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Abstract

It is well-known that rarefaction shocks are unstable solutions of nonlinear
hyperbolic conservation laws. Indeed, for scalar equations rarefaction shocks are
unstable in the class of smooth solutions, but for systems one can only say in
general that rarefaction shocks are unstable in the larger class of weak solutions.
(Here unstable refers to a lack of continuous dependence upon perturbations of
the initial data.) Since stability in the class of weak solutions is not well under-
stood, (IT, TE]), “entropy” considerations have played a leading role in ruling
out shocks that violate the laws of physics. However, for non-strictly hyperbolic
systems the analogy with the equations of gas dynamics breaks down, and general
entropy or admissibility criteria for the variety of shocks which appear, (see,
e.g., [IMPT]), are not known. In this paper we address the question of when the
instability of a shock can be demonstrated within the class of smooth solutions
alone. We show by elementary constructions that this occurs whenever there
exists an alternative solution to the Riemann problem with the same shock data
which consists entirely of rarefaction waves and contact discontinuities with at
least one non-zero rarefaction wave. We show that for 2x 2 strictly hyperbolic,
genuinely nonlinear systems the condition is both necessary and sufficient. We
show too that for the full 3x 3 (Euler) equations of gas dynamics with polytropic
equations of state, rarefaction shocks of “moderate™ strength are unstable in the
class of smooth solutions if and only if the adiabatic gas constant 9 satisfies
1 <y<< % (see Theorem 8). More precisely, there is a constant y,, 0 <<y, < 1,
depending only on y, such that if y,p, < p, < p; for 1-shocks, and if y.p, =
p; = p, for 3-shocks (where p, and p, denote the pressures on both sides of the
rarefaction shock), then the shock is unstable if and only if 1 < y < 3. Thus for
such shocks, the theory of the Riemann problem for polytropic gases in the range
1 <y < can be rigorously developed with a knowledge of the smooth solutions
alone by using stability under smoothing as an admissibility criterion, rather than
by using the classical entropy inequalities.
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§ 1. Introduction

It is well known (see [C, S)), that rarefaction shocks, i.e., shocks which violate
the Lax entropy condition, in strictly hyperbolic, genuinely nonlinear systems
(see [S]) are unstable solutions of nonlinear hyperbolic systems of conservation
laws. In this paper we clarify the precise sense in which such solutions are unstable
for systems of equations.

We say that a shock wave is unstable in the class of smooth solutions if there

exists a sequence of C2-solutions, defined uniformly for xR, 0 <t =<1t for

some 7> 0, that converges in every L?-class (p = 1) to the given discontinuous
data at ¢ = 0, but does not converge to the given shock-wave solution for any ¢,

0 < ¢ < t. For scalar conservation laws, it is easy to show that rarefaction shocks
are unstable in the class of smooth solutions. For systems of equations, the situa-
tion is more complicated, since, generally speaking, the condition that the family
of smooth solutions converges to the discontinuous data at ¢ = 0 implies that

such smooth solutions cannot be constructed uniformly on Rx[0, f] for any

¢t > 0. In this paper we shall show by means of elementary constructions that any
shock wave solution of a general system of conservation laws is unstable in the
class of smooth solutions, whenever there exists another solution to the Riemann
problem having the same data that consists entirely of constant states separated
only by rarefaction waves and contact discontinuities, where at least one of the
rarefaction waves is of non-zero strength. (By a shock wave, we mean any solution
consisting of two constant states separated by a jump discontinuity that satisfies
the Rankine-Hugoniot jump relation (see [S]).) For 2x 2 systems of strictly hyper-
bolic, genuinely nonlinear systems, we show that this condition is both necessary
and sufficient. We also prove that for the full 3 x 3 Euler equations of gas dynamics
having a polytropic equation of state, rarefaction shocks of “moderate” strength
(see Theorem 8) are unstable in the class of smooth solutions if and only if the
adiabatic gas constant y satisfies 1 < y < 3. Thus for this range of y, the theory
of the Riemann problem for Euler’s equations can be rigorously developed (for
moderate shocks, but we conjecture for all shocks), by using stability with respect
to smoothing as a criterion for admissibility, instead of the classical entropy in-
equalities. We thus see that gas dynamics is special because for general systems,
the instability of rarefaction shocks can only be seen within a class of solutions
which is larger than the class of smooth solutions, and hence for such equations,
an “entropy condition” must be provided in order to observe instability. We hope
that this observation might clarify the idea of using stability as a criterion for
admissibility in non-strictly hyperbolic systems where general entropy conditions
are still unknown. The example of gas dynamics demonstrates that this can be
done for important systems.

In the final section of this paper, we show how our study of rarefaction shocks
leads to a seemingly paradoxical situation, whereby it appears that a Riemann
problem admits two distinct admissible solutions. Our example demonstrates that
some care must be taken when one solves Riemann problems in the (i, p)-plane,
¢f. [CF, S].

Throughout this paper we assume that the reader is familiar with the standard
“shock-wave” notation and terminology as discussed in [S], for example.
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§ 2. The Instability Theorem

We consider nx # systems of nonlinear hyperbolic conservation laws in one
space dimension

U+ f), = 0, (1

where u = (uy,...,u,), xER, t>0 and f¢ C3), where @ is a domain
in R". Except where noted, we assume that the system is strictly hyperbolic and
either genuinely nonlinear or linearly degenerate in each characteristic field (see
[SD. In this case, let A; < ... << 4, denote the eigenvalues of df, (the first derivative
of the vector function f), with corresponding eigenvectors r,, ..., r,. For u; € 0,
let Z;(u;) denote the integral curve of the /™ eigenvector field through u; and let
&(ur) denote the i™ Hugoniot locus of u, (i.e., uzx€ L) N Q2 corresponds
to a discontinuity, say of speed s, determined by the i"™ characteristic field). We
consider piecewise constant initial data

U, xé 05

o(x) = {uR, x> 0. &

The first result applies to an arbitrary system of conservation laws of the form (1).
Let u(x, t) denote a (weak) solution of the Riemann problem (1), (2), which is a
shock of speed s, and let [u;, ug] (x, t) denote a second solution of this same
Riemann problem.

Theorem 1. If there exists a second solution [uy, ug] which consists of m-
waves, each of which is either a rarefaction wave or a contact discontinuity, and if at
least one of the rarefaction waves is nonzero, then there exists a one-parameter
Samily u(x, t) of C*-solutions of (1) satisfying

lim (-, 0) — () = 0,
tim [u,C, 1) — u(, 1) p > 0
for all p>0 and all t > 0.

Proof. Assume that [u;, ug] (x, t) is a solution of (1), (2) consisting of m-
waves, each of which is either a rarefaction wave or a contact discontinuity. Then
there exist states u;, = u® u', ..., " = uz such that u'CZ(u'™") and such
that the i"™ waves take '~ ! to u’. Let Z,(6), 0 <o < 1 denote a smooth para-
metrization of #,(1'~") between ' ™' and « satisfying Z,(0) = v, %,(1) = u,
i=1,...,m. Let o(x) denote an increasing C*-function, o: [0, ] — [0, 1],
satisfying

I 0, x<0,
o(x) = 11 3

X =e.
For each ¢> 0, define initial data by
uix, 0) = B (o(x — (i — 1) &)). @)
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The solution u(x, t) of (1), (4) is a C2-function consisting of an i-simple wave
in which a state u = #,(¢) propagates with speed

dx/dt = 2,(R(0)), O0<o<1. 4)
Thus from (3),

. ul o x <A+ (= De,
(X, 1) =1 . .
k. 1) {u’, xZAh@)t+(E—De+e=24{)t+ ie.

Therefore in > 0, we can construct a C*-solution u(x, t) consisting of m non-
interacting simple waves by taking (¢f. Figure 1),

ul(x, 1), if x=A)t+e,
ux, ) = uilx, 1), i 4@t (- De s x< W)t + e,
wl(x, ), if A, ™t + me<x.

Note that u, is a C?-function since fis C3.

t
‘ - X
€ 2¢ 3¢ (m-1)e me
Fig. 1
It is clear that
up, if x < A(up) ¢,
wsn={""
Ug, if x> 4, (up)t -+ me

so that for any p > 0,
lim [[4(", 0) — uo() .o = 0.

Furthermore, since u! tends to the rarefaction wave or the contact discontinuity
connecting #' ! to u’ and since at least one of the rarefaction waves is expansive,
it follows at once that for any 7> 0,

lim {[u.(, ) — uC, Dlip > 0,

This completes the proof of the theorem. []
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We shall now derive a consequence of our result. First, note that in the case
of the 2x 2 Johnson-Smoller systems [JS], which include the equations of isen-
tropic gas dynamics, the interaction of two shocks of the same family produces
a shock of that family, together with a rarefaction wave of the opposite family.
This implies that for both characteristic families, the rarefaction shock curves
AB(ur), i = 1 or 2, break into the concave side of the integral curve through u,,
and as was shown in [CS], they do not leave that region. Hence, if ug € %,(ur),
then the solution of the Riemann problem (1), (2) consists of two rarefaction
waves (see Figure 2). Thus Theorem 1 implies the following result which was first
proved in [CS].

Corollary 2. For the 2x2 Johnson-Smoller systems, (see [JS]), rarefaction
shocks are unstable in the class of smooth solutions.

Fig. 2

§ 3. Applications to Gas Dynamics

We consider in this section the full 3x 3 gas dynamics (Euler) equations with
an ideal, polytropic equation of state [S]; we shall show that Theorem 1 applies
to shocks of “moderate” strength, provided that 1<y <3, where y denotes
the adiabatic gas constant. The meaning of the term “moderate” will be made pre-
cise below (see Theorem 8). Our technique is to study the projections of the shock
and rarefaction wave curves in the (u, p)-plane (see [CF, S]). There we shall show
that only for 1<y << 3 do the rarefaction shock curves break into the “quad-
rant” determined by the backward and forward rarefaction wave curves (see
Figure 3). But somewhat surprisingly, these curves must eventually leave this
quadrant. Thus for weak rarefaction shocks, Theorem 1 applies and shows that
they are unstable in the class of smooth solutions if and only if 1<y << 3.
On the other hand, we can (uniformly) estimate when these curves leave the
“rarefaction wave quadrant”, and this enables us to assert the same instability
result for rarefaction shocks of ““moderate” strength. We proceed with the details.
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R3

(ug,p)

Fig. 3

In the (u, p)-plane, for ideal polytropic gases, the shock and rarefaction wave
curves starting at the state (ug, pr, 0;) on the left have the following form (see
[S, Ch.18, §C]):

S1(uz, pr,0r): 1l-shock wave: u—u = —¢(p), u<<uy, p>p.,
Ss(ug, pr,0r): 3-shock wave: u—u = ¢(p), u<u, p.>p,
(6)
R, (uy, py, 0): l-rarefaction wave: wu—uy = —vy(p), u>u, p.>p,
Ry(ug, pr, o) 3-rarefaction wave: wu—u, = wvu(p), u>u, p>p,

where (u, p, 0) is connected to (u;, p;, 0;) on the right. Here

_ =)o,
bup) = (0 — ) || )
1—p* — L ot 2
yo(p) :V—Fi‘—Vvai%p 7 —p), ®)

and @ =(y — 1)(y + 1), v =0, where g is the density, p is the pressure,
and u is the velocity. The rarefaction shock curves take the form

B : l-rarefaction shocks: u — u, = —¢(p), u>u, pL>p,

€)
B;: 3-rarefaction-shocks: u — u, = ¢(p), u>u, p>p;.

In order to prove these assertions, we must first show that the curves B; and
B, break into the R; — R; region.

Lemma 3. For (u,p)€ B,\V By and |u —u,| + |p — pp| sufficiently small,
(u, p) lies in the Ry — Ry region if and only if 1 <y <3 If y=73 and
(u, p)€ B;, then (u, p) lies in the R, — R, region, while if (u, p)€ By, then

(u, p) does not lie in this region.
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Proof. We compute
P+ Q@+ Dp,

40) =g L (1 — i) 0] > 0,
) = — L e,
) = I ey,
vitp =Lty =D ul
pL(p) = — % (lj—y/) p_<1 ] Gl 0L z? ul” p%iy ,
) " = 1 (1 ;;y) (1 er;y) e Z;‘) wl? 5

From these expressions, one easily checks that

¢r(pL) = WIL(PL), d’;:(l’L) = "/’Z (pr),

oo M —p) o] P =D 43y (10— p?) o]
¢L (pL) YL (pL) [(/,LZ + 1) pL]S/Z - 8)/3 L [uz
[(1 — ) v,]'" [18 @+ DPer-Da+ 3y)J
[(w* + 1) pP? vl
0= 2
T Dy 10T

Thus ¢7(p) —y7'(p) >0 if 1<y <3, and ¢ (p) — 9" (p) <0 if
y> 3. Now let p< p,, with p near p,, and let (uy, pY€ By, (us, p) € Ry;
then

=1
8

uy — Uy = (U — up) — (g — 1) = —p(p) — (—d(p)) = ¢(p) — v(p)

= PP o) — v 00) + 0l — e,

so that u, <uy if 1<y< 3, and w, > u, if y> 3. Thus the B curve
breaks into the R; — R; region if 1 <y << 3, and breaks out of this region if
v > 3. Similarly, we can check that if >3, the B; curve breaks out of the
R, — R3 region, while if 1 <<y < , the B, curve breaks into this region. More-
over, a calculation gives

B
oy (p) — — 132 T & DPLf1 — w2y o],

[p + w’psl
iy = LA+ 3 A+ ., (B I —p ] L
v (P 6" g
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so that

¢Z ”(PL) - ¢£’/’(PL)
[(A—p) o] 5 A+ *—1)
T+ Dpd”? [_ R 16y*
_ LA —wu)”
W+ Dp”

Butat y = 3, 15* — 14y — 13 =1 (125 — 70 — 39) > 0. Thus, if (u;, p) € By,
(45, p) € Ry, and p is near p;, we have

1+30a -+ 53/)]

(15p% — 14y — 13).

Uy — uy = (y — up) — (uy — uy) = —p(p) — (—¢L(P))

= ¢(p) — vu(p) = @;—{)L) (¢ (pp) — """ (pD) + Os

>0,

so that the B; curve breaks out of the R; — R; region if y = 3. On the other
hand if (u;, p) € B3 and (4, p)€ R;, thenat y = %: Uy — uy = Pa(p) — $2(p)
<< 0, so that the B; curve breaks into the R, — R; region. This completes the
proof. [

Remark. The apparent lack of symmetry between B; and B, implied by the
last result is only illusory. In fact the symmetry is regained if one starts with
states U,; in this context, the roles of B; and B; are reversed.

The next lemma shows that the rarefaction-shock curves must eventually
leave the R, — R, region. In order to state the precise result, we consider a
given state (u,, p,, 0,) on the right, and denote by ﬁ,-, 5‘,-, B, (i = 1, or 3), the corres-
ponding rarefaction waves, shock waves and rarefaction shocks, respectively,
which can be connected to (u,, p,, ¢,) on the left by the given wave (cf. Figure 4).
More precisely, we have

S~1(ur5 P Qr): I-shock wave: u — U, = —(I)r(p)’ p>p, U > u,,
S~3(u,,p,, o0,): 3-shock wave: u—u.= ¢(p), p>p,, u>u,

INQl(u,,p,, o,): l-rarefaction wave: u — u, = —9,(p). p> p., U, > u, (10)
ﬁs(u,,p,, o,): 3-rarefaction wave: u — u, = 9.(p), p, > p, u> U,

l~?1(u,, Dy 0,): l-rarefaction-shock: u — u, = —¢,(p), p, > p. u, > u, an
l~?3(u,, Dy, 0,): 3-rarefaction-shock: u — u, = w,(p), p, > p, u, > u.

Here the functions ¢,(p) and v,(p) are defined by (7) and (8), respectively, where
we replace the subscript L by r.

The following result shows that the statement in the last lemma does not hold
in the large; ¢f. (6), (9), (10), (11).
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Fig. 4

Lemmad4. Let 1<y <3, then

(@) The By curve, (u—up—= —¢(p), pL>p, u>u) must eventually
leave the R; — R; region. More precisely, there is a p << p, such that if p << p,
any point (u,p)€ By lies in the Ry — Ss; quadrant of (u,, pr); cf. Figure 3.

(b) The B, curve, (u — u, = ¢(p), p,>p, u, > u) must eventually leave the

R, — R; region. More precisely, there is a p << p, such that if p < p, any point
(u, p) € By lies in the S; — Ry quadrant of (u,,p,); cf. Figure 4.

Proof. We only prove (a) since the proof of (b) is similar. For this we show
thah the B, curve, starting at (x4, p;), crosses the R, curve, starting at (uz, p;).
Thus from (6)—(9), we have

B,: a—- /42) (%3
u—up = ¢(p) = (pr. — p) PR P <Pprs
Vi—pt — Lzt 2zl
Ry:u—up = —y(p) = TVW?([) ¥ o—pF > p<pr.
Also, for p near p;, Lemma 3 implies that
¢(P) > vi(p). (12)
Furthermore,
VI —_ [uz 1 — 4
$1(0) — y,(0) = T(vaL)”z - —Vop,
_V2PLUL< 2y ><0
y—1 y— 1 ’

as y > 1. This together with (12) gives our result. []

The next lemma shows that the opposite is true for the By and ]~91 ‘curves
(¢f. the remark following the proof of Lemma 3).
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Lemma5. Ler 1 <<y =3.
(@) The B curve (u — u;, = ¢1(p), u> uy, p > p;) never leaves the R; — R;
region.
(b) The B~1 curve (u—u, = —¢(p), p>p,, u,>u) never leaves the
Rl — ks region.

Proof. Again we shall only prove (a). In order to do this, we use the para-
metrization of the R; and B; curves given in [S, p. 354]. Thus the u-components
of these curves are given by

R;: y2;l(u——uL):e”‘—- 1 = A(x), x=0,
— 1
B;: yZCL —u) = Vr l/l —l—ﬁ = =gx), x=0,
where 7= (y — 1)/2y and f=(y+ D/(y —1). Let
J(x) = h(x) — g(x), x=0. (13)
We have
f0)=0, f(x)>0 for x near 0, x> 0. (14)

We shall show that f(x) > 0 for all x> 0. To do this it suffices to show:
if x>0 and f(x) =0, then f'(x) > 0. (15)

Thus at such a point, we compute

1/? 1 e —1 _—
Fi(x) == 2¢" — ———fe* — 2Vl + er) — 2r(e* — 1)
Vl—l—ﬂe [ 1+ e ] (16)
R R
~7W[(l + 20+ (1 —27)e +1+ﬁex—2]/r(1 + Pe )].
If we write
009 = [+ 20 + (1 = e+ s 2+ e | D)
then to prove (15) it is enough to show that

d(x)>0 if x>0. (18)
Now ¢(0) =0 and

pl—ey  pr ]
I+ e A+ 8D Yol + eyl

If we set wp(x) == ¢'(x) e~ *, then it suffices to show that

$0) = & [(1 2+

p(x)>0 if x> 0. 19
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Now as
L Bi—e)  1+8
L+ ge " (1+ e (1 + pe)?

we may write

and (1 — 27) = 1/y,

(1 +p BV
1+ e Y1+ pe*

1
P(x) = +

Thus (19) will hold if

2 () G i
BT = R (e o L ey 7
The left-hand side of (20) can be rewritten as
(L4 BeN)* + (1 + B) A + Be)* + (1 + B)*y? — fPry?(1 + pe*)’
72(1 + pe)* '

>0 for x>0. (20

@n
Set
y=1+p" (=1+p); (22)
then the numerator in (21) takes the form
A(y) = y* — Foy?y® + 29(1 + B%p* + (1 + )2

Now A(0) > 0, A(y)—>oco as y—>oo, and 4 has at most two positive roots.
But using the relations

2 43 444
Pt = =T P =

one easily checks that A(1 4 8) =0 and
A1+ p)y = A"(2y/(1 + )

2y3
ZW[S + 72— 3.
Thus if y <3, then A'(1 + p)> 0, while A'(1 +8) =0 if y = 2. Tt follows
that 4 has exactly two positive roots, with 1 + 8 being the larger one. Thus
A(y)> 0 if y> 14 B, so from (22) we see that (20) holds and the proof of
Lemma 5 is complete. [

In view of the last two lemmas, we see that for 1 <y < %, the geometry in
the (u, p)-plane can be depicted as in Figure 5.

We now estimate the strength of the shocks corresponding to points on B,
(or B3) inside the R, — R3 (or R3 — RI) region. Note that Lemma 4 assures

us that the curve B, (or Bs) crosses R, (or R3) in an odd number of points in the
region p << p, (or p << p,). We next show that this crossing number is always
equal to 1. To this end, we again consider the parametrization of the 7, and B,
curves given in [S; p. 354]. The u-components of these curves at their points of
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Ri
By
(qupL) (Ur pr)
Bs
Rs
Q
a b
Fig. 5
intersection (u, p) must satisfy the equation
frd—e) l—e™ x>0 e*=3 23
(1 _I_ﬁe_x)l/z - — € s X =V, € —P/PL ( )
If we set y = e™*, then we are to find all roots of the equation
Vrd—» =0 =0+ 0<y=1. (24)

Clearly y =1 is a root. We now prove

Lemma 6. Let 1 <<y < 3; then the equation (24) has exactly one root in
O<y<l If y=3, (24) has no root in 0=y <1; cf. Figure6.

Proof. Define ¢(y) and u(y) by
$0) =10 — V1 +pr, v =Vr(l—y, 0=ys1;

then (23) can be written as y(y) = ¢(y). Notice that since 1 <y = 3, it follows

that 7= (y — 1)/2y < 1, so that 9(0) > ¢(0); moreover, ¢(1) = y(1). We

compute
e B A=)
‘l’(y)— (24 V1+ﬂy+2l/m’
., yrAZ
d"'(y) = m}s—/z oW,
where
O) = 4v(1 + ) [1 — =(1 + p)] — B> 7 + B%°.
Thus

Q'(y) = 4epll — 2e(1 + )] — 2 — v) f7p' " + 26%.
An easy computation gives (since = 4)
00)=4(1—7)>0, Q0)=4p(1—21)>0,
o) =0, QM) =—4p+12>0 ifp>4 (1<y<3),
QM=0 iff=4 @=3.

(25
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Note also that
() =y ) =—Vr, 3"(0)=9¢"(0)=0,

o'W
41 4 pyP

Thus p(y) is the tangent line of ¢(y) at y = 1.

p(1) = >0=4¢"(1).

¢ (1< y<5/3)

Fig. 6

Now suppose that 1<y << §; then since Q'(1)> 0 we see that ¢(y) is
concave and lies below the (¥} on a small neighborhood, 1 —e<<y << 1 (see
Figure 6). 1t follows that ¢(y) cannot cross %(y) on the open interval (1 — &, 1).
On the other hand, since Q'(0) > 0, we see that ¢(y) is convex on an interval of
the form 0 =< y < &. Thus, in order to show that ¢(y) crosses () exactly once in
(0, 1), it suffices to show that ¢ changes from being convex to being concave only
once on 0 < y < 1. Showing this in turn is equivalent to showing that Q(y) has
only one zero on 0 << y << 1. Now in view of (25), it suffices to show that Q'(y)
is a convex function on 0 << y << 1; ¢f. Figure 7. In order to do this we compute

Q') =8 + 267 — 2 — 1) (1 — ) By,
0" =12 -1l —7)y~ 0+,

Thus Q"'(y) >0 on 0 <<y << 1 since 0 < v =+ if 1 <y < 3. This completes
the proof in the case 1<y < 3.

Qly)
(1<y<5/3)

1 /.
-y -y
a \/ b \./1

Fig. 7
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Q(y) Q'(y)

Fig. 8

Assume now that y = i Then as Q' is convex, Q'(0) >0, Q'(1) =0, and
Q"(1) > 0, it follows that Q has exactly one root in 0 << y << 1 (see Figure 8),
so that ¢’ >0 in 0 < y << 1. But as ¢ is tangent to ¢ at y = 1, ¢ must lie
above p on 0=y < 1. This completes the proof in this case. [

This last lemma implies that the B; (or B~3) and R, (or R;) curves meet in
exactly one point in the region p < p; (or p<p,) if 1<y < 3. Using this
lemma, for 1<y <4, we define the number y, to be the unique root of (24)
in 0<y<l, ie,

Vel — 2,0 = (1 =y L+ By ), 0<y, <1; (26)

1 —1
B — Y+ —, = 4 5 Note that y, depends only ony, 1<y <2, and
Py = exp( x,) forsome x, > 0. If werecall from (23) that exp (—x,) = p/p.,

then the p-coordinate of the point of intersection of B, and R; satisfies

P = Prys - (27

It follows that if (u, p) € By(u;, pr) and p << p,y., then the solution of the Rie-
mann problem with data (i, p;, p;) on the left and (u, p, o) on the right is solv-
able by a l-rarefaction wave, a contact discontinuity and a 3-shock wave; cf.
Figure 9. Hence for sufficiently strong rarefaction shocks, Theorem 1 does not

apply.

(U, pL,pL) (u,p,p)
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Fig. 10

We shall now clarify precisely those rarefaction shocks for which Theorem 1
is valid. To this end let U, = (4o, po, 00), and denote by R(U,) and B;(U,)
those states which can be connected to U, on the right by a 1-rarefaction wave and

a l-rarefaction shock respectively. Similarly, let R3(U,), and I§3(Uo) denote the
states which can be connected to U, on the left by a 3-rarefaction wave and a
3-rarefaction shock, respectively; ¢f. Figure 10. The (unique) crossing points of
rarefaction shock curves are denoted by (cf. Figure 10) P(Uy) = (uy,p1), P1 = YuDos

and I;(UO) = (Uy, P2), P> = VsPo- Observe that
B,(Up) (p) = R(Uy) (p) 1
By(Uo) (1) = Rs(Us) (1)

We can now state the main lemma.

if yupo=p = po. (28)

Lemma7. Let 1 <<y <0 and let y, be the unique solution of (26). Suppose

that U, = (u,, p,, 0,) can be connected to U, = (uy, p;, 0;) on the right by a rare-
faction shock. If

[ =¥ pis for p. < py,

—pi i1
P — Pl a{l}_'(l —y9p, for p.<p,

29
it follows that U, can also be connected to U, on the right by two rarefaction waves
and (possibly) a contact discontinuity.

Proof. There are two possibilities, depending on whether p, < p;, or p, > p,
{(cf. Figure 7). Suppose first that p, << p,. Then U, is connected to U by a 1-rare-
faction shock, and (29) gives y.p; = p, << p;. It follows from (28) that the Rie-
mann problem (U}, U,)is resolved by connecting U, to U, by a unique I-rarefaction
wave, a contact discontinuity, and a 3-rarefaction wave.

Now suppose that p, > p,;; then U, is connected to U, by a 3-rarefaction

shock. Now through U, we draw the curves 1§3(U,) and ﬁ3(U,); then B~3(U,) must



78 J. A. SMOLLER, J. B. TEMPLE & Z. P. XiN

R3(Ur)

 oof

Fig. 11

go through U, since U, € B3(U)); ¢f. Figure 11. Thus in this case, (29) implies
that y.p, = p; < p,, so that from (28), U, can be connected to U, on the right
by a l-rarefaction wave, a contact discontinuity, and a 3-rarefaction wave.
This completes the proof of the lemma. []

As an immediate corollary of Theorem 1 and Lemmas 5 and 7 we have the
following theorem.

Theorem 8. Let 1 <<y <3 and let y,, be the unique solution of (26). Suppose
that U, = (u,, p,.0,) can be connected to U, = (u;, p;, 0;) on the right by a rare-
faction shock. Then if (29) holds, this refraction shock is unstable in the class of
smooth solutions.

We shall discuss in § 6 some further implications of the above results, but first
we consider a converse to Theorem 1, in the case of two equations.

§ 4. A Stability Theorem for Pairs of Conservation Laws

In this section we consider systems of two strictly hyperbolic genuinely non-
linear conservation laws. We shall show that if the admissible solution of the Rie-
mann problem for a given rarefaction shock contains a compressible shock wave,
then the rarefaction shock (having the same data) is not unstable in the class of
smooth solutions. More precisely, we have the following converse of Theorem 1
for pairs of conservation laws.

Theorem 9. Consider a strictly hyperbolic, genuinely nonlinear system of two
conservation laws. Assume that [u;, ug), the admissible solution of the Riemann
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problem (2) contains at least one shock wave. Then there does not exist a t > 0
and a family of smooth solutions in [0, t] whose data tends to the initial data (2)
in some L*(R), p > 0.

Proof. We refer to the well-known paper of Lax [L]. Since we are considering
pairs of conservation laws, we know that there exists a coordinate system z, w,
consisting of Riemann invariants (see [S]). We may suppose that z is constant on
integral curves of %, and that w is constant along the &, integral curves. We may
also assume that z increases with 1, on #,, and that w increases with A, along #,.
Lax’s theorem states that a shock will form in a solution having initial data

(2oW), wo(x)) if

dzo(x) dwo(x)
e <0, or Tx <0,
for some x¢€R, and that the time ¢ that the shock forms is of the order
_ dwe| 1 - | .dz|?
t—mf—d—;c— or t—lnf—;,;

Since [u;, uz] contains an (admissible) shock wave of one family, then by
definition,
either  z(ug) < z(uy), or w(ug) < w(uy).

Thus, if #,(x, 0) are smooth functions converging to u,(x) in L? for some p > 0,
then either

db‘
inf: ZO} - —oo as e—>0,

xeR | dx
or
. [Awg
inf - —oo as e—0.
xen | dx

Therefore the time of blow-up of u.(x, £) tends pointwise to zero as u,(x, 0) — u,(x).
That is, no sequence of approximating smooth solutions can be defined uniformly
on any > 0, and thus the instability of the rarefaction shock cannot be observed
within the class of smooth solutions alone. This completes the proof. []

§ 5. Concluding Remarks

Our results in § 4 show that if one considers the full gas dynamics (Euler)
equations with a polytropic equation of state, in the range 1<<y << 2, then
rarefaction shocks (v, p;, 0;), (4., p,, 0,) which satisfy

vePi = p,<<p; for l-shocks,
or
YuDr = p;<< p, for 3-shocks,

are unstable relative to smoothing; this is a consequence of Theorem 8. We
conjecture that the same result holds for rarefaction shocks of arbitrary strength.
As we have seen, this statement does not follow from Theorem 1.
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Next, we want to point out that some care must be taken in solving Riemann
problems in the (u, p)-plane. Indeed, sometimes the solution does not even have
the expected form. We shall illustrate this by an example. Thus, assume that
U, = (u, p;, 0;) is a given state and that U, = (u,, p,, 0,) lies on B,(U)), the 1-
rarefaction wave curve through U;. Suppose further that p, << y,p,, where y,
is defined by (26). This geometry is depicted in Figure 12a. Note that the unique
admissible solution of the Riemann problem with data (U,, U,) consists of a
1-rarefaction wave, a contact discontinuity and a 3-shock wave; ¢f. the discussion
preceding Figure 6. Now let us consider U, as a given state on the right, and
consider the R, and R, curves, starting at (,, p,), in the (4, p)-plane; ¢f. Figure 9b.
According to Lemma 5b, the point (u, p;) lies in the R,(u,, p,) — Rs(4,, p,)
region; i.e., it lies in the region where one “expects’” to solve Riemann problems,
by rarefaction waves and contact discontinuities. However, this is misleading.
Indeed, even though (u, p;) lies in the R,(u,, p,) — ﬁs(u,, p,) region, the Riemann
problem (U, U,) is not solvable by rarefaction waves and contact discontinuities,
because the R,(u;, p;) curve lies above (u,, p,). Thus it is impossible to connect

R3(ul’pl) ﬁl(ur:pr)

(U[,pl)

51(Ur,pr)

Bi{ui,p) (ur,pr)

19
b R3(Ur:pr) u

Fig. 12

Sz (ug,p()

Ri(ui,pr)
{ue,pr)
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any point P on 1~€3(u,, p.) to (i, p)) by an ﬁl(P) curve; here we are using the fact

that if (Ll,., Drs Qr) lies on Rl(ub Pr Ql)a then the curves Rl(ula P Ql) and Rl(ura Prs Qr)
coincide (cf. [S, p. 363]). Thus the geometry in Figure 12b is depicted with greater

precision in Figure 13, and the dashed R, curve connecting (i, p,) is not the cor-
rect Ry (u;, p;) curve; it lies on a different density level. Indeed, the apparent faliacy
is traceable to the fact that one loses important information upon projecting the
three-dimensional shock and rarefaction wave curves onto the (i, p)-plane.

Finally, we remark that in view of the recent results of Z.P.Xin [X]
for two equations, any rarefaction shock is unstable in still another sense: If one
considers the associated parabolic system (now modified by the addition of
“viscosity” terms) and takes initial data close to the data for the Riemann problem
for the rarefaction shock, then as z— oo, the corresponding solution tends not
to the rarefaction shock, but rather to the solution of the Riemann problem for
the hyperbolic system consisting of two rarefaction waves.
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