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On the prediction of topology and local properties for optimal 
trussed structures 

3 . E .  Taylo r  

University of Michigan, Ann Arbor, MI 48109, USA 

A b s t r a c t  A new formulation is presented for mathematical 
modelling to predict the distribution of material, material prop- 
erties, and topology for the optimal design of trussed structures. 
The design problem is cast in a form to minimize a measure of gen- 
eralized compliance, which is calculated as a sum over the structure 
of weighted displacement. Member stiffnesses appear as design 
variables and, starting with a given ground structure, the solu- 
tion predicts the optimal layout and distribution of stiffness. The 
isoperimetric constraint in the reformulated problem measures to- 
tal cost in generalized form, based on independently specified unit 
relative cost factors for each truss element. One or another form 
of optimal design is generated via a process where designated el- 
ements in the unit relative cost field are adjusted systematically 
at each cycle. The generalized cost feature provides as well for 
the introduction of certain technical constraints into the design 
problem, e.g. the facility to design around obstacles. Results for 
each cycle of an algorithm for computational treatment are iden- 
tified as the solution to a properly posed optimization problem. 
Computational procedures are demonstrated by the prediction of 
optimal designs for a variety of truss problems in 2D. 

1 I n t r o d u c t i o n  

The object of this paper is to demonstrate a somewhat gen- 
eralized formulation for problems in the optimal design of 
trusses. The analytical model for this formulation is stated 
as a constrained, nonlinear extremum problem, one which 
differs from familiar statements for the truss design prob- 
lem mainly by the form of the argument in its isoperimetric 
constraint. This argument has total cost evaluated in terms 
of an independently specified vector of member unit relative 
cost factors. As would be expected, the consequence for op- 
timal design solutions of change in the unit relative cost field 
is a first-order effect and, given sufficient insight into the 
interdependence between unit cost and design, this feature 
in the model may be exploited to advantage. In addition 
to the implementation of generalized cost in the model, the 
design objective is expressed in a form representing gener- 
alized compliance, i.e. the objective is evaluated as the sum 
over the truss of independently weighted nodal displacements 
(the usual minimum compliance objective is imbedded within 
this model as the case where the specified unit weights are 
taken to be proportional to the nodal loads). The general- 
ized compliance feature leads naturally to a non-selfadjoint 
design problem, and a variational formulation is introduced 
that proves to be convenient for working with such problems. 

The design space for trussed structures is defined in terms 
of designated sets of support nodes and of interior nodes, and 
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Fig. 1. Ground structures for three example problems:(a) torque 
structure, (b) nine-bar truss, (c) four-by-four truss 

a connectivity matrix which delineates which pairs of nodes 
may be connected by a member. The resulting system is 
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The developments in this paper are described specifically 
for linear elastostatie response. The formulation can be ex- 
tended easily to account for finite deformation mechanics, 
however, and the steps required to do so are indicated. Also, 
the techniques applied here for the design of truss topology 

termed a ground structure or a structural universe, and it is 
implicit that  the ground structure provides adequately for 
support of the designated loads. In the present characteri- 
zation of the design problem, the stiffness properties (cross- 
sectional area x modulus) of the truss members are the de- 
sign variables. In other words, member material properties 
and material distribution are lumped in the measure of mem- 
ber stiffness. Thus a solution for the prediction of optimal 
truss design is comprised of the optimal distribution of mem- 
ber stiffnesses over the prescribed ground structure, and in 
the case where unit relative member cost is specified to be 
uniform this result is identical to what would be obtained via 
conventional models for the problem. On the other hand, it 
is possibte with ~he appropriate application of the general- 
ized unit relative cost model to obtain special results in truss 
design. As an example, a refined optimal truss topology or 

layout can be predicted as the result of a process where the 
problem is re-solved a number of times with systematic ad- 
justment of the cost factors at  each cycle. The model for 
the design problem used in the cyclic steps of this proce- 
dure is otherwise identical to that  of the original problem. 
As a second example, optimal design in the situation where 
an obstacle or obstacles are present within the design space 
may be treated by similar means. Programs for the computa- 
tional treatment of such design problems are established and 
results are presented for several example design problems of 
the kinds described. 

(e) 
Fig. 2. Minimum compliance designs for the torque structure: (a) for uniform unit cost, and (b)-(f) for heavily weighted cost on the 
members shown as dashed lines 
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Fig. 3. Minimum compliance designs for the nine-bar truss: (a) ground structure and loading, (b) unit cost factor varied on members 
shown as dashed lines, (c) result for uniform cost, (d) weighted cost members at cost factor between 1.25 and 2.25, (e) weighted cost 
members at cost factor between 2.5 and 4.1, (f) weighted cost members at cost factor between 4.15 and 4.4 

are potentially more widely useful, and it is of interest to 
note how the introduction of generalized objective and cost 
in models for the design of continuum structures may be ef- 
fective for the prediction of topology in that  setting. Such 
considerations, along with elements of the relation between 
the discrete and continuum design problems, are discussed in 
the summary. 

2 Formulat ion  for analysis  and design 

As indicated above, in the present setting for the design 
problem the ground structure layout is prescribed, and the 
truss system design is represented by a vector of member- 
stiffnesses, say Sm, lying within the ground structure. Con- 
nectivity of the truss can lie anywhere between the full mea- 
sure associated with the given set of nodes and, at the other 
limit, the minimum number of members which define a vi- 
able structure. The problem can be stated as "predict the 
design that  minimizes a generalized measure of compliance, 
from among designs that  equilibrate the prescribed loads and 
meet local constraints on Sm and a limit on a specific mea- 
sure of total  cost". In this lat ter  (isoperimetric) constraint, 
total  cost is evaluated using a designated "relative cost per 
unit stiffness" ascribed to each member of the truss. Once 

again, having total  cost represented in this way provides for 
the study of how optimal layout and material  distribution 
in the truss vary with the (relative) distribution of member 
cost. 

For the present version of minimum generalized compli- 
ance design, the objective is to minimize "Q-weighted dis- 
placements u summed over the truss nodes", i.e. ~ 7  Q7 I 
u7 [, where the (bounded) vector Q is specified independently 
of the actual loads. An alternative formulation was presented 
by Rozvany (1989 for an analytical t reatment and e.g. Zhou 
and Rozvany 1992/1993 for the numerical algorithms); there 
the weighted displacements are constrained to similar effect. 
System stiffness Ka/~ is supposed to be explicit and linear in 
terms of the member properties Sj. With the Sj as design 
variables, and omitting at this stage the consideration of gen- 
eralized local cost, the problem can be described in the more 
or less typical form 

( min , E Q ' r l u ~ ] ,  

subject to 

o/ 
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Fig. 4. Evolution of optimal design with increasing weight, for the results shown in Fig. 3 

~j (S_ j -S j )<O,  j = 1 , 2 , . . . , M ,  

s j t j  - R ~ o. IT] 

J 

Here weights Q7 > 0, nodal loads P~/, lengths Zj, and bounds 
Sj  and R > 0 are data  for the combined analysis and design 
problem; N and M count, respectively, the number of dis- 
placement degress of freedom, and the number of members. 
The first constraint enforces that  solution u~ equilibrates 
loads PT" This formulation represents truss optimal design 
within given ground structure that  is essentially equivalent 
to one appearing frequently in earlier works on the subject, 
with the exception of the form of the objective [truss design 
is treated at length in the survey article by Rozvany et al. 
(1995), in the book by Bendsee (1995), and in papers in the 
book edited by Bendsee and Mota Soares (1993), and much of 
the relatively contemporary literature on the subject is iden- 
tified in these resources. The papers of Prager (1977), and 
Taylor and Rossow (1977) may be of historical interest. Mod- 
els for the treatment of truss design with nonlinear materials 
are presented by Taylor and Washabaugh (1994)]. The La- 
grange multiplier on the equilibrium constraint has the role of 
adjoint displacement in this formulation, and the condition 
for stationarity in [T] w.r.t, u 7 has the form of an adjoint 
equilibrium equation with loads Q7 sgn u 7. The custom- 
ary (selfadjoint) form of the minimum compliance problem 
is recovered from the above statement in the case Q7 sgn 
uT = P ~. 

Essentially the same design problem is to be restated in al- 
ternate form, where the structure of the problem is modified 

4 4.5 

so that  requirements on deformation kinematics (compati- 
bility conditions) appear explicitly as constraints [Washizu 
(1982) follows a similar approach, in a different problem set- 
ting]. As a result, both member elongations and adjoint elon- 
gations, and associated displacements u 7 and u 7 appear ex- 
plicitly. The scope of the problem is enlarged as well with the 
introduction of the measure of generalized locM cost, which 
has the argument of the isoperimetric constraint evaluated 
using specified unit relative cost factors (weights) wj. Note 
that,  with the exception of this latter feature, the problem 
formulated as follows is equivalent to the previous problem 
F ] :  

min ~-]QTl~l, 

subject to 

-  ejej _< 0,  
2 

e j - ~ B T j " 7 = 0  ) 
7 / ej ~ B T j u  7 0 j = I , 2 , . . . , M ,  
7 

e j ( s j  - s j )  <_ o 

E w j S j t j -  R < O, E w j  = M.  [Q] 
J J 

Matrix BTj enforcing compatibility between system and el- 
ement deformations is determined according to the desig- 
nated truss layout. Multipliers associated with the elon- 
gation/displacement equations are identified with member 
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Fig. 5. Generalized compliance designs for the nine-bar truss: (a) loads and indication of independently weighted displacement compo- 
nents 5 and 6, (b) result for uniformly weighted displacement, (c) and (d) results for weight factors on displacements 5 and 6 equal to 3 
and 412, respectively 

forces in the primary and adjoint equilibrium systems, as is to 
be demonstrated. Modelling the design problem in this alter- 
native form obviates the need to evaluate system stiffness in 
terms of the member properties. Primary and adjoint equi- 
librium equations are identified among "the necessary con- 
ditions" for problem [Q]; the formulation admits interpreta- 
tion as a form of generalized complementary potential energy 
principle [elements of such variational formulations, including 
nonlinear applications are described by Taylor (1996)]. 

Representation here of "cost" in terms of unit relative 
cost factors is the counterpart for discrete structures of the 
modelling described by Taylor and Washabaugh (1995) for 
generalized cost in the design of continuum structures. As 
a final note, one may observe that  the problem structure is 
symmetric in form with respect to u and u, i.e. the same 
problem results when the two variables are interchanged. 

The isoperimetric constraint in the above formulations 
is interpreted to express a limit on global cost and accord- 
ingly the weights wj measure unit relative cost. The following 
properties associated with the problem statement are noted. 

(1) The problem represented is a "properly posed" rain prob- 
lem, i.e. there exists a unique minimizer for [Q]. 

(2) The set of solutions associated with a sufficiently broad 
set of values wj and with all other data  values held fixed, 
spans the space of all designs admissible for the given 
layout and within the remaining specified data values. 

(3) To represent the converse of (2), for any design within 
an appropriately normalized set and satisfying the lower 

bounds on Sj,  there exists an wj; j = 1 , 2 , . . . , M  such 
that  the the given design and its associated response are 
optimal. 

Details related to these points are to be discussed on the 
basis of an interpretation of the necessary conditions for for- 
mulation [Q]. The full set of necessary conditions is to be 
examined next. 

Notation A, ~/j, ; j ,  Aj and F is introduced to symbolize La- 
grange multipliers associated, in order, with the constraints 
of problem [Q]. Stationarity in [Q] with respect to up, up, e k 
and ek requires that  the following equations are satisfied at 
the solution point: 

Qp(sgn Up) - E Bpf f j  -- 0, (1) 
j 

APp - E B p j • j  = 0, (2) 

J 

- A  + % = O, (3) 

- A ~  + ~k = 0. (4) 

From (4) the quantity 7/j represents member force associated 
with elongation ek, and the elimination of ~j, between (2) 
and (4) leads to system equilibrium equations 

,---, Ske k P ' -  2_,Bkp ~ =0'  p=  l,2,.. . ,lV. (5) 
k 
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Fig. 6. Evolution of optimal design with increasing weight on displacement components 5 and 6, per the exzLmple problem of Fig. 5 

Clearly deformation e k is identified with primary loads Pp 
on the truss. Similarly, adjoint deformation ek is identified 
with (adjoint) loads Qp(sgn up) via (~k = A~k is introduced 
for simplicity) 

Sk k = 0 (6) Qp(sgn up) - Bkp 
k 

The second and third constraints of [Q] together with (5) and 
(6) summarize the model of elastostatics for the truss struc- 
ture, i.e. the requirements for equilibrium, compatibility, and 
(linear) constitutive relation are incorporated therein. The 
adjoint problem is relevant only in the interpretation for de- 
sign, which is to be considered presently. Also, it is in the 
perspective of the larger problem that  the characterization in 
extremum problem form has paricular significance. 

The requirement for stat ionari ty in [Q] with respect to 
the k-th element of the design variable is reflected in the 
optimality condition 

Ckgk = W k l " -  A k ,  k =  1 , 2 , . . . , M .  (7) 

Here the product of strains c k = ek / t  k and gk = ek/gk mea- 
sures unit mutual energy. The interpretation of (7) follows 
next, based on the KKT conditions associated with the lower 
bound constraint on S k. According to the complementar- 
ity relation A k (S k - Sk) for this constraint, (S k - Sk) < 
0 --+ A k = 0. Identifying elements for which this condition is 
satisfied by the index set ID, from (7) 
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Element Number 
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~kgk =WkF , k E I D,  (7a) 

I D identifies the design subset of truss members, and the 
result indicates that  the unit mutual energy for elements in 
this set has value proportional to the respective unit relative 
cost index. On the other hand, A k > 0 ---+ S k - S_ = 0 and so 
we write 

Ckg k < wkF , k E ! ,  (7b) 

where I stands for the set of element indicies identified with 
these conditions. Since by the KKT conditions A k > 0, the 
only remaining possibility is A k = 0 and S k - S = 0, say 
for elements k E Io. Thus the interpretation of (7) is com- 
plete, with closure { k ; k =  1 , 2 , . . . , M } = I  D U I U I o .  Note 
that in the more common "minimum compliance" problem 
where the objective is given by the inner product of load P 
and displacement u, and where w k =- 1, (7) reduces to the 
requirement 

(~k) 2 = F - A k ,  k = l , 2 , . . . , M ,  (S) 

which expresses the familiar result that ,  for the optimal truss, 
unit strain energy has uniform value over elements in the 
"design set", and is bounded by this value for all others. 

Given that the prescribed ground structure provides ade- 
quately for support of the designated loads, as implied in the 
definition of ground structure given above, presence of con- 
straints (S k - Sk) < 0 assures that  solution design for any 
cost distribution admissible within problem statement [Q] is a 
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viable structure. Existence of solutions to [Q] can be argued 
simply through consideration of the inverse problem, i.e. we 
ask <given a design within the set of admissible designs, does 
there exist a unit relative cost field wj such that  the design is 
optimal?>.  Based on determinacy of the system of necessary 
conditions plus constraints, as argued above, the answer is 
affirmative. Indeed, once primary and adjoint state variables 
are obtained for a given design, and noting uniqueness of the 
solution for these problems in elastostatics, unit cost factors 
w k (and multipliers )t k as well) may be calculated directly 
from (7) (and the remainder of the system). Since the ar- 
gument applies for all admissible s~ructures, completeness of 
the mapping between elements of the set of unit relative cost 
distributions and the set of structural designs is established 
as well. 

One of the conveniences of the particular formulation [Q] 
for linear elastostatics is that  this form is extended easily to 
model finite deformation structural mechanics. The nonlin- 
ear form results simply by replacing the linear deformation 
kinematics relations of the second and third constraints in [Q] 
by their more general form. If these relations are represented 
a s  

~j - f(uT) = 0, ej - / (uT)  = 0, 

then, as an example, the exact accounting of change of geome- 
try has functions fi appear in form to reflect the Pythagorean 
theorem. Once the constraints are modified appropriately, all 
other aspects of the extended model for elastostatics and de- 
sign follow automatically. 
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Fig. 8. Compliance versus weight factor for the example of Fig. 7 

3 Computational  modelling and r e s u l t s  

All computational results presented here were obtained by 
use of an off-the-shelf program (Matlab optimization toolbox) 
that  implements an SQP method for general constrained min- 
imization problems. Relative effectiveness of different meth- 
ods for computational t reatment has not been studied. For a 
consideration of optimali ty criterion techniques, for example, 
see Rozvany and Zhou (1991). Most of the examples were 
submitted to the program in a form that  parallels formula- 
tion [Q], the only exception being the introduction of means 
to maintain proper numerical conditioning by periodic scal- 
ing (the procedure used for scaling is routine, and this aspect 

of the computational model is not discussed here). Again, 
input data that  serves to define the "ground structure" for a 
given problem has the form of coordinates for support nodes 
and interior nodes, and a connectivity matr ix  to designate 
which nodes are connected by a member. In the examples to 
be described below, each interior node is connected to every 
other node, i.e. the ground structure is complete. 

Three example truss geometries are treated, all in 2D; 
their ground structrues are shown in Fig. 1. In the first ex- 
ample (Fig. la) ,  torque load is to be t ransmit ted between 
the outer and inner squares, and the design sought is simply 
the minimum compliance structure. Among results shown in 
Fig. 2, sketch (a) represents the solution obtained some time 
ago (Rossow and Taylor 1977) for the case of a uniformly 
weighted unit cost. Sketches (b)-(f) show various optimal de- 
signswhere a subset of elements (indicated as dashed lines) 
from the ground structure is given a heavily weighted unit 
cost, the remaining ones being held at uniform cost. The 
relative thicknesses of line segments representing members 
correspond to the relative stiffnesses of the members. This 
collection of predictions of optimal truss designs simply con- 
firms the capability to solve the design problem for arbitrarily 
designated weight factors on unit cost, and they serve to ex- 
emplify the effect on design of emphasizing local cost over 
various parts of the ground structure. 

Results are presented next (Fig. 3) for a nine-bar truss, 
first for uniform relative cost in sketch 3c, and then in the 
sketches 3d-3f for increasing weight on the cost of members 
1 and 2. An evolution of the optimal design with increas- 
ing weight factor applied to these two elements is depicted 
in Fig. 4. As an example of general compliance design , the 
same nine-bar truss is to be designed to minimize a weighted 
measure of displacement components 5 and 6 (these displace- 
ments are identified in Fig. 5a; the dashed lines with arrows 
shown there correspond to adjoint loads). The design result 
in Fig. 5b is optimal for uniform relative weight on nodal dis- 
placements, while sketches 5c and 5d show optimal designs 
for specific higher weight factors for the designated displace- 
ment components 5 and 6. The evolution of optimal designs 
under increasing weight on unit cost is given in Fig. 6 for this 
example problem. 

Solutions for the final example problem proceed from the 
starting (ground) structure shown in Fig. 7a, and the result 
in Fig. 7c is the optimal design for uniform unit cost on all 
members shown there. The remaining Figs. 7d-f represent a 
progression of solutions toward an end result that  is to ac- 
commodate an obstacle in the central square of the layout, 
i.e. to provide a hole there in the final design. This is done 
simply by placing increasing values on the unit weight fac- 
tors for all members passing through that  region within the 
ground structure; these members are indicated in Fig. 7b by 
dashed lines. Note that  the lower bound value in the con- 
straint on member stiffness is set to be relatively small, and 
that  all members having stiffness at the lower bound are left 
off the diagrams. The curves of Fig. 8 provide information on 
the relative efficiency of the optimal designs, scaled for the 
purpose of comparison, relative to that  of a structure with 
uniform members. Accordingly, the design of Fig. 7c is more 
than three times stiffer than the uniform truss. Almost one- 
half of this gain is lost in the process to meet the requirement 
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Fig. 7. Minimum compliance designs for the four-b~]our truss example: (a) ground structure and loads, (b) elements with heavily 
weighted unit cost indicated by dashed lines, (c) results for uniformly weighted unit cost, (d)-(f) results for weight factor on costlier 
members at 2.0, 3.15 and 3.55, respectively 

for a hole in the final optimal design of Fig. 7f. 4 S u m m a r y  

Formulation [Q] for truss design provides for the prediction 
Two additional exercises were undertaken in connection of the optimal distribution of stiffness among the full array of 

with the latter example problem, namely to test certain pro- members accommodated within a specified ground structure. 
cedures that  would produce a cleaner final design, i.e. one Having the unit relative cost factors normalized provides for 
with fewer members. In the first such procedure, all mere- a comparison among designs for different unit cost distri- 
bers of result Fig. 7f having stiffness below a chosen threshold butions. Also, the problem [Q] represents a properly posed 
level are given a relatively high unit cost factor. In this case, design problem for all admissible unit cost distributions, and 
the optimization leads to the design of Fig. 9b. The second thus the design problem model provides a mapping between 
approach follows the procedure used in the original treatment the space of possible designs and the set of admissible unit 
of the problem, but starting from the much simpler ground cost distributions. On this basis it is reasonable to expect 
structure shown in Fig. 9c; results in this case are given in that  there exists a solution to the inverse problem [this relates 
Fig. 9d. to statement (a) above (1)], i.e. the problem stated "what is 
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Fig. 9. Refined minimum compliance designs: (a) members shown as dashed lines given heavily weighted cost for the refinement, (b) 
resulting optima]truss starting from(a), (c) ground structure based on earlier results, (d) optimal truss design generated fromthe ground 
structure (c) 

the unit relative cost distribution for which a given design 
is optimal?". The latter problem is, in fact, generally eas- 
ier to solve than the forward one, and accordingly one might 
be encouraged to consider the design of algorithms for com- 
putat ional  t reatment that  make use of the inverse problem 
form. The development of such computational means is to 
be undertaken in a later study. 

The prediction of optimal topology design for continuum 
structures is in ways a more challenging problem than is the 
truss topology design treated here. This is manifest in part by 
the fact that  existing techniques for the continuum problems, 
e.g. filtering schemes with penalization, perimeter methods, 
and so on are problematic still in their application. There 
is reason in heuristics to suppose that  the generalized cost 
method described in this paper should be applicable to con- 
t inuum design, and that,  compared to familiar models, the 
application of such methods could be more successful. On 
the former point, one can visualize that  the behaviour with 
respect to the design of a relatively fine, uniform-mesh truss 
with strictly local connectivity should simulate the behaviour 
of a continuum having similar support and load environment. 
The latter comment relates to the feature that  has the form of 
the model in the generalized cost approach remain the same 

in the step by step procedure for computation (compared to 
what is done in familiar approaches where the objective itself 
is modified by the addition of penalty terms, or where the 
structure of the problem is otherwise altered within the com- 
putational procedures). Generalized cost models for the pre- 
diction of optimal topology for continuum structures, based 
in effect on a generalized cost extension of the formulation by 
Bendsee et al. (1994) for the design of the material  properties 
tensor, also are to be considered in a separate investigation. 
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