Multidimensional Lagrange Problems of Optimization
in a Fixed Domain and an Application to a Problem
of Magnetohydrodynamics

LAMBERTO CESARI

In previous papers {3—5] we have given existence theorems for solutions in
Sobolev spaces of multidimensional Lagrange problems of optimization in a
fixed domain, bounded or unbounded. In the present paper we shall apply the
previous results to the case where the partial differential equations are written in
canonic form.

The canonic form which we take into consideration is the one proposed by
RASHEVSKY in his book [9, pp. 323 —324]. TuoMAs & TitT [10] consider essentially
the same form though this form is not written explicitly. RASHEVSKY has pointed
out the generality of the proposed form. In [6—8] LURIE discusses necessary
conditions for Lagrange problems of optimization with partial differential equa-
tions in canonic form. In particular, in [7, 8] LURIE discusses necessary conditions
for an optimal solution in a two dimensional problem of magnetohydrodynamic
channel flow, though with no previous existence analysis.

In the present paper we shall show that our existence theorems yield the
existence of an optimal weak solution for LURIE’S problem of magnetohydro-
dynamics. This optimal solution, of which we prove the existence, is weaker,
however, than those considered by LURIE, namely it is a weak solution in the
sense of Gamkrelidze with state functions belonging to a Sobolev space W;.

Part 1.
§ 1. Partial Differential Equations in Canonic Form

To simplify our exposition we shall assume that the number of independent
variables is 2, and we shall denote them by x, y. Let G denote an open subset of
the xy-plane E,, and denote by z(x, y)=(z', ..., "), u(x, y)=(u', ..., u™), real
functions of x, y in G. We shall designate z', i=1, ..., n, as the state variables,
and «/, j=1, ..., m, as the control variables, all of which are in any case dependent
variables.

We shall consider (with RASHEVsKY & LURIE) partial differential systems of
the form

1) 6z"/0x=X,-(x,y,z, u), 6zi/6y=Y,-(x,y,z,u), i=1,2,...,n,
2) 0X;/oy=0Y]ox, i=1,2,...,n,
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where in the latter equation the derivatives are taken with respect to all arguments
of X; and Y;. (We denote here as variables #’/, j=1, ..., m, both classes of
RASHEVSKY’S & LURIE’S variables (" and «°. See [8] and [9].)

Equations (1, 2) presuppose an amount of differentiability properties which
will not be realized in the statements of our existence theorems below. Thus, we
shall replace (2) by the weaker form

?3) X~ Yip)dxdy=0, i=1,...,n,
G

for every scalar function ¢ (x, y), (x, ¥)eG, of class C* in G and having compact
support contained in G (briefly of class Cs° in G), and in view of (1), equation (3)
can be replaced by

@) £I(22¢y—22¢x)dxdy=0

for every pe C{. Whenever the functions X;, Y;, z*, #/ are continuously differen-
tiable with respect to all their arguments, then relations (4), or (3), yield equa-
tions (2).

As stated by RASHEVSKY (loc. cit.) equations (1) present a standard form of a
remarkably general class of systems of partial differential equations, which all
can be written in the form (1) (with the number of dependent variables increased
if necessary). The presence of an increased number of variables is typical in the
majority of applications. For instance, the Helmholtz equation z},+z},+uz' =0
can be written in the form (1) with n=3, m=3 as follows (with u replaced by
u, v*, v*, and z! by z!, 2%, 2%):

1 2 3 2 2 1 2 1 3
=7%, zy=2°, zZi=—v’—uz', =o', zl=v!, z}=0%

The wave equation z; y—(kz,lc)x=0 can be written in the form above with n=2,

m=2:
1 1_.2 _2_.2 _2
za==v'lk, zy=v’, zl=v’, Z}

=-v.
The form (1) corresponds to problems in a weaker form than those given by the
differential equation of higher order. For instance, the system with n=2, m=3,

zp=v', zy=—-v’+4u, zZ=0v?, zl=v!,
yields the system Az'=u,, Az*=u, (with 4=(0*/0x*)+(0%/0y%)) only if u is
differentiable. In other words, the solutions of systems (1) can be thought of as
generalized solutions of some original higher order partial differential equations.
We shall further generalize the concept of solution in a number of ways.

§ 2. Notations for Lagrange Problems with Partial Differential Equations
in Canonic Form

We shall first introduce unilateral constraints in a form more general than
those considered by LURIE, namely in a form similar to those of our previous
papers [3—5].

For every (x,)ecl G let A(x,y) denote a given nonempty subset of the
z-space E,. We shall denote by A the set of all (x, y, z)eE, x E, with (x, y)ecl G,
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ze A(x, y). We shall assume below that A4 is a compact, or at least closed, subset
of E, x E,. For every (x, y, z)e A let U(x, y, z) be a nonempty subset of the u-space
E,, and let M denote the set of all (x,y,z,u) with (x, p)ecl G, zeA(x, y),
uelU(x, y, z), or (x,y,z)eAd, ueU(x, v, z). We shall consider couples z(x, y)=
(Y ..., 2", u(x, ) =@, ..., u™), (x, )G, satisfying the constraints

(x,y,z(x, »)eA, ux,p)eU(x,y,z(x,y)) a.e.inG.

To simplify notations we shall often denote by f the 2n-vector function
Sy, z,w)=(f1, ..., f2,) defined on M by

fi=Xi(x, v, z,u), fori=Y(x,y,2z,u), i=1,...,n.

We shall also denote, if needed, by Dz the 2n-vector (z%,i=1, ..., n, ziy, i=1,..,n).
Then the differential system (1) can now be written in the simple form

Dz=f(x,y,z,u).

This canonical system is a particular case of the systems of partial differential
equations of any order we have considered in [3 —5]. Most of the results below
are particular cases of those of [3—5].

Given 6 >0 and a point (x,,¥,,2)€4, we shall denote by “closed neighborhood
Ns(xo, o, zo) of radius & of (xg, ¥, 20) in 4> the set of all (x, y,z)ed at a
distance <6 from (x,, ¥y, zo). Also, we shall denote by U, the set of all points
ueE, at a distance <e¢from a given set U. We shall say that U(x, y, z) is metrically
upper semicontinuous at the point (x,, y,, zo)€A provided, given £>0, there is
some 6 =d(xy, Vo, Zo, €)>0 such that U(x, y, z2)c[U(xg, ¥o, 2o)), for all (x, y, z)e
Nj(x0, Yo, 20). We shall say that U(x, y, z) is metrically upper semicontinuous
in 4 provided U(x, y, z) has this property at every point (xq, ¥o, Zo)€A. This
concept of metric upper semicontinuity is most often used when the sets U(x, y, z)
are compact and all contained in a bounded part of E,. In general, the sets
U(x, y, z) are only closed and not compact, and in these cases it has been found
[1—5] that analogous concepts of upper semicontinuity, more topological in
character, are needed. We shall denote these properties as properties (U) and (Q).

First, given 6>0 and a point (x,, ¥, 2o)€4 let us denote by U(x,, yo, Zo; 6)
the set

U(xo,yOs 2o 5)=U U(x’ Vs Z)’

where | ranges over all (x,y, z)eN;(x,, ¥o, 2o). We shall say that U(x, y, z)
satisfies property (U) at a point (x4, ¥y, zo)€4 provided

U(xo, Yo, ZO)=onod U(xo, Yo,Z20;0),
>

that is,
U(xo,J’o,Zo)=nCI U U(xsyaz)'
é  (x,y,z)eNs (x0, yo, 20)
We shall say that U(x, y, z) satisfies property (U) in A4 if U(x, y, z) satisfies
property (U) at every point (xg, ¥, zg)€4. 4 set U(x, y, z) satisfying property (U)
is necessarily closed as the intersection of closed sets. Below we shall also consider
6#
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the sets
Q(x, y, Z)=f(x: ¥z, U(x, y, Z))
=[C=(C1, cens Czn)lc=f(x’ Vs 2, u)? ue U(xa ¥, Z)]CE2n’

and other analogous ones which we shall introduce as needed. We shall say that
such a set Q(x, y, z) satisfies property (Q) at a point (x4, Vo, zo)€4 provided

0(xg, Y0, Zo)=‘,nocl €0 Q(xo, Yo, 203 9),

that is,
Q(xOsyOaZO)=QCICO U Q(x’y’z)'

(x, ¥, 2) € Ns (%0, ¥o, Zo)
We shall say that Q(x, y, z) satisfies property (Q) in A if Q(x,y,z) satisfies
property (Q) at every point (x4, ¥, 2o)€A. 4 set Q(x, y, z) satisfying property (Q)
is necessarily closed and convex as the intersection of closed and convex subsets
of E,,. Above, cl E denotes the closure of a set E, and co E denotes the convex
hull of E. Thus, cl co E denotes the closure of the convex hull of E.

As in the previous papers [3—5] and as usual we shall assume for G and its
boundary S=0G a certain amount of regularity, and we shall say that G is of
class Ko;. If G is an open bounded set, by G of class K,; we shall mean that
K=clG=GuUS is the union of finitely many nonoverlapping parts K, ..., K,
each K;=T;(R) being the 1—1 image of a rectangle R under a transformation T
which is continuous with its inverse 7'~ %, and both T; and T; ! can be represented
by means of functions of class C?, j=1, ..., J. (Actually, it would be enough to
assume that both T'; and T;! are Lipschitzian of a given constant.) The further
usual convention shall be made that the boundary S of G is the union of non-
overlapping arcs 4;, each A, being the image under T; of one side /; of R, or
As=T;(l;) for only one j.

If G is unbounded, we shall say that G is of class Ky, if its closure K=¢l G=
G u § is the countable union of nonoverlapping parts K, K, ..., each K;=T;(R),
Jj=1,2, ..., as before, and with the further assumptions that each set

N
VN= U K1=Cl GN

ji=1

is the closure of an open bounded set Gy of class Ky, that every interval R of E,
has a nonempty intersection with at most finitely many K;, and that G={) Gy,
Gy<=Gy 44, that is, G is the union of the bounded open subsets Gy all of class Ky;.
Obviously, there are co-many decompositions as described above of sets G
of class Kj,, bounded or unbounded. Any such decomposition will be called a
typical representation of the set G of class K,,. If G is 2 bounded open set of
class K, then, concerning the couples z(x, y)=(z%, ..., 2", u(x, ) =@, ..., u™),
we shall assume that each component z* belongs to a Sobolev space W(G) with
;=1, and that each component »/ is measurable in G. As a consequence, each
component x' has boundary values ¢’ on the boundary S=0G of G and ¢’ is of
class L,, on S. Also, each component 2! has first order generalized partial deriva-
tives z;=D, 7', z,=D,z}, i=1, ..., n, a.e. in G, and 7', z,, zleL, (G).
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If G is an unbounded open set of class K;;, and G={) Gy, Gy=Gy 1, one of
its typical representations, then we shall assume again each component »’ meas-
urable in G, and each component z' restricted to Gy belonging to a Sobolev
space W (Gy) for all N (and the same p,;>1); briefly, z'e W} (Gy) for every N.
Then each component z* has boundary values ¢’ on S which are locally of class L,
on S, and each z* has generalized first order partial derivatives z\, =D, 7%, zZ, =D, z*
a.e. in G with z, D,z', D,z'eL, (Gy) for every N.

We shall now require a set (B) of boundary conditions involving the boundary
values of the functions z, i=1, ..., n. On these boundary conditions (B), we shall
assume the following closure property for the case of G a bounded open set of
class K,; and for given numbers p;21, i=1, ..., n: (P,)) if z(x,y)=(z!, ..., 2%,
2,(x,0)=(z}, ..., ZD), (x,»)€G, k=1, 2, ..., are vector functions whose components
Z, z}, belong to the Sobolev class W, (G), if z} —z* as k — oo strongly in L, (G),
if D,z} - D,z", D,z —» D,z' as k — oo weakly in L, (G), and the boundary values
oL of zi on S satisfy boundary conditions (B), i=1, ..., n, then the boundary
values @' of z' on S satisfy boundary conditions (B), i=1, ..., n.

For G an unbounded open set of class Ky, in a given typical representation
G=U Gy, Gy=Gy44, as described before, we shall replace (P,) by the analogous
condition, say still (P,), where we assume only z, zie W,.(Gy) for every N, we
assume only that zi — z* as k — oo strongly in L, ,(Gy) for every N, and we assume
only that D,z} —» D, 7', D,z - D,z' weakly in L, (Gy) for every N.

For instance, if the boundary conditions (B) are defined by requiring that
some of the boundary values coincide with preassigned continuous functions ¢°
on certain arcs of S=0G, then by force of SOBOLEV’s imbedding theorems [9], as
well as by direct argument, we know that property (P,) is valid.

Beside the 2#n-vector f(x, y, z, u), or f=[X;, i=1,...,n, Y,, i=1,...,n], we
shall consider a scalar function f,(x, y, z, u) also defmed on M, and we shall
denote by f the (2n+ 1)-vector function f(x, y, z, w)=(fo, /) =(fo, X1, Yi, i=
1,..,n).

Let us mention that for a function ze W, (G) we shall denote by D,(z, G) and
D »(2, G) the nonnegative numbers

D,(z,G)=([| [(Dx2)* +(D, z)*]"* dx d y)''",
G
D,(z,60)=D,(z, &) +([[ | z|?dx dy)''.
G

A pair z(x, y)=(z, ..., 2", u(x,p)=@", ..., "), (x,»)eG, with Z'eW.(G)
[z'e WL (Gy) for every N if G is unbounded], ' measurable in G, satisfying
(x’ ¥ Z(x’ y))EAs u(X, y)e U(x’ Y, Z(x’ y))! szi=Xi(xs Ys Z(x’ y)a u(x, y))’ Dyzi=
Yi(x, y, z(x, »), u(x, y)) ae. in G, i=1, ..., n, satisfying the boundary conditions
(B), and such that £, (x, y, z(x, ¥), u(x, ¥))€L,(G), is said to be admissible. A class Q
of admissible pairs is said to be complete if, for any sequence z,, u,, k=1, 2, ...,
of admissible pairs all in Q and any other admissible pair z, u such that z; —z in
the sense described under (P,) [according as G is bounded or unbounded], the
pair z, u belongs to Q. The class of all admissible pairs is obviously complete.

The Lebesgue integral
I[z,u] =£§fo(x,y, z(x, y), u(x,y))dxdy,
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where z, u is any admissible pair, is said to be the cost functional, or performance
index. We shall seek the minimum of J[z, u] in classes Q of pairs (z, u) with
Z'eWL(G), p;21 [or 2'eW(Gy) for every N1, and «’ measurable, satisfying the
constraints, the boundary conditions, the differential equations, and possibly a
number of integral inequalities concerning the functions z* which we shall mention
below.

Requirement (2) in the weak form (4) is always satisfied by any function z* of
a Sobolev class W(G), p=1. Indeed, any such function z' is the limit of smooth
functions z (at least of class C?), for which the relations

ENTAANENL
0x \ Dy oy \ox |
are satisfied everywhere, and z§ — z strongly in L,(G), and D, zk — D, z', D, z}; — D, 7*

weakly in L,(G) as k— 0. The differential relation above then implies

(5) _LJ. [(sz;c) (py_(Dyzllc) (px] dx dy:O

for all peC{(G), and since ¢,eCq(G), ¢,eCs°(G), we can take the limit in (5)
as k — o0, and obtain

!;j [(D,z) 9,~(D,2") @] dx dy=0

for all peCL(G). If G is unbounded, the same argument applies provided for
every e C§ (G) we take a Gy with N sufficiently large.

All we have to do therefore is to prove the existence of optimal solutions in
Sobolev spaces as mentioned above. In the process of the regularization problem
it is often proved that the minimizing solutions are actually smooth.

§ 3. Existence Theorems for Lagrange Problems in Sobolev Classes Wl} , p>1

Existence Theorem 1. Let G be bounded, open, and of class Ky, let A be com-
pact, let U(x, y, z) be nonempty and compact for every (x, y, 2)e 4, and let U(x, y, z)
be metrically upper semicontinuous in A. Let f(x,y, z, w)=(fo,f)=(fo, Xis ¥},
i=1, ..., n) be continuous on M, and let us assume that the set Q(x,y, z) of all
E=(L° DEE,pyy With (°Zfo(x, ¥, 2, w), {=f(x, y, 2, u), ueU(x, , z), is a convex
subset of E,,., for every (x, y,z)€A. Let (B) be a system of boundary conditions
satisfying property (P,). Let Q be a non-empty complete class of admissible pairs
z2(x, ) =(2", ..., 2, u(x, »)=@, ..., u", (x,»)eG, with Z'eW (G), p;>1,
i=1, ..., n, u' measurable, j=1, ..., m, and satisfying given inequalities

{[1Z}|Pdxdy<N; for ie{p},

[§ID.Z'Pdxdy<Ny for ie{B}., ileyzil”‘dxdyéNiz for ie{B},
G

(©)

for certain given constants Ny, Ny, Ny, and all i of certain systems {B}, {8}, {8},
of indices 1,2, ..., n (which may be empty ). Then the cost functional I[z,u] possesses
an absolute minimum in .



Multidimensional Lagrange Problems of Optimization in a Fixed Domain 87

Assume now that G is unbounded, open and of class K,;, and that G=|J Gy,
GycGy.y, is a typical representation of G. Assume that 4 is closed, but that
for every closed finite interval Rc E, the subset of all (x, y, z)e 4 with (x, y)eR
is compact. Let us assume that

(7 fooy,z,w)2 —y(x,y)  forall (x,y,z,u)2M,

where /(x, )20 is a given L-integrable function in G. If we know that for every
pair z, u of Q we have

(8) ZeWa(G), i=1,..,n,
and that there are constants M/, such that
(9) 5pg(zi’G)§M1{9 i=1a"-,ns

for every admissible pair z, u of the class , then Theorem 1 still holds as above,
and for the minimizing admissible pairs z, u of the class Q of which we assert the
existence (at least one) we know that (8) and (9) hold.

Again assume that G is unbounded, open, and of class K,,, and that G =) Gy,
Gy Gy, I8 a typical representation of G as before. Assume that A4 is closed,
but that for every closed finite interval Rc E, the subset of all (x, y, z2)ed with
(x, ¥)eR is compact, and assume that (7) is satisfied as before. Theorem 1 then
holds in a particularly weak form. Indeed assume that for every pair z, u of the
class 2 we have z'e W) (Gy) for every N, p;>1, i=1, ..., n. Assume that rela-
tions (6) hold in the Weak form

{J1Z'Ptdx dy<N,(N)  for ie{p},
G
GIIIDxZ"I’"dxdyéMl(N) for ie{f}.,
ij ID, Z'|""dxdy<N;,(N) for ie{f},

for every N and for certain constants N;(N), N;;(N), N;,(N) which may depend
on N. Under these weak assumptions Theorem 1 still holds, and for the mini-
mizing admissible pairs (z, ) of the class Q of which we assert the existence
(at least one) we know that

(Z GN)<M1N5 i=1,...,n,

for every N and constants M;y which may depend on N.

Existence Theorem 2. Let G be bounded, open, and of class K, 4, let A be closed,
let U(x,y,z) be nonempty and closed for every (x,y,z)eA, and assume that
U(x, y,z) satisfies property (U) in A. Let | x, ¥, z, W) =(fy, f) (fo, X
i=1, ...,n) be continuous on M, and let us assume that the set Q(x ¥, Z) of all
= (€° DEE,, +q1 with C°>f0(x, Yz ), (=f(x,y,z,u), ueU(x, y, z), is closed
and convex for every (x,y, z)€A, and satisfies property (Q) in A. Let (B) be a
system of boundary conditions satisfying property (P)). Let Q be a nonempty
complete class of admissible pairs z(x, nN=0EY ..., 2", ulx, =@, ..., u™),
(x, »)eG, with Z'eWp(G), p;>1,i=1,...,n, o measurable in G, j=1,...,m,
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and satisfying given inequalities
(10) zf;f | fo(x, v, 2(x, ), u(x, )| dx dy< N,
.Lj' |Z | dx dy<N; for ie{B},
{fID, 2| dxdy<N, for ie{B},, [fID,Z'|"dxdysSN,, for ie{B},

G G
for certain given constants po>1, Ny, N;, Ny, N;y, and all i of certain systems
{B}, {B}s> {B}, of indices 1,2, ..., n (which may be empty). Assume that (z,u)€Q,
I[z,u] <L, implies
Jlz1"dxdysL;,
G

,Lj |D, z' " dx dy<L,, i_f |D, 2P dxdy<L;,,

for all i=1, ..., n which are not in {B}, {B}., {B}, respectively, and for certain
constants L;, L;;, L;, (which may depend on Ly, N;, Ny, N;5, Ny, G, (B), Q).
Then the cost functional I[z,u] possesses an absolute minimum in Q.

Assume now that G is unbounded, open, and of class K, and that G={) Gy,
GycGy.y, is a typical representation of G. Assume that (7) holds as before.
If we know that for every pair z, u of Q we have

(11) ZeWp(G), i=1,...,n,
and that there are constants N,, N§, M/ such that
(12) D, (Z\®=M;, i=1,..,n,

2[;_“ lfo(x» Vs Z(X, y)a u(xs y))lpo dx dy_S_NO ’

.‘(;.”fO(x’yaz(x’Y)’ u(x, y))l dx dyéNé

for every admissible pair z, u of the class Q, then Theorem 2 still holds as above,
and for the minimizing admissible pairs z, ¥ of the class 2 of which we assert
the existence (at least one) we know that (11), (12) hold.

Assume again that G is unbounded, open, and of class Ky, that G={) Gy,
Gy <Gy, 1, is a typical representation of G as before, and that (7) holds. Theorem2
holds also in a particularly weak form. Indeed assume that for every pair z, u
of the class 2 we have z"eWpli(GN) for every N, p;>1, i=1, ..., n. Assume that
relations (10) hold in the weak form

Gjlg | fo(%, y,2(x,y)),u(x, I dx dy S No(N),
I 1foCxy 2 ux )l dx dy <N,
ij |z |Ptdx dysSN;(N)  for ie{B},
ng&)xziv'dxdygzv,.l(lv) for ie{B}s,

JiD,2 " dxdy<Na(N) - for ie{f),



Multidimensional Lagrange Problems of Optimization in a Fixed Domain 89

for every N and for certain constants p,>1, Ng=0, and other constants Ny(N),
N;(N), N;;(N), N;,(N) depending on N. Assume that (z,u)eQ, I[z,u] £ L, implies

(_;leildedY§Li(N),

Gﬂ |D, 2'|" dx dy SL;y(N), JI |D, 2'|P dx dy<Li;(N),

for certain constants L;(N), L;;(N), L;3(N) (which may depend on N, L,,
No(N), Ng, Ni(N), Niy(N), N;,(N), G, (B), Q) and for all i=1,...,n which
are not in {3}, {B},, {B}, respectively. Under these weak assumptions Theorem 2
still holds, and for the minimizing admissible pairs z, v of the class 2 of which
we assert the existence (at least one) we know that

DL(Z,Gy=My, i=1,..,n,

for every N and constants M{y which may depend on N.

Existence Theorem 3. Let G be bounded, open, and of class Ky, let A be closed,
let U(x, y,z) be nonempty and closed for every (x,y,z)eA, and assume that
U(x9 Vs Z) sati.sfies property (U) in A. Let f(x9 Yz, u)=(f0,f)=(f0, Xi7 Yi’
i=1, ..., n) be continuous on M, and let us assume that the set Q(x, ¥, z) of all
CN:(CO, C)EE2n+1 with Co%fo(x, Vs 2, u)’ C=f(xa Y 2, u)a ue U(x9 Vs Z)a is a con-
vex closed subset of E,,, , for every (x,y,z)eAd, and that Q(x, ¥, z) satisfies
property (Q) in A. Let us assume that fo(x, v, z, = — My for all (x,y,z,u)e M
and some constant My2=0. Let (B) be a system of boundary conditions satisfying
property (Py). Let Q be a nonempty complete class of admissible pairs z(x, y)=
(' ..., 2N, ulx, Y =@, ..., u"™), (x,))eG, with Z'eWaG), pi>1, i=1,..,n,
w' measurable in G, j=1, ..., m, and satisfying given inequalities

[f1Z1P*dx dy< N, for ie{B},
G
(13) j(;lexzilmdxdyéNil for ie{ﬁ}x,
[§1D,2'|"dxdy<N,,  for ie{B},
G

for certain constants N;, Ny, Ni, and all i of certain systems {B}, {B}., {8}, of
indices 1,2, ..., n (which may be empty). Assume that (z, W) eQ, I[z, ul £ L, implies

.(f;flzil"‘dxdyéL,-,

1D 2| dxdy<Ly, (f1D,z|Pdxdy<L;,,
G e

for certain constants L;, L;y, L;, (which may depend on Ly, N;, N;y, N3, G,
(B), Q) and for all i=1, ..., n which are not in {B}, {B},, {B}, respectively. Then
the cost functional 1[z, u] possesses an absolute minimum in Q.

Assume that G is unbounded, open, and of class K,,, and that G={J Gy,
Gy<=Gy.+ 1, is a typical representation of G. Assume that f,(x,y,z,u)= — ¥ (x,))
for all (x, y, z, e M, where Y (x, »)=0 is a given L-integrable function in G. If
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we know that for every pair z, u of Q we have

14 ZeWl(G), i=l,..,n,
and that there are constants M; such that

(15) D,(z,\G)=M;, i=1,..,n,

for every admissible pair z, u of the class €, then Theorem 3 still holds as above,
and for the minimizing admissible pairs z, u of the class Q of which we assert the
existence (at least one) we know that (14), (15) hold.

Assume again that G is unbounded, open, and of class K, and that G={) Gy,
Gy<=Gyy 4, Is a typical representation of G as before. Theorem 3 holds then in
a particularly weak form. Indeed assume that for every pair z, u of the class Q we
have z'e W (Gy) for every N, p;>1, i=1, ..., n. Assume that fo(x, y, z, ©)=
—1(x, y) where Y (x, y)=0 is of class L,(G). Assume that relations (13) (if any)
hold in the weak form

[J 12 |Pdx dy < N,(N) for ie{p},
GN
[fID 2 |Pdxdy<N,(N)  for ie{f},,
{I1D, 2 |P"dxdy<N;;,(N)  for ie{f},
GN

for every N and for certain constants N;(N), N;;(N), N;,(N) which may depend
on N. Assume that (z, W)eQ, I[z, u] £L, implies

[f1Z' P dx dy S L(N),
GNn
gj | D, z'|P*dx dy<L,(N), ij |D, 2 |P dx dySL;,(N)

for certain constants L;(N), L;;(N), L;,(N) (which may depend on N, Ly, N;(N),
Niy(N), Ni»2(N), G, (B), Q) and for all i=1, ..., n which are not in {8}, {8}, {8},
respectively. Under these weak assumptions Theorem 3 still holds, and for the
minimizing admissible pairs z, u of the class 2 of which we assert the existence
(at least one) we know that

D, (,GY<My, i=1,..,n,

for every N and constants My which may depend on N.

Remark 1. Theorems 1, 2, 3 above are particularizations, for problems with
partial differential equations in RAsHEVSKY’s form, of the existence theorems we
have stated and proved in [3], [4], and [5, § 5] for fixed bounded or unbounded
domains.

Remark 2. In Theorems 1, 2, 3, as well as in Theorem 4 below, it is enough
to require that the boundary conditions (B) satisfy property (P,) relatively to
the complete class Q under consideration and for the pairs z, u of the class Q
for which I[z, u]<L,.



Multidimensional Lagrange Problems of Optimization in a Fixed Domain 91

Remark 3. We have shown in [5] by means of examples that, for G unbounded,
the requirement f,=—, Y€L,(G), cannot be replaced by fo= —M,, M, a
positive constant.

§ 4. An Existence Theorem for Lagrange Problems in Sobolev Classes W,

Existence Theorem 4. Let G be bounded, open, and of class Ky, let A be closed,
let U(x,y,z) be nonempty and closed for every (x,y,z)€A, and assume that
U(x, y, z) satisfies property (U) in A. Let f(x,y,z, uy=(fo, )=(fo, X, ¥},
i=1,...,n) be continuous on M, and let us assume that the set Q(x, ¥, 2) of all
{=((% DeEy ey With {°Z fo(x, ¥, 2, W), {=f(x, y, 2, u), ue U(x, y, 2), is a convex
closed subset of E, .. for every (x, y, 2)EA, and that é(x, ¥, z) satisfies property
(Q) in A. Let us assume that there is a continuous scalar function ®(£), 02&< + o0,
and two constants C, D=0 such that ®(§)/E -+ as £ -+ o0, and

fo(x>y,2,u)3‘p(|”|)a IXi(x’yaz,u)I, |Y,~(x,y,z,u)]§C+Dlu|

(16) for all (x,y,z,u)eM and i=1,...,n.

Let (B) be a system of boundary conditions satisfying property (Py). Let Q be
a nonempty complete class of admissible pairs z(x,y)=(z, ..., 2"), u(x,y)=
@, ..., u", (x,»)eq, Z2eW(G), i=1, ...,n, u; measurable in G, j=1, ..., m,
satisfying given inequalities

[f1z'dxdy<N;  for ic{p},
G

ywxzﬂdxdygml for ie{B}., cj}jwyz‘IdxdygNn for ie{B},

(17)

for certain constants N;, N;,, N;, and all i of certain systems {B}, {B}, {B}, of
indices 1, 2, ..., n (which may be empty). Assume that (z, WeQ, Iz, u] <L, implies

ff1Zdxdy<sL;,, i=1,...,n,
G
for certain constants L; (which may depend on Ly, N;, Ny, N;5, G, (B), Q). Then

the cost functional I[z, u] possesses an absolute minimum in Q.

Assume that G is unbounded, open, and of class K,;, and that G=) Gy,
Gy<Gyy 1, is a typical representation of G. Let us assume (i) that fo(x, y, z, W) =
— Y (x,y) for all (x,y,z,u)e M, where Y (x,y)=0 is of class L,(G). Assume (ii) that
for every N there is a continuous function @,(&), 0=<&< + o0, and two constants
Cy, Dy =0 such that &y (&)/& - + o0 as £ — + 0, and

s fox, y,z,w)2Px(ul),  1Xi(x,p,2,0),1Yi(x, p,2,u) | SCy+ Dy |u|
) for all (x, y,z,u)e M with (x, y)eGy.

Assume that for every pair z, u of the class 2 we have

(19) 2 e W\(G), i=1,..,n,

and that there are constants M/ such that

(20) D,z ,G)<M;, i=1,...,n,
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for every admissible pair z, u of the class Q. Then Theorem 4 still holds as above,
and for the minimizing admissible pairs z, u of the class 2 of which we assert the
existence (at least one) we know that (19) and (20) hold.

Assume that G is unbounded, open, and of class K,; as before, and that
G =Gy, Gyc=Gy.y,is a typical representation of G. Assume that (i) and (ii) hold
as before. Theorem 4 holds also in a particularly weak form. Indeed assume that
for each pair z, u of the class Q we have z'e W}(Gy), i=1, ..., n, for every N, and
that relations (17) hold in the weak form

[f 171 dx dy S N(N) for ie{f},
Gy
[fID,Z'|dxdy<N,(N) for ie{B},,
Gn

”lDyzildXdJ’§Ni2(N) for ie{f},

Gn
where N;(N), N, (N), N;,(N) are given constants which may depend on N.
Assume that (z, u)eQ, Iz, u] £ L, implies

§i§121dx dy < Ly(N)
GN

for every N, where L,(N) are constants (which may depend on N, Ly, Ny (N),
N;»(N), G, (B), Q), and for all i=1, ..., n which are not in {#}. Then Theorem 4
still holds, and for the minimizing admissible pairs z, u of the class 2 of which
we assert the existence (at least one) we know that

51(zi,GN)§M£N, i=1,...,n
for every N and constants My which may depend on N.

Remark 4. Growth condition (16) can be replaced by the following more
general condition: There is a constant M, =0 and, for every >0, another con-
stant M,=0 such that f,(x, y, z, )= — M, and | X;(x, y, z, W, |Y;(x, », 2, W)| =
M, +e[fo(x, y, z, )+ My] for every (x,y,z uyeM, i=1,...,n. Analogously,
growth condition (18) can be replaced by a similar condition with constants
M,, M, replaced by constants Myy, M,y which may depend on & (see [5, § 6]).
The constants M,, M, (or My, M, ) can be also replaced by integrable functions
My (x, y), M,(x, y). On the other hand, growth condition (16) [or (18)] has impli-
cations which make it easier to verify that the sets Q satisfy condition (Q) in A.
We shall discuss this point elsewhere.

Remark 5. Theorem 4 above is a particularization, for problems with partial
differential equations in RASHEVSKY’S form, of the existence theorem we have
stated and proved in [5, § 6] for fixed bounded or unbounded domains.

Remark 6. In many cases the sets Q or é are not convex, and examples show
that an optimal solution may fail to exist. In these cases, it has been proposed
to replace the system and the functional

Z.';c:)(i(xayaz,u)! z;=Yi(x’y’z’u)’

1) I={ffo(x,y,z,u)dxdy
¢
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by a new system and a new functional
Zi=Y 4; X(x, y,z, u?y, =Y 4, Yi(x,y,z,u"),

(22) J= Y2 folx,y,z,uP)dx dy,
G

where ) ranges from 1 to u, where we still have » state variables z', ..., 2", but
the control variable, or m-vector u, is now replaced by a new control variable,
or (um+ p)-vector o=@, ..., u®, A, ..., 1) (GAMKRELIDZE’s sliding regimes,
or weak solutions). Here each m-vector 4 is subject to the same constraint
as before, or ueU(x, y, 2), j=1, ..., p, while the p scalars 4; are subject to
the limitations 4;20, )’ A;=1. In other words, if I' denotes the simplex 4;20,
Jj=1,...,u, Y A;=1, we require ve ¥V(x, y, 2) =U* xI'. We shall require the state
variables z' to belong to the same Sobolev spaces W,.(G) as before, and we
shall require all variables u'”, 4;, j=1, ..., u, to be measurable. Interpreting
the 4; as probability distributions, the new state variables z* can be thought of
as generated by a probability distribution of the u controls 4 (acting con-
temporaneously). Here the sets Q(x, y, z) shall be replaced by analogous sets
0*(x, y, z). Here Q*(x, y, z) is the set of all points {=({,, ..., {5,), with

Cogzijfo(xa sz, u(j))a
=Y 4 X%y, z,u), (=Y LYy, z,u),  i=1,..,n,

and hence, each point of é* can be thought of as the convex combination of u
points of the set Q. Thus, if u>2#n+ 2, the sets @* are all convex. For more details
see [5], and, for v=1, see [1, 2].

Remark 7. Note that growth condition (16) for system (21) does not imply
an analogous condition for system (22). Nevertheless, relation |X;|, |Y;|S M, +
e(fo+M,) of Remark 4 implies an analogous relation for system (22). (See

(5.§71)
Part II.

§ 5. Lurie’s Optimization Problems
in the Theory of Magnetohydrodynamical Channel Flow

In harmony with LURIE [7, 8] let us consider the rectilinear motion
{#=V(»,0,0},  (x,y)eG=[-0<x<+00, —d<y<d],

of a conducting fluid along a plane channel of width 2d. Let the specific resistance
u(x, y) of the fluid be restricted by constants @ and b, so that 0<a=<u(x, y)<
b< + 0. Let E and H denote the electric and magnetic field respectively. The walls
of the channel will be assumed insulating everywhere except for two sections of
equal length 2/ occupied by ideally conducting electrodes located opposite each
other on different walls. The electrodes are connected through the outer load R.
As soon as the transverse magnetic field B= —i, B(x) is imposed on the moving
fluid, an electric current of density j=(j,, Jy» 0) is induced inside the channel.
We shall use the notation

(1) jx=u9 jy=W, v=v(x,y), w=w(x,y).
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Then through the outer load there flows a total current equal to
+1

2 I= | w(x,+8)dx.
-1

Provided the magnetic Reynolds number (Re,,) is small compared with unity, the
induced magnetic field can be neglected in comparison with the external field [7, 8],
that is, we can take B =H. Moreover, if the magnetohydrodynamic (mhd) param-
eter of interaction () is also small, it is possible to neglect the Lorentz force in
;
=R

"4
22 Z4 d z2

Fig. 1

the dynamic equation so that the velocity distribution can be considered as pre-
scribed by the purely hydrodynamical problem of rectilinear motion in a channel
[7, 8]. These two assumptions simplify the basic mhd equations, as given, for
instance, in [11]. By introducing the notations

—

()  j=-—curli;z’, E=-—gradz', z'=z'(x,y), z2*=2’(xy),

so that z! and z? are the electrical potential and current functions respectively,
Lurie [7, 8] gives the mhd equations in the form

1 1
gi =—uv, —gi} =—uw+c 'VB,
4
@ dz? —w dz® e
ox oy

where ¢ is a positive constant, and to these equations should also be added the
compatibility relations

®) i (azl)__a_(az‘) _a_(azl)_i(azz)
dy\ax) ox\ay)’ ay\ox) ox\ay

which, after reduction, become

J , - 0, ow 0w _
(6) 5—;(0 VB—uw)+a—y(uv)-—0, —a'?'f'W-—O,
and where a<u(x, y)<b. The upper limit b corresponds to the resistance of the
fluid when all external ionization factors are withdrawn, the lower limit charac-

terizes the maximum number of ionization possibilities.
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At infinity, the components v, w of the current density should be assumed to
vanish. Because of equations (4) the functional I takes the form

I=2%(, +d)—z*(-1, +d).
The boundary conditions, as proposed in [7, 8], are as follows
z!(x, +d)=z. =constant for |x| <1,
z%(x, +d)=z% =constant for I<x <+ 0,

z%(x, +d)=2z% =constant for —co <x< -1,
d
z'(+ 00,d)—z'(+ 0, —~d)=z'(=00,d)~z' (-0, —d)=c”' [ Bx)V(y)dy=e,
—d

22(+ 0, +d)—z*(— o0, +d)=R7!(z1 —z1).

The last equation is only a relation between given constants and can be written
in the form

zi —z! =R(Z2% -Z%).
The total Joule losses are given in [7] in the form

+w d

J= | [Ju@*+whdxdy.

- —d

For the case of an homogeneous magnetic field B, the functionals 7 and J are
related by the identity J=Ie—I>R, as stated in [7]. LURIE’S problems for the mhd
channel flow in [7, 8] are the problem of the maximum of 7 (maximum current),
and the problem of the minimum of J (minimum Joule losses). As LURIE
mentions, other analogous problems can be taken into consideration. We shall
consider below the problem of the minimum of J.

The Lagrange-Type Problem of LURIE
If we introduce the notation

y
@) W(y)=c* _\;V(J’)dy, —dsy<d,
and the new variable Z=(Z", Z%) by means of the relations
y
Z'(x,))=z'(x,y)~- __[dc_l V() Bx)dy=z'(x,y)=W(3)B(x), Z>(x,y)=2>(x,)),

then equations (4) become

YA YA

7% =—uv—-W(y) B'(x), Gy = v
(3 2

Z 0z’ __

ox oy

with —oo<x< 400, —d<y<d, while the accompanying relations (5) remain
unchanged, and where B’ =d B/d x.
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If G denotes the unbounded open set G=[—o0<x<+ 00, —d<y<d], we
shall consider the vector functions Z(x, y) =(Z*, Z?), and scalar functions u(x, y),
v(x, ¥), w(x,y), satisfying (a) the first order partial differential equations (8)
(of RASHEVKY’S type); (b) the associated relations analogous to (5) which we shall
write in the weak form

® [[Z.0,~Z,00dxdy=0, =12,
for every pe Cg°(G); (c) the constraints

O<azgu(x,y)Sb<+w,

ffu@+whdxdy<+o,
G

(d) the boundary conditions

10 Z'(x, —d)y=zL, Z'(x,d)y=z}-W(d)B(x) for |x|=Zl,

Z%(x, +d)y=z% for l<x<+4o00, Z*(x, +d)=z> for ~co<x<—I,
a1y  ZM+w,d)=Z'(+ o, —d), Z'(-ow,d)=Z'(—-w, —d).

Since we are interested in the minimum of J, it is not restrictive to add the further

constraint
+w d

(12) J= | [u@+whdxdysM

- —d

for some sufficiently large constant M. Here R, d, /, a, b, ¢, M are positive constants,
z1, 2%, Z4, z% are constants such that z4 —z1 =R(z2 —22), V(), B(x) are given
functions, B(x) continuous with B’(x), and W(y) is defined by (7).

We shall assume | V(y)| L ¢ D, for ~d<y<d and some constant D,. We shall
also assume B’eL,(— o0, +c0) and we denote by D, the constant

D,= | B ()dx,
so that | W(y)|<2dD,. Then from (8) and (12) follows
_(UIazl/axlzdxdy§2bM+16d3DfD2,
i“azl/aylzdxdyng,
iflalz/axlzdxdyga"M, £j|azz/ay|2dxdyga-1M.
Thus, for any pair Z=(Z*, Z?), U=(u, v, w) satisfying (a), (b), (¢), (d) and (12)

we necessarily have aSu<b, (v, wekE,, Z1, Z%, Z%, Z2eL,(G).
Remark 8. With the notations of § 3, £, f, and f=( Jfo,Jf) are now given by

f(x,y,u,v, w)=(—u v—W(Q) B (x), —uw,w, -—v), 0=u(v2+w2),
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and U is the fixed set U=[aLu<bh, —oo<v, w< + ©]. Then the corresponding
sets @(x, ) and @(x, y)=f(x, y, U) are not convex since their common projec-
tions on the {* {2 {3 {*-space are the sets Q(x, y) =f(x, y, U) of all ({}, ¢%, {3, (%)
such that

{'=—uv-WHB (), =-uw, P=w, (*=-v, (@@vwel.

It is enough to show that their displacement @, is not convex, where Q, is the set
of all {=({*, (%, (3, {*) with

P=—uv, P=-uw, C=w, *=-v, (uov,wel.

For u=b, v=1, w=1, we have the point {, =(—5b, —b, 1, —1)eQ,, and for u=a,
v=—1, w=—1 we have the point {, =(a, a, —1, 1)eQ,, while the point

(=2"1¢,+27 1, =[2"(=b+a),2 (—b+a),0,0]

is the image of no point of Usince {3 ={*=0implies w =v =0 and hence {* =({* =0,
while —b+a+0. Thus {,€Q,, {,€Q0, {=2"1(,+271{,¢Q,, and Q, is not
convex.

A Weak Form of LURIE’S Optimization Problem

The weak form of LURIE’s optimization problem, corresponding to GAMKRE-
LIDZE’s sliding regimes, is considered in this section.

We shall consider a class Q of systems Z!, Z2, u;, v;, Wy, Ay, j=1, ..., u, of
functions in G, where as before Z!, Z? are the state variables, and Ui, V;, Wy, Az,
Jj=1, ..., u, are new control variables. The variables 4; represent probabilistic

distributions, and therefore they satisfy the constraints
(}-1, ey II”)EF=[A];O,]'=1, cee s Uy 11"‘ b +lﬂ=1] .

Foreveryj=1, ..., u, the triple (¥;, v;, w;) is required to lie in U, or (;, v;, w)e U,
Jj=1, ..., u, so that a<u;<b, (v;, w))€E,. In other words, the control space is
now the set V=U"xT, and the new control variable (u;, v;, w;, 4;, /=1, ..., p)

is required to lie in U* x I'.
We shall replace the differential system (8) by the relaxed system
Zi=Y Aw;, Zy=~-3 Av;,

where ) ranges over all j=1, ..., u. The new functional shall now be written in
the form

(14) TJ=[[Y 3u;(vi+whdxdy,
G

(13)

and since we seek the minimum of J, it is not restrictive to assume that
(15) Y Au;@i+whdxdysM

G Jj
for some sufficiently large constant M. The open unbounded set

G=[—-w<x<+0w, —d<y<d]
7 Arch. Rational Mech. Anal., Vol. 29
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is obviously of class K, and for its typical representation we shall take G ={) G,
Gy=Gyyy, With Gy=[—-NlIl<x< NI, —d<y<d], N=1,2, ....
We shall define the class Q as the class of all systems

(16) Zl(x,J’), Zz(x:y)9 uj(xsy)’ vj(xay)a Wj(x,y)’ z'j(xuy)’ j=1,---a”a

with Z', Z*e W}(Gy) for every N, u;, v;, w;, A; measurable in G, j=1, ..., u,
satisfying (15) and the differential equations (13) a.e. in G, as well as the con-
straints mentioned above, or

(uj,vj,Wj,lj,j=1, ...,M)EU”XF,

while for the values of the pairs (Z', Z?) we propose no constraint at all, that is,
we take all sets A(x, y)=F,, and hence 4=(cl G) XE,, a closed subset of the
xyz' z2-space. We do not require L, or L, integrability of any single function v s Wis
j=1, ..., v, but only the L,-integrability of the expression

a7 Fo=Y A;u;(v] +w))

in G as is implied by the constraint (15). Nevertheless the local L-integrability of
the functions u;, 4; is implied by their measurability and boundedness. Also, we
shall restrict 2 by imposing boundary conditions. We shall impose only the
condition (10), or
a8 ZNx, —d)y=z', Z'(x,d)=z'—~W(d)B(x) for |x|<I,

Z*(x, +d)y=z% for l<x<+4+o00, Z*(x, +d)=z> for —co<x<—1I.
Indeed these conditions possess property (P;) as mentioned in § 1. A remark
concerning condition (11) will follow.

Remark 9. We shall assume that the class Q is not empty, that is, we assume
that the differential system, the boundary conditions, and the various constraints
can be satisfied by some pair z(x, y), u(x, y) as above. This question must be
discussed elsewhere, though the elliptic character of the fundamental system (8)
hints at the possibility of answering this question in the affirmative.

Let us prove that for any system (16) of the class 2 we have
(19 Z:,2%,Zy,Z5eLy(G).

Since Z!, Z2e W}(Gy) for every N, certainly we have Z%, Z2, Z}, Z2eL,(Gy)
for every N. Hence

é”(Z;)zdxdy=é”(Z/1jujwj)zdxdy.
For every (x, ¥)eGy, let s be one of the indices j=1, ..., y, for which

|Asusws|= max |A;u;w;l,
Ji=1,.,v
so that

|Z}'jujwj|§.u' Iisuswsl
and hence, since aZu, <5,
@y dxdy<p®[fQou,w) dxdy<p®b ([ iZuwldxdy.
G~ G

Gn
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Since 0< A, <1 (hence 0 A2 <A, <1), we have also
@) dxdysp®b [fAuwldxdy<p®b [y 2u;(05+whdxdy,
GN GN Gn
1z} dxdy<p*bM
Gn

for every N, and hence Z} €L, (G), and
(20) i§(@Z)Ydxdysp*bM.
G

Analogously, we can prove, using the elementary inequality (a + )2 <202 +2 2,
that

@y dxdy<2{f(Q 4;u;0) dxdy+2 {f W (y) B *(x)dx,
GN Gn Gn
and hence, as before

o _L_[(Z,l,)zdxdy_ﬁ_2u2b£j21juj(vjz-+wf-)dxdy+2£j' W2(y)B'*(x)dxdy
<2pu*bM+164°D?D,.

By analogous argument we have also

(22) g}j'(Zi)zdxdy§p2a_1M, y(lf)zdxdyguza"lM.

Statement (19) is thereby proved.

Remark 10. The L,-integrability of Z1, Z,,1 which we have just proved certainly
assures for Z' a remarkable ““smoothness” at oo in the strip G, but does not assure
the existence of any of the limits Z'(+ 0, ), Z'(— 0, y), —d<y<d, and even
less the existence of the limits L,, L, of Z' as x— + 00, or x » — 0. (The L,-
integrability of Z1, Z; in G would assure this.) Essentially for the same reasons
the boundary conditions (11) do not satisfy property (P,) for p=2. Thus, this
boundary condition has to be abandoned in the present scheme. The question
whether the optimal solution has this property shall not be discussed here, and is
left to the regularization problem.

In order to apply Existence Theorem 3 we shall now prove that the systems (16)
of the class Q satisfy uniform integral relations

(23 if@zHYdxdyscy, [[(Z*?dxdy<Dy,
GN GN

where Cy, Dy are constants which may depend on N (and on the data of the
problem), but do not depend on the particular system (16) of the class Q taken
into consideration.

To prove the first of relations (23) we shall use exclusively relations (20)
and (21) which we shall write here in the form

24 é[j(Z},)dedygA=u2bM, ij(z;)zdxdy§3=2u2bM+16d3D§D2,

for all N.

7%
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It is enough to prove the first relation (23) for functions Z* of class C! in Gy
satisfying (24), since every function of class W}(Gy) in a given Gy, can be ap-
proached by means of functions of class C! with the same bounds (24). (This
argument has been used already in [5, § 2, (2.i)].) Since

1 d
[(Z)*dxdy= [dx [ (Z})’dy<A,
G1 -1 —-d

there is at least one point X, —/<Xx </, such that

d t 2 A
§(Z, & ) dys+5.
4 21

Since Z'(x, —d)=z', a constant, we also have, for —d<y<d,

y ¥y /0y +
z£+ijdy‘§|zl_|+(jdy) (I(Zyl)zdy)
“a Za 24

<121+ QaF A2 =4,

1ZY(%, y)|=

where we have denoted by A4’ the last constant. Now, for X<x<N/, N>1, we
have x—X<SNI/+I=(N+1)/, and

1Z%(x, y)l=‘21(7c, N+ [ Zi(o y)da|<A'+ [ |23, )| do

<A+ (j‘da)% (f(Z,l,(a, )% doz)%

X

N1 %+
SA+(N+1)ER ( ] (2 y))zdoc) ,

and finally
Nl d Nl d N1
[ §(Z*e,p)dxdys | | [2A’2+21(N+1) § (ZY(a, y))zdoc] dxdy
x —-d x -d X
Ni d N1
<4dIN+D) A2 +2(N+DI] | [ (2w y) dadxdy
X —dX
Nl d

=4dI(N+ DA ?+2P(N+1)? | [ (Zi(x, y) dxdy
% ~d
S4dIN+1D) A2 +21*(N+1)2B.
An analogous relation holds for — N/<x <X, and hence

§(Z'Cx, »))? dxdy<8dI(N+1)A'* +4*(N+1)*B=Cy.
Gn

The first relation (23) is thereby proved. The remaining relation (23) can be
proved by an analogous argument by using inequalities (22) and the information
that Z2(x, —d)=z2, a constant, for all x with /Sx<21.
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If we denote by u* the set of variables u;, v;, w;, 4;, j=1, ..., u, we shall now
consider (as in the Remark 8) the 4-vector F, and the 5-vector F'=(F,, F) de-
fined by

F(x,y,u*)=(=Y 4u;0,~ W) B'(x), =Y 4;u;w;, 2 4 wj, =Y 4;0),
and F, already defined in (17), or
Fo(x, y,w¥*)=Y, A;u;(v] +w}).
We shall now consider first the set Q(x, y) of all {=(¢° (%, {3, (3, {*) with
P=u@®+w?), '=—uv-WO)BE), CP=-uw, C=w, [*=-v,
for (u, v, w)e U, and then the set Q*(x, ) of all {=({% ..., {*) with

=Y Lu;i+w)), (==Y Auv,—W(Q»)B(x),
C==Yduw;, =Y iw;, ==Y,

with u*=(u;, v;, w;, A;, j=1, ..., ))eU* xI'. Thus, Q* is the set of all convex
combinations of u points arbitrarily taken in Q. If we assume p =6, then certainly
the set Q*(x, y) is convex, and this holds for every (x, y)eG (and even for every
(x, y)ecl G, and hence for every (x, y, z)e decl G x E,, since Q does not depend
on z).

As a consequence, the set 0*(x, y) that we obtain, in harmony with Theorem 3,
by replacing the first relation (25) with {023 A;u;(v? +w?), is also convex.

Let us prove that the sets Q*(x, y) are closed. It is enough to prove that the
set O, below, obtained by a rigid displacement in Ej, is closed. In other words,
we shall prove the closure of the set Q, defined as the set of all points { =(¢%, ..., {*)
such that

(25)

2y dui+wd), ==Y Au;,
==Y huw;, C=Yyw, ==Y,
with u* =(u;, v;, w;, 4;, j=1, ..., WeU" xT.
Let {=((° ..., {Hecl Qy, and let {=(L2, ..., (), k=1,2, ..., be a sequence

of points of Q, convergent to {. Then there are numbers u;,, v;r, Wik, Ajks
j=1, ..., k=12,..., with

0 2 2 1
26) =Y A Wit wi),  —Gi=2 AU,
2 . 3 . 4
_Ck=ZA'jkujkwjk, Ck=zﬁjkwjk, "'Ck=z/1jkl’jka
aéul'kéb, —OO<vjk,ij<+00, }.jkgo, lek=l’
and

0 0 1 1 2 2 3 3 4 4
Ck_>";9 Ck_)c’ Ck_’C: Ck_’c, Ck_’c as k—-o00.

If for co-many k some 4;,=0, then, by an exchange of indices we may as
well assume that this occurs for the same j, say j=1, and by an extraction, we
may as well assume that this occurs for all k, and in this case we are reduced to
the same situation with u replaced by u—1. Thus, it is not restrictive to assume
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that at most finitely many A;, are zero, and finally, by abandoning a few terms
of the sequence, we may as well assume 4;,#0 for all j and k.

If there are oo-many 4;, as small as we want, we can always assume that this
occurs at least for j=p, and then we can extract a subsequence with 4,, —0 as
k — co. If there are still co-many 4;,, with 1 £j< u—1, in the extracted subsequence
with 4;, as small as we want, we can as well assume that this occurs for j=p—1,
and by a new extraction we may assume 4,_, ,—0 as k— co. By repeating this
process, we obtain a subsequence, say still (;;, /=1, ..., ), k=1, 2, ..., such that

122;,2y>0 for all j=1,2,...,4/,
Aixy—>0 as koo forall j=p'+1,...,p4.

Since Y 4 ;x=1 for every k, the first alternative must actually occur for at least
one j, that is, 1 £y’ <u. By a new extraction, we obtain now a subsequence, for
which we use the same notation, such that

Ajg—A;2y>0 as k—oo, j=1,2,..,4.
}'Jk—>0 as k-—>00, j=ﬂ’+1,...,ﬂ.

Since the numbers u;, are bounded, we can always extract the subsequence in
such a way that we have also

ujp—u; as k—oo, j=1,..,p, agu;£h.
Now {2 —£°, hence [{J] is a bounded sequence, and
(27 C?%Z }’jkujk(ngk"'w_]?k)'

We shall denote by Y ', Y.”, Y sums ranging over all j=1, ..., g/, orj=p'+1, ..., ,
or j=1, ..., u, respectively. Hence (27) yields

(28) ngzl ljk“jk(vjz'k'f'wjz'k)

with 4;, =24;2y>0, u;, »u;=Za>0, j=1, ..., 4, and [£?] bounded. Hence, the
2y’ sequences [v;,], [w;], j=1, ..., i/, are also bounded, and we can extract the
subsequence in such a way that we have also

v oV, Wi w;as koo, v;,w; finite, j=1,...,u.

Actually, relation (27) yields also
(29) zl?gzuj'jkujk(vjz'k'i'wik),
and hence the sequences
[}“jkujkv,?k]’ [ijkujkwjz'k]’ j=w'+1, ...,
also are bounded, and so must be the sequences
[;ijvik]’ [ljkw]%k]a j=”l+15-~-a,u,

since 0<a=u;,<b. Note that for any j, either [v;,] contains a subsequence which
converges to zero, and in correspondence 1;,v;,—0, or [v;,] contains a sub-
sequence bounded away from zero and in correspondence [4;;v;:] is also a
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bounded sequence. At least one of the two alternatives must occur. By repeating 2 u
successive operations of extraction we can obtain, therefore, a final subsequence
such that the sequences

Aevids  [Aewind,  J=#'+1,..., 1,
are bounded. Then we can extract also a subsequence such that
Ajpvju o A;,  Ajpwi—Bjas k—-oo, A, B; finite, j=p'+1,..,pu
From relations (26) we deduce now as k — o
Z”A':_C‘t_E/A'U' Z,’Bi=£3—2')“1w1
Y A== =3 duyp, X Byuy= =0 =Y Ay
Let us prove that all numbers 4;, B; are zero. Assume this is not the case, and

that at least one of the numbers 4;, B;, j=p'+1, ..., u, is +0. Let us write the
first relation (26) in the form

(3D Z”[(ljkvjk)“jk”jk'l’(ljkwjk)ujkwjk]§Cl?"z,'1jkujk("?k+wjz'k) >
where the second member converges to
=Y Ayu; (0 +wh).

In the first member of (31) each of the products (4;,v;5) u;, Uik, (AjaW;n) Wik
is =0, hence (31) can be written in the form .
(32) YA vl s vl F 14wl uj Wi [1Sm,
where m >0 is some fixed number.

In (32), [4;505] =141, | 45w = | B;|, and uj,—u;2a>0, with u;,2a>0,
Jj=w+1, ..., 4 and all k, while 1;, >0 as k>0, j=p'+1, ..., pu. If one at least

of the numbers 4;, B;, say A,, were different from zero, then [v,,[— + o0 as
k— o0, and

(30)

I;l'vkvkl-)IAvl*Oa uvkgas lvvkl—’-l_w’

would imply that the first number of (32) approaches + oo as k — oo, a contra-
diction. Thus 4;=B;=0, j=y'+1, ..., y, relations (30) become

=Y Auyv=C" =Y Ajuywi=
=X wi=0, ¥ ljv,-=C4,

O2Y Lu (i +wd), Y A,=1

In other words C=(C° ., {*) belongs to §, as a convex combination cor-
responding to some py', 1< #'=u (in other words we can take A;=0 for j=
#+1, ..., w). We have proved that Q, is a closed set, and so are all sets QO (x, )
as rigld displacements of Q.

Here the set U* xI' is a fixed closed set and hence certainly satisfies property
(U). Here the sets 0* are rigid displacements of Q, by the vector

(0, =W (») B'(x),0,0,0).

and from (28) also
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Since W(y) B'(x) is a continuous function on cl G we conclude that 0* certainly
satisfies property (Q).

By force of Theorem 3 with y(x, y)=0 and the corresponding remarks,
we conclude that LURIE'S problem has a weak optimal solution (Z', Z*) satisfying
equations (13), satisfying the boundary conditions (18), minimizing the functional
(14), with p=6, and such that

Z3,Z,,22,Z e L,(G);  Z',Z%€L,(Gy) for every N;
and Z', Z2e W3(Gy) for every N.

Remark 11. The question as to whether the sets Q*, or Q*, are convex for some
value of u less than six has not been discussed above. Our existence statement
holds for any p<6 for which the sets Q* or Q* are convex. The question as to
whether weak solutions (that is, satisfying equations (13)) and corresponding
values of the cost functional (14) can be approximated by means of solutions of
equations (9) and corresponding values of the cost functional (12) will beanswered
elsewhere.

Research partially supported by AF-OSR grant 942— 65 at the University of Michigan. This
paper was written during the author’s stay at the “Institut Henri Poincaré”, Paris, Spring 1967.
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