
ture in long-term demographic steady-states as well. Even if all other features of
two economies are similar, for example, workers in a rapidly growing population
with a young age distribution can be expected to face a significantly different
wage profile than workers in a population with a low growth rate and a relatively
uniform age distribution. Considerable attention has been given to the role of age
structure in models analyzing the economic effects of population growth such as
Arthur and McNicoll (1977, 1978), Lee (1980), Lee and Lapkoff (1988), and
Willis (1982). In spite of the economic and demographic richness of the overlap-
ping-generations models in this literature, however, the models have never incor-
porated effects of age structure on age-specific productivity. This paper attempts
to fill this gap by analyzing the relationship between population growth rates and
life cycle wage profiles, explicitly recognizing the possibility of imperfect
substitutability of workers of different ages.

In previous research on the economic effects of population growth, two basic
economic forces drive the results. The first is the effect of population growth on
capital-labor ratios, typified by Solow’s (1956) neoclassical growth model. Higher
rates of population growth in such a model unambiguously lower steady state per
capita income and consumption due to a capital dilution effect analogous to an
increased rate of capital depreciation. The second common effect of population
growth is an intergenerational transfer effect typified by Samuelson’s (1958)
original consumption loan model. In its simplest version, increased population
growth leads to unambiguously higher per capita lifetime utility through what
amounts to a perpetually underfunded pay-as-you-go social security system. A
number of authors have attempted to combine these two effects into a single
model, beginning with Samuelson (1975). Samuelson’s initial attempt included an
instructive error, with his first order conditions for an optimum growth rate im-
plying a welfare minimum for a large class of production and utility functions.
As pointed out by Deardorff (1976), when both production and utility are Cobb-
Douglas, the benefits from increasing capital-labor ratios in Samuelson’s model
produce unbounded increases in lifetime utility as the population growth rate
decreases from the critical point implied by Samuelson’s first order conditions.
At the same time, the benefits of intergenerational transfers in the model produce
unbounded increases in lifetime utility as the growth rate increases from the criti-
cal point. No finite optimum population growth rate exists for this and other
cases, a result explored in detail in Samuelson’s (1976) reply to Deardorff. Models
with more general treatments of age structure have been developed by Arthur and
McNicoll (1977, 1978), Lee (1980), and Willis (1982). These models continue to
be driven by the two forces of capital-dilution and intergenerational transfers,
however, as the mechanism through which population growth and age structure
affect economic welfare. None of these models has considered the effects of age
structure on age-specific labor productivity, a potentially important alternative
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mechanism through which population growth and age structure will have direct
economic effects.

Section 2 of this paper analyzes the relationship between factor proportions
and marginal products for the simple case of a pure labor economy in which labor
can be divided into two types. The section proves that for any concave constant
returns production function, the sum of the two marginal products is minimized
when there are equal numbers of the two types of workers. Section 3 illustrates
the results for the case of a CES production function with two types of labor, and
contrasts the effect of age structure on lifetime wages with the effect on total out-
put per period. The implications of non-labor factors are considered in Sect. 4.
Section 5 analyzes the effects of fertility-induced changes in population growth
rates on age-specific wages in a stable population with any number of age groups.
A uniform age distribution is shown to minimize steady state total lifetime wages
in a pure labor economy with any constant returns technology. Effects of dis-
counting the wage stream are considered in Sect. 6. Sections 7 and 8 incorporate
effects of age structure on age-specific labor productivity into overlapping genera-
tions models of the effects of population growth on life cycle consumption pro-
files. Previous comparative steady state results on the effects of population
growth on lifetime consumption are shown to generalize in a surprisingly
straightforward way when the conventional assumption that workers of different
ages are perfect substitutes is replaced with a completely general production func-
tion. Section 9 compares the results for this model with the implications of
Samuelson’s original consumption loan model.

2. Factor proportions and factor payments under constant returns technology

A fundamental but little recognized property of linearly homogeneous functions
forms the foundation for the results developed below. The simplest form of the
result can be demonstrated for an economy with two types of workers:

Proposition 1. If L total workers are divided into two types, L, and L,, and total
output is given by a concave constant returns to scale production function
Y=F(L,,L,), the sum of the two marginal products F,+F, attains a global
minimum when L = L,.

To prove the result, consider the problem of choosing the fraction z,, where
Li=mn,L and L, = (1—m,)L. Assuming that workers of each type are paid their
marginal products, what effect will the choice of 7; have on the sum of the two
wages W = w,+w, = F;+F,? Noting that

oL, dLi_ _,
871'1 677.'1

it follows that
ow oL oL
— = (Fy +Fy) —'—1+(F12+F22) 2
om, omy 0my

=(Fy+Fy—Fp—Fp)L=(F,~FyL, (8]
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where Fj; = *F/dL; 0L, The sign of Fy, —F,, will be indeterminate in general,
but becomes a simple function of 7, under constant returns to scale. Under con-
stant returns it will be analytically convenient to normalize by the total number
of workers. Using lower case letters to denote per worker quantities, define the
per worker production function y = f(Ly, L,) = F(n(, m,), where n; = L,/L. The
properties of homogeneous functions require that the derivatives of the total pro-
duction function F are related to the derivatives of the per worker production
function f by the conditions F;=f;, F;;=f;,L™", and Fj;; = f;;;L™%, where
F;=0F/0L;, f;=0f/0mn;, etc. The condition on first derivatives implies that
wages are independent of total population size, while the condition on second
derivatives simplies that (1) can be reduced to d W/8n, = fi; —fa, a result that is
independent of L. Given constant returns, Euler’s theorem implies that fi, 7, +
Jormy = 0. Using the fact that f,; = fj,, this condition implies that

Substituting into (1), then

2
aW 7T1 1“27[1
A 1- =fi | ——L1 .
Bm fM l: <1-—7’C1> il .f11 [(1_71_1)2] (2)

By inspection, the derivative in (2) is equal to zero when 7, = 0.5. To see whether
this critical point is a minimum or maximum, differentiation of (2) gives

EW 1-27: _ 1-2x
_a_n?z(f“i-f“z) [—(T:;H—;Z-:I =2fi(1—m) 2+2f11 l:m%} . 3

The first and last terms equal zero when 7, = 0.5, making the entire expression
unanbiguously positive if fi; < 0. Equal division of the workers therefore gives
the global minimum lifetime wages for any concave production function. It is
clear by inspection of (2) that the derivative is positive for all 7, > 0.5, and is
negative for all 7; < 0.5 as long as fj; < 0. This establishes Proposition 1. If L,
and L, are the number of young and old workers respectively, then (L,/L,)—1 is
the labor force growth rate. A worker passing through the labor force with one
period in each age group will earn W total lifetime wages. The result in (2), then,
implies that for a pure labor economy with constant returns to scale, a stationary
population (zero growth rate) produces the lifetime wage minimizing age struc-
ture. Either a positive or negative growth rate of the labor force will lead to greater
lifetime wages for all workers. There is no finite growth rate that maximizes
lifetime wages. As seen in (2), lifetime wages continually increase with increases
in 7, above 0.5 or with decreases in 7n; below 0.5.

Although an economy without capital is an unrealistic abstraction, it is an im-
portant point of departure for more complete models, and follows in the spirit
of Samuelson’s (1958) original consumption-loan model. Since the introduction
of imperfect labor substitutability across age groups significantly changes the
relationship between population growth and wages in a Samuelson-type overlap-
ping generations model, it is important to begin with this pure case in which
workers of different ages are the only inputs, with their relative proportions com-
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pletely determining wages. An example of the effect driving Proposition 1 can be
seen in Stapleton and Young’s (1988) model of relative wages and cohort size,
where a pure labor economy with two age groups and constant returns technology
are assumed. Stapleton and Young observe that increasing the population growth
rate from zero raises the wages of old workers more than it decreases the wages
of young workers, an effect that is greater the lower the elasticity of substitution
(equivalent to a “more concave” production function, i.e. a greater absolute value
of fi; in Eq. (2) above). The importance to the result in Proposition 1 of the
assumption of only two age groups and the assumption that there are no produc-
tive inputs other than labor will be analyzed in detail below. It will be seen that
the basic result is unaffected by generalizing to any arbitrary number of age
groups. The result is not necessarily robust to the introduction of capital into the
production function, however, although it will be shown that we can never rule
out the case in which a uniform age distribution minimizes lifetime wages without
imposing restrictions on the production function.

3. An illustration with CES technology

Proposition 1 holds for any concave constant returns production function in a
pure labor economy, with no assumption about productivity differences across
ages or the elasticity of substitution between the two types of workers (other than
the standard restrictions implied by concavity of the production function). It is
interesting to compare this result to the effect of the choice of 7, on total outpur
per period. Since 8 Y/dn = F, —F,, total output will be maximized when the
marginal products of the two types or workers are equal. This could occur at any
division of workers in general, with the result depending on the specific form of
the production function. Consider, for example, a CES production function
Y = [BLS+(1-B)LEY2, which can be rewritten as

Y=L[Brg+(1—-p)(1-n)1"7 . )

Given ¢ and £, there is a unique value of 7, the proportion of the labor force
in the younger age group, that equates the marginal products of the two ages of
workers and therefore maximizes the value of total output. Since F;—F, =
(LY [Br$~ ' —(1 =) (1 —7)°" "], output per period attains a maximum
when

mo | ]
1—7:1*{1—[;] ’ ©)

where o = 1/(1—p). If the two types of workers have equal productivity parame-
ters, i.e. f = 0.5, then total output will always be maximized when 7; = 0.5, imply-
ing a uniform age distribution. If 8 # 0.5 then the division of labor that maximizes
total output will depend on the elasticity of substitution. Restricting o = 0 for con-
cavity, (5) implies that if §< 0.5, implying a productivity advantage of older
workers, the optimal 7z; will be less than 0.5, since a greater proportion of older
workers will be required to equate the marginal products of the two age groups.
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Fig. 1. Total lifetime wages as a function of proportion of labor force young. CES technology
Y=L[Bn8+(1~p)(1~n)?"?, B=0.5. Alternative values of o =1/(1-g). o =-6—e—o 0.01;
x—x—x 03; O-0O-011; A-A-A 27

Although the division of workers that maximizes total output depends on
both ¢ and B, Proposition 1 requires that for all values of § and ¢ total lifetime
wages wy +w, must attain a global minimum when there are equal numbers of
workers of each type. The contrast between the effects of age structure on output
and the effects of age structure on lifetime wages are shown graphically in Figs.
1—4, Figure 1 shows the relationship between total lifetime wages, w, +w, and
the proportion of workers in the young age group for the case in which g =0.5
and for four alternative elasticities of substitution. As required by Proposition 1,
lifetime wages attain a minimum at n; = 0.5 for all values of .

Figure 2 shows the relationship between the proportion of workers in the
young age group and total output for the same production function. Given
B = 0.5, a uniform age distribution always maximizes total output for any value
of o. If the age distribution of workers remains constant and each worker spends
one period as type 1 and one period as type 2, the example of Figs. 1 —2 implies
the paradoxical condition that the distribution of workers that maximizes total
output in each period is the distribution that minimizes each worker’s lifetime in-
come. The apparent contradiction results from the fact that total (or per worker)
output in each period need not have any relation to a representative worker’s
lifetime welfare.
The case in which there is a productivity difference between young and old
workers is shown in Figs. 3 and 4. Continuing with the CES production function
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Fig. 2. Total output per period as a function of proportion of labor force young. CES technology
Y=L[Br8+1~B)(1-n,)?]" "8, =05, Alternative values of o =1/(1—9). ¢ =-6—6— 0.01;
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for two ages of workers in (4), Fig. 3 shows the relationship between total lifetime
wages and the proportion of workers in the young age group for the case in which
£ = 0.3 and for the same four alternative elasticities of substitution used in Fig.
1. Once again, as required by Proposition 1, lifetime wages attain a minimum at
7y = 0.5 for all values of ¢. The difference between this case and the equal pro-
ductivity case of Fig. 1 is that the shape of the relationship between w, + w, and
7, is altered away from the critical point 7; = 0.5.

Figure 4 shows the relationship between the proportion of workers in the
young age group and total output for the same production function. It is no lon-
ger the case that n; = 0.5 maximizes total output, except in the limit as ¢—0.
The output-maximizing value of 7, decreases with o, since a higher ratio of
older workers to young workers is required to equilibrate their marginal products
as the degree of substitutability increases, given the productivity advantage of
older workers (8 < 0.5).

Figures 1—4 demonstrate that in the simple case in which workers seek to
maximize lifetime income in a pure labor economy, a uniform age distribution is
always the worst of all possible worlds, even though it may generate the highest
per capita income in each period. It is important to note that even if a worker
could choose the steady state age distribution in the population, maximizing
lifetime wages would not necessarily be an appropriate objective function for the
worker. The effect of age structure on lifetime wages provides an interesting base-
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Fig. 3. Total lifetime wages as a function of proportion of labor force young. CES technology
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line for the analysis, however. The effects of discounting lifetime wages are con-
sidered below, along with consideration of the effects of age structure on the
possibilities for intertemporal consumption smoothing.

To see the implications of Proposition 1, consider a rapidly growing popula-
tion, in which there are always many times more young workers than old workers.
Young workers may have much lower wages than old workers, but Proposition 1
guarantees that w, +w, is greater than it would be if the same number of workers
were rearranged so that there were equal numbers at each age. The apparent inef-
ficiency that total output in each period could be increased if there were equal
numbers at each age is unimportant to the workers, as long as the positive growth
rate can be sustained. If maximizing lifetime wages were an appropriate welfare
criterion, any potential new worker would choose to enter the rapidly growing
population rather than a stationary population as long as the growth rate persists
throughout the worker’s lifetime. The depressed ages earned while young are
guaranteed to be more than offset by the higher wages earned while old. The re-
quirement of a perpetual positive population growth rate recall the “intergenera-
tional Ponzi scheme” nature of the gains to higher population growth rates in
Samuelson’s consumption-loan model. The effect of population growth in the
presence of imperfect substitutability across age groups is conceptually quite dif-
ferent than the effect of population growth in Samuelson’s model, however.

Similarities and differences between the results derived here for the relationship
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Fig. 4. Total output per period as a function of proportion of labor force young. CES technology
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between age structure and lifetime wages and the role of age structure in
Samuelson’s pure consumption loan economy will be analyzed below.

4. Effects of non-labor factors of production

The result in Proposition 1 that a uniform age distribution minimizes lifetime
wages 1s not necessarily robust to the introduction of non-labor factors of produc-
tion. The effect of introducing a non-labor factor can be seen by considering an
augmented production function, ¥ = F(L, L,,K), where the new factor K can
be thought of as a fixed resource, such as land, or as a reproducible factor, such
as capital. (Distinctions between the two types of non-labor factors will be
discussed below.) Assuming that X is exogenous and unaffected by the choice of
7y, the introduction of K has no effect on the derivation of (1), so under con-
stant returns it is still true that 8 W/8n, = (f;1 —/f). Euler’s theorem now implies
that fi1 7 +/21 7y = —fi1 k, where kK = K/L, and therefore that

Sir = =i Smpy 12T

3! 4

Using the analogous expression for f,,, and substituting into (1), the derivative
in (2) generalizes to
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The first term in (6) is zero when ny = 0.5, is positive for all 7y > 0.5, and is
negative for all m; < 0.5. The sign of the second term in (6) is indeterminate in
general, and depends on the complementarity between K and workers of different
ages. Note, however, that if W attains a critical point at 7z, = 0.5, then it must be
the case that fj1 = f;, at that point, since the first term must equal zero. The sec-
ond derivative is

Fw 1-27 _ 1-27
-6—n{=(f111—f112) [m] —2fn(l—m) " +2fy [(—1?7;)1—3}

+k(ny fen—fid) 71 fra+ 102 f =70 fen ~fed] - )
If W attains a critical point at 7, = 0.5, implying that n; = 7, and fj; = fi,, then
(7) reduces to

Fw -
— = 2k friy—Fon oS - (8)
omy 4

The first term in (8) will always be positive under concavity. No general restric-
tions can be placed on the third derivatives in the second term in order to make
the sign of the term unambiguous. We cannot rule out the possibility that the term
is negative and large enough in absolute value to offset the positive first term. It
is possible, then, that in the presence of other factors a uniform distribution of
workers will maximize rather than minimize lifetime wages. It is also possible that
a uniform distribution continues to minimize lifetime wages, however, as it does
in the absence of non-labor factors. Some obvious restrictions on the third
derivatives will gnarantee that the second derivative is positive when W (n,) at-
tains a critical point at 7y = 0.5. The simplest is that fi» = fr11 =fr2 When
7, = 7y and fi4 = fi,. This implies a symmetry in the relationship between K and
the two kinds of labor that is consistent with the requirement that f, = f;, when
7, = 7,. If the production function can be written as F(K, G (L4, L,)), for exam-
ple, then conditional on there being a critical point in W(x,) at n; = 0.5, that
point will be a minimum if G,y = Gy, when L; = L,.

If K represents reproducible capital, rather than a fixed resource like land,
then there may be a direct effect of the age distribution on K. The effects of popu-
lation growth and age structure on capitai-labor ratios have been the principle
focus of most models of the economic effects of population growth. Although
a complete treatment of the relationship between population growth and capital
accumulation is beyond the scope of this paper, the issue will be addressed below
in analyzing golden rule steady states.

5. Population growth, age structure, and lifetime wages

A more complete model of the relationship between age structure and wage pro-
files can be constructed by considering a stable population with an arbitrary num-
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ber of age groups, a constant population growth rate, and a general production
function defined over workers of different ages. The number of persons aged i
at time f, denoted L, ,, is by definition L; , = B;_;p;, where B, denotes births in
period ¢ and p; denotes the probability of survival from birth to age i, assumed
to be invariant over time. If age-specific fertility and mortality rates remain con-
stant over time, then by well known ergodicity properties (see Arthur, 1981, for
a recent restatement and proof of standard results), the population will converge
to a stable population with a constant proportional age distribution. Births and
the size of every age group will grow at some constant growth rate g. Expressed
in discrete time, B, = By(1+g), and therefore L;,= B,(1+g)"". Total population
size at time ¢ will be P, = Y, §L; ,p;=B, ¥, § (1+g)~'p;, where w is the highest
age in the population.

For demographic simplicity, assume all workers die at exactly age w, so that
mortality can be ignored. Equivalently, assume that all workers survive from the
age of entry into the labor force until some retirement age w. Mortality before
and after working life can be ignored, with “births” referring to labor force en-
trants, and g representing the labor force growth rate. Defining 7; as the (con-
stant) proportion of workers aged / in the steady state, the effect of a fertility in-
duced change in the population growth rate on this proportion is

Om_ M gy,

d0g (+g)
where 7= Y ;7;i is the mean age of the labor force. An increase in the popula-
tion growth rate causes an increase in the steady state proportion of workers at
all ages below the mean age and a decrease in the proportion of workers at all
ages above the mean age. Assuming constant returns technology, the marginal
products of workers are unaffected by total population size, and are therefore con-
stant in the steady state, determined only by the relative sizes of age groups in a
pure labor economy. If wages at each age are equal to marginal products, then
total lifetime wages are given by W= Y ;F;= Y., f.. The effect of the population
growth rate on lifetime wages is therefore

aw 87‘[! -1 <~ .
—_——= 32— = 1 . —_— P
dg ; 1? -f;j dg (1+g) ZI: %: 7[/(] J)-f;j
=(+e)7' L [i L mfy—- X jnjf,-j] . )
i J j

This result holds for any production function, as long as g affects only the sizes
of age groups and not the relative quantity of other productive factors. In the case
of a pure labor economy with constant returns, the following proposition holds:

Proposition 2. In a pure labor economy with a concave constant returns produc-
tion function Y = F(Ly,L,, .. .,L,), where L;= B,(1+g)™", with the labor force
growing at a constant growth rate g, total lifetime wages W= Y. ,F; attain a
global minimum when g = 0. No finite growth rate exists that maximizes lifetime
wages.
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To prove Proposition 2, note that in the case of a pure labor economy with
constant returns, Euler’s theorem requires that Y, ;7 fi;= 0. This implies that

§]
3y = 00T LY miy= ~re) Lim T,
i i !

J

= —(1+g) E Jn.j l:fu"" 2 ﬁj} . (10)
i
Under the assumption of a pure labor economy with constant returns,
T fjj= — X is;Mifij 50 (10) can be similified to
oW _
—=0+e)" | D Y mf= L i X Sy
0g i i Jj i#j
=(1+2)"" L Y jm—m)fy - (11)
Ji#Ej

By (11) it is clear that W(g) attains a critical point at g = 0, since 7; = 7;V (i,/)
in a stationary population with no mortality before age w. (With mortality during
the years workers are in the labor force a uniform age distribution could only exist
with a negative population growth rate). To evaluate this critical point, it is useful
to rewrite the expression. Note that Y ;Y ,.;x;= L, % i>,;0q;+X;;). Since
Jij =t it follows that

Y Y jmi-npfiy= L X U—n)fu+i(n—mn)f;]

Ji#j Jji>j
=Y Y (m—n)G-fy - (12)
Ji>j
Substituting from (12), then, (11) can be rewritten as

%I;K=(1+g)_1 LY (u—m)(-isy )

Jixj

The second derivative is

2 .
7= U Mt ) L T [ G=)fy (67; ?ﬁ)}

) og j oi>j og

fU4e L X [(nf~nj)(i—i) [f,,,a”’ fu,a”fﬂ L4

Joi>j
At a uniform age distribution 7; = 7;, so the first term and last terms go to

zero. The second term is unambiguously positive, since %& > %—@ Vi<j. A uni-
g g
form labor force age distribution thus gives the unambiguous global minimum
lifetime wages for any constant returns production function in a pure labor
economy. This establishes Proposition 2.
In a pure labor economy under constant returns the absolute size of the popu-
lation has no effect on wages — only the relative sizes of age groups matter. If



Population growth, age structure, and age-specific productivity 201

non-labor factors are introduced then it is necessary to explicitly model the effect
of population growth on those factors. If the non-labor factors are fixed
resources, such as land, then the relative supply of the factor must necessarily de-
crease with population size and there is no steady state level of output per worker.
If the non-labor factor is capital then a formal model of capital accumulation is
required. Assuming that a steady state capital-labor ratio exists, some model is
required to analyze the effect of population growth on the capital-labor ratio. As
pointed out above, this issue has been the principal focus of most previous
literature on the economic effects of population growth. It is beyond the scope
of this paper to offer any new approaches to the relationship between population
growth and capital accumulation. One standard approach, the assumption that
golden-rule savings is achieved in every steady state, will be used below. More
generally, the effect of population growth on capital-labor ratios can simply be
thought of as an additional term affecting lifetime wages in some unknown direc-
tion. If this term is strongly negative, as implied by most previous models, then
it may dominate the tendency for higher rates of population growth to increase
lifetime wages in a pure labor economy.

Assuming a steady state capital-labor ratio & always exists, (9) continues to
hold when a non-labor factor K is introduced, but Euler’s theorem now implies
that Y, j7ifij = —k/fiy- Substituting into (9) and allowing an effect of g on k, the
result is
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If it is assumed that dk/0¢g = 0, and if 8 W/8g = 0 at a uniform age distribution,
then Y;fi,(i—1) =0, since the first term in (15) has already been shown to be
zero when 7; = ;v (i,j). If this is true, however, then it must be the case that
Jie= Six¥(i,k) when m; = n;. Even ignoring the final term in (15), there are no
general restrictions on the third cross-partial derivatives to establish whether this
critical point is a minimum or maximumi, as discussed above in the case of two
types of workers. If an increase in the population growth rate decreases the
capital-labor ratio, as it does in a simple neoclassical growth model, then the last
term further modifies the result, implying a negative effect of population growth
on lifetime wages as long as fi; >0 for all J.

6. Effects of discounting lifetime wages

It is straightforward to introduce a discount rate into the wage stream. Returning
to the pure labor economy, if we redefine W as discounted lifetime wages W =
Y F,(1+r)"', and analyze the effects of the population growth rate on W, the
result in (11) generalizes to
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The second term in (16) allows the possibility that the discount rate r is itself a
function of g. Assuming for the moment that r is exogenous, making the second
term in (16) equal to zero, the result implies that there will be a critical point at
the growth rate which sets 7;(1+r)™ = m;(1+r)”" for all (i,j). Continuing to
abstract from mortality, this will occur when g = r, the population growth rate
equals the discount rate. As in the case when r =0, it is easy to show that this
critical point always gives the minimum discounted value of lifetime wages. For
any exogenous discount rate r, discounted lifetime wages attain a global minimum
when the population growth rate equals the discount rate. Evaluated at a point
at which g <r (e.g. g =0.01 and r = 0.10), an increase in g will decrease the dis-
counted value of lifetime wages.

The result is more complicated if r is a function of g. One important special
case is when r = g at all values of g, corresponding to Samuelson’s (1958) “biolog-
ical interest rate”. This case has some intuitive appeal, since it captures the rela-
tionship between age structure and the possibilities for intergenerational borrow-
ing. (See Willis 1982, for an excellent treatment of the relationship between age
structure and intergenerational debt.) The value of earning high old-age wages to
offset low young-age wages in a rapidly growing population depends on the abili-
ty to borrow against old-age wages. If the young can only borrow from the oid,
then the interest rate must increase as the population growth rate increases. In the
case when r = g at all values of g, the result in (16) can be rewritten by substituting
g for r, noting that 8r/0g =1 and (1+g) "= ; Zj(1+g)"1:
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where y is per worker output and 7,, = Y, ;im;w;/ Y, ;7;w; is a weighted mean age
in which each age is weighted by the proportion of total wages earned at that age.
The result in (17) is unambiguously negative, implying that if the discount rate
r is always equal to the population growth rate g, then increases in the growth rate
must reduce the discounted value of lifetime wages. Although lifetime wages will
always increase with increases in the population growth rate, in accordance with
Proposition 2, they can never increase at the same rate as the population growth
rate itself. In this biological interest rate case, then, the discounted value of
lifetime wages is maximized at the most negative feasible population growth rate.

Although discounting lifetime wages may be appropriate, especially in the bio-
logical interest rate regime, the value of discounted lifetime wages is still not
necessarily an appropriate objective function for the representative worker. The
discounted cost of any given lifetime consumption stream also declines as the
population growth rate increases. This means that a decline in discounted lifetime
wages does not necessarily imply a decline in lifetime utility. The following sec-
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tions clarify this point by incorporating the effects of age structure on wages with
the effects on lifetime consumption possibilities.

7. Age structure and social budget constraints with overlapping generations

The role of population growth and age structure in overlapping generations
models has been clarified by Arthur and McNicoll (1977, 1978) and Lee (1980).
Extending results from formal demography, these papers combine intergenera-
tional transfer consumption-loan effects with capital dilution effects in models
with continuous age distributions. The same approach can be used to provide ad-
ditional insights into the results proven above regarding the effects of age struc-
ture on age-specific labor productivity.

Before introducing effects of age structure on age-specific productivity, it is
instructive to examine comparative steady state results for models in which
workers at different ages are perfect substitutes. Consider a continuous time ver-
sion of the stable population analyzed above, with constant age-specific fertility
and mortality implying a constant exponential growth rate g, with B, = Bye ¢/,
and N,,= B,e"%?. Total population size at time ¢ is P,= jS’Na! D,da =
B,|¢e7¢%p,da, where w is highest age in the population. Assume that consump-
tion at age « is given by the schedule ¢,. We can assume that age-specific con-
sumption is chosen to maximize lifetime utility, as in Arthur and McNicoll (1977),
although as Lee (1980) shows, the principal insights of the comparative steady
state results come from simply differentiating the social budget constraint to find
the change in lifetime consumption possibilities. Details of how age-specific con-
sumption is altered in response to a change in population growth add little addi-
tional information. Labor supply is given by an analogous function of age /,,
and period ¢ production is described by a concave constant returns production
function F(K,, L,), where L, is the effective labor force at time ¢. Total labor L, is
a linear aggregation of the number of workers at each age, L, = Btjg’e_g“palada.
In most pure consumption loan models, workers at each age receive exogenous
endowments which are unaffected by population growth (see, for example,
Samuelson 1958, and Willis 1982). In models with capital, wages are affected by
capital-labor ratios, and may also be affected by age-specific weights such as the
1, terms used here. Arthur and McNicoll (1978) and Lee (1980) differ somewhat
in their interpretation of the weights /, in the definition of L, Arthur and
McNicoll define them as age-specific labor force participation rates, while Lee in-
cludes differences in productivity as reflected in wage differentials. These produc-
tivity differences are exogenous with respect to age structure, however, and
therefore implicitly assume that workers of all ages are perfect substitutes.

The social budget constraint at time ¢ is F(K,,L,) = C,;+K,, where C is total
consumption and K is the time derivative of the capital stock. Generalizing
Solow’s growth model without age structure, this age-strucuted economy has an
economic-demographic steady state growth path with a constant proportional age
distribution, a constant capital-labor ratio & and constant age-specific consump-
tion levels c,. In the steady state K, = gK, so normalizing by B, the social budget
constraint can be rewritten as
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Following Arthur and McNicoll (1977, 1978), the simplest case is to assume that
capital is accumulated by a golden-rule steady state savings rate, implying that
fr=2g. The golden rule assumption implies that a new optimal savings rate
which maximizes per capita consumption is chosen whenever the population
growth rate changes. Drop the f subscripts to denote the time invariant normal-
ized total quantities L = L,/B,, C= C,/B,, and define the time invariant pro-
portions 7, = e ¢%p,/{e % p,da, n&=e¢"*°p,c, /{0 e ¢ p,c,da, and 7l =

e 8 pal /\@e~%%p,I.da, where 7, is the proportion of the population that is age
a, 75 is the proportion of total consumption consumed by persons aged a, and
nﬁ, is the proportion of the labor force that is age a. The fundamental com-
parative steady state result is derived by differentiating the social budget con-
straint (18) with respect to g (implying an increase in fertility with mortality held
constant), imposing the golden rule savings condition that f;, = g, and noting
that (y—gk)L = C by the budget constraint (see Arthur and McNicoll 1978: 244,
and Lee 1980: 1145):
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This result can be simplified to
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Two weighted mean ages appear in (20): 4, is the mean age of the cross-sec-
tion population when each age is weighted by its share in total consumption; g,
is simply the mean age of the labor force. It is a standard result in mathematical
demography that the effects of changes in the population growth rate on cross-
section population aggregates are described by mean ages and weighted mean
ages (see Coale 1972; Keyfitz 1977; Preston 1982). Lam (1984) generalizes the
result for population means to higher moments of distributions of population
characteristics. The interpretation of (20) can be seen with a simple special case.
If all changes in consumption and labor supply implied by (20) are absorbed by
constant proportional adjustments at each age, so that dInc,/0g =1y for all a
and 8ln/,/8g = A for all g, then (20) reduces to

Y= @e—a)-"11. @1)
c

The proportional change in consumption at each age in response to an increase
in the steady state population growth rate will be equal to the “average age of con-
sumption” minus the “average age of production” minus the capital-consumption
ratio plus the proportional change in labor effort at each age. If consumption oc-
curs on average at older ages than production, as in Samuelson’s consumption
loan model in which there is a period of work followed by a period of retirement,
then the average age terms imply a positive intergenerational transfer effect. If
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childhood consumption is included in the model, then the sign of the intergenera-
tional transfer effect is ambiguous, and Arthur and McNicoll (1978) suggest that
it can easily be negative, Whatever the sign of this effect, there will be an unam-
biguously negative capital dilution effect of minus the capital consumption ratio.
Arthur and McNicoll (1978) and Lee (1980) suggest that this effect is likely to
swamp any plausible positive intergenerational transfer effect. Finally, population
growth may lead to increases or decreases in age-specific labor force participation
rates.

The simple neoclassical growth model and consumption loan model can be
seen to be special cases of (21). In a growth model with no age structure, such
as Solow (1956), consumption and production always take place at the same age,
so that the intergenerational transfer effect disappears. In the absence of an effect
of population growth on labor effort, this leaves the standard capital dilution ef-
fect of population growth for golden rule steady states. In a simple consumption
loan model there is no capital, leaving only the intergenerational transfer effect.

8. Age structure and labor productivity

The continuous age structure models of Arthur and McNicoll and Lee, like the
related overlapping generations models of Samuelson (1958, 1976), Deardorff
(1976), and Willis (1982), make very simple assumptions about age-specific labor
productivity. In the pure consumption loan model of Samuelson (1958), life cycle
wage profiles are constant, and are simply modeled as age-specific endowments.
The advantages of higher rates of population growth result from the relationship
between age structure and the ability to make intergenerational consumption
loans, not from any effect of age structure on age-specific productivity. When
capital is introduced in Samuelson’s later work (1975, 1976) and in the work of
Arthur and McNicoll (1977, 1978) and Lee (1980), wages are affected, but labor
is homogeneous except for exogenous variations across age in labor supply or ef-
fort. In other words, labor is simply a linear aggregation of workers of all ages.
Wages at all ages rise and fall together as the capital-labor ratio responds to vary-
ing population growth rates. Wages vary across ages only because of the ex-
ogenous difference in age-specific labor supply or effort which are built into the
models.

Given the theoretical results presented above and the empirical evidence on the
effects of relative age group size on age-specific wages, it is instructive to consider
how models of the effects of population growth are affected by explicitly model-
ing age-specific productivity as a function of the relative sizes of all age groups.
A more realistic model, for example, will have wages of young workers moving
in the opposite direction from wages of old workers in response to an increase in
the population growth rate.

More realisticaily, then, modify the model above to let output depend explicit-
ly on the number of workers at each age Y, =F(K, Lo, ....Lyp 3Ly )
where L, is the number of workers aged a in period 7. The model can be
generalized in this way and yet kept quite tractable by continuing to assume that
the production function is constant returns to scale,
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It is still true that the budget constraint Y, = C,— K, must be satisfied in
every period, and that K = gK in the steady state. Continue to let 1, represent the
labor force participation rate of workers aged . Normalizing by labor force size
L,=B, {#e %%p,l,da, the lmearly homogeneous production function can be
normalized to y = Y,/L, = (k, 7}, ..., 7%, ...,7’,), where n’, as defined above,
is the proportion of the total labor force made up of workers aged a. The only
modification to the budget constraint in (18), then, is to generalize per worker
output, implying that

w w
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Let w, denote the marginal product of workers aged a. We can interpret w, as the
competitive wage, although a model of wage determination is not necessary for
the results which follow. Differentiating (22) with respect to g,
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Imposing the golden rule savings condition that f;, = g and noting that (y—gk)
L = C by the budget constraint, (23) can be rewritten as
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The result looks identical to the result for the case of perfect substitutability in
(19), except for the first term involving the marginal product of each age worker.
In the previous model all workers have the same marginal product, f; = y—f;k.
If this assumptlon is imposed and substituted into (24), the first term becomes

¢ Gna ?on, .
Ly-fik) S da. The term vanishes, since S 5 de =0, reducing the
0 0%

model to the models of Arthur and McNicoll or L/ee in which workers of all ages
are perfect substitutes.

In the more general case in which workers of different ages are not perfect
substitutes, it is straightforward to show that the effect of the population growth
rate on the proportion of the labor force at a given age d is

8né=né a—d+ dlnl, (f LT
og 8g o dg

This implies that
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where ) = e ¢“p,l,w,/|§ ¢ %°p,I,w,da, the proportion of total wages earned
by workers age a, w = 55“7[ Yw,da, the mean wage in the working population,
and @, = 58’ anf,wada, the weighted mean age of the labor force when each age
is weighted by the proportion of total wages earned at that age.

Substituting (25) into (24), imposing the requirement that wZ = C in golden
rule steady states, and rearranging terms, the effect of a fertility induced change
in the population growth rate on steady state lifetime consumption can be sum-
marized as

w w
5 nﬁmda=dc—dw-l—c+f n:’mda (26)
0 0g c 0 dg

The only difference between the comparative steady state result in (26) and the
result in (20) is that the mean age of the labor force and the integral of changes
in labor supply are weighted by age-specific wages in the new result. The similarity
is at first surprising, since (26) describes the effect of population growth for any
general constant returns production function with every age worker considered as
a separate factor of production. No assumption has been made about the elastici-
ty of substitution between workers of different ages. The result is completely
general in this respect, allowing, for example, for workers close in age to be
substitutes while workers farther apart in age are complements, or alternatively
allowing workers of all ages to be either substitutes or complements.

How can it be that (26) summarizes the effects of population growth on per
capita lifetime consumption possibilities for any constant returns production
function, without any specification of the substitutability of workers of different
ages? Surely there is some basis to the intuition that the effects of a change in
age structure in an economy where workers of all ages are perfect substitutes will
be very different than the effects in an economy where there is very limited
substitutability across ages. The answer is that all information about the
elasticities of substitution across age groups of workers and between labor and
capital is already captured in the weighted mean ages in (26). The result is less
surprising when it is recalled that the result in (20) describes the effects of popula-
tion growth for any constant returns function of capital and labor without any
specification of the elasticity of substitution between capital and labor. In both
cases it is not that the elasticity of substitution does not matter. It is rather that
its effects are entirely captured in the mean age terms that summarize the com-
parative steady state result.

9. Analogies to Samuelson consumption-loan economies

The results derived above imply that higher rates of population growth may lead
to increased lifetime wages and increased lifetime consumption for a represen-
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tative worker. Such effects are similar to the potential windfalls from more rapid
population growth in a pure consumption loan economy with intergenerational
transfers, as originally modeled by Samuelson (1958). In Samuelson’s overlapping
generations economy, the lifetime incomes of workers are constant, modeled as
exogenous age-specific endowments. Changes in age structure have no effect on
these age-specific wages. The lifetime utility of workers is affected by changes in
age structure, not because of changes in income profiles, but because of changes
in the potential for intergenerational borrowing and lending. If a pay-as-you-go
social security system is maintained, for example, higher rates of population
growth lead to higher lifetime utility because of the increased ratio of contributors
to dependents.

The results of this paper depend on a different mechanism through which age
structure affects the lifetime welfare of a representative worker. Exogenous age-
specific endowments are replaced with age-specific wages, where the wages are
marginal products from a concave constant returns production function. For a
pure labor economy, the closest analog to Samuelson’s pure consumption loan
economy, the paper proves that lifetime wages attain a global minimum when
there is a uniform age distribution. Persistent positive or negative population
growth rates, assuming they can be maintained, always generate higher lifetime
wages than those in a stationary population.

To see the contrast between the effects of age structure modeled here and the
effects resulting from intergenerational consumption loans, note from Proposi-
tion 2 that lifetime wages are unambiguously increased when the age structure
deviates from uniformity in either direction, i.e. when the population growth rate
becomes either positive or negative. The benefits from altering the age structure
through intergenerational transfers, by contrast, must always be asymmetric. If a
positive growth rate raises lifetime consumption possibilities compared to sta-
tionarity through intergenerational transfer effects, then a negative growth rate
must necessarily decrease lifetime consumption possibilities, The difference
results from the fact that intergenerational transfers play no role in Proposition
2. Lifetime wages are increased by skewing the age distribution in either direction
as a necessary implication of concavity and linear homogeneity of the production
function. The assumption that workers of different ages are perfect substitutes,
an assumption made either explicitly or implicitly in the models of Samuelson,
Arthur and McNicoll, Lee, and Willis represents the limiting case of Proposition
2 in which lifetime wages will be independent of age structure. In such a case in-
tergenerational transfers will be the only mechanism through which age structure
affects lifetime consumption in a pure labor economy.

The results derived above imply that even in the absence of intergenerational
transfers, fertility-induced increases in the population growth rate would increase
the utility of workers if lifetime utility were an increasing function of lifetime
wages. Skewed age distributions may imply lower per capita wages in every period,
but will always imply higher lifetime wages in the case of a pure labor economy.
The surprising result that lifetime wages tend to decrease as the age structure
moves closer to uniformity does not appear to have been previously recognized
in theoretical analysis of age-earnings profiles or in models of the economic ef-
fects of population growth,
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10. Conclusions

Empirical evidence on the effects of cohort size on age-specific wages suggests
that there will be significant interactions between population growth rates and life
cycle wage profiles both in the short run and in long run demographic steady
states. This paper begins with the question of whether there will exist a steady-
state age distribution that maximizes the lifetime wages of a representative worker
when workers of different ages are imperfect substitutes. The paper proves the
surprising result that in a pure labor economy with any constant returns to scale
technology there is no finite population growth rate that maximizes lifetime
wages. A uniform age distribution (corresponding to zero population growth in
the absence of mortality) is shown to produce the minimum total value of lifetime
wages in a pure labor economy, a result which holds for any constant returns
technology, independent of the relative productivity of different ages or the
elasticities of substitution across age groups. Total lifetime wages increase in
response to movements away from stationarity in either a positive or negative
direction, with the increase unbounded in both directions.

If lifetime wages are discounted at some constant rate, the result generalizes
to the condition that discounted lifetime wages attain a global minimum when the
population growth rate equals the discount rate. This result may not hold if the
discount rate is itself a function of the population growth rate. In the special case
in which the discount rate is always equal to the population growth rate, cor-
responding to Samuelson’s “biological interest rate”, discounted lifetime wages
are shown to unambiguously fall with increases in the population growth rate.

The presence of non-labor factors complicates, but does not necessarily
reverse, the tendency for uniformity in the age distribution to minimize lifetime
wages. If the population growth rate directly affects capital-labor ratios, as argued
in most previous models of the economic effects of population growth, capital
dilution effects may overcome the effects of population growth on lifetime wage
profiles.

Lifetime wages, discounted or not, cannot describe lifetime utility without
consideration of lifetime consumption profiles. In order to capture these effects
and to consider the role of capital accumulation, the paper incorporates the ef-
fects of age structure on age-specific labor productivity into models which
analyze cross-section social budget constraints in golden rule economic-
demographic steady states. It is proven that previous comparative steady state
results based on the assumption that workers of different ages are perfect
substitutes continue to hold for any assumption about the elasticity of substitu-
tion between workers of different ages, providing the “mean ages” which deter-
mine the result are appropriately defined. The surprising robustness of the previ-
ous results occurs not because the elasticities of substitution between workers of
different ages do not matter, but because their effects are captured in the “wage-
weighted mean age” of the labor force.

The results demonstrate a number of important and previously unrecognized
effects of age structure on life-cycle wage profiles. The results should not
necessarily be interpreted as providing new ammunition for debates over popula-
tion policy. Issues of population policy are better analyzed by looking directly at
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the optimality of private fertility decisions, as in Nerlove et al. (1987) and Willis
(1987). The effects of age structure on lifetime wages established in this paper do
provide useful insights into the changes in wage profiles that will be observed as
populations move closer to or farther away from uniform age distributions, and
fill an important gap in previous models of the economic effects of changing age
structure.
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