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Preface

This is the thirty-seventh in a series of reports growing out of the
study of radar cross sections at The Radiation Laboratory of The University
of Michigan. Titles of the reports already published or presently in
process of publication are listed on the preceding pages.

When the study was first begun, the primary aim was to show that
radar cross sections can be determined theoretically, the results being
in good agreement with experiment. It is believed that by and large this
aim has been achieved.

In continuing this study, the objective is to determine means for
computing the radar cross section of objects in a variety of different
environments. This has led to an extension of the investigation to include
not only the standard boundary-value problems, but also such topics as the
emission and propagation of eleetromagnetic and acoustic waves, and phenomena
connected with ionized media.

Associated with the theoretical work is an experimental program which
embraces (a) measurement of antennas and radar scatterers in order to verify
data determined theoretically; (b) investigation of antenna behavior and cross
section problems not amenable to theoretical solution; (c) problems associated
with the design and development of microwave absorbers; and (d) low and high

density ionization phenomena.
K. M. Siegel
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On the Change in Radar Cross Section of a Spherical Satellite Caused by
a Plasma Sheath T

by
C.L. Dolph, H. Weil

Abstract

A uniform neutral dilute ionized gas is assumed to be perturbed by a
sphere moving through it. The radar return from the disturbed region is
obtained by integrating the Compton scattering from the electrons, taking
phase into account, but ignoring secondary scattering and attenuation. The
electron density distribution for this computation is obtained by integration
of the zero'th order velocity distribution function for neutral particles
obtained by C.S. Wang Chang as a solution of the Boltzmann transport
equation.

Numerical results are obtained for the perturbation of the electron
distribution by a sphere traveling at 8 km/ sec and an altitude of 500 km, and

for the radar cross section of this perturbed region when viewed broadside. ™

+.
This portion of the final report consists essentially of a paper presented
at the Symposium on the Plasma Sheath; Its Effects on Communication and
Detection, sponsored by AFCRC in December 1959. . The changes are in
Part III which has been expanded here to include more extensive numerical
results on radar cross sections.

.}_|.

The theoretical work and preliminary computations were supported by
USAF Contract AF 30(602)-1853. The final machine computations were
carried out as an unsponsored faculty research project MO2-N at the
Computation Laboratory of The University of Michigan.
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Introduction

A sphere is assumed to move with a constant velocity, V, through a
dilute, electrically neutral, ionized gas which, in its unperturbed state, is
assumed to have a uniform number distribution of electrons, n. The sphere
disturbs the distribution of electrons to a non-uniform one, N, with an excess
ahead of the sphere and a deficiency behind it. The simplest estimate of the
effect of this non-uniform, but everywhere dilute distribution on the radar
return is obtained by sﬁmming the scattering by the individual electrons
accelerated by the incident field. Electrons only are considered since their
return is far greater than thatb of vthe much heavier positive ions, or the
Rayleigh scattering from non-ionized particles'; The incident field on each
electron is assumed to be a plane wave; this implies that secondary scattering
is ignored. The approach is thus directly analogous to that used to determine
the radar return from underdense meteor trails [1] .

There are three parts to the paper. The first part consists of a
formulation of the expression for the backscattered energy. This expression
involves the perturbed density distribution. The condition of neutrality is used

in determining this distribution since it forces the electron motion to be gov-

erned by the positive ions whose velocities and mass are similar to that of the
neutral barﬁcles. This will be discussed in the second part of the paper where '
expressions for the distribution are found. In the third part numerical results

for a specific sphere velocity and altitude are presented.

2
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1. The Scattering Integral
The radiation field of each electron yields a backscattered power per

unit solid angle per electron for unit incident power density given by

2
o :[ez/(élvr € mcz)] .
Here e is the charge on the electron, m its mass, & the permittivity of
free space, c the velocity of light and MKSC units are to be used. The
incident power is given by PG/ (4r r2) where P is the total power emitted
from the radar antenna, G the antenna gain and r the distance from antenna

to electron. The effective collecting area of the antenna is G 22 / (4m) so

that the scattered power per electron received by the radar for large r is

PG2 hz o]
e
¢ 167r2 r#
We now assume the radar is well out of the ionized region of

interest so that r is always large. Then the net power received from

this region is

2

G eZikr Ndv
r2

where dv is a volume element. For simplicity a beam width wide enough
to be-essentially constant over the disturbance is assumed, and the slowly

varying factor r_2 replaced by the range R,to the sphere and removed
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from under the integral sign. Finally N is referred to the constant n by

writing N = (N-n) + n. The integral of n e?IKT vanishes except for contribu-
tions at the ''edges'' of the region of integration. Of course the distribution
n extends beyond the beamwidth of the radar and thus we know these ''edges"’
are not physically significant. They may be neglected with the result that the

desired quantity, the net power received due to the disturbance of the density

distribution is given by
2

)LZ PG‘2 2ik
SD,V_&___ elr(N—n)dv

167% Rg |

The integration is to be extended over the region of interest. In
general this will include the entire region over which N-n differs appreciably
from zero. However, one might also be interested in considering separately
the effects of the region ahead of the sphere and the region behind it. If these
were to act as independent scatterers the average returned power (averaged
over all relative phases) would be the sum of two expressions Sp 1 and SD‘2
corresponﬁng to Spy with the integration in SD1 over the region ahead of the

sphere and the region in S| over the region behind the sphere.

D,
To put the integral in S in a form suitable for computation it is

convenient to refer to Figure 1. The density N must be symmetric about z so

that it is convenient to use cylindrical coordinates p, ¢, z in the integration.

Furthermore one can simplify the integral by using in the expression for r(p)
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Figure 1.

- - - 2: 2 2_ =, =
r(p)—ro—p, ro=r “+p 2r - p

the fact that -2~ << 1, so that

2 1/2
r=r |1+ -2 - 2P ging cos (f -y)
0 r r
0

2 2
.2 2
~r -p sinb cos(]b-‘ﬁ)+-1— P L P in%g cos p-)+. ..
0 2 r 8 r
0 0
In turn r, is approximated by
2 2
ro::: R + 22— —2zcos®—l -?—cos26)+.
2R, R,

5
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We shall be interested in 60°< ® < 120° and hence will neglect the last term

as well as those of higher order in z/ Ro' Then

5 5 2T 00 o} 2
A0, PG 2ikr(p, ¢, 2)
S =—— dy dz p dp [N(p, z)—n] e
162R* |
o 0 -0
@ @

)\zce PG2 v ‘ Z2
- Slz-exp [21k (—z—ﬁo—zcose)] pdp [N(p,z)-n]JO[2kpsin6(z]
0 0 0

1 2 ’
The term — £ is neglected in the phase since it will appreciably affect the

0
phase only if ® = 90° and then only where p exceeds ~.1 \/_ﬁo. For such large
p's the amplitude N-n is negligible. This is not quite true for corresponding

values of z. In this consideration we have assumed k¢ ~ 20 mpl. Note that

in this integral sin6(z)=R_sin®/ r(z).
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2. Computation of the Electron Distribution

The steady-state problem of a point charge moving through a fully
ionized medium of sufficiently low density has been treated by Kraus and
Wa.tson[ 2] . Their work was extended to the case where a constant
magnetic field is present by Greifinger [ 3] . A good deal of insight into
the physical meaning of the above theories which started from the linearized
Landau-Vaslov equation was provided by the report of Pappert [4] . In this
report Pabpert deduced the results of Kraus and Watson from the random
phase approximation of Bohm and Pines[ 5] and also demonstrated the
equivalence of these methods to the linearization of the equations of motion
and continuity for the ions and electrons under the assumption that an
isothermal state exists.

The problem of an object of finite size has been approached by
using the exi)ression obtained in 1950 by C. S. Wang Chang[6]. Chang
obtained the zero'th order velocity distribution function for a sphere of
radius R at rest in a neutral gas with a streaming-veloéity V under the
assumption that the sphere was sufficiently small and the gas sufficiently
dilute that the collisions between the main stream particles and those reflected
from the sphere could be neglected. The distribution function so determined

satisfies:

+An alternate and simpler derivation of a more general version of the un-
coupled microscopic equations of Kraus, Watson and Pappert has been
worked out by C. L. Dolph and is given in an Appendix.
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(A) The collision-free Boltzmann transport equation in the absence
of external forces; '

(B) A boundary condition on the surface of the sphere that implies
that the sphere neither absorbs nor emits gas particles by itself
so that all particles that hit the sphere are re-emitted;

(C) The property that it reduces to the Maxwell-Boltzmann distribu-
tion around the streaming velocity at infinity independent of
angle.

In addition, this distribution allows for arbitrary amounts of diffuse
or specular reflection at the spherical surface. Since the region of interest
here involves velocities of the sphere much greater than that of the ions and
at the same time much smaller than that of the electrons and altitudes where
the mean free paths are large compared to the expected dimensions of the
disturbed area, Chang's distribution may be used to provide an order of
magnitude estimate of the electron distribution around the sphere when it is
assumed that the charge on the sphere is so small that it can be ignored so
that the ions will (to all intents and purposes) behave as neutral particles as
far as their interaction with the sphere is concerned. The strong coulomb
forces should provide electrical neutrality which wili then force the electrons
to assume a distribution identical in form to Chang's in which only the mass
and velocity parameters can be different.

This use of electrical neutrality, while appropriate in ionospheric
physics,is less exact than the assumptions usually used in physics of

confined plasmas where [7] it is more customary to assume electrical

8
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neutrality except for consideration of Poisson's equation while here we
ignore any deviations from neutrality in 1_:his equation as well. While it
would be more exact to assume the Chang distribution as the first term in

a perturbation procedure for the Landau-Vaslov equations, it is unlikely that
such a refined analysis would affect the radar cross section results+,

Other approaches such as that used by Bernstein and Rabinowitz[Q] in their
discussion of spherical probes would seem to encounter even more intract-
able analytical difficulties were the Chang distribution to be used in place of

the mono-energetic one used by them.

1

B>

=>

Figure 2.

+Actually the indicated procedure for the second approximation is presently
under investigation under another contract for a different purpose. Pre-
liminary analysis seems to indicate the existence of oscillatory solutions
for the electron density with frequencies of the order of those characteris-
tic for plasmas modified by an increment dependent upon electron tempera-
ture and form factors appropriate to the geometry. See Reference 8.
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Figure 3.

The zero'th order velocity distribution obtained by Chang is expressed

in terms of the following variables.

V|

R

1=

B>

= the velocity of the main stream
= the radius of the sphere

= the point under consideration, or the point at which the velocity
is being calculated

= the outward normal to the sphere which passes through the
point; r =r 1 if the center of the sphere is taken as the origin
of the coordinate system

= the velocity vector of gas particles

= the fraction of molecules that is diffusely reflected from the
sphere

10
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l-a = the fraction of molecules that is specularly reflected from
the sphere
vV = V'/ Jokt /m , non-dimensional streaming velocity
c = ¢/ \]Zkt/ m | non-dimensional velocity vector
A' = the normal to the sphere at the point from which the
molecules arriving at r with velocity C originated. From
Figure 2 it is found that
A r r.C (r . C)2 R2 C
o' p— :ﬁ_ = = (_:..].r _-_-_'t___(]__—_)_:__
RC2 r? c2 r2  RC
A c unit vector in the direction of C
n = the number of particles present in the unperturbed state
2 P 42
erfc (x) = — e  dt=1- erf(x)
3
X
S = 8(xy,z B ), a discontinuous function which is zero if the

particles of velocity Cat point r(y, x, z) come from the
sphere and which is one otherwise. That is, S =0 if A points
away from the sphere and lies in the solid angle subtended by
the sphere at the point under consideration.

The distribution can be written as

n C2

fla) = —— { Se

{c-V)? -y An? )
+a [e - ﬁ(\_ﬁﬁ')erfc (v.n') | (1-S)e
32

-[c-v-2 (@.0)] ’
+(1 -a)(1-8)e

The function S which is described above can be represented

analytically as
11
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1 . A 1 . A . 2 1/2 ﬁ‘.(_: A
S = = (1 -sign(n.C)+ | = (1+sign(n.C)| | L +sign (1-B2) - n
2 4 r2 C

and it has the properties that for r approaching infinity, S approaches 1,

while for r approaching the sphere R,

S =-12— (l—signr’m\-g).

Furthermore, if 6 is the angle between r and C then, as can be seen from

Figure 3, -

g2 1/2
S=Oif1>cos9}(l——§—) =cos 6

r

S =1 if cosé)(cosé)1 .

The Density Distribution for Ions and Electrons in the Neighborhood
of the Sphere for the Case of Diffuse Reflection

The necessary calculations are considerably simplified if it is assumed
that only diffuse reflection occurs so that @ may be set equal to unity. For-

tunately this appears to be a good approximation to the physical situation[S],

[10], [11] .
12
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We shall therefore calculate

Sf(l)d3c

and take up the two terms separately, treating first the contribution

R -(c- V)
I = s av
SETE S °

from the main stream. To evaluate I1 we determine S in rectangular

C space CX, Cy’ CZ. For convenience set 1 in the direction of C,.

If
C
g2 /2 z
a-B T : 7 <0
r2 cl+c +cz>
X y z

Also, for all C for which

C
2 1/2 Z
(1—3—)/ - >0,

2 1/2
r <02+Cz+02>/
X y Z

S =1. Since both sides of the first inequality are positive it may be

squared and solved for Cz. The result is

13

UNCLASSIFIED



UNCLASSIFIED

THE UNIVERSITY OF MICHIGAN
2718-2-F

2 1/2 1/2
cZ>(—r—-1>/ . 2+c2) =cC, ,
2 X y

R 0o

so that if C,>C, , §=0. Similarly if c,<C,.8 =1

(0] o

Thus we must evaluate

o) Cy,
° -[(CX—VX)2+(C v )PH(c,-v )2]
n y y VA Z
I, = dc dc dC, e
X y

bog3/2

-0

@ -00
The C, integral is
Czo 9 Czo'Vz
-(C,-V,) 2
‘0 - g = I [ops +1
e dC, = e Y [er (CZO -V,) :
-0 -00
Hence
(0 0] Q
-|(C —VX)2+(C v, )
[ =D, e L * YV dert(c, -vyac, dc
172 "oy Zo Xy
-0 -0

Introduce polar coordinates as follows:

- _,f2 2
C,=pcosp Ve = VW7 -V cosy

X

Cy=psin¢ vy = V2—szsin¢.

Then

14
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2 0 ¢)
. , W v2) 2 I
I =— + = _ a1
173 1 - e . dppe erf | p =2 1-v,
' : 0

om
S 20 \/Vz-VZ2 cos(p - ¢)
: e

df
0
o)
N -(V2—sz) -p? \/T_
= = r 2 2
5 1+2e dope erf<p ? -1 'VZ>IO(ZP \Y4 "Vz>
0

where I, () is the Bessel function of imaginary argument and zero order,and

3 A _
VZ—V-n =V cos@0
v2 —VZ2 - v sin%9.

Hence
—stinz(?0 _p2 P »
L =2 J1+2 dppe erf(p L _1-Vcosh.| I 2p V sinf .
1 2 R2 (o} 0 0
0

In the limiting case, r =R

2 . 2 ®

0 -n2
Il :% 1+2e erf (—VcosGO)S dope P I0 <2stin90)
0

15
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To carry out the integration, integrate once by parts to obtain

® 9 |® [0
-p2 1 P -p?
I=% e pl (Qup) =- = e +ug e L (2up) dp,
0} 2 1
0 0 0

with u =V sinf . The integral on the right is given in the Bateman
o

Manuscript Project series [12] leading to the result

PE 2
1
==+ ye2 [ (4
2 2 /2" 2
Since
I, (z)= \/l sinh z
1/2 Tz
one gets
2
u

and hence forr = R,

I - l + - = ._g_ .
1 5 1+erf(-V coseo)} 5 erfc (VcosGO)

This checks the direct integration of I; for r set equal to R in advance, since

in this case, S =1 only if o <0.
When r — 0,

=
erf <p \f—rg -1 —VZ>—>erf(oo) =1
R

16

UNCLASSIFIED



UNCLASSIFIED

THE UNIVERSITY OF MICHIGAN
2718-2-F

and one obtains

I —s — (1+1} =n
12

as one should.
For the two cases of 6 = 0and 6 =7 the quantity I; can be

evaluated exactly if spherical coordinates are used. If one uses r as

axis
r =r(0, 0, 1)
V = V(sing cosf,, sinf,sinf , cosé )
C = C(sinf cosf, sin@ sinf, cosf)
and
&) 2n 91
n P) ,
L = C” de d sin@
s | |
0 0 0

exp {—(C2+V2)+ 2CV [cos@ cosf +sinf si_nf)o(cosjb-[bo)] } dé.

By straightforward integration of this form of I, when 90 =0 one finds

1

—V2sin291
Il(o) = g- erfc V+ e cosh ) erfe(-Vcos6 )

2

o R
IR z
erfc V+ 1——5 e ' erfe (-v 1—%)

r r

I
N B

17
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A similar discussion for 90 = 7 leads to the value

2
R2 v B—i %
L (r) =2 ) erfe (-V)+ /1 - = ¢ ' erfe (V [1- —)
1 2 L2 » 2

r

For r =R both of these reduce to our previously obtained approximation
since the additional term is zero there. Likewise in the limit as r —®, we

obtain the free stream density as we should. For either 8 =0or 6 =7 the

above reduces to

i _n _
lim Il =5 [erfc (V) + erfe (—V)] =n
T =t

which is correct.

To evaluate the term containing the effect of the diffusely reflected

particles, it is necessary to consider the integral

n _(Yﬁ') A A _Cz
I = SdBC e - Jr(v.n') erfc (V-n') } (L-S)e

Introducing r as the polar axis again so that

A = [(—cos@) r‘/R+r/R \/cos29 -(1 —Rz/ rz)] sing cosf,

[(—cosO) r/R+r/R \/00329 -(1 -Rz/rz)] sinf sinf,

(r/R) [(-rcose )/R+r/R Jcosze - (1 —R2/ rz)] cosé

leads to

18
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V"r\1'=lz {cos@

- [cose - Jcos2e —(1—R2/ rZ)] [cosf) cosf ,+sinb sineocos(fb —500)]3

so that Iy is quite intractable without approximation. However, as

mentioned earlier (1-S) =1 if and only if

2 1/2
0<6 $91 = arcos (1 _ RC /
r
and in this range
2
cosf - \/cos26 -(1 - R
r2

is a very slowly varying function which has extremes at 6 =0, and § =

2 .
6, with values (L -R/r)and \[1 - % respectively. We will therefore
r
replace the complicated expression for (V-1i') in exp ~(V.1') and erfe(V-fi')

by its first term
cos@0

~

V. n' 2 Vr

R

The integral Ip is therefore evaluated as

L 2m 61 -— 00526

2
-C 0
1'512A= 1 e~ c?ac| ap sing dod e R?
2 S/2)

0 0 6 =0

- \ﬁr-(\_/‘ﬁ') erfe <E‘_C£S_9&-)
R

19
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where the full éxpression for (V. 1') is used where it appears explicitly.

Straightforward integration then yields the following expression for LA

2
21‘2 5
61 ~ 5 cos 6,
A _n R
I = — | - cosf e
2 2
0
2w 91
- —n—g Vi erfe (VX cost )S (V.n')sing do dp
R 0
4T
0 0
Vzr2 2
RZ | TTmz %Y, | Vr
=211 f1-2 |e R - = rerfc(— cos60)13
2 r2 2 R
where
27 0

1
Iy = S S (V.n') sin6 do dp

0 0
9]_ 5
=27 Jr cosf - | cosH -Jcosze —(1-—13—) cosf cosf % sing df
R 0 r2 o
0

2 3 2 3/2
=or X cosh 1-\/1—£+L-R_-L T
R ° r 3 3

2 3 2

The approximation of L by I; is poorest in intermediate ranges of
r and hence it is of interest to have an upper bound in this region. The

20
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difference between IzA and 12 is bounded above by

2
—(E)z(cose +\/1 -—R—)2 ~(YE)2 cos29 | |1-\1- B
e B © 2 - R °

"Sj’
[\ BN \V]

2
5 / R —(—YI%‘)Z_(coseohfl - —3—2 %
+v/7r—(—YITr) 1——-——cos60e r

r2

[ D) 3 2 3/2
1 - 1_5..;._1_3_ o1 1_(1__R_) ,
2 3,3 3 2

r r

5
for all r and 6 such that \|1 - —R—2 <2cos6_| . The plus sign is to
r

be used for cos 6 < 0 and the minus sign for cos 90> 0.

21
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3. Numerical Results for Electron Density Distribution
and Radar Cross Sections

The formulas of Part 2 were applied to a typica1[7] case of interest
for which V = 5. This corresponds, for example, to a satellite altitude of
500 km and speed V' = 8 km/sec. Curves of constant relative density N/n are
presented in Figures 4 and 5. They clearly show the build-up of density ahead
of the sphere and the 'hole' developed in the rear. The ion deficiency in the
rear extends to about 50 sphere radii. |

More detailed data for N on the sphere and along the positive z axis
(behind the sphere) is given in Table I and Table II. Table I was computed on a desk
calculator using the exact formulas for R=r or 6 0=0, pp16,17. Table IIwAs computedby
numerical integration on an IBM 704 of the integral on page 15‘. The integration
steps were not small enough to get a good check on the exact results for p=0,
1<z <2,5,

Radar cross sections (47 times differential cross sections) were computed
from the formula

2ikr
¢=47raen2 S (—Ir\i—-l)e dv
V .

-2
according to the development in Part 1. For electrons 4r T, 10 8m2. A
value of n = 1012 electrons / m? is used for the electron density at 500 km altitude
and the resulting values of ¢ are given in Table II for a sphere of 1m radius.

Three aspect angles ® (see Figure 1) and three wavelengths, A =15, 6.3, and 1

23
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Table I

Density =N
Free Stream Density .

Density Ratio =

On Sphere, r =R Behind Sphere at 0°

0 N/n z N/n

0° 9.0 x10713 1 9.0 x10713

5° 1.0923 x 10712 2 1.6718 x 1073
10° 1.9443 x 10712 3 5.8621 x 1072
15° 4,9876 x 10712 4 2.0296 x 1071
20° 1.7947 x 10711 5 3.6045 x 1071
250 8.7137 x 10711 6 4.9237 x 1071
30° 5.4587 x 10710 7 5.9422 x 1071
350 4.1834 x 1079 8 6.7133 x 10~1
40° | - 3.6932x 1078 8.5 7.0258 x 1071
45° 3.5343 x 1077 9 7.2990 x 1071
500 3.4398 x 1070 9.5 | 17.5384x 107}
550 3.1943 x 1072 10 7.7490 x 1071
60° 2.6707x 1074 20 9.3824 x 1071
65° 1.9583 x 107 30 9.7206 x 1071
70° 1.1018 x 1072 40 9.8419 x 1071
75° 5.0194 x 102 50 1 9.8985 x 1071
80° 1.7613 x 1071
850 4.7471 x 1071
86° 5.6145 x 1071
87° 6.5761 x 1071
88° 7.6306 x 1071
89° 8.7739 x 107!
900 1.0

24
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\Z
RHO
Os
0100
064200
06300
04400
0e500
04600
0+700
0800
04900
14000
14100
14200
14300
14400
1.500
1.600
14700
14800
1,900
24000
26100
24200
24300
24400
24500
24600
24700
24800
24900

34000

34100
34200
34300
34400
34500
36600
34700
34800
34900
44000
44100
44200
44300
44400
44500
44600
44700
44800
44900
54000
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Table II

Table of N(p, z) used in Numerical Integration

Os =0e5 @140 =15 @230 =245 =340 =345 =440 =445 =540

90862 34102 24042 14623 16413 14294 14220 14171 14136

80939 34085 24038 14621 14413 14294 14220 14170 14136

Te978 34037 24025 14616 14410 14293 14219 14170 10136

Te027 24951 2,004 14608 1,407 14291 14218 14169 14135

60133 24861 16976 14597 14402 14288 14216 14168 14135

50323 24746 10942 16584 14396 14285 14215 14167 14134

40613 24619 14903 14568 14388 14281 16212 14166 14133

44007 24488 14859 14550 14380 14276 14210 1lal164 14132

30499 2e357 14814 14531 14370 14271 14207 104162 14131

44273 34077 24230 14767 14510 14360 10266 14203 14160 14129

10000 34161 24730 24110 16719 14489 14349 14260 14200 14158 14128
10290 24565 24446 14998 10672 14467 14338 14253 14196 14156 1al26
10223 24239 26214 16895 14626 loebhh 1,326 14246 14192 14153 14125
16180 14914 20024 14802 14581 14422 14314 14239 14188 14150 14123
14149 14723 14868 14718 14538 14400 14301 16232 14183 14147 1e4121
14127 14582 14740 14642 14498 10378 14289 14225 14179 14144 1,119
14109 1475 14634 14575 1460 14357 14277 16217 14174 lal#l 18117
16095 16371 14546 14515 16425 14336 16264 16210 16169 14138 14115
14084 14327 16473 14462 14392 14316 14252 14203 1al64 14135 14112
1e074 14276 le41ll le&l5 16361 14297 14241 14195 14159 14132 14110
14066 16211 14359 1e374 16333 14279 14229 14188 14155 14128 14108
14060 10202 14315 14337 14307 14252 14218 14180 14150 14125 14105
14054 1e174 14278 16304 10284 14246 14208 1173 10145 14122 14103
14028 10151 14246 14275 14262 16231 14197 1166 10140 14118 1,101
1e045 10126 14219 10249 14242 14217 14187 16160 10135 14115 14098
1a041 14116 10195 14227 14224 14203 14178 16153 14131 14112 14096
14038 14103 1e175 14206 14207 164191 14169 1e146 14126 14108 14094
14035 14091 14157 14188 14191 14179 14160 10140 14122 14105 14091
14032 14081 14142 14172 14177 14168 14152 14134 14117 14102 14089
14020 14073 14128 14157 14165 14158 1el44 10128 14113 14099 14086
14028 14065 16116 1el44 14153 14148 14137 16123 14109 14096 14084
14026 14059 14106 14133 14143 14140 14130 14118 14105 14093 14082
1e024 14053 14096 14122 14132 14131 14123 14112 14101 14090 14080
14023 14049 14088 14113 14124 14123 14117 14108 14097 14087 14077
14021 14044 14080 14104 14115 14116 16111 14103 14093 14084 14075
14020 14040 14074 14097 164108 14109 14106 14098 14090 14081 14073
14019 14037 14068 14089 14100 14103 14100 16094 14086 140678 14071
14018 14034 14063 14083 14094 14097 14095 14090 14083 14076 14069
16017 14031 14058 14077 14088 14092 14090 14086 12080 14073 14067
14016 14029 14054 14072 14082 14087 14086 14082 14077 14071 14065
14015 14026 14049 14067 1e077 14082 14082 14079 14074 14068 14063
16014 14024 164046 14062 14073 14077 14078 14075 14071 14066 14061
16014 14022 14043 14058 14068 16073 14074 14072 14068 14064 14059
14013 14021 14040 14055 14064 14069 14070 14069 14066 14062 14057
14012 14019 14037 14051 14050 14065 14067 14066 14063 14060 14056
14012 14018 14035 14048 14057 14062 14064 14063 14061 14058 14054
16011 164017 14032 14045 14054 14059 14061 14060 14059 14056 14052
14011 14016 16030 14042 14051 14056 14058 14058 14056 14054 14051
14010 14015 14028 14040 14048 14053 14055 14056 14054 14052 14049
1eC10 14014 14027 14037 14045 14050 14053 14053 14052 14050 14048
14009 14013 14025 14035 14043 14048 14050 14051 14050 14048 14046
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Table II (continued)

Table of N(p,z) used in Numerical Integration

—~Z Os 065 140 145 240 245 340 345 440 445
RHO

Os 06001 04001 045025 04018 04059 06125 04204 04284
04100 04001 04001 04030 04020 04064 04130 04209 04289
04200 06000 04001 04051 04028 0,078 06146 04224 04302
0e¢300 06000 04001 04011 06045 06102 06173 06249 046324
04400 04000 04002 04024 04073 04138 04211 08284 04354
04500 04000 04009 04050 04115 04187 04259 04327 04391
04600 04001 04030 04099 04176 04250 04317 04378 04434
04700 06009 04085 04177 04257 04324 06382 04434 044682
04800 04068 04192 04285 04354 04408 04454 06495 04533
06900 00032 06250 04355 06417 04462 0,498 04529 04558 04585

14000 1,000 04514 04,528 04543 04557 04572 0,587 04603 04620 04637
10100 14290 04892 04772 04715 04688 04676 0,672 04674 05680 04688
16200 14223 04984 04912 04842 04795 04766 04749 04739 08735 04736
14300 14180 06998 04971 06922 04875 06839 04814 04797 04786 04780
16400 14150 14000 06991 04964 06928 0¢894 04866 04845 04830 04820
14500 14127 14000 04997 064985 04961 04933 04907 04885 04868 04855
14600 14110 14000 04999 04994 04979 04959 04937 04917 04899 04885
14700 14096 14000 14000 04997 04990 04976 04959 04941 04924 04910
14800 14084 14000 14000 04998 04995 04986 04973 04959 04944 04930
16900 14075 14000 14000 14000 04997 04992 04983 04972 04959 04947
24000 14067 14000 14000 14000 06999 04996 04990 04969 04971 04960
24100 14060 14000 14000 14000 04999 04998 04994 04987 04979 04970
26200 14055 14000 14000 14000 1,000 04999 0,996 04992 04986 04978
24300 14029 14000 14000 14000 14000 0,978 04998 04995 04990 04984
20400 14045 14000 14000 14000 14000 14000 04999 04996 04993 04988
24500 14042 14000 14000 1,000 14000 14000 0,999 04970 04995 04992
24600 14038 14000 14000 14000 14000 14000 04999 04999 04997 04994
24700 14035 14000 14000 14000 14000 14000 14000 04999 04998 04996
20800 14033 14000 14000 14000 14000 14000 1,000 04999 04999 04997
20900 14031 14000 14000 14000 14000 14000 14000 14000 04999 04998
34000 14028 14000 14000 14000 14000 14000 14000 14000 04999 04999
34100 14027 14000 14000 14000 14000 1,000 1,000 14000 14000 04999
34200 164025 14000 14000 14000 14000 14000 14000 14000 14000 04999
34300 14024 14000 14000 14000 14000 14000 1,000 14000 14000 04999
34400 14022 14000 14000 14000 14000 14000 14000 14000 14000 14000
34500 14021 14000 14000 14000 14000 14000 1,000 14000 14000 14000
- 34600 14020 1,000 1,000 1,000 1,000 1,000 1,000 14000 14000 1,000
34700 14019 14000 14000 14000 14000 1,000 1,000 14000 14000 14000
34800 14018 14000 14000 14000 14000 14000 14000 164000 14000 14000
34900 14017 14000 14000 14000 1,000 14000 14000 14000 14000 1,000
44000 14016 14000 14000 14000 14000 14000 14000 14000 14000 14000
44100 14015 14000 14000 14000 14000 13000 14000 14000 14000 14000
44200 14014 14000 14000 14000 14000 14000 14000 14000 14000 14000
44300 14014 14000 14000 14000 14000 14000 14000 14000 14000 14000
44400 14013 14000 14000 14000 14000 14000 14000 14000 14000 16000
44500 14012 14000 14000 14000 14000 14000 14000 14000 14000 14000
44600 14012 14000 14000 14000 14000 14000 14000 14000 14000 14000
44700 14011 14000 16000 14000 14000 14000 14000 14000 14000 14000
44800 14011 14000 14000 14000 14000 14000 14000 14000 14000 14000
44900 14010 14000 14000 14000 14000 14000 14000 164000 16000 16000
54000 14010 14000 14000 14000 14000 14000 14000 14000 14000 14000
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\Z
RHC
Oe
0s100
06200
06300
06400
04500
04600
0s700
04800
06900
14000
14100
14200
13200
19400
14500
14€00
14700
14800
14900
24000
26100
26200
283200
24400
24500
24600
2700
288200
26900
34000
3¢100
36200
36200
36400
36200
34600
34700
2,800
3,90C
44000
43100
46200
4463200
44400
44500
44600
44700
44800
44900
56000

540

04361
00365
0a376
06395
00420
04045
04486
06526
06568
0eb12
04656
04699
0¢ 740
06778
0814
0e846
04873
0,898
04918
04935
04950
04961
04970
04977
04983
04987
04991
06993
04995
06998
04997
04998
04999
04999
08999
14000
14000
14000
1,000
14000
14000
14000
1,000
14000
14000
14000
14000
1,000
14000
1,000
14000

545

0e431
Oe&43%
Oe443
Qe 459
06479
0504
04534
04567
0601
06638
04675
0e711
0e 746
0e¢780
0811
00840
0866
04888
06908
00925
04940
06952
06962
0970
04977
06982
04986

06990

04992
04994
04995
06996
06997
04998
08999
04999
04999
06999
06999
14000
14000
14000
14000
14000
14000
14000
14000
14000
14000
14000
14000
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Table II (continued)
Table of N(p, z) used in Numerical Integration

680

00493
04496
04503
0e515
04532
04553
0e577
04604
0633
00663
0e694
04725
0e755
0e784
0e811
04837
00860
04882
04900
00917
0e932
0s944
04954
04963
0s9T1
06977
0e981
04985
04989
04991
04993
08995
00996
00997
04998
04998
04999
04999
06999
04999
04999
14000
14000
14000
14000
14000
10000
14000
14000
14000
14000

685

06547
04549
0¢556
04566
04579
Je 596
04616
0e638
04662
04687
0,713
0.739
0e765
0e¢790
0e814
0836
0.858
04877
04895
04910
04925
06937
04947
04957
04964
04971
06976
04980
04985
0.988
04990
04992
06994
04995
04996
04997
04998
0,998
04999
04999
04999
04999
04999
1,000
1,000
1,000
14000
1,000
1.000
1,000
1000

Te0

04595
04597
0s4601
0s610
0s621
0e634
04651
04669
04688
0e709
08731
08753
0e775
0e 797
0818
0¢838
04857
0e875
0891
04906
00919
0e931
0s961
04951
04959
04966
0972
06977
04981
0s984
04987
04989
06992
08993
04995
04996
08997
04997
04998
04998
08999
04999
04999
04999
04999
14000
14000
14000
14000
14000
14000

27

Te5

08636
0837
Qsb41
Qe 648
04657
04668
0s682
0s697
0713
04731
0s 749
02767
0s786
0s805
0e823
04841
0s858
0s874
0888
04902
00915
00926
04936
04946
08954
0s961
0967
0972
04977
04981
04984
0s987
04989
098991
04993
00994
08995
04996
04997
04997
09998
04998
06999
04999
04999
00999
04999
00999
14000
14000
14000

840

08672
0s673
0e676
0684
04692
04700
08709
0s722
04736
0s750
08766
0s781
0s 797
0e814
0e829
04845
0s860
0s874
04888
08900
0e912
06923
08932
0s941
0s948
04956
04963
04968
02973
0e977
0s981
0984
00987
04989
00991
06992
04994
04995
00996
08996
04997
04998
04998
0e998
04999
06999
08999
04999
04999
00999
14000

UNCLASSIFIED
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04703
0+ 704
04707
Qe 711
0 717
D¢ 725
04 73%
0s 745
0e 756
Qe 768
0s 781
04795
04809
0822
00836
0¢850
04863
0e876
04888
0s899
04910
06920
06929
04938
0e 946
04953
06959
0e964
06969
04974
0+978
0s981
00984
0s986
04988
04990
04992
04993
0099%
04995
06996
04997
04997
04998
00998
06998
04999
04999
04999
04999
1000

940

08730
0e732
0e735
0s738
0782
08749
0s 756
08765
0¢775
Qe 785
0es796
0s807
04818
04831
0843
04855
0s867
0s819
04889
0s889
00909
04919
0s927
04935
00943
00949
06956
04961
04966
04971
06975
0s978
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meter. Only the A = 15m and A = 6.3 meter returns are large enough to be of
interest. For these wavelengths, the major part of the region in which the
density gradients are large all contribute in phase except for the 180° phasing
effect due to the change in sign of N-n ahead and behind the sphere. For these
wavelengths the factors which express the asymmetry of the problem about

® = 90° do not play an important role so that the data for ® = 520 can be used

for ® = 128° and the ¢ 's for ® = 75° are essentially those for ® = 105°,

_ Table III
o in cm?2
— z
Region 3] A= 15m A=6.3m A=1m
52° 1.6 .09 —
z > 0 (behind) 75° 9.3 .5 18 x 1076
90° 12. 1.3 53 x 1076
520 18. ~ .95 ' ——
z < 0 (ahead) 750 13. .58 31 x 1076
90° 12. .49 180 x 1076
520 32. 1.5 ——
0 <z < 750 19. 1.7 97 x 1078
| (entire cloud) 90° .04 21 74 x 1078
0 & Z < 52° 20. 1.0 ——
(entire cloud with  75° 23. 1.1 49 x 1076
power contributions 90° 24. 1.8 230 x 1076
fromz >0 and
z < 0 added (i.e.,
average result for
random relative
phase)
29
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It is of interest to compare these results with a comparable cross section
estimate obtained by Davis [13] in a much cruder but far simpler fashion. Davis
neglected the density build-up ahead of the sphere and assumed the electrons
were completely swept out of a cylindrical column one sphere diameter wide. For
this assumption his computations led to a length estimate of 10 sphere diameters
behind the sphere. The radar return from such a cavity is that of a column of
electrons embedded in a vacuum and of electron number density given by the un-
perturbed number density. This number of electrons per unit volume was then
referred to an equivalent line density and the problem replaced by that of co-
herent scattering by a line source. It is not clear in [13] but Davis apparently
used a wavelength of 15m. To scale Davis' numerical result of ¢ = .1 cm? for
a .25m radius sphere in a medium of n = 1012/ m? to the present 1 m radius
sphere problem his equivalent line density (2 x 109/ cm) is scaled by (100/ 25)% =
16 and the fact that o i}s proportional to line density squared leads to a scale
factor of 256 or ¢ =25.6 cmz.

An instructive insight into the behavior of the perturbation at various
distances ahead or behind the sphere is furnished by a plot of the contribution

to the volume integral of the various axial stations; i.e. , a plot of

00)
S(z) = SO pdp(%—l)Jo[kasinG]
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vs z. A typical graph (for the A =6.3m, © = 90° case) is furnished in Figure 6.
The somewhat odd transition in S(z) as z crosses the origin reflects the fact

that N within the sphere is zero. To complete the volume integration this function
is to be multiplied by exp [Zik ( % -z cosG)‘] and integrated. It is clear that
as k increases the rate of oscillation of the exponential will increase and the net

contributions from both regions z > 0 and z < 0, will rapidly decrease.

32
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Sl(z)

T0.8

10.7-

S(z) vs. z where
[0 0}

10.6 Sy(z) = S ‘pdp (N -1) 3, (2kpsin6)
g 0 n

+ 0.5

+0.4

T0.3

+0.2

+ 0.1
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Appendix

The Reduction of the "Oseen-Like" Linearized Equations of Motion for an
Ionized Medium

by

C. L. Dolph

The problem of the flow in which a sphere is immersed has always
been a difficult one in fluid mechanics. Thus, for the case of a sphere
with cavitation in an ideal fluid, [14] the flow has been solved only approx-
imately by use of sources leading to a potential § =U(r cos 6 + a2 / rz) and

a stream function ¥ =U [ —% r? sin?

9 - 2 a2 sin? (6/2)] , in a spherical
coordinate system a, 6, P with origin at the sphere center. In addition,
the fluid is removed bodily from the cavity. Similarly for viscous flows,
there are only the classical solutions of Stokes and Oseen. It is the philosophy
of the latter which is of interest here for it is a linearization about the free
stream velocity.

For an ionized medium the problem of the sphere has been solved
only for point sources (Kraus and Watsoﬁ [2] and P. Greifinger [3] ) on
the basis of linearized theory starting from the transport equation, and for

spherical probes (Bernstein and Rabinowitz [9] ) by use of orbital analysis

and assumed mono-energetic distributions.
The starting point for our remarks is the interesting report by
R. Pappert [4] who examines the Kraus and Watson solution and deduces
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it from the Bohm-Pines Theory of the so-called random phase approximation
in which the interaction terms in the Fourier expansion of the Coloumb
forces are neglected. (Bohm and Pines [5:[ ). In addition to this he deduces
the equations of Bohm and Pines from the linearized equations of motion
and continuity for ions and electrons and poisson's equation. As in Oseen's
treatment, these equations are linearized about the particle in a reference
frame moving with it at a constant velocity. In addition, an isothermal
equation of state is assumed.

In view of the similarity of these equations to those used by Oseen
in his treatment of the flow past a sphere as well as the difficulties asso-
ciated with such flows in general, it seems worthwhile to attempt a gener-
alization of Oseen's method for this problem. In this Appendix we success-
fully complete the first step in this program - namely, the reduction of the
system of nine scalar equations for the ion and electron velocities, and their
respective densities and the static potential by the introduction of two scalar
potentials. (Unlike Oseen's case, two scalar potentials must be used since
the ions and electrons satisfy separate equations of motion and of continuity

because internal static fields are allowed.)

Our starting point is the system of Pappert generalized to include an
interaction term proportional to the relative velocity, a scalar viscosity and
a gravitational potential, which may be written as follows if the X -direction

is taken as the direction of rectilinear motion of the sphere.
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) vt N KT BP++_(e__?_y)_=+g(v o)l aZVk 3G
0 axl m""po 8xk m’ 8xk c € 1 mp, axaaxa 0 Xy
(1)
- - - 2
, OV KT 3p e 8¢=-i(v-v)+"°z vk 4G
° bx; Mpydx m” dx  © T pom™ ax,ax, ox
(2)
IVk 9
j:]. 8Xk po axl
3 - -
0 vk 1 9
Z * VO ap =0 (4)
i1 0 X1 po Xy
2 L -
V P=-4re (@ -p) (5)

In these equations

the electron flow velocity = -v_ i+ v

the ion flow velocity =-v, i+ v
the ambient electron density = the ambient ion density =P,
the electron density =p, +p~

the ion density =p, + p+
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the electron mass =m
. +
the ion mass = m
the electrostatic potential = )

the unit vector inthe x; direction = i

This system of equations is readily deduced from those given by Spitzer
(Physics of Fully Ionized Gases) when an isothermal equation of state
is assumed. (Note that equations (1) and (2) must be added to each
other to give the full equation of motion. )

To reduce this system let us make the assumption that
v oty

v =

= (6)

This implies that the flow is irrotational. Inserting this into equation (3)
with the plus superscript, and into equation (4) with the minus superscript,

we find

3 833;_ Vo 9p 9 2 o5 Vo %
____....2+_. = [V ’l)u_-i-—p_jl =0.
k=1 xl(xk) po 8xl axl Po

Thus these equations will be satisfied if we set

pT - vt (7)
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Inserting these values into equation‘ (5) we find that

ep N
v2p =ar —2 [vz?f —vz"sv]-

Vo

Thus this equation will be satisfied if we set

ep + -
po=ar —2 [’}” - ’2/’] + arbitrary harmonic function.  (8)

Yo

We ignore this arbitrariness in the sequel, although its inclusion would
cause no difficulties.

Inserting (6), (7) and (8) into equations (1) and (2) yields:

+

3yt
5°Y KT 98 2+t 4762 Bo 9 + z
0%y 9% mv Bpﬁ( m- Vo OXp
2.,+ 2~ 4 + 2
e, ¥ o ¥ Vot 3 Y 9" G
s i " oF Bxoax oxon.
C 0x10xyg axlaxk m*p X, 90X, 0%, ‘Xk 3Xk

) 321”t kTE 9+ 4rel Po [+ =
= {Vo gl VYt T ;—[}/ - '9”]
k - 0

8x12 m-v m

+ 2,," 3.t
L0 e |22¥ V|, 3"y G
3Xk Y 9x 9x m+po 8X1 axa,axa
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Thus these equations will be satisfied ifi/z’t satisfies

92wt + 47re P,

+
° 8x12 m=

2 T
oY 22 Y" L _* oY

+
8x1 Bxl m-p, axlaxaaxa

If the interaction, scalar viscosity and gravitational potential are neglected,

these equations reduce to-

2 7 2
kT 2 82 41 e p0 + 4me’p
V o 2 ) + "7V i +
L_m 8xl m m-
- - 9 2 7] 2
KT 5 9 0 dme p0 _ 4re”p +
— Vv [ Y
- 0 8 2 m
Lm X m |

we see that the general system as well as the reduced system may be

uncoupled easily. For example, for the reduced system, we have

2 2
- Vo 2 - + v vo 2 +
m 8x1 m m axl m
4me po kT~ 2 5 82 4mre p 167r2e4p 2
= T - V —vo 5 - — = - ’y
m m 0x m m m
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This may be simplified to become

- 2
kT 2 + 52 47e"p k  _ 9
(—— V2—V02 —a—-) kT v2_V2____ F——2 (T +TY
- 2 + o 2 + -
m 0x m X

1

2

g 1 1 5
~amep (== +—) v ? p =0,
(o) m m 0 3x12

A similar process may be applied to %/ ~. We hope to be able to accomplish
the next step in the Oseen formulation which consists in finding simple singular
solutions of these equations. This matter is now under inves’cigation.+

The reduced equations are identical with those treated by Pappert.
Even if viscosity, and interaction are allowed the full system admits a partial
separation in any coordinate system in which there is no coupling with the
xl-direction if it is assumed that the functional form of the dependence on
the other coordinates is the same for both the ions and the electrons. This

~assumption still permits different behavior for the ions and electrons since the

separation constants can be different for them.

+ _
It now appears that this process can be carried through (see a forthcoming

paper by C. L. Dolph, R. F. Goodrich).
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