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Summary. Tirole (1982) is commonly interpreted as proving that bubbles are 
impossible with finitely many rational traders with common priors. We study 
a simple variation of his model in which bubbles can occur, even though traders have 
common priors and common knowledge that the asset has no fundamental value. In 
equilibrium, agents purchase the asset at successively higher prices until the bubble 
"bursts" and no subsequent trade occurs. Each trader's initial wealth determines the 
last date at which he could possibly trade. The date at which the bubble bursts is 
a function of these finite "truncation dates" for the individual traders. Since initial 
wealth is private information, no trader knows when the bubble will burst. There are 
two key differences between our model and Tirole's which enable us to construct 
equilibrium bubbles this way. First, Tirole requires ex ante optimality, while we only 
require every trader's strategy to be optimal conditional on his informat ion-  i.e., 
interim optimal. As we argue in the text, this would seem to be the relevant definition 
of optimality. Second, Tirole considers competitive equilibria, while we analyze 
a simple bargaining game. 

1. Introduction 

It is very difficult to believe that the market's perception of the fundamental value of 
the Dow Jones stocks plummeted so sharply on one day as to cause the stock market 
crash of 1987. Yet if a change in fundamentals did not cause the crash, must this be 
taken as evidence that traders are not rational? The pathbreaking work of Tirole 
(1982), Milgrom and Stokey (1982), and Sebenius and Geanakoplos (1983) is 
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commonly interpreted as showing that if all traders are perfectly rational and have 
the same prior beliefs, then, even if they receive different information, assets must be 
priced according to fundamentals in equilibrium. In other words, bubbles - diver- 
gences in asset prices from fundam en t a l s - a r e  impossible with rational traders. 
These results would seem to force us to conclude either that the 1987 crash was 
simply a major  one-day change in the market 's  perception of fundamentals or that it 
proved that traders are not rational (or have different priors). On a less dramatic 
note, it is difficult to reconcile the view that prices are determined by fundamentals 
with observed trading in "fundamental-less" assets such as stamps, coins, baseball 
cards, or wine. What  market  fundamentals make an undrinkable 1804 Chateau 
Lafite worth $25,000? 1 

Various authors have constructed models in which bubbles do occur. For  
example, it is well-known that bubbles can occur with myopic traders as in 
Blanchard (1979) or with infinitely many traders as in Tirole (1985), Weil (1987), and 
Jackson and Peck (1991). Allen and Gor ton (1993) showed that bubbles can occur 
because of the preferences that agency problems induce for portfolio managers. 
Dow, Madrigal, and Werlang (1990) have shown that Milgrom and Stokey's 
no-trade results do not hold in general without expected utility preferences. Allen, 
Morris, and Postlewaite (1993) showed that in equilibrium, it can be true that all 
traders know the price of an asset will fall as long as this fact is not common 
knowledge. Finally, Neeman (1993) has shown that bubbles are possible if rational- 
ity is mutual  knowledge, even of very high order, as long as it is not common 
knowledge. 

Instead of following these approaches to constructing equilibrium bubbles, we 
consider a very simple model with perfectly rational (expected utility maximizing - 
in fact, risk neutral) traders who have the same prior beliefs. The model is the same as 
that of Tirole (1982), with two important  changes discussed below. There are two 
goods, money and shares of an asset. It  is common knowledge that this asset has no 
fundamental value at all. The traders are fully dynamically optimal. In the equilibria 
we construct, the agents trade the asset at successively higher prices until the bubble 
"bursts" and no subsequent trade occurs. We assume that cash changes hands with 
each trade and that it is not possible to borrow cash. Consequently, each trader's 
initial cash holdings determine for him a last possible date at which he could trade. 
In equilibrium, the date at which the bubble bursts is a function of these finite 
"truncation dates." Since no trader knows everyone's truncation date, none knows 
when the bubble will burst. The agents are willing to trade because no one knows in 
advance exactly when the bubble will burst. 

There are six differences between our model and Tirole's (1982) model, two 
important  and four unimportant  ones. To deal with the irrelevant points first, unlike 
Tirole, we assume that traders do not discount future r e t u r n s -  i.e., the discount 
factor is 1. It  would complicate the notation but not substantively change any results 

1 See the wine column in the 12/15/91 New York Times which also contains the following: "Wine 
collectors love to tell the story about the traders who keep selling each other the same consignment of 
canned herring. Finally, one of them opens a can. 'Why, this is terrible stuff,' he tells the chap who just sold 
it to him. The other fellow smiles. 'Herring,' he says, 'is for trading, not for eating.'" 
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to allow for discounting. Second, as mentioned above, we assume that it is common 
knowledge that the asset is worthless. Again, it would only complicate the notation 
to allow for a dividend stream, at least if we assume that traders are symmetrically 
informed about dividends. Third, again to avoid irrelevant complications, we 
assume that there are only two traders. With more traders, one could obtain very 
similar results by "grouping" the traders into two groups and constructing equilibria 
in which traders in a given group behave identically. Finally, while Tirole does 
consider the implications of short sales constraints, he does not impose the cash 
constraint we consider. As we discuss in the conclusion, however, one can generate 
very similar kinds of bubbles without this constraint. 

The first important difference between our model and Tirole's is that he requires 
ex ante optimality, while we require interim optimality. In our model, each trader is 
optimal conditional on his initial wealth - that is, each is interim optimal. (Each is 
also sequentially rational in the sense of Kreps and Wilson (1982). Note that 
sequential rationality only refers to optimality at an information set - not any sort 
ofex ante optimality.) Since each trader knows his initial wealth before any decisions 
must be made, this would seem to be the relevant definition of optimality. However, 
unconditional expected profits are not defined, so that one cannot say whether the 
traders are ex ante optimal. 2 (They are ex ante optimal in the weak sense that there is 
no strategy which is ex ante better - but there is no strategy which is ex ante worse 
either.) While there are strong philosophical arguments in favor of the consistency of 
beliefs imposed by common priors (see Aumann (1987), for example), we see no such 
arguments in favor of the consistency imposed by existence of the ex ante expecta- 
tion. Furthermore, as we show, requiring the ex ante expectation to exist, by itself, 
rules out a very large class of intuitively plausible bubbles. 

The second important difference is the modeling of price determination: Tirole 
uses competitive equilibria, while we analyze a simple bargaining game. As we 
explain in Section 3, our approach to constructing equilibrium bubbles does not 
work with competitive equilibrium, not because of rationality considerations, but 
because of price-taking. It is easy to extend our approach to demand submission 
games as we explain in Section 3. We conjecture that our approach could be adapted 
to other models with imperfectly competitive price determination, such as Kyle 
(1985) or Glosten and Milgrom (1985), to generate bubbles. 

This paper is organized as follows. The model is presented in Section 2. In 
Section 3, we analyze the model and show that a very large class of bubbles are 
possible. We then explain the intuition for the difference between our result and 
Tirole's in the context of a simple example. We also explain the connection between 
our result and the "envelope switching problem" discussed by Nalebuff (1989) and 
others. In Section 4, we show that a much larger class of bubbles are possible if we 
also add "sunspots" to the model. (This addition is consistent with Tirole's assump- 
tions.) We offer some concluding remarks in Section 5. All proofs are contained in 
the Appendix. 

2 As we explain in Section 3, the fact that expectations are undefined is related to NalebulFs (1989) 
demonstration that expected payoffs in the "envelope switching problem" must be infinite to generate the 
paradox. 
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2. The model 

There  are two traders,  i and  2, bo th  r isk neutral .  The two goods  in the e c o n o m y  are 
shares of  an asset and  "money"  or  "wealth."  T rade r  i's ini t ial  e n d o w m e n t  is e i shares 
of the asset and  wi > 0 units of money.  F o r  simplicity,  we assume tha t  e 1 = 1 and 
e 2 - -0 .  The  endowment s  of the asset  are c o m m o n  knowledge ,  bu t  the ini t ial  
endowments  of weal th  are not. In  par t icular ,  there  are  d i s t r ibu t ion  funct ions F~ 
which gives the c o m m o n  pr io r  of the t raders  over  the init ial  weal th  of t r ader  i. (Thus, 
in par t icular ,  we assume tha t  the ini t ial  weal ths  are  independen t ly  dis t r ibuted.)  Each  
t r ader  learns his own init ial  weal th  e n d o w m e n t  only. W e  assume tha t  

Fi(w ) = 0, Vw < 0,Vi (A.1) 

and  
lira F i ( w ) =  1,Vi. (A.2) 

w ~ o o  

In o ther  words,  the init ial  weal th  endowment s  are nonnega t ive  and finite with 
p robab i l i t y  1. W e  do no t  require  the weal ths  to be b o u n d e d  - in fact, la ter  we will 
show tha t  the equi l ibr ia  we cons t ruc t  require  u n b o u n d e d  suppor t .  Let  F = (F1, F2). 

The mode l  can be in te rpre ted  differently. In  par t icu lar ,  wha t  we refer to as 
"ini t ial  weal th"  can be replaced  by  a s t ream of income tha t  the t r ader  receives in each 
pe r iod  f rom some other  investments.  U n d e r  this in te rpre ta t ion ,  it  is the per  pe r iod  
payoffs from these o ther  investments  or  the n u m b e r  of  per iods  in which payoffs 
accrue which is pr iva te  in format ion  (Rat ional iz ing cer ta in  s tochast ic  processes m a y  
require  per  pe r iod  re turns  to vary  over  t ime with this in te rpre ta t ion ,  however.)  Since 
there is an infinite hor izon,  it does not  seem unreasonab le  to t rea t  the number  of 
per iods  in which o ther  inves tments  pay  re turns  as u n b o u n d e d  and  hence the to ta l  

re turns  as u n b o u n d e d )  
I t  is c o m m o n  knowledge  tha t  the asset pays  no d iv idends  ever. T rade  m a y  occur  

at  dates,  t = 1, 2 . . . . .  One  can in te rpre t  the mode l  as t ak ing  place in con t inuous  bu t  
finite t ime (as in Allen and G o r t o n  (1993)) but  where t r ade  can only  take  place  at  
coun tab ly  m a n y  poin ts  in time. Trade r s  do  no t  d i scount  future returns.  To be more  
precise, a t rader ' s  payoff  given some finite or  infinite sequence of  t rades  is jus t  given 
by the l imit  (or l im inf if the l imit  does  no t  exist 4) of his accumula ted  weal th  over  the 
sequence. Tha t  is, if the sequence of i's holdings  of  the asset is {x~} and  the sequence of 

prices is {Pt}, then i's payoff  is 

T 

l im inf 2 Pt(Xl- t - xl) 
t = l  

3 Even with this interpretation, the unboundedness may seem unrealistic - after all, shouldn't each 
trader recognize that the other trader does not and never will have more dollars than, say, the number of 
protons in the known universe (believed to be about 10t 26)? On the other hand, as argued by Rubinstein 
(1991) for example, the key issue is not what the real world is like but how it is viewed by the agents of the 
model. If neither agent thinks about a finite upper bound for the possible wealth level of the other agent, 
then the assumption of unbounded supports is appropriate. 
4 Using the lim inf guarantees that the traders are "pessimistic." It is easy to construct infinite bubbles if 
both traders use the lim sup since each would view exchanging a dollar back and forth forever favorably. 
With the lim inf, this problem does not arise. 
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where x~ = ei. In  all the equilibria we analyze, every sequence of t rades with positive 
probabi l i ty  is finite, so the limit always exists. The  preferences are c o m m o n  
knowledge.  

We also assume that  the exchange agreed upon  occurs at the date of agree- 
ment.  Hence  when a t rade takes place, the t raders '  wealths adjust  accordingly.  
We assume that  there is no outside source for loans, so that  t rades where one 
player  gives up m o r e  than  the a m o u n t  of wealth he has at tha t  date  are not  
feasible. 

The  sequence of t rades and prices is determined by bargaining.  As we explain in 
more  detail  later, we obta in  identical results with a wide variety of  bargaining rules 
as well as with a d e m a n d  submiss ion game similar to tha t  studied by  Kyle  (1989), 
Jackson  (1991), and Peck, Shell, and Spear  (1989). The  bargaining game we focus on 
is basically the Nash  (1953) d e m a n d  game. At each date t, each t rader  submits  an 
offer, Yl. An offer is a triple (p, x 1, X 2 ) ,  where p is the price and  x i the net posi t ion for 
t rader  i which is being proposed.  Natura l ly ,  we require an offer (p, x ~, x z) to satisfy 
x I + x 2 = 1. Let  Y denote  the set of  such offers. 

We also assume that  a t rader  cannot  offer to take more  of the asset than  he can 
actually afford to purchase.  In part icular ,  if the sequence of past  prices and i's 
posi t ions is given by Pl . . . . .  Pt-  1 and x~ . . . . .  x l -  1, then the offer i makes  in per iod t, 
(p, x 1, x2), must  satisfy: 

t - - 1  

p[x i - x~ 1] <- w~ - Z pk[X~ -- X~_ 1] (a.3) 
k = l  

i where x 0 = ei. No te  tha t  x ~ m a y  be negative, so offers involving short  sales are 
allowed. 5 If  the offers are identical - tha t  is, y l  = y2 = (p, x 1, x 2) _ then t rade takes 
place at price p and posi t ions adjust  to those proposed.  In  this case, Pt = P, t rader  i's 
new posi t ion is x I = x ~, and t rader  i's new wealth level is 

t 

k = l  

O u r  results do not  depend on what  happens  if the offers are "compat ib le"  in some 
sense but  not  identical. 6 Fo r  simplicity, we assume tha t  no t rade occurs, so that  
x~ = x~_ 1. As a nota t iona l  convent ion,  we set p~ = 0 in this event. 7 

A history for trader i summar izes  everything i knows at  a par t icular  point  in the 
game. Hence  it lists his initial wealth, the offers he has submit ted,  his holdings of the 
asset at each past  date, and the sequence of past  prices. (Of course, some of this 
in format ion  is redundant . )  M o r e  formally,  for t > 1, 

i W i i X i i h t - (  i, Y l  . . . . .  Y t - 1 ,  1 . . . .  , X t - l , P l  . . . . .  p t _ l ) e R +  x y t - 1  x R t-1  x Rt+ -1 

s As is normally assumed, we assume short sales do not require the posting of any margin. 
6 For example, if the two traders propose the same positions but different prices with the net buyer 
offering to pay more than the net seller asks, we could assume that they trade at the average of the two 
offered prices. 

7 What is really relevant in our analysis is the total amount of money exchanged at each point. If there is 
no trade, then no money exchanges hands and so the price is irrelevant to us. 
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is a t length history for i if the following two conditions hold. First, for all k < t, either 
y~ = ~ i i = x i Second, for all k < t, if y~ = (p, x 1, x2), (Pk, Xk, 1 -- Xk) or Pk = 0 and x k k -  1" 
then 

k - 1  

P[ Xi -- Xik- i ]  <- Wi -- 2 Pi[X~ -- X}_ i ] "  
j = i  

In other  words, such a sequence is a history if it is feasible and consistent with the 
way the market  operates. Let  H~ denote  the set of t length histories for i. No te  that  we 
are assuming that t rader  i is the only one who observes the offers he makes or his 
posit ion in the asset over time, while prices are observed by both  traders. Of  course, 
when there are only two traders, each can infer the holdings of the other. Also, when 
trade occurs, each can infer the offer of the other. Even with more  than two traders, 
though, our  results would not  be changed if all trades and offers were commonly  
observed or if some summary  statistics of trades (such as volume) were commonly  
observed. Given a history hl, let Y(h~) denote  the set of feasible offers for i - that  is, it 
is the set of functions Yl satisfying (A.3). 

A s t ra tegy  for i is a sequence of functions @ H I - , Y , t = I , 2 , . . . ,  where 
o-i(h~)e Y(h[) is the offer t rader  i proposes at date t as a function of everything he has 

i observed up to this point. Let  a i = (o-i, o-2 . . . .  ) and o- = (o -1, (rE). 
Each t rader  has beliefs about  the complete history of the game. Formally,  let 

H t = H i x H E and let A (He) denote  the set of probabil i ty  distributions defined on the 
Bore1 sets of H r A bel ief  f o r  trader i is a sequence of functions &i= (6], 6~ . . . . .  ) 
satisfying the following conditions. First,  f1: H i ~ A (H,). Tha t  is, 3~(h~) is a probabil i ty 
distribution over Ht as a function of is  history. Second, if ht = (h~, hE) is in the 

of 3,(ht), then h t i i support  i i hi = h~. Third, if h t = (h i, h E) is in the suppor t  of 3t(ht), then the 
sequence of prices in h{ exactly matches the sequence of prices in h I. Four th ,  if (h i , h E ) 
is in the support  of 31(h~), then the sequence of offers in h{ exactly matches the 
sequence of offers in h~ for every period in which the price was not  zero. Finally, if 
h 1 ( t, hE)is in the support  of 31(h~), then for every k _< t - 1, 1 - x], = x~. In other  words, 

3~(hl) can only give positive probabil i ty to histories for the other  t rader  which the 
consistent with the prices i has observed, the trades i has made, and marke t  clearing. 
In effect, then, i's belief about  the complete history of the game is a belief regardingj 's  
initial wealth and the sequence of offers submitted b y j  in periods of no trade. Let  
3 = (31, 32). 

Any strategies o- together with the distributions on initial wealths F = (FI ,F2) 
generates a stochastic process on wealth, prices, and trades. This, in turn, generates 
a stochastic process on private histories for each trader. Let  ~bt(o-, F) denote  the 
induced distribution on H t = H i x H 2. Let ~i(o-, F) denote  the suppor t  of #/t 
projected onto  H i. An equilibrium is a pair (if, 6) satisfying the following two 
conditions. First, for every t _> 1, for every hi, ~i(h[) is a best reply to ffJ (j ~ i) given 
~i(h~). Second, for every h~(~i(ff,  F), 3i(h~) is generated from ~t(ff, F) by Bayes' Rule. 
Notice that  the first condit ion requires strategies to be optimal condit ional  on each 
history. Tha t  is, there is no requirement  that  the strategies be optimal uncondi-  
t ionally - i.e., opt imal  on the basis of ex ante expectations. The impor tance  of this 
point  will be seen in the next section. 
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3. Equilibrium bubbles 

While our model is very similar to Tirole's, our results are dramatically different. 
Bubbles are impossible in his model in the sense that the only equilibrium price 
process has p, = 0 for all t. Here the opposite is true: not only are other processes 
supportable in equilibrium, but a plethora of bubbles are supportable. To state this 
precisely, we first describe the set of price paths we will study. 

We say that a stochastic process on prices {i0t} is nice if it satisfies the following: 

(1) For  all t, supp(/~,) is a finite subset of R+, with supp(p 0 # {0}. 
(2) {Pt} is a submartingale. That  is, for all (Pl,---, P~-I)~supp(/31 . . . . .  /3t-0, 

E[pt]Pl . . . . .  Pt -  1] >- Pt-  1. 

(3) Pr[Pt+ 1 =Olp t=O]  = 1. 
(4) There exists e > 0 such that for all (Pl . . . . .  P~- t)esupp (/31,--., Pt- 1) with p~_ 1 > O, 

P r ~ t  = 0[Pl , - - . ,P t -  1] > e. 

Define the stochastic process {(St} from {Pt} by 

t--1 

~t = 2 (--1)Jfft-j" 
j = o  

For  each t, let eS~ (_cot) denote the maximum (minimum) point in the support of(5~ 
conditional on Pt > 0. Then 

(5) _%+ 1 > eS~_ 1 for all t where e5 o and ( 5  1 are defined to be 0). 

We will say that {Pt} is very nice if it is nice and 
0 * (1') For  all t, supper)  = { ,pt } where p* > 0. 

In this section, we will focus on very nice stochastic processes and so will use 
condition (1') instead of (1). Either condition obviously simplifies the analysis 
substantially. In particular, (1') will enable us to construct equilibria with a very 
intuitive structure. In the next section, we show how we can construct equilibria with 
a similar structure to rationalize nice stochastic processes if we incorporate sunspots 
into the model. We rule out the case where supp ~1) = {0} because, together with (3), 
this case corresponds to the "bubble-less" (and trivially supportable) process/5 t = 0 
with probability one for all t. 

Condition (3) says that pricing according to fundamentals is an absorbing state. 
Put  differently, if the bubble bursts, it stays burst. If we were to strengthen (2) to 
require that {Pt} be a martingale, then (1) and this stronger version of (2) would 
imply (3). 

Condition (4) requires that the probabilities that the bubble bursts at period t are 
bounded away from zero. It is easy to use (4) to show that 

lim Pr [-fiT > 0 ]  = 0. 
T~oo 

In other words, the bubble bursts in finite time with probability 1. In fact, one can 
show that (4) implies that the expected duration of the bubble is finite. 
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Finally, condition (5) simplifies the analysis substantially. To understand the 
meaning of this condition, suppose that the traders trade the one unit of the asset 
back and forth over time, trading in period t at price i~t- Then e5 t is precisely the 
trading profit through period t earned by the agent who sells the asset at period t. 
Condition (5), then, says that these profits necessarily are higher the longer the 
bubble continues. One implication is that profits increase along any possible path, 
so that prices always increase until the bubble bursts. Note that (5) is stronger than 
simply saying that profits increase along any possible p a t h -  it says that prior to 
knowing the price path that will be realized, each agent prefers that the bubble 
continue as long as possible (as long as he is the last seller!). 

Notice also that when we use (1') instead of(l), we have e5 t = ~t for all t since (1') 
implies that there is only one possible path for prices up to period t if the bubble does 
not burst before t. Furthermore, it is not hard to use (2) to show that this path of 
prices must be strictly increasing. Hence (1') and (2) imply (5). 

One important and nontrivial implication of these conditions is the following. 
Given a stochastic process {Pt}, let i0 denote the random variable giving the 
last strictly positive price (where we define the realization to be zero if Pl = 0). 
Then 

Theorem 1. For any stochastic process {Pt} satisfyin9 (1), (2), (3), and (4), 
E ( p )  = oo.  

Since every nice stochastic process satisfies (1) through (4), the same holds for all nice 
and very nice stochastic processes. 

We will show that every very nice stochastic process is generated as an 
equilibrium outcome given some F. To state this precisely, note that any strategies 

together with the priors on initial wealths F induces a stochastic process {/~} on 
prices. Let ~(o-, F) denote this mapping. We say that a given stochastic process on 
prices, say {i0t}, is rationalizable if there exists F satisfying (A.1) and (A.2) and an 
equilibrium (0, 6) such that ~(o-, F) = {/~t}- 

Rather than characterizing rationalizable processes, we will focus on a stronger 
notion which requires the equilibrium to have a particular form. Given a very nice 
stochastic process {/~t}, we will say that strategy vector a is a canonical strategy for 
{p,} if it has the property that trade occurs at period t at price p* if this has always 
happened in the past and the buyer has enough wealth to purchase. More formally, 
for that history of length t where the sequence of prices has been (p~ . . . . .  P*- 1) and 
where the entire unit of the asset has been traded in each period, the trader holding 
the asset offers to trade the entire unit at price p* and the other trader offers to buy it 
at this price if he has enough wealth - that is, if the offer is feasible in the sense of 
satisfying (A.3). Otherwise, each trader refuses to t r ade -  i.e., each makes an offer 
which has his position in the asset unchanged. We will say that {Pt} is canonically 
rationalizable if some canocial strategies for {Pt} (together with some beliefs) form an 
equilibrium. 

In other words, in the equilibria we construct, if trade occurs at period t, it occurs 
at price p*. Every time trade occurs, the seller sells his entire holdings of the asset to 
the buyer. Trade occurs at period tiff trade has occurred in every past period at the 
equilibrium price and the trader who is supposed to buy the asset at period t has 
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accumulated enough wealth to pay p*. Intuitively, then, there is a bubble until some 
trader cannot afford to Continue trading at which point the bubble bursts. 

Theorem 2. Every very nice stochastic process is canonically rationalizabIe. 

We prove this theorem by fixing an arbitrary very nice stochastic process. We 
then construct an F and an equilibrium given F which together generate the given 
process for prices. As canonical rationalizability requires, the equilibrium we 
construct has the property that trade continues until one trader cannot afford to 
continue trading. In equilibrium, the traders both know how much money they will 
need at any given period in order to trade at that point, given that the bubble has not 
yet burst. Hence t rader/ ' s  initial wealth determines for him a finite "truncation 
date" - that is, a finite upper bound on the number of periods he will trade, given by 
the first period at which he will be unable to trade even if the bubble has not yet 
burst. Given this finite truncation, it is not difficult to use backward induction to 
show that each trader wishes to engage in the trades we construct for him. 

To see this construction and the importance of the finite truncation device more 
concretely, consider the following example. Fix any z > 1 and define a stochastic 
process for prices as follows. Let 

{z, 
/51= 0, 

For t = 2, 3 . . . .  , let 

fK ZPt- 1, 
P'= (0, 

with probability 1/z; 
otherwise. 

with probability l/z; 
otherwise, 

where p~_ 1 denotes the realization of Pt- 1. In other words, the period t price is z t if 
the bubble does not burst before t. It is easy to see that this stochastic process is very 
nice. To show that this process is rationalizabte for this economy, we construct 
wealth distributions and equilibrium strategies for the two players. 

To construct these distributions, note that if the single unit of the asset is traded 
in every period up to and including 2n, then trader 2 (who would be buying the asset 
in odd periods and selling it in even ones) vr have wealth of 

2n 2. ~ l __ Z2n ] 
w2+ Z ( -1 ) Jp j=wz  + Z (-- z) i =  wz - z 

j:~ ~=~ L-/GTz j" 

Trader 2 can purchase the asset in period 2n + 1 iff 

o r  

F 1 -- z z" 9 
- z l - - / >  z 2"+t w2 [_ l + z J - -  

I1  + z 2~+1 ] 
Wz>-Z 1+z A" 
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The fact that trader 2 bought the asset in each period up to 2n - 1 signals at least that 

[l+z 2m+1] 
w2>_z 777 j 

for all m < n. Since the right-hand side is strictly increasing in m, we see that the 
probability that trader 2 has enough wealth to purchase the asset in period 2n + 1 
given that he has had enough wealth to purchase it in each past period is just 

Z -~ Z 2n+2  Z ~- zZn G 
Pr w2>_ l + z  Iw2> l + z  J" 

Canonical rationalizability requires that it is wealth constraints that cause trade to 
stop - that is, traders always trade if they can afford to purchase the asset. Hence this 
is exactly the probability that trade occurs at period 2n + 1 given that is has occurred 
in every previous period. (Recall that w~ and w2 are independent random variables 
by assumption.) Since this is supposed to match the stochastic process above, this 
probability must be 1/z. Hence we obtain equations: (z+z 

l - - F 2  1 T z  / 1 
= - ,  n = 1 , 2  . . . .  (6) 

/ z  + z2"\  z 
1-V-roT ) 

where F 2 is the marginal distribution function for w 2. A similar procedure yields an 
set of equations for F 1, the marginal distribution function for wp It  is not hard to 
show that the following distribution functions will solve these equations: 

1 
Fl(w ) = 1  x / w ( l + z ) + z  

and 
1 

F2(w ) = 1  X / w ( I + z ) - - z  

To verify this, notice that the expression on the left-hand side of (6) is 

~/ Z"t- zZn-- z 1 
Z ~- z2n+ 2 -- Z Z 

The argument for F t is analogous. Notice that F 1 and F 2 are both well-behaved 
distribution functions and both converge to 1 as w ~ oo. 

The strategies are as follows. Consider any odd period t and any history such 
that x~_ 1 = 1 and Pk was z k for every k < t. In this event, trader 1 makes the offer 
(z t, 0, 1). Since trader 1 has the asset at this point, this corresponds to trader 1 wishing 
to sell the asset at price zs Ifx~_ 1 r 1 or some past price was zero or inconsistent with 
the stochastic process above, he "refuses to t r a d e " - m o r e  formally, he offers 
(0, x~_ 1, 1 - x~_ 0. 8 Ifp k = z k for every k < t, x~_ ~ = 0, and trader 2 has at least z' units 

8 Since trader 1 is demanding that he retain the asset, the price he offers is irrelevant to him. 
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of money, then trader 2 matches trader l 's offer - that is, he offers (z t, O, 1). Otherwise, 
trader 2 offers (0, 1 - x~_ 1, x~ z- 1). Even periods are handled analogously; the roles of 
the traders reverse with 1 buying and 2 selling, but the strategy of the buyer and of 
the seller have the same form as above. 

Our construction of the initial distributions for wealth guarantees that if the 
traders follow these strategies, the induced stochastic process will be exactly the 
process we are seeking to rationalize. Furthermore, because the bubble bursts only 
when one trader does not have enough money to pay for the asset, the strategie s have 
the appropriate structure for canonical rationalizability. 

All that remains is to show that these strategies form an equilibrium. So suppose 
trader i expects t rader j  to follow his part of this proposed equilibrium. Consider any 
period t > 1 and suppose these strategies have been followed so far. If Pk ~ zg for 
some previous period k, then j will refuse to t r a d e - t h a t  is, will make an offer 
whereby he retains his position in the asset. Hence i may as well do likewise. 

Suppose instead that Pk = zk for every previous period k. It is easy to see that j's 
strategy effectively leaves i only able to choose how long to trade. That  is, in each 
period t, eitherj offers to trade at price z ~ or he refuses to trade at all. Hence rs choice 
is only whether to be willing to accept such a "proposal" or not. The strategy above 
calls for i to accept these proposals as long as it is feasible for him to do so. Is this 
optimal for i? 

It is easy to see that if i is supposed to sell at period t, he should always try to sell. 
If he does not, his continuation payoff is zero. If he does, then he can always refuse to 
purchase the asset again at period t + 1. This strategy yields a strictly positive 
amount  in expectation at period t and zero thereafter and so is strictly preferred to 
not selling. 

If i is supposed to buy at period t, then, at best, he earns zero continuation profits 
from period t onward. To see this, suppose i always offers to sell at the appropriate 
price and offers to buy only up to period T > t. Since his expected revenue in any 
period always exactly equals the price he paid the previous period, he earns zero 
expected profits for any finite T. It is easy to see that it is not feasible for him to adopt 
the strategy of always offering to buy. Recall that he can afford to buy at period t if 
his initial wealth plus his accumulated trading profits exceed z t. In the case of i = 2 
and t = 2n + 1, we showed above that this is possible iff 

[ l + z  2.+1] 
Wz>-Z l + z  J" 

Since the right-hand side goes to infinity as n --, oe, there will be some finite date at 
which trader 2 will no longer be able to accept trader l's proposal. Similarly, there is 
a finite limit on how long trader 1 can continue to buy the asset. Hence following his 
proposed equilibrium strategy is optimal. 

At this point, we may well have tried the reader's patience sorely. How, one might 
ask, can both traders expect to earn positive gains? After all, since both are risk 
neutral, there are no gains from trade in this market. If there are no gains from trade 
possible, then any gain for one trader is a loss for the other. How have we overcome 
the impossibility theorems of Tirole (1982), Milgrom and Stokey (1982), and 
Sebenius and Geanakoplos (1983)? 
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To see what breaks down, let us attempt to imitate the proof of Tirole's 
Proposition 1. Adapting his notation and terminology to the example above, his 
argument runs as follows. Let hi(w1, w2) denote the profits earned by trader i as 
a function of the two initial wealths in this equilibrium. As argued above, the 
martingale property implies that the expected continuation profits for a buyer are 
always zero, so that trader l's expected profits for the game are just the expected 
profits on the very first sale. Hence 

E~,~[hl(wt,#2)lwl] = S h i (w i ,#2 )dFz(#z )=E[p l ]  = 1, Vw i. (7) 

Similarly, since trader 2 is supposed to buy at period 1, 

E~ll-h2(#1, Wz)lW2] -- S h2(#l, w2)dFi(#l) = 0, Vw 2. (8) 

But for any pair of initial wealths, the profits earned by one trader is exactly equal to 
the loss earned by the other. That is, h2(w i, w2) = - ht(wt, w2). Substituting into (8), 

E%[hl(wl ,w2)[w2] = ~ hi(#1,wz)dFl(wl)  = 0, Vw 2. (9) 
Wt 

But equations (7) and (9) are inconsistent. If we multiply the integral in (7) by dFl(#l)  
and integrate over #1, we see that 

E~l,~Ehl(#l, #2)] = I I hi(#~, #2)dF~(#l)dV2(#2) = 1. 

However, if we multiply the integral in (9) by dF2(#2) and integrate over #2, we 
obtain a contradiction: 

E~,l,cv~[hi(#t, #2)] = ~ ~ h~(#~, #2)dF~(#a)dF2(#2) = O. 
W2 f ~  

This is precisely how Tirole proves that all traders must have expected profits of 
zero. How is this paradox resolved? 

The resolution is quite simple. Fubini's Theorem (see, e.g., Royden (1968), pg. 
269) states that when a double integral exists, its value is given by integrating first 
over one variable and then over the other in either order. An implication, then, is 
that if one gets a different answer depending on the order of integration (as we did 
above), there is no consistent way to define the double integral and, hence, it does not 
exist. That is, the ex ante expectation of trader l's equilibrium profits does not exist! 
Surprisingly, this is true even though his expected profits conditional on w~ are 
well-defined for every w~ and are even independent of w~. Thus conditional expected 
profits are not only well-defined, but are even common knowledge. It is also 
important to note that it is not true that ex ante profits are infinite (as they are in the 
St. Petersburg Paradox, for example) - they simply do not exist. 

To see intuitively why the ex ante expectation does not exist, let us try to 
compute it directly. In the equilibrium constructed above, if Pt > 0, trader 1 receives 
z t if t is odd and pays z t if t is e v e n - i n  short, he receives ( - 1 ) t + l z t  Hence his 
expected profits can be written as 

~ ( - -  1) '+ iz~pr[/St > 0]. 
t = l  
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However, note that 

1 
Pr [Pt + 1 > 0lp, > 0] = - .  

z 

Multiplying both sides by z '+ 1Pr[pt > 0] (and using the fact that Pt > 0 is necessary 
for Pt+ 1 > 0), we obtain 

z t+l Pr [fi,+ 1 > 0] = ztPr[p, > 0]. 

Since this is true for all t, ztPr [i0, > 0] = z P r  [/~1 > 0] = 1 for all t. Thus trader l 's 
ex ante expected profits are given by 

( -  1) '+1. 
t = l  

But, of course, the infinite sum 1 - 1 + 1 - 1 + 1 . . . .  does not converge. Hence the 
expectation is not defined. 9 

This also clarifies why the ex ante expectation does not exist while the condi- 
tional expectation always exists. When trader 1 conditions on his initial signal, he 
truncates the sum at a finite date since he knows that he will not trade past that date. 
For  any finite T, of course, Z~= 1 ( -  1) '+ ~ is perfectly well-defined and, as a result, so 
is trader l 's expected profit. Difficulties arise only when we ask for the ex ante 
expectation and hence cannot truncate. 

It is important  to note that the fact that the ex ante expectation does not exist is 
entirely due to this phenomenon. This nonexistence of the expectation has nothing 
to do with how traders evaluate infinite sequences of trades - i.e., what the utility of 
a trader is if he and the other trader swap $1 back and forth forever has nothing to do 
with this calculation. Every sequence of trades with positive probabili ty is finite in 
length. It is only when we try to compute the expectation over these infinitely many 
finite-length sequences that problems arise. Furthermore,  the nonexistence has 
nothing to do with poorly defined probabili ty distributions. In particular, the 
traders know and agree on the ex ante probabili ty distribution over the time path of 
prices. In fact, each trader's conditional expected profits are even common knowl- 
edge, since trader i's conditional expected profits are independent of w i. 

It  is also important  to point out that the nonexistence of this expectation is 
a necessary property of the kind of stochastic process we are considering, not 
something driven by our particular approach to constructing equilibria. More 
precisely, 

Theorem 3. I f  {/St} is any stochastic process which is a submartingale and has 
E(~I) > O, then 

does not exist. 

9 P u t  differently, there is no number ,  inc lud ing  oo and  - 0% tha t  we can cons is ten t ly  say is wha t  this  sum 
equals.  
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Any stochastic process that would seem plausible as a bubble we could rationalize 
would surely be a submartingale and have E~I  ) > 0. Furthermore, certainly the 
simplest description of trading would have at least some agent trading a constant 1 o 
quantity over time, buying and selling in alternating periods. But then this agent's 
trading profits would be equal or proportional to ~ =  1(-  1)t/~r Hence Theorem 
3 implies that ex ante expected trading profits do not exist. Consequently, requiring 
this expectation to exist is tantamount to ruling out precisely the most intuitively 
plausible simple bubbles. Of course, when optimality is based on ex ante consider- 
ations alone, one has no choice but to require this expectation to exist. When interim 
optimality is well-defined, though, it is not obvious that this requirement is 
reasonable. 

The real question, in short, is what, if anything, the nonexistence of the ex ante 
expectation means in economic terms. 11 Is existence a technical nicety or an 
important restriction which should be imposed? 

There is no obvious answer to this question, but we think a strong case can be 
made for the former view. The traders in the model "live" in the interim world 12 - 
that is, they make decisions after they observe their initial wealth. The ex ante world 
is a fictitious construction used to ensure that the traders' beliefs about one another 
are consistent. Without constructing the ex ante world, there need not be any clear 
connection between trader rs belief about trader j and trader j's strategy. Like the 
common prior assumption, requiring that this expectation exists is a way to ensure 
that the perception of trader i is consistent with the perception of traderj. However, 
unlike the common prior assumption, the "inconsistency" caused by the nonexist- 
ence of this expectation does not imply that the probability distribution over price 
paths is poorly defined. If the traders have different priors, they may well disagree 
about the probability distribution over the price path. Hence there is no obvious 
sense in which a model without common priors "predicts" a particular probability 
distribution. As noted above, the nonexistence of the ex ante expectation does not 
imply that the predictions of the model are unclear. 

Furthermore, while strong philosophical arguments have been made for the 
common prior assumption (see especially Aumann (1987)), these arguments do not 
extend to requiring the ex ante expectation to exist. The argument for common 
priors, basically, is that if two individuals have all the same information, then they 
should agree completely on the probability of any given event. In our equilibria, 
since the traders have common priors, they do agree completely on what the 
conditional expectations are. If they had the same information, they would agree on 
every possible probability. They even agree on ex ante probabilities. Thus this kind 

10 Alternatively, we can interpret/5 t as the amount of money received or spent by the agent in period t, 
rather than the price. Under this interpretation, the expectation shown not to exist is clearly just expected 
profits. 
11 One implication it certainly has is that we must define equilibrium as we did above. Nash equilibrium 
requires that strategies be ex ante optimal, but, of course, we cannot evaluate this. This is why our 
definition of equilibrium only requires interim optimality. Interestingly, the usual definition of sequential 
equilibrium requires only sequential - that is, interim - rationality, not ex ante optimality. 
12 In fact, attempts to derive equilibrium notions from decision-theoretie principles have aU used interim 
optimality. See, for example, Aumann (1987) or Aumann and Brandenburger (1991). 
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of philosophical argument does not seem to imply that we should require the ex ante 
expectation to exist. 

It is worth noting that the fact that truncating the horizon can lead to bubbles 
has been long known. This is precisely the reason why bubbles are possible with 
myopic traders. As Tirole (1982) notes, it is easy to construct bubbles where traders 
are optimal across any two periods. However, in these examples, expected lifetime 
profits are not defined so that one cannot say whether the traders are dynamically 
optimal. In our model, precisely the same difficulty arises, except that it is ex ante 
expected profits, not lifetime expected profits that are not well defined. As we argued 
above, we believe that a strong case can be made for the view that ex ante optimality 
does not add anything economically meaningful to the requirement of interim 
rationality. One could certainly not say the same about dynamic versus myopic 
optimality. Another way of truncating the horizon without violating the rationality 
of agents is by the use of overlapping generations economies. In these cases, agents 
only live two periods, so optimality across any two periods is equivalent to dynamic 
optimality. However, unlike our model, these models require infinitely many agents. 

Nalebuff (1989) in his discussion of the "envelope switching problem" gives 
a result strongly related to the nonexistence of ex ante expected profits. 13 The 
problem, essentially, is the following. A number is drawn at random from the set 
{ 1, 2, 4, 8 . . . .  }. Let z denote the number drawn. We flip a coin. Kit comes up heads, we 
put z dollars in envelope 1 and 2z dollars in envelope 2. Otherwise, we put z in 
envelope 2 and 2z in envelope 1. Player i is then given envelope i. He looks inside and 
is asked if he would like to trade with the other player. There are well-defined 
probability distributions such that each player would answer this question affirm- 
atively no matter how much money is in his envelope. This seems quite unintuitive 
since the symmetry of the situation suggests that neither should "envy" the other. 
Nalebuff resolves this paradox by showing that the problem only arises if expected 
utility of "playing this game" is infinite. 

Earlier, we concluded that ex ante expected utility in our model is undefined, not 
infinite. The contrast between this conclusion and Nalebuff's is misleading. Recall 
that we defined utility as trading profits - an appropriate definition given the risk 
neutrality of the agents. Nalebuffdefines utility as the utility of total final wealth. It is 
easy to show that the fact that ex ante expected profits are undefined implies that the 
ex ante expectation of initial wealth and the ex ante expectation of the sum of initial 
wealth and trading profi ts-  the appropriate analog here to expected utility as 
computed by Nalebuff-  are both infinite. 

Theorem 4: I f  we have an equilibrium which canonically rationalizes a very nice 
stochastic process {Pt} with priors (FI, F2)  , then letting n i denote the equilibrium 
trading profits o f  trader i, we have 

E[wl] = o% i = 1 , 2  
and 

E[w i + ni] = o% i = 1 , 2 .  

13 See also Brams and Kilgour (1991) and Brams, Kilgour, and Davis (1991). 
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Proof: Both expectations must exist (where we include the possibility that the 
expectation is oe) because the expectation of any random variable which is always 
nonnegative must exist. By assumption, w i is nonnegative with probability 1. 
Furthermore, since our traders are not allowed to spend more money than they 
have, wl + n~ is also nonnegative with probability 1. Suppose that either E[w~] or 
E[w i + nil (or both) is not infinite. Then E[w i + nil - E[wl] is well defined (again, 
including the possibility that this difference is either ~ or - oe). But then E[ni] is 
well-defined as it must equal this difference. But we already have seen that E[nJ does 
not exist. []  

In other words, the equilibria we construct do rely quite crucially on the fact that 
our assumptions make utility unbounded. What is the appropriate view of this 
assumption? Nalebuff, for example, concludes there is only a paradox in the 
envelope switching problem under the "monstrous hypothesis" of infinite expected 
utility. Furthermore, many axiomatic derivations of expected utility imply that 
utility is bounded, precisely because unbounded utility leads to the possibility of 
noncomparabilities or other problems due to infinite or undefined expectations. (See 
Fishburn (1988) for more details.) Finally, it is well-known that unbounded utility 
can lead to paradoxes such as the St. Petersburg paradox. 

On the other hand, risk neutrality hardly seems like an unusual assumption, even 
though it allows unbounded utility. Putting the point differently, the assumptions 
which allow bubbles are not unusual assumptions in the literature, even though 
some of the implications of these assumptions have not been fully appreciated. More 
importantly, all relevant expectations are well-defined in the interim world, which is, 
arguably, what the real world corresponds to. No "monstrous hypothesis" seems to 
lurk there. 

In fact, it is not hard to show that we can even bound the utility functions with 
probability 1 and achieve the same result. 14 More specifically, suppose that neither 
trader knows the other's initial wealth or utility function. Fix an equilibrium as 
constructed for the proof of Theorem 2. In those equilibria, a trader's initial wealth 
determines an upper bound on how long he will trade. Hence it determines an upper 
bound on the profits he might earn and a lower bound on the losses he might incur. 
Suppose that we change our assumptions to requiring that given this initial wealth, 
the trader's utility function is linear in wealth between these two points, but is flat 
outside this range. Then precisely the same strategies still form an equilibrium, 
rationalizing the bubble. But now utility is bounded both from above and from 
below with a probability 1. On the other hand, for larger initial wealths, the upper 
bound on utility will have to be higher and the lower bound lower. In other words, it 
is interim utility that is bounded, not ex ante. Again, if one views ex ante utility as 
a fictional construct, the unboundedness of ex ante utility should not be troubling. 

Before turning to a generalization of Theorem 2, we discuss the role played by 
our assumptions on price determination. Our emphasis on interim versus ex ante 
optimality should not lead the reader to infer that this is the only important 
difference between our model and Tirole's. With this change alone, Tirole's results, 

14 We are grateful to the referee for suggesting this possibility. 
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we believe, still hold. The other important  change is our assumption that agents are 
not price takers. If agents were price takers, uncertainty about  initial wealth could 
not generate b u b b l e s -  or, at least, could not generate bubbles by providing 
privately known finite truncation dates. To see why, suppose we continue with all 
our earlier assumptions, except that we now assume that the market  is competitive. 
More precisely, each trader views prices as a stochastic process which he has 
information about  but cannot affect by his trading choices. 

Let p~ denote the period t price and/01+ ~ trader i's expectation of the period t + 1 
price. The price-taking assumption implies that if/31+ a > Pt, then trader i will buy as 
much as possible in the current period - an infinite quantity, if allowed. To deal with 
such unbounded demands, constraints on holdings are often imposed. Regardless of 
whether maximum or minimum position constraints are imposed, certainly it must 
be true that if trader i sells some of the asset at period t, then it must be true that 
/3~+ 1 < Pt. If  i expected the period t + 1 price to be strictly larger, he would be better 
off waiting and selling at t + 1. Similarly, if t r ader j  purchases some of the asset in 
period t, it must be true that/~+ 1 > P~. It is not hard to use arguments akin to Tirole's 
(1982) proof  of his Proposit ion 2 to show that this implies that no trade can occur 
unless for both traders,/~i + 1 = P~.I 5 

Our  use of finite truncation dates violates this requirement. We have used 
uncertainty about  initial wealth to create these truncation dates, but the point is 
more general. Suppose that trader i's truncation date is t + 1 - that is, in the context 
of the model, he will not have sufficient cash to purchase the asset at date t + 1. 
Hence the price will fall to zero at that point. Then trader i must rationally forecast 
this, so that iOi+ 1 would have to be zero. Hence trade at date t would be impossible 
unless Pt = 0. In short, our finite truncation device plus price-taking would imply 
that all prices were zero if trade ever occurs. 

To see how this argument breaks down in our model, consider again the 
equilibrium constructed above. Suppose that trader l 's initial wealth is such that he 
will purchase the asset at date 2 if he successfully sells it at date 1. Then he knows that 
if pl = z, then P2 = z2 > P~- Hence he sells in period 1 knowing that the period 2 price 
will be larger. He is still willing to sell in period 1 because if he doesn't, the bubble 
bursts in period 1 and he will never sell the asset for a strictly positive price. 

More generally, it is clear that a trader may be willing to sell even though he 
expects the price to be higher tomorrow if not selling affects the price adversely. Of  
course, the effect a trader has on the price is razor sharp in the bargaining game we 
analyze. However, the magnitude of the effect seems less important  than its 
direction, leading us to conjecture that similar results would be obtained in models 
where individual trader's actions affect the price in a more continuous fashion. 

On the other hand, the direction of the effect may also seem unintuitive. Why 
should a refusal to se l l -  or, more generally, a reduction in the amount  one 
sells - cause prices to fall, rather than rise? Why should we expect this property to 
carry over to other models of price determination? In any model of bubbles, a buyer 

15 Roughly, this is the same proof as Tirole gives to show that ex ante expected profits must be zero. 
However, unlike profits, prices should always be nonnegative. Hence expected prices must always be well 
defined. 
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will purchase the asset because he believes it likely that he will be able to resell it later 
at a higher price. In our model, he will only be able to resell it for more money later if 
the initial wealths of other traders were sufficiently high. His only way of learning 
about the initial wealth of another trader is to observe his purchases of the 
asset the more the other trader spends, the higher his initial wealth must have been. 
Consequently, if he does not observe the other traders purchasing enough of the 
asset, he will assign a lower probability to the bubble continuing and hence will be 
less willing to purchase the asset. Hence if one trader sells less of the asset, this 
reduces the confidence of all traders in the bubble continuing and so may well reduce 
prices. More generally, if the private information of each trader determines a finite 
truncation date, then when trade in the asset slows, traders may suspect that others 
are dropping out of the market. This will increase each trader's subjective probabil- 
ity that the bubble will burst soon, thus hastening the crash. 16 In short, this effect is 
intuitive and seems generalizable to other models of price determination so long as 
private information creates privately known truncation dates. 

It is very easy to show that the results generalize to certain alternative models of 
price determination. First, a large variety of bargaining rules would lead to the same 
outcome. For  example, it is easy to show that the same results would be obtained if 
we assumed that only an agent possessing some of the asset could make an offer, 
with a potential buyer only able to accept or reject. Similarly, if the offers do not 
match exactly but are "compatible," we could assume that a compromise proposal is 
adopted, as in Chatterjee and Samuelson's (1983) bargaining game or in the 
literature on k-double auctions (see, for example, Satterthwaite and Williams 
(1989)). Second, it is straightforward to show that the same results hold for a demand 
submission game as studied by Kyle (1989), Jackson (1991), and Peck, Shell, and 
Spear (1989). This game differs in that demand functions are submitted instead of 
offers. Agreement is determined by market clearing. To see why this approach would 
not be much different than what we have here, note that a trader could always 
submit a demand function where he only offers to trade a certain quantity at 
a certain price. Hence the kind of offers we consider could still be made, so that the 
demand functions essentially include the offers we consider. It should not be 
surprising that enriching the set of offers which can be made does not reduce the set 
of rationalizable processes. One advantage of the demand submission game is that it 
provides a relatively simple and plausible way to extend our framework to more 
than two traders. 

4. Equilibria with sunspots 

If we add sunspots - i.e., intrinsically irrelevant uncertainty - we can greatly expand 
the class of canonically rationalizable processes. Formally, we change the model 
described in Section 2 in the following way. At the beginning of each period, before 
offers are made, both traders observe the realization of a random variable which is 
independent of the initial wealths and has no direct effect on payoffs at all. Let {gt} 

16 This effect is consistent with the experimental findings of Smith, Suchanek, and Williams (1988) who 
find that volume tends to decrease just before the bursting of a bubble. 
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denote the stochastic process for the "signals." Now a history for trader i at period 
t also includes the realizations of g, for r < t. Hence i's offer may depend on these past 
realizations. 

Just as before, a stochastic process for signals, a pair of strategies, and a probabil- 
ity distribution on initial wealths determines a stochastic process for prices. We will 
say that {/~t} is s-rationalizable if there exists {~t}, F = ( F 1 ,  F 2 )  , and an equilibrium 
~r which induces the stochastic process {p,}. We also define an analogous notion to 
canonical rationalizability, which we call canonical s-rationalizability. Loosely, in 
the equilibria which support such a process, the bubble can burst either because of 
the way traders react to sunspots or, as before, because one trader runs out of money. 
More formally, {Pt} is canonically s-rationalizable if it is s-rationalizable with 
strategies satisfying the condition that given any realization of wealths and sunspots 
such that the bubble bursts at date t, either both traders refuse to trade at t, 
regardless of their wealths, or for one of the agents, say i, the offer made b y j  is not 
feasible for i. 

The main result of this section is: 

Theorem 5. Every nice stochastic process {Pt} is canonically s-rationaIizable. 

As with Theorem 2, this result is proved by fixing a nice stochastic process and 
then constructing wealth distributions and sunspot distributions which support an 
equilibrium generating this process. The construction is very simple. The distribu- 
tion of sunspots in a given period given a particular history is chosen to mimic the 
distribution of prices which the stochastic process specifies. The strategies are 
chosen so that the seller of the asset in any period always offers to sell at a price equal 
to that period's sunspot. The buyer for the period offers to buy at a price equal to the 
sunspot / fhe  has sufficient wealth. Exactly as in the case without sunspots, the fact 
that each agent has finite wealth guarantees that there is a finite date after which he 
will no longer be able to afford to buy. Hence our finite truncation device works in 
essentially the same fashion as it did before. 

It is also easy to see that because Theorem 3 covers a class of stochastic processes 
even broader than the nice processes, it and Theorem 4 also apply to this model. 
Hence for any priors which canonically s-rationalize a nice stochastic process, we 
must have E[wl] = ~ for i = 1, 2 and we must have E[wi + ~i] = co for i = 1, 2, 
where ~i is agent i's equilibrium trading profits. 

A natural question to ask is whether this model can rationalize stochastic 
processes outside the class of nice processes. The assumption of finite supports is 
almost certainly unnecessary, though the analysis is technically much more complex 
without it. The rest of condition (1), that prices are nonnegative, is also not necessary. 
Intuitively, ownership of units of the asset simply determines whose turn it is to 
receive transfers of money from the other traders. A negative price, then, just means  
that we are changing the order of turns. 

The requirement that the price be a submartingale is used in our construction to 
guarantee that traders are willing to buy when we need them to. However, the 
assumption of a nonnegative price is similarly used to get traders to sell when we 
need them to. Hence the same intuition which suggests that negative prices are 
possible suggests that we can also relax this assumption to some extent. 
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Condition (4), that the probability of the bubble bursting at period t is bounded 
from below is also certainly not necessary. In fact, it is straightforward to replace this 
condition with weaker but less intuitive assumptions. On the other hand, one 
implication of this assumption - that prices collapse to fundamentals in finite time 
with probability 1 may, perhaps in some weakened form, be necessary. It certainly 
is necessary given the way we use finite truncation dates for each trader to construct 
equilibrium bubbles. 

Condition (5) is quite useful, but unnecessary. It enables us to construct wealth 
distributions so that the wealth constraints enter in a very simple way. We construct 
these distributions so that the support o fF  1 is {0, c52, c54,... } and the support o fF  2 is 
{0, cht, c53,... }. Note that c5 t is the maximum revenue accumulated by trading up to 
and including period t by the agent who sells at date t. Equivalently, it is the 
maximum amount paid in total up to and including t by the agent who buys at date t. 
Hence if the buyer at that date is endowed with wealth of at least (5t, he can certainly 
afford to buy at that date. By condition (5), if he is endowed with wealth of c3 t_ 2 or 
less, he certainly cannot afford to purchase at date t, no matter what price path is 
realized. Hence (5) together with this construction of wealth distributions guaran- 
tees that an agent can afford to purchase at date t for one realized price path if and 
only if he can afford to do so for all possible price paths. 

Finally, condition (3), that a price of zero is an absorbing state, may be necessary 
in a weakened form given our approach. The whole idea of canonical rationalizabil- 
ity is that the bubble bursts when one trader has insufficient wealth. Hence the date 
at which the bubble bursts reveals an upper bound on the initial wealth of one of the 
traders. As seen earlier, expected initial wealth must be infinite in our model. Hence 
we cannot construct a bubble using uncertainty about initial wealth if there is a finite 
upper bound on initial wealth. Therefore, we cannot construct an equilibrium like 
this in which a new bubble starts once the old one has burst. On the other hand, one 
can construct examples with more than two traders with more than one bubble. 
Also, if the uncertainty is about some variable other than initial wealth, equilibria 
with multiple bubbles may be more straightforward. 

5. Conclusions 

Many simple alterations of the model are possible. For  example, since we can 
rationalize any strict submartingale satisfying certain conditions, it can be true that 
all traders expect strictly positive gains from trade. Interestingly, this suggests a role 
for an outside party who sets up these trades as a "broker." If the broker's fees per 
transaction are small enough, all traders still wish to trade and the broker makes 
strictly positive profits. Also, though it is more complex, the results can be 
qualitatively extended to the case of risk averse traders. Finally, there are cer- 
tainly many alternative price-setting institutions which would generate similar 
equilibria. 

It is also worth noting that while private information plays an important role, 
the information does not have to be about initial wealth. A simple, though perhaps 
less economically interesting, alternative is to suppose that each trader has a fixed 
length of "life" which is private information. Clearly, this could be used to generate 
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the same finite truncation device we exploit here, without having to assume the 
existence of cash constraints in trading. 

To conclude, we have shown that bubbles are possible with rational traders who 
have common priors. We require two departures from Tirole's (1982) framework. 
First, our construction requires that (at least some) traders are not price takers. 
Second, the ability to construct rational equilibrium bubbles hinges, surprisingly 
enough, on the distinction betwen ex ante and interim optimality. Since the two 
criteria typically coincide, ex ante optimality has generally been required rather than 
what we see as the more reasonable requirement of interim optimality. As we show, 
the choice of optimality criteria has surprisingly important consequences. 

Appendix 

Proof of Theorem 1: 
For a stochastic process {p, } satisfying (1) through (4), 

m 

E(ff)= Y~ ~ p ' P r [ p t = p ' , P t + l  =03 
t = 1 p 'Esupp (Pt),P' # 0 

m 

= ~ ~ P 'Pr[p~=P ' ]Pr[ f i~+I=Olp t=P ' ] -  
t = 1 p 'esupp(~ ' t ) ,p '#O 

By (4), then, 

m 

E(~)>_ Z Z P ' P r [ ~ t = P ' ] e =  Z eE(ff,). 
t = 1 p '~supp (Pt), p'  # 0 t = l 

By the submartingale property, E~,) _> E(/3 0 for all t. Also, (1) implies that E~I)  > 0. Hence 

m 

/~C0)-> Y, ~E(Pl)= 00. [] 
t - 1  

Proof of Theorem 2: 
Fix a very nice stochastic process {p,}. Recall that under the canonical strategies, if trade has occurred in 
every period k _< t, then trade occurs at t + i iffthe accumulated wealth of the buyer in period t + i is at 
least p*§ 1" Let 

t 

w * =  ~ ( - 1 ) J + l p  *, t = 1 , 2  . . . . .  
j = l  

Notice that w* is simply the total amount of money trader 1 has received from trader 2 up to and 
including period t if the canonical strategies have been followed and if the bubble has not burst before t. 
Hence under the canonical strategies, the probability of trade at period t conditional on trade in all past 
periods is 

{ Pr[wg>_w*lw2>_w* 2], if t is odd; 

Pr [w 1 _> - w*lw 1 >>_ - w*_ 2], otherwise. 

where w* 1 and w* are defined to be 0. 
Any very nice stochastic process must have p*+~ > p*. Hence w~, +1 > 0 and - w *  > 0. Furthermore, 

note that (2) and (4) imply 

�9 _ �9 �9 _ �9 > p * + l - ( 1 - ~ ) p * + l = e  * > * W 2 n + I  W 2 n - l : P 2 n + l  P2n P 2 . + 1  g P l "  

Hence w*+ 1 is strictly increasing in n and goes to infinity as n ~ ~ .  A similar argument applies to - w*.  
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Let 

e t = P r [ p t = 0 1 p l - P l ' -  * . . . .  P t - I = P *  t ]. 

If the process is canonically rationalizable, there are distribution functions for wealths such that  the 
probabilities generated by the canonical strategies match the sequence of~'s. In other words, we must  find 
priors satisfying 

Pr[w 2 > w *  ] 
- -  2 n  1 

1--~2. 1--Pr[w 2 > _ w * _ a ] '  n=l,2 . . . .  
and 

PrEwl > - w * ]  

1 - ~ 2 , - P r [ w l _ > _ w 2 "  2] , n = l , 2 , . . . .  

For ease of notation, redefine variables as follows. For n = 1, 2 . . . . .  let H2,_ 1 = Pr [w 2 >_ w *  _ 1] and let 
* Then we can write these equations as Gz, = Pr [w x >_ -- w2. ]. 

H 2 n - l = ( 1 - e 2 n - 1 ) H 2 ,  a, n = l , 2  . . . .  
and 

Gz, = ( 1 -  e2,)G2,_2, n = 1 , 2  . . . . .  

This gives us a pair of difference equations. The initial value for the first difference equation is 
H_ ~ = Pr [w 2 _> 0] = 1. Similarly, the initial value for the second equation, G 0, must  be 1. Solving the 
difference equations with these initial conditions yields: 

and 

n 

H2,-1  : I~ (1 -e2k  1), 
k = l  

n = 1, 2 . . . .  (20a) 

n 

G2n = I ]  (1--e2k), n =  1 ,2 , . . . .  (20b) 
k = l  

Hence if there are priors such that  this process is canonically rationalized, they must  satisfy (20a) and 
t, H2 .  i E(0,1) for all n and is strictly decreasing in n. (20b). Consider (20a) first. Since ~te(0,1) for all 17 

Furthermore,  condition (4) implies 1 - et -< 1 - e for all t, so that 

n 

[ I  (1 ~2k 1) -< (1 - ~)". 
k = l  

Hence H2,_ 1 ~ 0  as n--. 00. 
D e f i n e F 2 b y F 2 ( w ) = l - H 2 ,  l f o r a l l w~[w*  w* ) n = 0 , 1  . . . . .  As noted above, H2,_l~(0,1),  

2 n - l '  2 n + 1  ' 

so that  F2(w)E [0,1] for all w. Since Hz,_ 1 is strictly decreasing and w~,_ ~ strictly increasing in n, F2(w ) is 
weakly increasing in w, as a distribution function must  be. Obviously, F 2 is continuous from the right. 
Finally, the fact that H2,_ 1 "-* 0 and w *  _ 1 ~ oo as n ~ m implies that FE(W ) --* 1 as w ~ o0. Hence this is 
a proper distribution function satisfying (10). The analogous arguments  show that a step function F 1 
constructed using the G2, series is a distribution function satisfying (10). 

By construction, then, if the canonical strategies for {Pt} are followed when F x and F 2 are the priors 
constructed above, the stochastic process generated will be {p~}. Hence we only need to show that the 
canonical strategies, together with some beliefs, form an equilibrium given these priors. 

Fix any beliefs consistent with Bayes' Rule and these strategies. We claim that the canonical strategies 
plus these beliefs are an equilibrium. First, consider a history for which the sequence of past prices has  
zero probability under the strategies above or for which the traders' holdings are inconsistent with these 
strategies. According to the canonical strategies, each trader refuses to trade - i.e., submits an offer with 
his position in the asset u n c h a n g e d -  in all subsequent periods. Given this behavior by trader j, trader 
i cannot  trade regardless of what he does. Hence each trader is choosing a best reply. 

17 We must  have e t > 0 by (4) and ct < 1 by (2). 
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Now consider any other history. If the bubble has already burst, an analogous argument  to the above 

implies that following the canonical strategies is optimal. So suppose the bubble has not  burst  yet. Recall 
that each trader knows his initial wealth and knows that, given that  the opponent  follows the canonical 
strategies, he will be unable to trade past the period in which w*+ 1 or - w *  (depending on the trader) 
exceeds his initial wealth. Since initial wealth is finite with probability 1 and each of these sequences goes 
to infinity, there is necessarily a finite date past which the trader knows he will not  trade. Hence the 
conditional expected payoff to following the canonical strategy or any deviation from it is well-defined. 

It is not  hard to see that if i is supposed to sell in the current period, it is optimal for him to offer to sell 
at p*. Otherwise, his continuation profits are certainly zero. If he does so, his expected continuation profit 
is at least p*(1 - e,) > 0 as he can always refuse to trade in every future date. 

If i is supposed to buy in period t and his accumulated wealth as of period t is less than p*, he cannot  
purchase the asset at this price. Hence given that the other trader follows his equilibrium strategy, i may  as 
well follow the canonical strategy. Suppose i's accumulated wealth is at least p* then. Then if he offers to 
purchase the asset at p*, offers to sell at p*+ 1 the next period, and refuses to trade thereafter, his expected 
continuation profits are (1 - e t +  1)Pt*+ 1 -Pt*  > 0. Hence certainly offering to buy at price p* is weakly 
better than  not  doing so. Therefore, following the canonical strategy is optimal. [] 

Proof of Theorem 3: 
Suppose not. Let 

O=E ( -  1)'p, . 
t 

Clearly, since the expectation does exist, it mus t  be true that  

co 

( -  1)tpt 
t = l  

exists with probability one, so that 

0 = Z (-0'EO,)= Z [E(P2.)- e~2._1)]. 
t = l  n = l  

By the submartingale assumption,  E(/32, ) > E(/32,_ 1). Hence 0 > 0. 

Note also, though,  that 

co 

0 = - -  g ( p l )  ~-  ~ [E02,)  - -  E(~2. + , ) ] .  

n = l  

Using the submartingale assumption again, E(p2,) <_ E(P2, + 1), so 0 < - E(/30. But E(/30 > 0, so 0 < 0, 
a contradiction. [] 

Proof of Theorem 5: 
Fix any nice stochastic process {Pt}. We first construct wealth and sunspot  distributions. These two 
processes are independent of one another,  so we define them one at a time. First, let 

Pr [w t = 0] = 
and 

Note that  

Similarly, let 

and 

P r [ W l = ~ Z , ]  =~ (1 -e ) " ,  n =  1,2 . . . .  

Pr[wx = 0 ] +  ~, P r [ W l = O 2 , ] = e + e ( 1 - e  ) ~, ( l - e ) " =  1. 
n = l  n = O  

Pr[w 2 = 0] = e  

Pr[w2 = (~2n- 1] =~(1 __~)n, n = 1,2 . . . .  

Again, the probabilities sum to 1, so (A. 1) and (A.2) are satisfied. 



492 S. Bha t t acha ryya  and  B. L. L i p m a n  

Cons t ruc t  d is t r ibut ions  for the sunspo t s  as follows. T h e  suppor t  o fg  t is the same  as the suppor t  of/? r 
Fo r  any  s # O, 

1 
P r [ g ~ = s l s , . . . , s t  1 ] = l _ e  P r ~ t = s l p l = s l ' ' ' ' ' p ~ - l = s ~ - l ] "  

Finally, 

P r [ S , = O l s  1 . . . . .  s t_ l ]  = 1 -  
S~SUpp(~t), S # 0 

This  express ion is nonnega t ive  as long as 

o r  

Rearranging ,  

o r  

P r [ g t  = s[s  1 . . . . .  S t_ l ] .  

P r [ g t = s l s l  . . . . .  st t ] - < l  
sesupp(~t), s ~ 0 

1 
2 

sEsupp(pt), s # 0 

Pr  [/51 = s i p 1  = s l  . . . . .  P, 1 = s t - l ]  ~ 1. 

P r [ p t = s l p l = s l  . . . . .  Pt 1 = s t  1] - < l - e  
s~supp(~t), a # 0 

Pr Ip, = 0[pl  = sl . . . . .  Pt 1 = s t - l ]  ~ ~ 

which holds  by condi t ion  (4). Hence this  generates  a well-defined s tochas t ic  process for the sunspots .  
Cons t ruc t  the strategies as follows. Let  h s = ( sD. . . ,  st) denote  a sequence of sunspo t  real izat ions with 

posit ive probabi l i ty  unde r  the process defined above.  Given  this sequence,  at  period t, if one un i t  of the 
asset  has  been exchanged  in each pas t  period r at  a price equal  to s,, then  the  agent  who  owns  the asset  
offers to sell at  price s t. The  agent  with none  of the  asset  offers to buy  at  this p r ice / fh i s  accumula t ed  weal th  
to this poin t  is at  least s t. T h a t  is, if wi + co t_ l(h~_ 1) > s t where 

t 1 

co,(h~) = ~ ( - 1 ) J s , _  s. 
j = 0  

Otherwise,  he refuses to buy.  If there has  ever been a per iod of no t rade  in the pas t  or  a per iod in which the  
price differed f rom tha t  period 's  sunspo t  realization, then  bo th  t raders  refuse to trade. 

It  is easy to see tha t  these strategies have  the s t ruc ture  required for canonica l  s-rationalizabili ty.  T rade  
a lways occurs  unti l  ei ther s t = 0 - in which case nei ther  t rader  is willing to trade,  no  mat te r  wha t  his  
weal th is - or  one t rader  canno t  afford to purchase  the asset  at  a price the other  is offering to sell for. All 
tha t  remains ,  then,  is to show tha t  (1) if these strategies are followed, the s tochas t ic  process of prices 
genera ted  will be the  process we began  with and  (2) these strategies cons t i tu te  an  equi l ibr ium. 

To  show the former,  notice tha t  unde r  these strategies,  given a his tory of sunspo t  real izat ions 
h~_ 1 = (st . . . . .  s,_ 1), the probabi l i ty  tha t  the per iod t price is p for p r 0 is 

P r  [gt = p ls 1 . . . . .  s t -  1] Pr  [w s _> p - co~_ l(h~_ 1)lws >_ cot- 2(h~_ 2) ] 

where h~ 2 = (sl . . . . .  st 2) a n d j  is the t rader  who  buys  at per iod t tha t  is, j  = 1 if t is even a n d j  = 2 if t is 
odd. No te  tha t  

p - c o t  1(h~_1) = co,(sl  . . . . .  s,_,p). 

Let h~(p) = (s 1 . . . . .  s t -  1, P). Given  tha t  the strategies above  are followed, h~(p) m u s t  be a possible  sequence 
of prices according to the  s tochast ic  process {p,}. It is easy to see tha t  cot(h~(p)) is precisely the real izat ion of 
&t associa ted with this sequence of prices. Hence  

co,(h~(p))s [co,, o3t] 

and  ana logous ly  for cot - 2(h~_ 2)- By condi t ion  (5) of  the defini t ion of a nice s tochas t ic  process,  _cpr > 03r- z 
for all r. Hence  03r > 03,- 2 for all r. Given  the a s s u m e d  dis t r ibut ion on w j ,  then,  w s >_ cot(h~(p)) if and  only if 
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wj > @ Similarly, wj >_ co t_ 2(h~ 2) if and only if wj >_ e5 t 2. Hence 

Pr [wj _> p - co,_ l(h~_ 1)lwj >_ co t_  z(h~_ 2] = Pr [wj _> (5 t I wj >_>_ Or- 2] 

Pr [wy > eSt] 
- -  1 - - / 2 .  

Pr[w~ _> (5 t 2] 

So the probability of price p is Pr [/3 t = p [ p  1 = s l . . . . .  P t -  1 = s t -  ~ ], Just as it should be. Clearly, since the 
probability of any p v a 0 is matched appropriately, the probability of Pt = 0 is matched. 

The proof that these strategies form an equilibrium almost exactly parallels the analogous proof for 
Theorem 2 and so is omitted. [] 
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