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1. Introduction

In 1897 Lord RAYLEIGH [16] considered the relationship between potential
problems (boundary value problems for the Laplace equation) and scattering
problems (boundary value problems for the Helmholtz equation). In a typically
virtuoso performance, RAYLEIGH considered two dimensional as well as three
dimensional problems in the electromagnetic (vector) as well as acoustic (scalar)
case. In particular, he showed that the potential of an obstacle in a uniform
field not only was the near field limit of the solution of the corresponding scat-
tering problem but also could yield the first term of an expansion of the far
field. He gave explicit results for a general ellipsoidal scatterer including many
limiting cases of interest such as the sphere, spheroid and disc.

Since that time considerable effort has been spent in deriving higher order
terms in the expansion for these as well as other shapes. Long sought in this
work is the development of a systematic procedure which will generate the solution
of the Helmholtz equation, satisfying a particular boundary condition, from the
solution of Laplace’s equation which satisfies the same boundary condition. It
is toward the achievement of this goal that the present work is directed.

The major drawback in most of the methods proposed heretofore is their
intrinsic dependence on a particular geometry. That is, the techniques result
from the (often adroit) exploitation of the geometric properties of the surface
on which the boundary conditions are specified. Thus, restricting attention to
three dimensional scalar problems, we find a variety of methods for obtaining
the low frequency expansion for a disc (and an aperture in a plane screen); see
Bouwxkamp [4] and NoBLE [15] for an extensive bibliography to which we may
add HEeins [7], pE Hoop [9], SENIOR [18], and WiLL1aMs [28]. However, success
in generalizing these techniques has been limited to a class of axially symmetric
problems (CoLLiNs [5], HEINs [8], and WiLLIAMS [29]), and explicit results have
been obtained only for a spherical cap (Corrins (5] and THomas [23]). For
those shapes where the Helmholtz equation is separable, of course, the low
frequency expansion may always be obtained from the series solution provided
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sufficient knowledge of the special functions involved is available. A method
for obtaining low frequency expansions for bodies which are intersections of such
“separable” shapes has been proposed by DARLING [6] though as yet has been
applied only to a spherically capped cone (SENIOR & DARLING [19]).

Most low frequency techniques, however, have as their starting point the
formulation of scattering problems as integral equations using the Helmholtz
representation of the solution in terms of its properties on the boundary and the
free space Green’s function, e.g. BAKER & CoprsoN [2]. This formulation is also
vital to the proof of the existence of solutions for a general boundary given
by WEYL [25] and MULLER [I4] as well as that of WERNER [24]. NOBLE [15]
shows how this integral formulation may be used to obtain a representation
of the solution of a scattering problem for a general boundary as a perturbation
of the solution of the corresponding potential problem. Each term in the low
frequency expansion is the solution of an integral equation which differs only
in its inhomogeneous part from term to term. However, this formulation does
not yield an explicit representation for successive terms in general except as
the formal inverse of an operator.

The present work describes a method whereby the solution of the general
Dirichlet problem for the three dimensional Helmholtz equation is explicitly
expressed in terms of the Green'’s function for the corresponding potential problem.
A new integral equation for the scattered field is derived whose kernel is the
potential Green’s function for the surface instead of the free space Green’s
function for the Helmholtz equation. Despite the fact that the integral operates
over all space, rather than just the scattering surface, and is really an integro
differential operator, it is still possible to solve the equation iteratively in a
standard Neumann expansion which has a nonzero radius of convergence and
may be interpreted as a partial summation of the low frequency expansion.
The results are valid for complex as well as real values of wave number, 2, with
no restriction on the sign of the imaginary part provided % is sufficiently small
in absolute value. The present work also provides a constructive proof of the
existence and uniqueness of solutions of the Dirichlet problem for the Helmholtz
equation based on the existence and uniqueness of the potential Green’s function.

The results stem from an integral representation of functions which are
regular at infinity in the sense of KELLoGG [I0}]. This representation, which is
a direct consequence of Green’s theorem, is derived in Section 2. Wave func-
tions, 7.e. solutions of the Helmholtz equation which satisfy a radiation condition,
are not regular. However, it is possible, using an expansion theorem (WiLcox
[26]), to modify them so that the representation theorem applies. This is done
in Section 3 where a new integral equation for the Green’s function for the
Helmbholtz equation is derived. In Section 4 it is shown that this equation may
be solved iteratively as a Neumann series and that the series converges for small
enough values of the wave number. The relation between this series and the
Rayleigh expansion is given in Section 5. As an illustration and a check, the
methods are applied to the classic problem of scattering by a sphere in Section 6.
This example serves not only to corroborate the analysis but also provides further
insight into the manner in which the truncated Neumann series, z.e. the N'®
iterate, approximates the solution.
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2. A Representation Theorem

In this section we first adopt notation and record some definitions, then
state and prove an important representation theorem.

Let B be the boundary of a smooth, closed, bounded surface in E® (or the
union of a finite number of such surfaces provided they are disjoint), and let
V be the volume exterior to B. Erect a spherical polar coordinate system with
origin interior to B, and denote by p a point (7,4, ¢) in V and py a point (75, 95, @p)
on B. The distance between any two points p, p,e V=V B will be denoted
by R(p, p;). Explicitly

R(p,p) = ]/72-{— #2 — 277, [cos & cos ¥, + sin & sin &, cos (¢ — 0], (2.1)

The assumption that B is bounded
means that 7, has a finite maximum
value, ¢, thus

€= max 7 = max 7. (2.2)

pEB
The entire surface B may therefor
be enclosed in a sphere of radius c¢*.

Furthermore, adopting the conven-
tion that the normal to B at any
point is inward (directed out of V),
the smoothness requirements on B are
such as to ensure the existence of a
unique normal at each point on B. The geometry is illustrated in Fig. 1.

Following KErrLocG [10, p.217] a real valued function, f: V-—>Reals, is
defined to be regular at infinity if

Fig. 1

21 (p) 0=d=m,
r <o 0Zp2ia @)

lim|7f(p)| < oo and lim
r—>00 r—>o0

Implicit in this definition of regularity is the fact that f($) must be differentiable
for » sufficiently large. A complex valued function will be regular at infinity
if both real and imaginary parts are regular.

Next we define the static or potential Green’s function of the first kind
(Dirichlet boundary condition) for the surface B to be a function G,(p, p,) of
two points such that

a) V2Go(p, po) =06[R(p, o], 2.0V,

b)  Go(pg, po) =0, (2.4)

¢} Gy(p, po) is regular at infinity, 7.e., satisfies (2.3).

The existence and uniqueness of Gy(p, p,) for any surface B as restricted
above is proven by KELLOGG. The normalization of d(R) is such that the free

space Green’s function (when B is the null surface) is — 47R—zm . Thus G,
r Fo
admits of the following decomposition into “singular” and “regular’ parts:
1
Go (P, po) = — 4R (p, po) +Us (P, £o) (2.5)

* Since the center is required to be interior to B for many concave surfaces, ¢
will be larger than the radius of the smallest sphere entirely enclosing B.
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where U, is a solution of the homogeneous Laplace equation, i.e., U, has no
singularities in ¥, and is regular at infinity. (The notation G, is consistent with the
subsequent use of G, to denote the Green’s function for the Helmholtz equation).

With these definitions and conventions established we may state and prove
the following representation theorem.

Theorem 2.1. Any function w(p), defined for all pcV, which is twice dif-
ferentiable, wec?(V), and regular at infinily satisfies the integral equation

= [Gp.p) o) dvt [0lbs) 45 Glppdo (26)
Vv B

where dv is the volume element and V? the Laplacian expressed in coordinates
(7, Dy, ¢u); da is the surface element and 3|on the inward normal derivative (out
of V) expressed in coordinates (rg, Oy, @p).

Proof. We state Green’s second identity in the following form: if ¥’ is the
volume exterior to B and interior to a large sphere, B,, entirely enclosing B, then

[ 1) V268, 2) — Golb, ) P20 ()] dv
v (2.7)
= [[os) 55 6ol 25) — Golp, ) 3 @ (85)| @

BYB,
With (2.4a) we see that

o (p) =J:w(?1) V2Go(p, p1) dv. (2.8)

Note that this result may be obtained without using the sifting property of the
d-function by excluding from ¥’ a small sphere around the point p, explicitly
evaluating the resulting additional surface integral, and then letting the radius
go to zero.

Using this result, together with the boundary condition (2.4b) satisfied by
Go(p, ps), we put (2.7) into the form

op)= [Golp 20 P2 or(p) dv+ [o(s) 55 Golp, pu) dot
o B

v (2.9)
+ [ [0(8) 55 Golb, 1) — Galp, 5) 25 (88)| 4
B,

Since both w and G, are regular, the last term on the right in (2.9) vanishes
as 7g — oo. Explicitly,

aGo ow
rﬂﬁwlf[ 0 9ﬂ]d0|

= lim fd(pB fdﬁB 7, sin ¥, X ‘w 6G, + G, bo }
4 T 81’31
(2.10)
< lim fd%s, dﬁgl sup % sindg, X 'w 0Gq + (G, 3,‘,"...}
Ipl—>000. 3 08y, 9B, drp, d7B,

=< lim sup 2ﬂ2{|w|

7Bl—>00 031 o8,

’Bxa l+| 0!

5l
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Rewriting (2.10) in the following way,
: 9Gy dw
,;E,“wl oG = ozl
By

. n?
< lim sup {| rp, |
"B 95, ¢m B

(2.11)
3, 26"

+ 175,60l |rh e |

makes it clear that the bracketed quantity on the right is bounded since both
o and G, satisfy (2.3); thus it follows that

8G, dw
f[w on —Go?;;]do'

B‘ 67

lim

rB,—> 00

=0. (2.12)

1

Furthermore, in this limit V'—V. Thus by letting 75 — oo in equation (2.9),
Theorem 2.1 is established.

3. Representation of Wave Functions
In this section we define the Green’s function of the first kind for the Helm-
holtz equation and show how it may be written using the representation theorem
of the previous section.
First we define the Green’s function of the first kind for the surface B (re-
stricted as before) to be a function G,(p, p,) of two points such that

a) (V2+E3)Gi(p, po) =O0[R(p, 50)], b, becV,

b)  Gy(pg, po) =0, (3.1)
. 8G, - . .
¢) lim r( ——1ka) =0, uniformly in &, ¢.
r—00 or
The é-function normalization and radiation condition are such that the free
space Green’s function is — —M. Thus G, admits of a decomposition
4 R (P ’ ?0)
into singular (incident) and regular (scattered) parts
- e”‘R [t f’o)

where U, (p, p,) is a solution of the homogeneous Helmholtz equation, ¢.e., U,
has no singularities in ¥ and is in fact twice differentiable, and satisfies the
radiation condition (3.1c) at infinity.

If the Helmholtz equation is considered as derived from the wave equation,
reduced by assuming a harmonic time dependence, which is then suppressed,
then the present case corresponds to a multiplicative time factor e—*“f. The
comparable expressions for a time dependence ¢'*f are found by replacing &
by — % throughout.

The radiation condition is given in the form suggested by SOMMERFELD [20].
This statement is stronger than necessary (cf. RELLICH [17], WiLcoX [26']), but
is sufficient for our purpose and, in fact, has been shown to be equivalent to
the weaker statements (WiLcox [27]).

The uniqueness of the Green’s function was proven by SOMMERFELD [20]
with additional assumptions which were subsequently removed by Macn~us [11,
12], RELLICH [17], ATKINSON [I] and WiLcox {26]. The more difficult question
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of existence was resolved only recently by WEYL [25] and MULLER [14]. The
present work offers an alternate proof of existence and uniqueness of the Green’s
function G,(p, p,), predicated on the existence and uniqueness of the static
Green’s function Gy (p, p,) which is hesitantly termed a simplification. Whether
it is indeed a simplification is a minor matter, however, since the major new
result of the present work is the explicit representation of the Green's function
G,(p, po) in terms of the static Green’s function. Existence of G,(p, p,) is an
extra dividend, proven by the rather compelling argument of actually pro-
ducing it.

It is our intent to represent the regular part of the Green’s function, which
we henceforth refer to as the scattered field, using the theorem of the previous
section. However, as it stands this function, U,(p, p,), does not satisfy the
requirements of the theorem since it is not regular at infinity in the proper
sense, although it does satisfy the radiation condition. The behavior is evident
from an expansion theorem which also provides an obvious means of modify-
ing the scattered field so as to satisfy the requirements of Theorem 2.1. The
expansion theorem, given in its most general form by WiLcox [26] was first
proven in a more restrictive case by ATKINSON [1] and later extended by BARRAR
& Kay [3] (see also SOMMERFELD [21, p. 191]). It may be stated for our present
purposes as follows:

Theorem 3.1 (ATKINSON, BARRAR & KAy, WiLcox). The field scattered
from the surface B, restricted as before, may be written in the form

Uuip ) = 55 3 el2) 63)

where the series converges absolutely and wniformly for v>c +¢, €>0 and ¢ defined
n (2.2). Furthermore the series may be differentiated term by term with respect
to r,®, or @ any number of times and the resulting series all comverge absolutely
and uniformly. The functions f, (9, ¢) are understood to depend on the parameters k
and ry, Oy, @q, the coordinates of py.

Note that outside the sphere of radius #,, the entire Green’s function has
a convergent expansion of the form (3.3) and also that the theorem provides
an equally valid representation of the scattered field for plane wave, as well
as point source, incidence.
(9, ) and while

It is evident from this expansion that for large 7, U,
Lim 7T, = lim | fo| < oo, (3.4)
the other requirement for regularity at infinity fails to hold, ‘..

lim = hrn |kr}‘0| (3.5)

¥—> 00

T,
2 k
v

and this limit does not exist. However, also evident from this expansion is

the following
Corollary: If U,(p, py) is the field scattered from the surface B, then

e~ U, (p, po) is regular at infinity.
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We introduce the notation l~](p, o) with the defining equation
U, po)=e~"*Ts (b, po). (3.6)

~

and, clearly, in addition to being regular at infinity, U(p, p,) is twice differentiable

in V since U,(p, py) has this property. Therefore ﬁ(ﬁ, Po) satisfies the require-
ments of Theorem 2.1 and may be written

U(p 20 = [ Gol £2) V2 Ulps, po) dv + [ Uips, p0) 7 Golp. pa) o (3.7)
v B

It is a simple task to establish the following

Lemma 3.1. If a) U=e""*"U, and b) (V2 +k2)U,=0, then
o 77 2tk 2 77
rU=—2% 2 (D). (3.8)
Incorporating this result in (3.7) yields
~ . Golp, a S
Utp,po) =—2ik [ CRLL D 1 Tipy, po)] do +
v

o7y

z ) (3.9)
+ [O(ps. 20) 55 Golp, ) do.
B

The boundary values, ﬁ(pB, Po), are found from (3.1b), (3.2) and (3.6) to be
e~ tFTB+ kR (DB b0
47 R(pp, po)
We may summarize the results of the present section in the following:

Theorem 3.2, If

(a) V is the volume exterior fo B, the union of a finite number of smooth, closed,
bounded, disjoint surfaces,

(b) Go(p, po)=— MTZP:DT))— + Uy (b, Do) ts the potential Green’s function of the

first kind for this surface (Gy(pg, po)=0),

U(pg, po) =

(3.10)

and
etk R (P, bo)

(€) G,(p, po)=— TR Y + U, (P, bo) is the Green’s function for the H. el'm-.

holtz equation, also satisfying a Dirichlet condition on B,
then the scattered field U, (p, po) satisfies the integral equation

Up(p,po) = — 2kt [ BB B =0T (py, p] dvt
v

, —_— 1)
gikr [ g—ikrBTikR(BBL) 3
- —G d

4”Bf R po on ColbPeld0

where dv is a volume element in coordinates p, and do is a surface element and
0/On the mormal derivative divected out of V expressed in coordinates pg.

In addition, there is a comparable representation for the scattered field
when the incident field is a plane wave or a superposition of point sources
and/or plane waves. Specifically
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Theorem 3.3. If V is the exterior of a surface B restricted as before and

a) U(p)=U(p) +U**(p), pcV,
b) (FE+r)U*=0, peV,
c) Ulps) =0,

d) lim s ( OUS ik USC“') =0,

or
then

r=—>00

sca P b SRY Go(p, 4 —iky ca
U=t (p) = — 2i k & f—“‘iflﬂga[rle b st (p)]dv —
14

. i ) s (3.12)
—é ’fe B U pg) WGO(p:pB) do.
B
4. A Neumann Series for the Green’s Function

In this section we find an explicit representation of the Green’s function
for the Helmholtz equation in terms of an iterative solution of the integral
equation derived in the previous section.

The iteration scheme is clearly indicated by rewriting equation (3.9) in more
suggestive form, namely:

U=KoU +U® (4.1)
where
U=0U (#) is the function we seek,
K=—2ik f dp ColPr 1) % is an integro-differential operator,
7 41 41
and
U®=U®(p) is a known function (3.10).

The dependence on the point p, is understood and not explicitly shown. The
form of (4.1) suggests that the solution may be found using the Liouville-Neumann
series of Fredholm theory. That is, we rewrite (4.1) as

~

U=(I—K)toU® (4.2)

and formally expand the inverse, obtaining

U= > K" UWO, (4.3)
7n=0
Denote by U™ the partial sums
N
UM =3 K" U, (4.4)
n=0

With this definition it follows immediately that for N=1, U™ also satisfies
the recursive relation

U =Ko UW-Y 4 YO, (4.5)
The solution, 5’, is given by
U =A}im U™ (4.6)

where either (4.4) or (4.5) may be taken as defining UW.
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Thus far these results are purely formal. We must show that they are
meaningful in a rigorous sense. In particular, we must demonstrate that the
Neumann series, (4.3), converges and establish the sense in which it converges.
Also we must show that it converges to the solution we seek. The remainder
of this section is devoted to this necessary but tedious analysis. What we shall
do is show that U®, U, and all the iterates U™ are elements of a normed
vector space which is mapped into itself by the operator K. Further we shall
show that for % sufficiently small, this operator has norm less than unity. The
convergence of the Neumann series, in this norm, then follows as does the
uniqueness of the solution.

First we record some properties of spherical harmonics and known expan-
sions of the static Green’s function which will prove useful.

Denote by Y, (@, ¢) an #™ order spherical harmonic

Y, (8, ¢) = 2 Ay, B (cos 9) €™ 4.7)

m=—n

and by Y, (3, ¢; ¥, ¢,) a symmetric »™ order spherical harmonic
Y, (0, 9;%, 1) =2 A4,,, B (cos §) B (cos ) cos m (@ — y). (4.8)
m=0
These functions enjoy the orthogonality property

L 27
Jad[dpsindY, (3, ¢) Y, ¢;9,¢) =0, m+n
¢ 9
=Y,(0.¢), m=n.

(4.9)

Here it must be kept in mind that Y, (9, ¢) and Y, (&, ¢,) occurring in (4.9)
are not necessarily the same function but are elements of the same equivalence
class. That is, they both may be written in the form (4.7) but the constant
coefficients 4,,, may differ. In what follows, it is often unnecessary to distin-
guish between spherical harmonics of the same order; thus we denote them all
with the same symbol. This should not be overlooked in any specific calculation
of the coefficients where a more precise specification is required.

It is well known (e.g. KELLOGG [10, p. 143]) that potential functions may be
expanded in spherical harmonics. In particular the static Green’s function for
the surface B may be written

(8,
Colt: ) = 4nR(p ) +”Z 7&@“: rza, (4.10)
—— S pAC :‘Pl)
- 47!R(P,p1 Z nll b rlga' (411)
——— S (@ 9.9, ¢)
4nR(1>,1>1 g—‘?x— rn=a (4.12)

where the series are uniformly and absolutely convergent and may be differen-
tiated or integrated any number of times with respect to 7,9, or ¢; a=c+e¢,
£>0; and ¢, equation (2.2), is the radius of the sphere enclosing B. The reciprocity
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relation is explicitly exhibited. It is useful to note that the source term may
also be expanded in spherical harmonics

}T(;,—pj = ,;07:5? P, [cosPcost +sindsind cos(p —e¢,)] (4.13)
where
7> =max(r, ), r<=min(r, 7).

Note that the expansion has the same convergence properties as the series in
(4.10)—(4.12) provided 7 3=7,.

In addition to the orthogonality of spherical harmonics, it will be useful
to define a related property.

Definition. A function f(, ¢} will be called a “pseudo spherical harmonic
of order »” if

k4 2n

[ a9 [dpsind[(9,9) Y, ¢; 0, ¢) =0, m<n
0 0
=Y, (0h.¢), m=n.

With the understanding that zero may be considered a spherical harmonic of
any order (all coefficients in (4.7) are zero) it follows that any spherical harmonic
of order #» is also a pseudo spherical harmonic of order #.

Now we are in a position to define a particular function space in which we
will establish the convergence of the iterations. Recalling that V is the volume
exterior to the surface B and a is the radius of a sphere entirely containing B
in its interior, we define % as follows:

a) Ueck(V),

(4.14)

150 18, 9)

b) U=7 Z —”—y;’ﬂ, r=a and the series is uniformly and
n=0

U=U absolutely convergent, term by term differentiable, with} (4.15)

respect to 7, 4, or ¢ and the resulting series are uniformly

and absolutely convergent,

c) f,(® ¢) are pseudo spherical harmonics, 7.e., satisfy (4.14).

Further we specify the following norm, implied both by the pointwise con-
vergence of the series, (4.15b), and the fact that elements of # are twice dif-
ferentiable everywhere in V,

|} = max | U] (416

It is clear that much more could be said of % than that it is a linear normed
vector space; however, rather than investigate this space in general, we confine
our attention to those properties necessary for our present purpose. These are

established in the following lemmas, which are then used to prove the main
result of the paper.

Lemma 4.1. U9¢%.
Proof. Referring to equations (3.9) and (3.10), we see that

—ik ikR(px,
U® = U© (p) = f eTihra b iRE ) o
B

47 R (Pg, Po) TnGo(P,PB) do. (4.17)
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Since the integrand in (4.17) is infinitely differentiable for p,, #¢B and B is
not infinite, it follows that U®¢c2(V) and in fact is infinitely differentiable
as long as p and p, are not on the boundary. Actually KerLroce [10, p. 172]
established that the potential due to a double layer, with twice differentiable
moment, of which (4.17) is an example, is also continuously differentiable for
p on B, ie. U®¢cl (V). Furthermore when r>=a, we utilize (4.10) and (4.13)
to obtain

Golbrtn) == 2, B ox

o (4.18)
X P, [cos ? cos ¥ + sin & sin ¥ cos (@ — @g)] Z ( )
or, since P, is an #™ order spherical harmonic, B
Go(p, Pr) = Z ,,,,H Z A,,(pp) B (cos §) ™7 (4.19)

m=-—n
This series converges uniformly, as does the derived series; therefore, we
may rewrite (4.17) as
e~ thraTikR(bB D) 4

(0) — 3 im —
U — o (cosd) ¢ wa AR g on Ams(Pe)do, (420)

n=0 m=—n

which is again of the form

(4.21)

U= g
¥y

Hence conditions (4.15b, c) are satisfied as well as (4.15a), and the lemma is

proven.

Lemma 4.2, If Uc#, then KoUc%.
Proof. With the definition of K, equation (4.1), we write

KoU=— zikfdvﬁaif—'& 2 U@). (4.22)
1 1
14

We separate the volume over which the integration is performed into an infinite
volume, V,, where 7;,=>a and the expansion Theorem 3.1 holds, and a finite
volume, V;, where it does not. V] thus is the volume interior to the sphere of
radius ¢ and exterior the surface B. Thus we define two functions

Up(p) =—2ik [ dv o8B 21 ). (423)

1
i
Clearly U, (p) +Ui(p)=KoU, and if we can demonstrate that U, and U; are
elements of %, then, since the space is linear, it follows that KoU is also in %.
Consider first the finite volume. U;(p) is the potential of a volume distri-
bution which KELLOGG has shown to be twice differentiable, for finite volumes,
provided the density is piecewise continuous [10, p. 156]. This is certainly satis-

fied in the present case since U ¢#% which implies that the density'i ;r— [n U ()]
1 1

Arch. Rational Mech. Anal., Vol. 18 16
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is continuously differentiable. Therefore, U;(p)cc? (V). When »= 4, the expansion
of the Green’s function (4.19) is valid, with p, replacing p5, since n<<a. The
uniform convergence of the expansion and the fact that the integration is carried
out over finite limits permits interchange of order, yielding

o0 "

4.24)

P (cos 9) €™ [ dv(—2ik) Am;(f’l) O 1, U], (
v ! r=a,
which is of the form

U=y 209, za (4.25)
n=0
Hence
Ui(p)e%. (4.26)

Turning now to U, (p), we see that if ¥ is replaced by any large but finite
volume then the fact that U,ec?(V) again follows from KErLOGG’S work. It is
only necessary to show that U, remains well defined when I, becomes infinite.
Explicitly

e 2n £

Ue(p)=1im—zikfdrlqu;lfdﬁlrisinﬁlfﬂ(f;m_a?;_ U], (4.27)

1 1
a 0 [}

0—>00

and it is sufficient to show that the integrand is O(1/#%) for large 7,. Since
U(p)e%, it follows that

00 - 'ﬁ ,
g =Y L8P nza, (4.28)
n=0
and therefore that
a S 1y (s
oy U] = 3, 2o (4.29)

Thus for large 71,~— [r, U(p,)]=0 (1/7%). Furthermore, the expansions of G,(p, #,)
given in (4.11) and (4 13) show that for », sufficiently large, M =0(1)A3).

Hence, despite the factor #? in the volume element, the mtegrand is indeed
O(1/7)) and it makes sense to let the 7, integration extend to co. This calcu-
lation may be pursued more carefully to show that in addition, U, (p) satisfies
the expansion properties required of elements of %. Thus we rewrite (4.27)
for 7, r,=a as

j;):j'odrlj::l%fndﬁlrlsinﬁl X

(?, ¢ P11) fn (1, @1)
X{ 4nR(pp1 +Z (M(pm+1 }Z ,1»1-;-11 )

m=0 n=1

(4.30)

where we have absorbed the factor 2i%# in the functions f, (&, ¢;). Now con-
sider separately the integrals involving the regular and singular parts of the
static Green’s function, treating the regular part, US®, first. In this case both
series are uniformly convergent, and the integral has been shown to exist; thus



The Dirichlet Problem for the Helmholtz Equation 217

we may interchange order of integration and summation and perform the inte-
gration using the pseudo orthogonality condition (4.14) to obtain

o0 2n T 00 Py
w8, @; 9y, @) fu(h,
r, [ ag, f aysind, > Z 4 +;7$}2”;1§ 1 1)
& =0 #—1
= =, m+n)am+"rm+1'

Absorbing the constants factors in the spherical harmonics and renaming the
second summation index yields

U= 2 X Yntn0D) (4.32)

Using Cauchy’s formula to rearrange terms, which is allowed since the convergence
is absolute, we obtain

(4.31)

Urs(p) =

ibe
M=

Yn+ (19: ‘p)
Ll 0) (4.33)
0

While the coefficients in Y, ., (&, ¢) may depend on m, the summation over m
is still a spherical harmonic of order #» 41 hence (4.33) is of the form

r SRANC
Uz (p) = Z—*%ﬂ (434)
The analysis involving the singular part of the Green’s function is slightly more
involved since the expansion of 1/R, (4.13), is not uniformly convergent at r=v,.
From (4.30) we see that

00

U (p) = — 1 f dr, [ dg, f ity o, Z Ouml - (4ss)

Since the series occurring in (4.35) is uniformly convergent and the infinite
integral has been shown to exist, we may interchange order of summation and

integration, and absorb the factor (— 21;) into f,, obtaining

" Ay
U™ (p [ dr, [ g, f s, Rs‘; - G (4.36)

£

Now we employ the expansion (4.13) to obtain

. 7 2x b ) m
U:mg(ﬁ) = Z {fd?’lfd(plfdﬂl 511:5:91 /n(ﬁl’ ()Dl) Zo m+1 (19 ?’:’91:%)‘}‘
(4.37)
+fd7’1fd¢1fd'91 smﬁl fa s 1) Z ’i:"’:'l m(0’¢'01’¢1)}-

Although the inner summation is singular at r=7,, $=49,, p=g,, it is a straight-

forward matter to exclude a small neighborhood of (7, d, ¢) from the integral

in which case the interchange of summation and integration is legitimate and
16*
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then show that the integral over the excluded neighborhood may be made as
small as we wish by making the neighborhood sufficiently small. Thus we find,
again using the pseudo orthogonality property (4.14)%,

siog (g _ D [YulB, @) (P —amn Y)Yy (9,9)
vz(p) = 3, mz{ et + o=t s

Again absorbing the constants in the spherical harmonics, we obtain
sin . 31 & SR Y, ('9 ‘P)
Ue g(p) _r;].;?;;n Ym ('l9 ‘P Z Z ,m+1 . (439)

The second sum in {(4.39) is of precisely the same form as (4.32). Hence the
same argument allows us to write

Uz () 2*172 (8, 9) +Z—"—+,%,§zi), (4.40)

and, with (4.34), we find that U,(p) is also of this form, i.e.,

o0

_pr ing () — 3 1 +1(8, 9)
U (p) = U™ (p) + U™ () —;IWMZ"YM( Z s (441)
or by a trivial change of notation
U.(p) _;0 e m=n+1 Z —. (4.42)
This is precisely the form required for U, (p) to be in %, i.e.,
o (B,
Z 0.9 rza (4.43)
where
fo= Z]:Ym @, @),
= (4.44)

=3Y,0.¢), n=t.

Since U,(p) has been shown to satisfy (4.15b), it remains only to demonstrate
that f,(9, ¢) defined in (4.44) are pseudo spherical harmonics. This follows
immediately from the orthogonality of spherical harmonics, (4.9), since

n 2n
JadJ g1, 9) V(8. 9: 9y, p) sind
n 2n o0
—[d9[dep 2 Y, (5 9) G0, ¢; 0, p)sind=0, l<n; ©G4)
[} [1] m=2n
=Y (h, @), I=n.

Therefore we may conclude that
U.(p)e¥, (4.46)

which, with (4.26), proves the lemma.

* The justification for requiring this apparently artificial restriction on the space %
is found here since without this property, terms involving log r would occur.
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This proof made no use of the factor % in the definition of K. In fact by
explicitly exhibiting the k-dependence

. Y, Golp, ) 9
K=%0, 0= zzvfdv_"r;_l}? [ (4.47)

where O is independent of %, the same proof suffices to establish
Lemma 4.3. If Ue¥, then QoUc¥%.
Lemma 4.4. O is bounded, i.e., IM< oo 3|0| <M.

Proof:* Since |0 is defined as sup looUj , it is sufficient to show that for
any Uew Ucw “U“
lo-U|=M|U].
To accomplish this, it is necessary to establish the following estimate:
up) — L&D < 285, pev (4.48)
where f, is the first coefficient in the expansion
(8,
U= Z"Wf’), rza. (4.15D)

Again it is convenient to separate V into two parts, V, (r=a) and V, (r<a).
Recall that

|U]|= max |U|;
hence

max |U| < U], max|U|<|U]. (4.49)

Consider first the volume V,. Since U is analytic in 1/r for = a, the maximum
modulus theorem states that the maximum of the absolute value is achieved
when r=a. Thus

RSN PR SN
IUl r;or = a;oa" z?eav).(‘Ul
With (4.49) it follows that
> Il <alu). (4.50)

Similarly »U is analytic in 1/r for »=a; thus
oo @

Il <| S
go ™" .;Zo ar
Letting »— oo and making use of (4.50) establishes that

| fo] <a|U). (4.51)
f”l is also analytic for r=a; hence
[end o]
t In
Z yﬂil Zl an— -1

* The author is indebted to Professor F. UrseLL for pointing out an error in an
earlier proof of this lemma and to Mr. E. Ar for helping eliminate it.

|rU| =

[os]

Furthermore, Z

ne=

<1
=5

(4.52)

’2

v —1o] -
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On the other hand
w fn | f
Skl

With (4.49), (4.51), and the fact that afr <1, it follows that

élUH_lfT"l’ r=a.

> fn
E e = r=a.
n=1
In particular, at r=a
zw fn <2a2uU“ (4‘53)
n=1

Substituting (4.53) in (4.52) establishes the desired estimate for pcV,. For
peV, the task is much simpler. Again

_1 1ol
U —Z|<jv)+ L,
and (4.51) is still valid; hence
_i a
o — Ll < jwi+ 2 ot

But a/r=1, thus the inequality is strengthened by writing

U_ESZ(/I2
vy | 3

hence the estimate (4.48) is valid for all peV.

Proceeding now to the task of bounding OoU, note that fy(#,, ¢,), the first
coefficient in the series expansion of U(p,) is independent of 7,, therefore

. 7
00U =—2i [av S8 B 1r, U(py) — (6, )] (4.54)
v 1 1
Integrating once by parts with respect to 7 yields
— 23 _fo) 2
OoU_sz(U 71)%71(71@.,) dv. (4.55)
%

The integrated terms vanish at the lower limit (p,€ B) since G,(p, pp)=0, and
vanish at the upper limit (r,—> 00) since (r, U — )7, Go=0(1/r,) ((4.15b) shows
that »,U —f,==0(1/r,) and (2.4c) states that G, remains bounded). Thus

<z[|U fa]|_2

2 (nGy)

- dv. (4.56)

|OoU|—2‘f = (nGo) v

Making use of the estimate (4.48), where now the variables are 7, %, ¢, it
follows that
- ("16)

00U < 42| [ (4:57)
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At the singularity of the Green’s function the integrand behaves as the inverse
of the square of the distance,

_ (r, Gy)

oy

1
41

=0(1/R? as R-—0,

and is therefore integrable over a finite volume containing the singularity (KEL-
LOGG [10], p. 148). In addition, with (4.11) and (4.13) it follows that

1 0
7 o, (r, Go)

o, =0/} as rn—>oo

hence the integral over the infinite volume exists as well, .e.,

[l
J
v

dv=1< 0. (4.58)

Br, (ry Go)

Thus (4.57) becomes
|0eU| = 4221 |U]. (4.59)

This inequality is established for all values of |OoU| including its maximum.
Therefore, setting M =4a?I, we have

max | 00U =[00U) < MU, (4.60)
and the lemma is established.
Lemma 4.5. |K| ¢s bounded with norm less than unity for k sufficiently small

ie.,
Ja>0¢|K|<1 if o<|k|<a.

Proof. Since K=*%O0, (4.47), and since both K and O are linear, it follows that
|| = |#| |O]. (4.61)

With Lemma 4.4 we obtain
IK]|= |k| M. (4.62)

Therefore by choosing |k| <1/M or, equivalently, letting a=1/M, we prove
the lemma.

Lemma 4.6. (NI(;b) €U.

Proof. The definition of U in terms of U, (3.6) together with the fact that

U,ec?(V} imply that Ue ¢2(V). Furthermore, the expansion in Theorem 3.1

guarantees that we may write
o0

U(p) = o f®9) g (4.63)

n+-1
n=0 4

It remains only to demonstrate that these f,(#, ¢) are “pseudo spherical har-
monics”. To accomplish this, we employ the well known expansion of wave
functions in spherical harmonics, e.g., SOMMERFELD [21, p. 143],

oc
Ui (p) = Zohn (k7) Y, (0, 9), r=a, (4.64)
we
where A, (kr) are spherical Hankel functions of the first kind,
_ekrimn—1 & (nfm)! —1 \m
ho(kr) =— (n—m)lm] (zikr) : (4.65)

m=0
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With this expression together with (4.64) we find that

Uip) = Op)= 32 5 BORCE g 469

or, upon rearranging terms and absorbing the multiplicative factors in the
spherical harmonics,

Ty =3 3 Yoo 4.67)

This can be rewritten, with the obvious changes in notation so as to correspond
to (4.63), as

where
[ (9, @)= EUYW @, @). (4.68)

The functions f,(#, ¢) thus obviously satisfy the pseudo orthogonality condition,
(4.14), and the lemma is proven. Note that this proof essentially duplicates
SOMMERFELD’s derivation of the expansion theorem but that, as is clear from
the above, his statement [21, p. 191] that the /, (&, ¢) are finite sams of spherical
harmonics is in error.

We now, at last, are in a position to prove that the Neumann series (4.3)
converges to the solution we seek. We state this in the form of a theorem.

Theorem 4.1. There exists a> 0 such that when |k| <, the Green's function
for the Helmholtz equation, (V2 -+ k%) G,=06, which vanishes on the smooth closed
bounded surface B in E3, exists uniquely in V, the exterior to B, and is given
explicitly by
eikR{p,00) ik R n
Gy (p,po) =— TAR B Py +é ;K o U®
where

KoU®—_2ik [ dvWG"(fl’i’l) %[rIU‘O)],

—ikrp+ik R (DB, Ps)
UO =T (p,, p) = [ £ 0

B W a—nGO(Pl»PB) do

Gy(py, Pa) is the static Green’s funclion which vanishes on B, the normal is taken
out of V, and the volume integration is over p,, the surface integration over py.
o0

Proof. With Theorem 3.2, it is sufficient to prove that ) K"oU® is the
unique solution of the integral equation (4.1). n=0
First we show that the series converges to the solution; that is, for any
>0
AN, 3|U—~UW|<e if N>N,.

Lemmas 4.1, 4.2 and 4.6 establish that U, U®, and all the iterates U
are in the space . Hence it makes sense to write |[U — U™)| for any N. With
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equations (4.1) and (4.5) it follows that
U—_U®=KoU,
U—U® =0T —KoU®—U®=Ko (f/;— U®) = K20 ﬁ,
U—UD=0—KoU®—~U® =Ko ([ — UD)=K30 T,

f— U™ = k¥4

hence
|- < | KV (4.69)

But Lemma 4.5 states that |K|<1 if |k| <« and |U] is bounded since Uc#
(Lemma 4.6); hence it is always possible to find N large enough so that

|&P+ 0] <e. (4.70)
Specifically, since log | K| <0, we find that (4.70) is satisfied if

o .

T 4.74

1> iR W)

We have thus established that for any ¢>0, |[U—U®™|<e if N>N,; and
log—i—
vl

2 —1|and aexistsby Lemma 4.5.
g K| y 5

To prove uniqueness we assume the existence of two solutions of (4.1), U,
and U,, such that Uy=KoU, +U® and |U;—U,|=40. Then
2 2

| k| <« where N, is the greatest integer in

U,~Uy=KoU,—KoU,. (4.72)
Taking the norms, we obtain

[0~ G = | K] U, — el 4.73)
By assumption, [[U; — U,||==0 hence we may divide, obtaining

1< K], (4.74)
which violates Lemma 4.5.

5. A Low Frequency Expansion

In this section, the relation between the Neumann series and the low fre-
quency expansion is derived, and it is shown how the Neumann series may be
interpreted as a partial summation of the low frequency expansion.

In the previous section we proved that the solution of the integral equation
(4.1) was given by equation (4.3) or, in the notation introduced in (4.47),

U= k0" U® (5.1)
n=0

where the operator O is independent of k. This has the appearance of a power
series in k; however, the function U®, regardless of whether the incident field
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is a plane wave or point source, is not independent of k. It is true, nevertheless,
that in either case U is an entire function of %, e.g. equations (3.11) and (3.12),
and hence has an absolutely convergent power series representation

Uo=73a, k" (5.2)
m=0

Substituting (5.2) in (5.1) and employing Cauchy’s form for the product of two
series, which is valid since they both converge absolutely, we obtain

ﬁz ;[)km Zoonoam—n' (5‘3)
or

U=3 Up k", (5.4)
where

U,= 200"051,,,__”. (5.5)

It is easily seen from this definition of U, that

U,=a,,
U,=a,+0eU,_,. {5.6)

Equations (5.4) and (5.5) thus represent a low frequency expansion of U. The
functions U, in (5.5) are precisely what we should have obtained had we as-
sumed the expansion (5.4), substituted it, together with (5.2) in the equation
U=#£0oU + U® and equated coefficients of k. The corresponding expansion
of the wave function U, simply involves another Cauchy product, viz,

Ukze«ikrﬁ___ i (ihr) i U,k

n=0 n! m=0

S Gy
S gy memt
For many purposes, certainly any involving far field calculations, it is more

convenient to leave out the phase factor ¢*” and work with the function U.

Note that the radius of convergence of these expansions is limited to the circle

of convergence of the series (5.1), ¢f. Theorem 4.1.
There is of course a relation between the N iterate of the Neumann series

(4.4) and the first N terms of the series (5.4). Specifically

(5.7)

N N 0o
UM =Y K'oU® =3 k0% 3 a, k" (5.8)
n=>0 n=0 m=0
which upon rearranging terms is found to be
N m o] N
v =3 Sworoa, .+ 5 T#0a,., 5.9

m=0 n=0 m=N+1n=0
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With (5.5) we see that the first sum on the right represents the first N terms
of the series (5.4). Thus the N' iterate is seen to contain terms of all order
in &, the first V of which correspond exactly to the first N terms of the low
frequency expansion.

6. An Example: Scattering of a Plane Wave by a Sphere

To illustrate the methods derived in the previous sections, this section is
devoted to consideration of a specific example, scattering of a plane wave by
a sphere. In this case the exact result is well known, and by calculating the
first few iterates of the Neumann series we are able to show not only how the
techniques are to be employed but also the sense in which the N' interate
approximates the exact result.

The surface B is now a sphere of radius a, whose center is taken as the origin
of the coordinate system. The static Green’s function for the sphere is (STRATTON
[22, p.201])

Golpp)=— — e+ : (6.1)

4:;]/1'24-1'1 27 r,cOS ¥ 4n)at+ (rnja)2—2rr, cos y

where cosy = cos® cos#, + siné sin 9, cos (¢ — ¢,).
This may be expanded (cf. (4.12), (4 13)) as

x an+l

Golb 2 =35 22 (= vair + 5 pwwr) Boloos): (62)

The incident field is a plane wave which, without loss of generality is chosen
as propagating down the z-axis, 7.e.

Uinc=e—ikx=e—ikrcosﬂ_ (63)
The scattered field then satisfies the equation (cf. (3.12))
rr —ikr ca - G s 0 rr
T=e* U t=—21kf~—°(fl #) 5 I Ulp)] o —
i/ikr inc 0 (64)
— [ U™(py) L Golp, ) do
B

The volume V is now the exterior of the sphere r=a, B is the surface of

this sphere, —a%« = %, G, is given by (6.1) or (6.2) and U™ is given in (6.3).
B
With (6.2) we find that
9Go(pts) __ 2Gi(pupp) | 1 N (2nt1)arc?
on - ar rp=a 47 Z P F, (cosy). (6.5)

The explicit forms of the iterates (4.5) are in this case
U (p :——fd Z (2n+ ”H‘ZiP(cosy) —ika—ikacosd,

dcr-a2sm19 ad, d(pl,

(6.6)
U™ (p) = ”* [ dv

(_ a?ntl ) B, (cos y)
7n+1 (rrn¥1 7

2 UV (p),

dv=72 smt?1 drl a9, dg,.
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By use of the orthogonality of spherical harmonics together with the plane
wave expansion,

—ikaoos&,

*(2m + 1) j, (ka) B, (cos &), 6.7)

1|M8

the first few iterates are found to be

U®(p) =— e‘““'i_:o (2n+1) (—0)*(a)r)" ), (ka) B, (cos ) — e **%j, (ka) afr,

UD(p) = — e"‘"‘“i (2% +1) (—9)*(a)r)"j,(ka) P,(cos®) [1 —ik(r—a)] —
n=1
— et (ka)alr, (6.8)
U9 (p) =— e‘”’"i (27 +1) (—3)" (a}r)** ), (ka) B,(cos®) [1 — i k(r — a) +

+ B2 ( g’n"_”: (r*—a2) +a(r— a))] — etk (Ra)alr,

The exact expression of U (p) is (e.g. Morse & FesuBacH [13, p. 1483])

i "(2n +1)4,(ka) B,(cos §) A éka)) (6.9)

With the definition of the spherical Hankel function (4.56} it is easily verified that

i m(—2i k7)™
hy (k1) — giklr—a) (p1\nt1 m=0 —2n)mm! 6.10
T (R a) (afr) " (i (6.10)
Z ( —20),;m!
hence the exact expression for ¢ **” U**" may be written as
TR . _ —ikay _
U(P) =—¢€ ]O(ka) a/r Z”: — ) ( szr)
L& —2
— e7*e S (—i)" (2n +1) (afr)* T j, (ka) P, (cos B) '"j“ (=27} . (6.11)
=1 ~ ) (— 21ka)
m; (—27)m,
Here we employ the notation (x),=x(x4+1) ... (x +n—1).
( oM (—2ika)’”
Z = -~ <A1, (6.12)

then the sum in the denominator in (6.11) may be expanded as a geometric
series, and (6.11) becomes

U(p) = — %o (ka) afr —

L (6.13)
¢ “2 Y (21 1) (afr)** 4, (k a) B,(cos ) S (kr, ka)
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where
n . ]
(—n)m (—2ik7r)™ —n)(—2tka)
S(kr, ka)= MZ=°——————( 2] Z Z e | (6.14)
Clearly S is a power series in %, and if we denote by Sy the partial sums
N
S =q§oaq(r, a) B,
then with (6.14) we find that
Sp=1,
=14tk(a—r7), (6.15)
—14ikla— (mn—1) (42_ _
5.2-—1 +ik(a—17) +k2{ S —1 (@®—7%) +al(r a)},

Comparison of (6.15) with (6.8) enables us to induce that the N* iterate is

U (p) = — 4 o (ka) afr

- ""“‘Z " (21 +1) (a)r)**], (k@) P, (cos 9) Sy (640

Each term of the N'™ iterate approximates the exact result precisely as the
first N terms of a power series expansion of a quotient of two polynomials
(6.10) approximates the quotient. A rough estimate of the radius of conver-
gence is obtained from (6.12) by noting that

(—n)m 1\m
s <(5/" (617)
Thus
&y (~m)m  (— zika G| (—n)m | |2Ralm
le (—27n)m Z (—27)m, ‘ m! (6.18)
A
i lkal <e|k“[__1

and a condition sufficient to guarantee that e’** —1<1 is | ka| <log 2.

If we expand the factor e~**%j,(ka) in (6.16) in a power series in % (con-
vergent everywhere since it is entire in %) and retain only the first N powers
of k in the product on this expansion with Sy, then we have the first N terms
of the low frequency series (5.4). These are in precise agreement, for N=0, 1, 2
with the terms of the low frequency expansion derived from (5.6) with the known
functions a,, defined in the present case as

a,=— _'a) fdﬁlfdtplsm011+cosﬁl Z (2n+1)! (a)r)**1 B, (cosy). (6.19)

Although this calculatlon was carried out independently as a check, it is clear
that to this order agreement with the exact result is implied by the agreement
between the Neumann series and the exact result, and we shall spare the reader
the agonizing details.
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