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Convergence of a Penalty-Finite Element Approximation
for an Obstacle Problem

Noboru Kikuchi
The University of Michigan, Ann Arbor, Michigan 48109, USA

Summary. This study establishes an error estimate for a penalty-finite
element approximation of the variational inequality obtained by a class of
obstacle problems. By special identification of the penalty term, we first
show that the penalty solution converges to the solution of a mixed for-
mulation of the variational inequality. The rate of convergence of the
penalization is ¢ where ¢ is the penalty parameter. To obtain the error of
finite element approximation, we apply the results obtained by Brezzi,
Hager and Raviart for the mixed finite element method to the variational
inequality.

Subject Classifications: AMS(MOS): 65N30; CR: 5.17.

1. Introduction

This study establishes an error estimate for a penalty-finite element approxima-
tion of the variational inequality obtained by a class of obstacle problems for a
membrane. We shall show convergence of the approximation with respect to
the penalty parameter ¢ and the mesh size h of the finite element model.

Many works have been published on finite element approximations of
variational inequalities together with a priori error estimates, e.g., Mosco and
Strang [14], Falk [9, 10], Brezzi, Hager and Raviart [6, 7], and others. All
these works are concerned with the primal formulation of variational in-
equalities, except that of Brezzi, Hager and Raviart [7] which provides general
ideas and a methodology to obtain a priori error estimates for the mixed
(Lagrangian multiplier) formulation of variational inequalities. For the penalty
method, however, which is now widely used in the practical fields of engineer-
ing, there are few works. Bercovier [3] has obtained a priori estimates with
respect to ¢ and h together, employing the study of the perturbed Lagrangian
method (see Temam [16]). The work by Bercovier [3] deals with problems
having constraints represented by equations such as incompressibility diva=0
of Stokes’ problems or linearly incompressible elasticity.
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In the present analysis, we will extend Bercovier’s theory of obtaining a
priori error estimates with respect to ¢ and h to a much wider class of
problems represented by variational inequalities. As a model problem, a class
of obstacle problems will be worked by the penalty-finite element approxima-
tion. A similar analysis would be applicable to other types of problems involv-
ing both equality and inequality constraints (see Oden, Kikuchi and Song
[15]). In the case of equality constraints, the procedure to obtain the estimate
for the penalty parameter ¢ is suggested by Aubin [1].

It should be noted that direct methods, using projection maps from the
whole space into constrained sets, work well for the obstacle problem discussed
in this paper. However, physically important quantities such as contact pres-
sure can be easily obtained by penalty methods, whereas direct methods
cannot provide such quantities in general. Another advantage of penalty
methods is their handy adaptation into existing computer codes for equations.
Indeed, just a subroutine for the penalty terms must be added into the existing
computer codes without any modifications in other parts, in order to solve
variational inequalities.

We will first briefly review the penalty arguments for the obstacle problem,
details of which can be found in Lions [12].

The next section will be devoted to the approximation of the variational
inequality representing the obstacle problem by a penalty-finite element meth-
od together with numerical integration for the penalty term. We will show that
the penalized solution u” and the pressure p’, constructed by a special identifi-
cation of the numerical integration of the penalty term, converge to the
solutions #" and p" of a mixed (Lagrangian multiplier) formulation of the
variational inequality. The convergence rate of the penalization will be ob-
tained by assuming the discrete LBB (Ladyzhenskaya, Babu$ka, Brezzi) con-
dition. The final estimates will be established by combining the analysis of
mixed methods for variational inequalities obtained by Brezzi, Hager and
Raviart [7].

2. Obstacle Problems

Let an elastic membrane Q be spanned over an obstacle. Let the height of the
obstacle be given by g(x), xeQ and let the deflection of the membrane be given
by u. Then the problem can be defined by the variational inequality

ueK:a(u,v—u)= f(v—u), Vvek 2.1
where
K={veH)Q): v—g=<0 ae. inQ)} (2.2)
a(u,v)= | p(x)Vu- Vvdx 2.3)
Q
S)y={ fvdx. (2.4)
2

Suppose that
geH'(Q), felX(Q), O<puo<u(x)<p, all xeQ. 2.:5)
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Then, there exists a unique solution ueK to the variational inequality (2.1), and
u satisfies
ue H*(Q) 2.6)
provided that
geH*Q), g=0 on I. (2.7

These results are found in [13] or [14].

The variational inequality (2.1) is also resolved by penalty methods, and a
characterization of the solution to (2.1) is obtained in terms of the “mixed”
variational formulation. A general theory of the penalty method can be found
in [12] or in a survey article [11].

Let P, be the projection of H}(£2) onto K, and J be the duality map of
H)(2) into H™!(Q). A penalty operator f§ of H(Q) for the constrained set K is

defined by
Bu)=J(I—F)(w) (2.8)
so that

Bw),v>=0, VveHLQ) ifand only if uek. 2.9)

In the present problem, we may set

Pu)=J((u—g)")

J=—A+1
¢*TeHY{Q) is defined by
¢(x)" =Max(0,p(x)) ae. in Q. (2.10)

The penalization of the variational inequality (2.1) is then represented by
f
u.eHy(Q): a(u,, u)+; Blu),vy=f(v), VveHNQ) (2.11)

where (-,*> is the duality pairing on H~'(Q)x H{(Q). Applying a general
convergence theorem for penalization (see [12; Theorem 5.2 in Chapter 3]), we
can conclude the following results.

Theorem 2.1. Suppose that condition (2.5) holds. Then the sequence {u} of
solutions of the penalization (2.11) converges weakly to the solution ueK of the
variational inequality (2.1). Moreover, we have the estimate

BT =1 (u,—g)" [T Ce (2.12)

where ||+ | ¥ is the dual norm to the Sobolev norm |-||, for H*(Q), and C is a
positive constant. []

We now define the approximation of “contact pressure” by

p.= _é .B(ug)' (213)

We will show that p, converges to the Lagrangian multiplier for the constraint
u—g=0. Let
N={qeH '(Q): ¢<0}. (2.14)
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Theorem 2.2. Suppose that ge Hy(82). Then the weak limit u of solutions u, of the

penalization (2.11) and the weak limit p of approximations p, of the “contact
pressure” satisfy the following system of inequalities:
uekK: au,v)—{p,v>=f(v), VoeH}Q)
peN: {(gq—p,u—g>=0, VgeN. (2.15)

Proof. We know that the sequences u, and p, are uniformly bounded in & Since
a(+,*) is a continuous bilinear form, and since {-,-) is the duality pairing.

a(u,, 0)—{p, vy =f(v), VveH}(Q)

converges to the equation
a(u,v)—<p,v>=f(v), VveH(Q)

where p is the weak limit of p,, as e>0. Suppose that geN. Then

1
<q_p£9usb—g>:<q’uf_g>+g<J(ug_g)+’(ug_g)+>;<qa g~g>
Le.,

=0
On the other hand,
<q_perue“g>:<q’ue~g>_a(us’ us_g)+f(us_g)

lim sup <q_pe’ u£~g> = <q7 u _g> —lim iglfa(usa ue)—i—a(u, g)+ f(u_g)
-0 Laad
Since v—a(v,v) is weakly lower semicontinuous,

limsup<{q—p,,u,—g>={qu—g)—a(u,u—g)+ flu—g)=<{q—p,u—g.

=0

Therefore, for every geN,
{q—p,u—gy20. []

Thus, we have shown that the variational inequality (2.1) can be character-
ized by the mixed (Lagrangian multiplier) method for resolution of the con-
straint u —g <0 through arguments of the penalty method.

Remark 2.1. Since strong convergence of u, to u in Theorem 2.1 has been
proved [18, Chap. 1, Sect. 3.2], the proof of Theorem 2.2 can be simplified and
shortened. The structure of the proof for Theorem 2.2, however, is applicable
to the case that strong convergence of “u,—u” may not be obtained. [

3. Approximation by Penalty-Finite Element Methods

We now consider a penalty-finite element approximation of the varjational
inequality (2.1).
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Let V, be a finite element approximation of the space V =H{(Q2) which is
spanned by piecewise polynomials, and let the domain € be a polygon so that
Q can be covered by finite elements exactly.

Instead of discretizing the variational inequality (2.1) with the constrained
set (2.2), we approximate the form similar to (2.11). Suppose that the con-
strained set K is identified with the set K = H}(Q)~K where

K={vel?(Q):v—g=<0 ae in Q} (3.1

Then the penalty formulation to the variational inequality (2.1) becomes

ue HY(Q): a(u,, v)+é(/?(uz), v)=f(v), VYoeHL(Q) (3.2)

where

Bluy)=(u,~2)", (3.3)

and (+,7) is the L*-inner product. We shall discretize (3.2) instead of (2.11) by
finite element methods. In this case, while the operator B is “almost” linear,
the term (B(u"),v") cannot be evaluated exactly for approximations ¥ and ¢* in
V,, in general. In order to overcome this difficulty, we apply techniques of
numerical integration. Then the following finite element approximation to (3.2)
can be defined:

|
uteVy: aul, o)+ [P )= (1), ViheV, (3.4)
€
where “I” is the operation of numerical quadrature:

E G
Ig=) ) wigkx), (3.5)
e=1i=1
e indicates the finite element, and x{ is the local coordinate of the i-th
integration point within the e-th finite element. Suppose that

we>0, Vi=1,..G (3.6)

i.e., the weights of numerical integration are all positive.

The formulation that the penalty term is constructed by the L*-inner
product in (3.4) instead of the duality pairing {-,*> on H ™Y Q) x H}(Q) is
supported by the fact that for fixed & the approximation of (2.1) is defined on a
subset of a finite dimensional space V,, which is naturally identified with its
dual. The penalty for the constraint in approximation need be considered only
on the space ¥, and convergence of u! as ¢—0 is discussed for fixed h. Then
convergence of u* to u occurs as h—0 in the infinite dimensional space
V=H}(Q).

Because of the numerical integration of the penalty term in (3.4), we control
the constraint " —g <0 pointwise, i.e., the penalization

'\91»_.

E G
(ﬁ(uh) v") Z Y. wiur—g)(xf)" v (x5)
e=11i=1
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implies that the penalty solution u! almost satisfies the constraint u(x)—g <0
at points of numerical integration, and that the quantity

L))"

corresponds to the approximation of “contact pressure” at x{ due to the
obstacle. In order to convert pointwise information obtained by (3.4) to con-
tinuous information, we introduce the following rules of identification:

(i) let p? be a piecewise polynomial spanned by Lagrangian interpolations
associated with points of numerical integration, i.c., p?eQ,, (3.7}

. 1
(i P = —— ('~ g)(x)*, 1=i<G, 1<esE. (3.8)
&

The above two conditions imply the equation

1.
19 o=~ 1 (- fuo*). (3.9)

Then the penalty formulation (3.4) can be identified with
uteV,: a!, ") —I(p" "= f("), Vi'eV,. (3.10)

The piecewise polynomial p* may be an approximation of the contact pres-
sure.

Example 1. Let Q<R?, and let three-node linear triangular elements be used to
construct the approximate space V,. If wi =constant, and if x{ is the coordinate
of the i-th nodal point of a triangular element, p" is a piecewise linear
polynomial as v*eV, is.

If 4-node quadrilateral isoparametric elements are used for V,, and if the
two-point trapezoid rule is applied to each direction x, and x, for the numeri-
cal integration, p" becomes a piecewise bilinear polynomial as v"eV, is.

For 9-node quadrilateral isoparametric element, if the Simpson rule is
applied to each direction x, and x,, p’ is a piecewise bi-quadratic poly-
nomuial.

In the above choices, each p! becomes conforming. []

We briefly indicate how the nonlinear equation (3.4) is solved numerically.
Let
plu) if (~'u

lug—g)(x))>0
0 if (‘-1

h
A A 3
par-| ' g)(x) 0.
The penalty problem (3.4) can be solved by the successive iteration
1.
WreV,: aul, o)+ ITRCul), o] = (%), Vore,. (3.4)*
&

It is expected that ‘u"—u* as t— + co.
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Let N, be a closed convex subset of Q, defined by
N,={q"€Q;: ¢"(x))<0,1<i<G,1<e<E} (3.11)

The set N, is the admissible set of contact pressure in the finite dimensional
space. Using this we define the approximation of the constrained set (2.2): for
geC(Q),

K,={v"eV,: I(g" v"—g)=0,Vq"eN,}. (3.12)

Theorem 3.1. Let ge C(Q). The solution u" of the penalty form (3.4) is uniformly
bounded in ¢, and converges as £—0 to a solution u" of the variational inequality

ueK,: a(u” v —uh) = f("—uh), Vi"eK,,. (3.13)
Proof. (Uniform boundedness) Let v*eK,. From (3.4),

alul, o~y - (), ) = S (i)
Since f(v")=0,
B, o) = — 1B — Bl o)
< H(@ -9 (R W) RS0 (1Y

Thus,
al, o' —uh= f("—ul),  Votek,. (3.15)

This further implies

_ e o luglly S ey Nl 1101+ 1 N Co™ly + )
ie,

), £C< 40 (3.16)

(Convergence) Since V, is a finite dimensional space, there is a subsequence of
u?, still denoted by u”, which converges to u” in V" Passing to the limit é—0 in
(3.15), we have

a(, " —uMy> f(o"—uh), Vv'ek,.

Thus, we need show only u"eK,. Putting v"—u" instead of v* in (3.4),
1 .
auy, v* —up)+ =~ Iy —g) ", v —ug) = f (" —uy).
&

If v"eK,, ie. if (" —g)(x%) 0,

((ui—g)*t " —ul)=1((ul—g)* v"— g —(ul —g)

< -I(ul—g)*.(ul—g)")
Then

Il —g)*, (ul—g) ") Sela(l, o —ul)— f (V" —ul)}
<e{a(ut, ™y — f("—ul)}

Sefuy ludll 100+ 1S oGl + 1wl )} (B17)
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Since u” is uniformly bounded, we can conclude that
' —g)(x)*1*< Ce and then (u"—g)(x$)<0. []

We will show that p” also converges to p* in Q, as e—0, as well as u"—u”,
under an additional condition.

Theorem 3.2. Suppose that

I h’ h
30> 0: 0 g7l S sup ~ 42T
ohevy, |V ||1

Vg'eQ,. (3.18)

Then p" is uniformly bounded in ¢, and converges to p"eQ, which satisfies

a(u", ")~ I(p", ") = f(0"), Vo'eV, (3.19)

I(qh.&ph,uh_g)go, vthNh‘ )
Proof. From (3.10) and (3.18),

1(p?, v") a(ul, v")— f (")
ol < sup 12 _ gy eI o)y oy py,
vheVy, ”U ”1 vheVy HD ”1
1.e.,
P26 = Clat, < + 0. (3.20)

Then there is a subsequence of p”, still denoted by p”, which converges to p".
Passing to the limit ¢—0 in (3.10) yields (3.19),.
Applying (3.9), we have

{
1(g"—pt, ﬁ—g)=1(q",ui'—g)+gI((ui'—g)”,ui’—g)zl(q”,uﬁ—g)-

Passing to the limit ¢—0,
Ig"~p"u"—g)21(g"u"—g)20, Vg'eN,
since u"eK,. [
We next find the rates of convergence u"—u" and p"—p" as ¢-0.

Theorem 3.3. Suppose that conditions in Theorem 3.1 and 3.2 hold. Further
suppose that

1" g Clp"lolig"lo,  VP".q*€Q,. (3.21)
Then there exists a positive constant C such that
lul —u"|, S Cllp"lo(e/aw),  1Pi—P 0= Clip" |l ole/o)- (3.22)
Proof. From (3.10) and (3.19)
ah—u" My=I(p"—p" "), Vorel,. (3.23)
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Putting v*=u"—u",

a(u —u',ul —u")=1(p} —p"ul—g) - 1(pi —p".u"—g) <1 (p} —p" ul — g)
since I(p", u"—g)=0 and I(p", u"— g)>0. Using the relation
o=¢p"—¢~ with ¢ =Max{0,—¢} for ¢ecR,
I(p; — p" uf —g)=1(p{—p", (u —8)") — 1P} —p", (i — &) ")

<I(ph—p" —ep < Cellpt—p"ll6 10" 11o-
Thus, we have

¢ prolluf —u|} Sauy —u" ul —u") S Clpt—p"ll, 1P 0. (3.24)
From (3.23) and the assumption (3.18)
I(p;—p",v")
"l

Combining (3.24) and (3.25) yields the estimates (3.22). []

o, [[pi—p"llo < sup Syl —u)f . (3.25)

The condition (3.18) is called the discrete LBB condition after Ladyzhen-
skaya, BabuSka [2] and Brezzi [5]. Under this assumption, we have shown
that the discrete penalization (3.4) converges to the discrete “mixed” (or La-

grangian multiplier) formulation (3.19) with rate of convergence ¢ with respect to
the penalty parameter.

Example 2. The condition (3.18) will be proved for triangular 3-node linear
finite elements. Let

E 3
Ig",v")= Z Z Fa"(x) 0" (x5) (3.26)

where w¢ =mes(Q2,)/3, mes(Q,) is the area of the e-th finite element, x{ coincides
to the coordinates of nodal points of the element, and i=1, 2, and 3. That is,
the following rules are supposed within the master element for 3-node tri-
angular elements, (Fig. 1).

(0,1)

{a) (b)
(-1.0) (1.0}

{0.-1

Fig. 1. Master elements of linear triangular finite elements
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x§ =(—1,0) x{=(1,0)
x¢=(0,—1) for (a) x;=(0,-1) for (b)
x4 =(0,1) x5=(0,1).

Then, we have following relations in an element related to the (a)-master
element:

g"X)=qo+q,E+q,n
I(q" q")=30ao—q,)* +2q5 +2q7] mes(,)
I14"15 o, =(q" 4" =40(go—q,)* + 295 — 147 +1q3 ] mes(Q,). (3.27)

Similar expansions for Q, related to the (b)-master element yield similar results
to (3.27). Then we have

Iq"q"z11¢"I5 and (" 0"z "3 (3.28)

since v"eV, is also linear within an element.
Taking the special relation

g (x)=0vl(x?), i=1,23; e=1,..E
in (3.26) yields
I(g", vp)=(I(q", ") * (I (v}, vp)*. (3:29)
Applying (3.28) in (3.29) implies
Ig" vp) 2lla"lo 10} 1o-
Assuming the inverse property of V,:
ol S Cih= i, Vi'eV, (3.30)
it can be concluded that
1
I(q", vZ)EEhlleH; lg"lo
and then
I(q" v")
sup

wevy, 1071

—hll 4"llo- (3.31)

Therefore, o, in (3.18) is h/C, for the above choice. O

Example 3. For the 4-node quadrilateral isoparametric element and the trape-
zoid rule for numerical integration, the condition (3.18) can be obtained by
arguments similar to Example 2. If Q, is assumed to be the master element,
we have

q"(X)=q,+q,E+q,n+q5En
1(q", ¢")=(q} + 4} + a5+ q3) mes(Q2,)
Ig"15,, = (g5 + 547 +345 +545) mes(2,). (3.32)



Penalty-Finite Approximation for an Obstacle Problem 115

Then
Hg" q"=lq"I5 and I(" o™= |"15. (3.33)

Thus, using the inverse property (3.30), we have

oty 1
UELO SRS (3.34)

sup >
hevy |l Uh” G,

If the one-point Gaussian rule for numerical integration with piecewise con-
stant contact pressure ¢" is applied, the condition (3.18) may not hold. In fact,
the choice

q"(x9)=vh(x¢) yields I(g"vh)=1/1(q".q") V(] v}).

Since ¢" is constant within an element,

1q"q"=14"13- (3.35)
However,
I(vh, o)) =(vl)g mes Q, (3.36)
and
10515 0, = (WG + 300} +5(0))3 +§(eh)3) mes 2, (3.37)

within an element. This means that, for some C,>0,
= C |yl + loll§ < Cl(vg, v)). (3.38)
Thus, (3.18) need not be true, in general. []

Now, it is necessary for full estimates of u’ and u to find h-estimates
between the limits (v*, p") and the solutions (u, p) of the “mixed” formulation
(2.15). To this end, we have to recall the study by Brezzi, Hager and Raviart
[7] for finite element analysis of the mixed type of variational inequalities.

4. Estimates for the Mixed Method

Let (u,p)eK x N be the solution of the mixed formulation (2.15). Let (u",p")eK,

x N, be the limit of {u" p"} as ¢—0 which satisfies the discrete mixed for-
mulation (3.19).

Let E, be the error of numerical integration I defined by (3.5) such that

_ E(f8)=(f9—1(/.8) 4.1)
for every f,ge C(Q).

Theorem 4.1. Suppose that the following regularity holds:
ueHYQ), geHYQ), peH *(Q), sz2. (4.2)
Then the estimate

lu—u" |3 < C, {llu—o"I3 +Ulp—q" 11 +lp— "I
+llu—v"*_, +|E(g" u"— )} (4.3)
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holds for every v*€K, and q"eN,, where C, depends only upon |lul, and ||p|,_,.
Moreover, the estimate
u—u"|F S C, {{lu—o"I3+Up—g" 11 +Ip—p"llollu—1"o
+lp—q"IF +Efq" v — )| +E(p", v" —w)|} (4.4)

holds for every v"eV, and q"eN,, where C, is independent of the mesh size h of
the finite element model,

Proof. From (2.15) and (3.19),
au—u", oMy=(p, " —I(p" "), Vi"eV,. (4.5)
Applying (4.5), we have
a(u—u' u—u"y=a(u—u" u—uv"+(p, " —u"y—I(p" v" —u")

Sau—u'u—v")+(p—q"u—u")+(¢"-p,u—g)
+(p9 vh_u)_El(qhauh-g)—I(ph’ Uh_g)il(qh’uh_g) (46)

for every v"eV, and ¢"eN,. If v"e€K, and ¢"eN,, then

au—u" u—v")<au—u" u—v")+(p—q" u—u
+(g"—p,u—g)+(p,v"—u)—E,(¢" u" —g).
Since a(-,-) is coercive and continuous, regularity assumption (4.2) and Young’s
inequality imply the estimate (4.3).
Furthermore, from (4.6), we can obtain the inequality
alu—ut u—uM=alu—u* u—"+(p—q", u—u")+(p—p" v"—u)
+(q"~p,u—g)—E(q", u"—g) + E,(p", v" —u)
—Ig"u"—g)—I(p" u—g)
Saw—u',u—")+(p—q"u—u")+(p—p"v"~u)
+(q"~p,u—g)—Ej{q", u" —g) + E,(p", v" —u)
for every g"eN, and v"eV,. Then the estimate (4.4) follows from coerciveness
and continuity of a(-,-), (4.2), and Young’s inequality. []

It is noted that the estimate (4.3) is constructed in subsets K, and N, of V,
and Q,, respectively. Then, interpolation errors of finite element methods must
be discussed in restricted sets K, and N,. The estimate (4.4) is implied within V,
and N,. However, the term |p—p,llo Is included in the right-hand side of (4.4),
and is estimated as follows:

Theorem 4.2. Suppose that there exists a positive number &, such that

(q"v"
&, llg"llo < sup

vheVy, ”Uh||1 ’

" +0, g"eQ,. 4.7
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Then the estimate
lp—P"I5 < Coflllu—ull,/8,)* + lip—a"l5 + E(p" p" — q")} (4.8)
holds for every g"¢Q,.
Proof. Applying (4.5), we have
(" —q" ") =a(u" —u, ") +(p—q", v") + E;(p", v").
Since the condition (4.7) is equivalent to the condition

eV, v"=¢" and 4,[v"[|, <lq" o, @.7n*
we have

Ip" —g" 15 = M llu—u  p" =" lo/%+ 1P —"llo IP" — 4"l o + EA(P" p" — "),
Applying Young’s inequality yields
Ip" =g I3 = C{llu—~u"l  /8,)* + Ip—q" I3+ E((p". p"— g™}
The result (4.8) then follows from the triangular inequality. []

The above result gives the estimate of p—p* in L*(Q)-norm, and the rate of
convergence is dominated by 1/4, if &, depends upon h, the mesh size. Howev-
er, if the estimate of p—p” is considered in the dual space of H.(€), then the
following result can be obtained:

Theorem 4.3. Suppose that
(i) 3vjeV, st Jo—dflo=M, ko], (4.9)
and |||, <M, |v]l,, for every ve H(Q), with

E h _h
) sup P hp usg (4.10)

veriy l0ll; T

for every p*eQ,,.
Then, we have

p—p ¥ =M hlp—pllo+ M, lu—ut], +Myh* (4.1
Proof. 1t follows from (4.5) that
(p—p" )= —p" v—")+a—u",v")— E,(p" ")
<lp—p"llollv—o"o+ M, Jlu—ull, (Jo=o"|, + Joll ) — Ef(p", v")

Then applying (4.9) and (4.10) we have

(p—p"v)
lp—p"I¥ =sup

WéMlhllp—p"llﬁMzllu*u"li1+M3h“. O
veV 1
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5. An Example of Error Estimates

Final error estimates of the penalty-finite element approximation for a specific
choice of finite elements and schemes of numerical integration I follow from
the results of interpolation properties of finite element methods defined on
restricted sets K, and N, instead of V, and Q,, respectively. Thus, the results
due to [9] must be recalled here. Let U, be a finite element approximation of
a subspace U of a Sobolev space H™(2), m>0, such that HJ(Q)c U < H™(Q).
Let ) be the set of all nodal points of the finite element model which
construct finite elements. Let k be the order of the complete polynomial
contained in each interpolation function associated at a nodal point of the
model. Suppose that ge H"(2)n C(Q), and Q is the domain for both approxi-
mation and the continuous problem. Then

Theorem 5.1. Let v" be the unique element in U, such that v"=v on .. Then if
veM, v*eM, and

llo—o*|l, < Ch* jlull,

(5.1)
u=Min{k+1—rs—r}
where C is a constant independent of v and h,
M={veH"(Q):v—g=<0 ae. in Q} (5.2)
M, ={v"eV,:v"(})—g(}) <0} (5.3)

and r<m<s. [

As an example, we will discuss error estimates of the approximation by
three-node linear triangular elements and “trapezoid” rule of numerical in-
tegration described in Example 2, in Section 3. Let the domain € be divided
uniformly by three-node triangular elements, and let the integration rule I be
defined as in Example 2. Let

ueH*(Q), geHYQ)nC(Q), pel*(Q) (5.4)

From Theorem 3.3,
=), S Ceh 55

Ipi—p"o=Creh™?

From Theorem 4.1 and 5.1, we have

lu—ut|, < Csh (5.6)
since )
IE(q", o) < Cyh% ig" o 10711

From Theorem 4.2 and 5.1,
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lp—p"o=C, (5.7)
applyin
pplying E " < C 4" 1"
{q" < Culig"lo gl

Condition (4.9) follows from the theory of interpolation of finite element
methods. Moreover, it can be easily verified that

[E(p", oIS Chilp™lo 10",
Then condition (4.10} is satisfied with g=1. From Theorem 4.3,

lp—pI¥<M,C,h+M,Ch+Ch

Ip—p*"It=Csh (5.8)
[t may extend similar arguments to ||p"—p"||, and then
Ip"—p"t = Creh.
Therefore, if e=h2,
llu—ulll; +lip—piit < Coh (59)
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