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Proof of the ionization conjecture
in a reduced Hartree-Fock model
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Summary. The ionization conjecture for atomic models states that the ionization
energy and maximal excess charge are bounded by constants independent of
the nuclear charge. We prove this for the Hartree-Fock model without the
exchange term.

1 Introduction

One of the most challenging problems in mathematical physics is to try to
understand the experimental fact that atoms can only carry a very small net
negative charge. It seems that a neutral atom can only bind one or two extra
electrons.

Over the last decade the research into this problem has been extensive, see
[BL], [FS1], [L3], [LSST], [R1-2], [SSS], [Si1-3]. The best known result
is due to Lieb [L3], it says that the total number N of electrons that an atom
with nuclear charge Z can bind satisfies the bound

() N<2Z+1

For Z=1 this gives the correct bound. In the asymptotic limit Z— 0, (1) can
be improved ([FS1], [SSS]) to the following bound on the excess charge
Q=N-Z

) QO <const Z' ¢,

for some ¢ with 0<e<2/3 (that one can choose £=2/3 has recently been
announced in [FS 2], this also follows from the method in [SSS], if one compares
with the model presented here, and use the main results below). However, none
of these results come close to explaining @ <1 or 2. The lack of understanding
is so great that to the best of my knowledge not even a heuristic argument
for Q < C, with C independent of Z has been given.
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In this paper we prove this fact in an atomic model whose complexity is
so great that it mimics the true quantum theory to a very high degree. The
constant bound on @ has previously been established in only a few much simpler
models, the Thomas-Fermi model [LS], the Thomas-Fermi-von Weizsidcker
model [BL], and the Hellmann model [SW].

The complexity of the model studied here and the nature of the proof given
is such that I feel it might very well indicate the right approach to the full
problem.

The model we study is given by an energy functional defined on what is
called admissible density matrices. An admissible density matrix y is a trace
class operator

) y: 2R )~ 2R C)
satisfying the operator inequality
@) 0sy=L

Such an operator can be written as y=) 1, 9,®¢;, where {¢,} is an orthonor-
k

mal family in LZ2(R3; €?) and 0< A, < 1. We can then define the density

) Py (x)=2 Al @x(x) | L' R?).

The Reduced-Hartree-Fock functional is

(6) gRHF (y) =Tr [hZ y] + D(p"y! py),
where h,= —A—Z/|x| and
™ D(f,e)=4f(0)x—yl " gy)dxdy, [fgel'R>).

The real Hartree-Fock model which is so widely used in physics and chemistry
is given by the functional

®) Eur (V)= Erur () =3 [17(x, )P |x—y| "t dxdy.

Here y(x, y) is the integral kernel representing y. The last term in (8) is called
the exchange term.

Usually the Hartree-Fock functional is only defined on projection operators.
However, it was proved in [L2] that minimizing &yr over admissible density
matrices gives the same result as minimizing over projections only. This fact
seems not to hold in general for &gyE, see also Corollary 2 below. The reduced
Hartree-Fock model is somewhat similar to the model originally introduced
by Hartree in [H].

The energy of an atom with N electrons (N not necessarily an integer) and
nuclear charge Z in the reduced Hartree-Fock model is

©) Egue(N, Z)=inf{€rur (v) |G, Try <N},
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where
(10) G = {y admissible| Tr(— 4y)< w0, D(p,, p,) < 0}.

In appendix A we study the minimization problem of (9). The result is sum-
marized in

Theorem 1 (a) There exists NAZ) with Z<N.(Z)<2Z such that for all O<N
S NAZ), Exup(N, Z)= Erur(y) for some yeG with Try=N.

(b) N+ Egue(N, Z} is convex, non-increasing and constant for N = N.(Z).

(¢) The density p, is uniquely determined and is sphericaily symmetric.

(d) y can be written as

1y Y= z M o®p,, 02451

k=1

where each ¢, with 2, %0 is a normalized eigenfunction of
zZ
(12) hp=—A4———+p,*|x|7",

x|

(* denotes convolution).
(¢) The energy Egyuy approximates the true quantum energy E;

(13) (1+C,Z7 ) Egyp(N, ZYS Ey(N, Z) £ Egue(N, 2),

if N=AZ for some constant 0<A<1.

Except for a few differences the corresponding theorem for Hartree-Fock
was proved in [LS2]. From this theorem we easily conclude

Corollary 2. If y=Y 4, ¢,®@, is an absolute minimizer then l,=1 or O unless
% ¢, =0.
Proof. We know that (¢;, i} @) £0. If (¢, ky @) <0 and 0 < 1;< 1 we get

J
=5 Erur(Vy=(9;, A 0} <0,
37,

hence y cannot be the absolute minimizer. [J

As stated earlier we will prove a constant bound on the excess charge
(14) 0.(&)=N(2)-z.

But we will in fact conclude this bound from a much stronger result which
we will now describe.

In the rest of this paper we will let y denote an absolute minimizer. Define
v(R), the screened nuclear charge at radius R and the potential @gye by

(15) v(R)=Z— | p,(x)dx

x| =R
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and

z _
(16) ‘PRHF(X)zm—Pv*|x| L

Our main result is

Theorem 3. For all 3> 0 there exist o, D>0 such that for all R satisfying

17) aZ V3<RZD
we have
(18) (32472 -8R 3<v(R)£(324 2+ 6)R 3,

and for all x such that R =| x| satisfies (17)
(19) (8172 —0)|x|™* < @rur () S (81 7% + )| x| *.

The constants 324 2 and 8172 come from the Thomas-Fermi (TF) theory.
It is in fact easy to prove the above Theorem in the TF theory (see Theorem B3).

The result corresponding to (19) in the Thomas-Fermi-von Weizsicker theory
was proved in [So], by a method completely different from what will be presented
here. In [So] (19) was the key to proving universality, i.e., the existence of
a limiting electron density for large atoms.

The idea to prove Theorem 3 is to use a renormalization scheme comparing
with TF type models on different length scales. By comparison with the regular
TF model it is 1ndeed as we will see, easy to show that (18) and (19) hold

for «Z™ 3<R</3 z 3(1 s) for some &£>0. Using this we compare the density
outside {|x|< R} with the density of what we call an exterior TF model. This
will give (18) and (19) for R in an interval of larger scale. This scheme will
converge to give Theorem 3. In Appendix B we define and study exterior TF
models.

From Theorem 3 it will be easy to conclude

Theorem 4. For all Z we get the following bounds on the excess charge Q.(Z),
and ionization energy I(Z)= Egur(N.(Z)— 1, Z)— Exue(N.(Z), Z)20
(20) 0.(2)sCy and I(Z2)2Cy,

where Cy and C; are independent of Z.

The paper is organized as follows: In Sections 2 and 3 we compare with
the exterior TF model. Section 2 gives an upper bound to Egyp and Sect. 3
a lower bound. In Sect. 4 we prove Theorem 3 and in Sect. 5, Theorem 4.

2 Comparison with exterior TF density: upper bound
Let y be an absolute minimizer of &xyp. We will define a trial density matrix

by changing y in an exterior region. We use the method of coherent states
(see [L1], [L4] and [T]).
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For all R;>0 and O<r<1R, choose two spherically symmetric
C>-functions 6, : R* >R, U {0} such that #5 +62 =1 and satisfying

1) 0.(x)=0 if |[x|ER,~r and O,.(x)=1 if [x|=ZR,+r
with
2 VOIS Cor .

Define a trial density matrix by

3 Fx, x)=0_(x) y(x, x) 0 _(x)+ 8, (x) K(x, x') 0. (x')
where
@ K(x,x)=1,2n)7*fdpdqg(x—q) g(x'—q) M(p,q)e'?*.
Here 1, is the identity on €? and
- Q2m~'"2|x| " 'sin(m|x]), |x|]=1
6 s=rPaln s=] 0 e
then [g(x)> dx=1.
The function M is defined by
©) M. 0)=0((3 77 (0~ 1?),
where 8 is the function
1 if t=20
@ B(t)‘{o if 1<0°

. is a non-negative function in L' (R?) ~ L**(IR?), to be chosen later, and satisfy-
ing
(8) supp p, < {x||x|=R; +2r}

We have to check the admissibility of §. Given feI*(R3; €C?) then with
(, ) denoting inner product

(£IN=(f0-v0_f)+(f 0. Kb.f)

Since y is admissible 0Z(, 6_y 0_)Z|0_f 1.
A straightforward computation using Parseval’s identity gives

0<(£0,KO0.N)=10.f]%
Thus 0 (£, 2NZ IS de,

(=]
A
~21
A

[

The density corresponding to K is

9) pr(x)=K(x,x)=p,*|g|*
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It is then clear that 7§ is trace class and

(10) Py =0_(x p,()+ 0. () p, *|g|*
=0_(07p,(x)+p,* g

where we have used the support properties (1) and (8). Indeed 8, K6, =K.
We will now compute Epyr(7),

(11) Tr[—A47]=Tr[-40_-y0_)]+Tr[—-4K].
An easy computation gives

(12) Tr[-4K]={IVgl*dx[p.,(x)dx+3(37%)*? [ p,(x)*1*dx
=nr ?{p(x)dx+2(37?* [ p,(x)**dx.

We also get with V=2Z|x| !

(13) THVK]= [ () V() dx= g o dx
—Z X" pu(w) dx

since supp g supp p, =9 and g is spherically symmetric with {|g|>=1.
Thus

(14) Tr[h, 7] =Tr[hy(0-760.)]14+2(3 7% [ p.(x)** dx
—Z{|x|" ' p(x)dx+mr %[ p,(x)dx.

For the last term in &xye we find

D(pS'a P7)=D(92— py’e%- py)+2D(02— pya pu*lglz)
+D(p,*|gl% pu*|gl?).

Now D(p,*|g|? p.*|g>) S D(p,, p.). Since 82 p, is spherically symmetric
2D(0% pys pu |81 =(Z =) fIx]| 7" pu(x) dx

where

(15) ¥=Z—{6% p,(x)dx.

We have

(16)  ERfr=Erur() < Erur() S Erur(0-70-)+Exp(p) +nr™2 [ p,(x) dx,

where &1 is defined in Appendix B.
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3 Comparison with exterior TF density: lower bound

As before let y be an absolute minimizer, i.e.,

ERr=6rur(7) =Tr[hzy]1+ D(p,, p;)

=Tr((6% +63) 7]+ D(p,. p,).
1t is easy to prove the following version of the IMS-formula
Tri(62 +03)(—A)]=Tr[—4(6_y0_)— 40, y6, )] -Tr{(V6_)*+(V6.)")y].
Thus
¢Y) ERife=Tr[hz(0 70 )+h(0,70.)]-Tr[((V0-)*+(V0.,)*)7]
+D(6% p,, 0% p,)+2D(0% p,, 0% p,)+D(6% p,, 03 p,)
= Eru(0-70_)+ Tr[hz(0.70.)1+2D(6% p,. 6% p,)

+D(O p,. 0% p)~Tr[(TO_Y +(76.)%)7].
We write

2D(6% p,, 0% p)= (6% p,)x|x] " (82 p,)(x) dx

=917 02 p, -+ {02 p )11 =203 p, (00 dx.

Since 62 p, is spherically symmetric we get using (2.15)

_, Z-V
FLO% p) x| x| ™t —=——}(6% p Y(x) dx
[x]
= 0] ey
Ri~rs|x|SRy+r iyl x|
Iyl zlx
1 1
> - 22
2= 2R~
where
(2) AQ(R13r)= f py(x)dx'
Ri-rs|x|SRi+r
We obtain
Z-3y 2r
(3) 2D(92—Pyseipy)szeiPde—AQ(Rl,r)zm
Hence from (1) and (2.2)
4 ERin2 Erup(6_v0 )+ Tr[hy(0.70,)]+D(0% p,, 0% p,)

—Cor 2 AQ(Ry, 1) —4R{*r 4Q(Ry, 1Y%,

we havealsoused r<4R;.
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For p,e L"(R3*)~ L33(R?® a non-negative function, to be chosen later, we
write

(5) D(Hi Pys ei py)=2D(pL> 9%— p7)+D(9%‘ py_pL’B:i py_pL)_D(pLﬁ pL)
Hence from (4)

(6) ERife = Swnp(0- 70 )+ Tr[hs(0,y0,)]—D(py, pr)
+D(9%- Py—PL> % Py*PL)_Cer_ZAQ(Rl, r)_4R1_2"AQ(Rh")2,

where
v _
™ o= —A—(m—pL*ixl )

We will now find a lower bound to Tr[A,(@,y0,)]. 0,70, is a trace class
operator in L? (IR?; C2) with

0<(0,76,)<1 and suppps,,s, ={Ix|ZR,—1}.

Therefore
(8) Tr[h;(6, y0,)]=sum of all negative eigenvalues of A2,
here h? is the Dirichlet realization of &; on {|x|2 R, —r}.
Writing
© V=i eerlel™

| x

we get since *<R,/4 using the same coherent states as for the upper bound
that for |[x|= R, —r

Vxlgl?—V=v(1gl+|x|"'—|x|™")
+pr*|x|T —ppxlglx]x| !
=pualx|™ = pyxlglPslx| 1 20
since p, *|x]~ ! is superharmonic. Hence
(10 h2z —Ap—V+|g|®
We will estimate the sum of all the negative eigenvalues of —A,—Vx|g|?

as an operator on L*({|x|2 R, —r}; C%.
Let m,, ... be the normalized eigenfunctions. Define

(11) M(pa q)= Z (mis Hpq mi)a

i=1
where I1,,, is the projection

(12) 0%, X)) =1, fpq(%) f4(X)



Proof of the ionization conjecture in a reduced Hartree-Fock model 299

for

(13) fra®¥)=g(x—q)e’?*.

Since m; is supported in {|x|= R; —r} we see that M has the following proper-
ties

(14) M(p,q)=0 if |g|<R,—2r
(15) 0=M(p,)<TrI1,,=2(=dim C*>= 3 ofspins).

We will choose p; such that the number N of negative eigenvalues of AP
is finite, see (23) below. Then

(16) @m)~*ffdpdgM(p,q)<N

since 2m) 73 {[dpdqil,,=1.
We also have the following identities for any function me *(R?; C?)

amn fIvmP?dx=Qm)~3[fdpdq p*(m, I ,,m)—(m,m)[|Vg|>dx
(18) fiml? VxlgP? dx=(2)" {fdp dq V(@)om, IT,,m)
Hence the sum of the negative eigenvalues of —A,— V* |g|? is

(19 @m=3 ff dpdq{p>-V(@}M(p,q

lglzR(—2r
—@2m 3 f|vglPdxffdpdq M(p,q)
22m~3 [  dpde{p’—V(@)}-20(V(g)—p>)—N||Vg|*dx,

lglzR1—2r

here we have used (14) and (15).
Now we choose p,, using the notation of Appendix B

(20) pL(¥)=prr(x, Ry =21, 7).

Then for |x|ZR,—2r

@1 V(x)=g1e(x, R, —2r,9)= (372 p)*> 20
and
(22) j pL(x)dx="v.

|xlZRi—2r
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The number of negative eigenvalues N can be estimated from a Theorem
of Lieb [L5]

23) N<@a) 'L f  |Px|gl¥?dx

lx{zRy—r

S@m)7'L | [PPdx

|x|ZRy—2r

=L | pux)dx=v-L.

|x|ZRy—2r

Lis a positive constant.
From (19)+23) we obtain

(24) Tr[hy(0, 70,1223 [pL(x)>*dx~[V(x) pL(x)dx—7-L-mr™2
Going back to (6) and recalling (9) we find

(25) ERIl-lriTZé{?RHF(a y0_ )"f'@@TF(PL) V-Lemr™?
+D(p,0% —pL,p, 0% —p)—Cor 2 AQ(Ry,1)—4 R *r 4AQ(Ry, 1)*

We return now to the upper bound (2.16) and make the explicit choice

_fpilx) for |x|ZR +2r
26) p“(")_{ 0  for |x|<R,+2r
Then
v
27 Errlp) S Erplp) + ] Il prix)dx

Ri—2r=s|x|SRy+2r
We know that
37 pu(x) =V (x> S 72 |x| 2,

Hence since r <} R we can estimate the error term in (27)

i %m(x)dxg%?mﬁv‘“.
Ri—2rZ|x|ZRy+2r
Thus combining (2.16) and (25) we obtain
(28) D(p, 0% —pp, p, 0% —p) S(L+D)nr 27+ Cyr 2 AQ(R,,7)
+4R;2rAQ(R1,r)2+163n2rR;%GS/Z.
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In the case where r=R, =0 we easily get by copying the argument in [L4]

7
F(1—-¢)
(29) D(py,—prr, py—pre) S Co 23

where e=+.
We have

Theorem 5. (a) Given Ry, r>0 with r<}R,. Choose 0. corresponding to R,,r
as described in (2.1.2). If v is the absolute minimizer and p;(x)=pr(x, R, —2r, V)
then the inequality (28) holds, with v and AQ defined in (2.15) and (2) respectively.

(b) In the case where R, =r=0 we get the inequality (29).

4 The renormalization procedure

In this section we will prove Theorem 3. We begin with | .

Lemma 6. For every 6> 0 there exist B, x>0 such that for «Z 3<R<BZ 3
we get (1.18) and (1.19).

Proof. Choose yeCg (R?) with y(x)=1 for |x[=1 and x(x)=0 for |x|Z1+ 4
Let yg(x)=x(x/R). Then with denoting Fourier transform

(1) If 1 (), (x) = pre(x) dx|=|] 2= (P)(p, — prr) (P) dP|
= C(flir(p)I? |£|2dp)1/2D(py”.?TFa p,—pre)?
<Co P xall, 26" P <y RM2 26" 9,

(1—¢)

Here we have used Theorem 5(b). This inequality was an essential ingredient
in [FS1] and [SSS].
For v(R) defined in (1.15) we get

@ WR=Z— [ pmdx=[pe0— | p,x)dx.

Ix|=R |xl=R

Using the result corresponding to (B.13) for the regular TF theory we easily
see that we can find « such that if R=«Z ™ !/3 and 4 is sufficiently small

7
3) —C,RY? ZE(I‘E)+(324712~§)R‘3gv(R)
Ti—g o
<C,RYV?Z75 +(324n2+§)R‘3
Thus if a Z" V3 <RZBZ 713079 we get
o

(— C, 87" +324n2—g)R‘3§v(R)§(CAB7/2+324n2+5)R_3.

1t is therefore clear that we can choose f§ such that (1.18) holds.
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(1.19) is proved in a similar way except that we replace (1) with

@ _“ V(pRHF_Vq)TFlzdx:D(py_pTFapy_pTF)9

together with the inequality

6] I¢RHF(x)—¢TF(x)[él(n‘xl)—ln( j [V orur— V(pTFIZ dJ’)l/z,
Iytzlx|

which holds because of spherical symmetry. []
The Renormalization procedure is given in

Lemma 7. Given 6 <0. Then there exists D,(0)>0 such that if (1.18) and (1.19)
have been proved for R and Z satisfying

1 1 "
©6) 2Z 32R=BZ73"T <D, ()

where o and B are the same as in Lemma 6, and n is a positive integer, then
(1.18) and (1.19) will hold for R satisfying

l(l~£n+l

1
o) aZ 3SRZBZ73

Before proving this lemma we show how to use it in the
Proof of Theorem 3. Assume R satisfies (1.17) with D=min {8, D, (6)}. Then since

1 "
lim B z 32 B we can choose a smallest possible n=0 such that

n—+w

L
aZ 3

1 "
If n=0 we are done by Lemma 6. If n>1 we know that for all k<n, ,BZ_E(l_e)
<RZ D, (9). Then starting with Lemma 6 we prove by induction using Lemma 7

1 1 o+ 1
that (1.18) and (1.19) hold for all R, satisfyingaZ <R, <pz 3" 7

lyfor R. []
Proof of Lemma 7. We assume that Z satisfies (6), and that (6) implies (1.18)

1 1,
and (1.19). We first notice that (3aZ 3, % BZT(I“E)) is a non-empty interval

if D (8) <2 p'2 o’ ~ 1/ Indeed

especial-

1 1 1
462737 [$az 73] =4Be " 027D 2 3BT DL () > 1.

1 .
Now for any R,e¢2Z 3,482 3" ") define

®) r=R1*23,



Proof of the ionization conjecture in a reduced Hartree-Fock model 303

Then if ($D,(0))** <4 we get r<iR,.

We choose 0., for Ry, r as described in Sect. 2. Then since R, —r and R, +r satisfy
(6) we can use (1.18) to get the following estimate for v=2 — j 6_(x)p,(x)dx
&) (3247 —9)() P RPSTVS(3247° +0)@) Ry

Furthermore from (3.2)

(10)  AQR;—r)=v(R;—1)—V(R;+7r)
=[34r*+9)@)*~(324n* - )@ IR *=c, R,

Notice especially that

(1 Ri—27052 R 519723242 — 0),

We get from Theorem 5 using (8)—(10)

(12) D(Py PL;PyG _PL)<CaR1 3(Ri/3+Rf/3)§C5D1(5)1/3R;7(1_5),

where we have used R, <D,(0)<1 and e=- g%
From (11) and Theorem B.3 we can find &(8)> 0 such that for R=14(5) R,

(13) (3247[2—g>R - x)dx<(324n + )R”3,

IxlzR

where we have used that p; (x)=prp(x, R; —2r, 7). If we recall that ij dx=7v
we can repeat the argument from Lemma 6 to get that for R=&(J) R,

C/pl/sRmR“” V1 (32472—3HRTIIKT— | 0, (x)7p,(x)dx

|xI=R

<C,DYS R R} 301~ 94 (32472 +38)R2,

Notice that — | 6.,(x)?p,(x)dx=v(R). If &SR, <R<B, R for any

[x|=R
B, >0 we obtain
7 7
(14) (—C;D°B12~30+3247") RT3 <v(R)S(C; DY° B, 2+ 39
+32473)R3,

1

i n
If we let R, run over ((2Z~ 3,482 73" ™) we find that (14) holds if

gt

(15) $05(0) ZS <R EH 2T

We choose f, such that B,(#p)' "“=p. Then we choose D,(8) such that
7
C; Di° By 2<40.
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Furthermore we want to make sure that the interval (15) overlaps the old
interval (6), i.e.

1
But since « Z~ 3£ D(9) this holds if just D(J) is chosen small enough.

We have proved that (1.18) holds if R satisfies (7). The proof that (1.19)
holds is very similar, using results corresponding to {4) and (5). It is left as
an exercise to the reader. [J

5 Bounds on excess charge and ionization energy

In this final section we prove Theorem 4.
First notice that from Theorem 1, Q.(Z)< Z and

I(Z)£ — Exur(N,(Z), Z) < const. z'3,

The last bound follows since Egzyp(N.(Z), Z) can be estimated below by the
sum of the N,(Z) first negative eigenvalues of the hydrogen atom.

It is then clear that in proving Theorem 4, we can assume that Z is greater
than any constant. We can therefore use Theorem 3.

The method we will use to prove the excess charge bound is similar to
the methods used in [SSS] and [So].

The absolute minimizer can be written as

)’=Zﬂk PR Py
k

where {¢,} is an orthonormal family with
L Ov=6 0,  &6=0.

Let R be a fixed radius independent of Z, with R< % D. Choose 0<yeC™(R3)
with y(x)=1if |x|Z2 R and y{x)=0if |x|<R. Then

(1) OZZEklka,‘xIX(X)(Pk)
k

=2 Aa(@n, 1x] £ () i )
k

2 z elx]~1
= L] o 15129400 [0 151109155, 11" x|
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Notice that the first term is real so
(P> 1] x W= D) @) = [ 01 () | x| x (X} (— 4) @ d x
— {17 gl 1] 20 dx+ Re ([ 90 ¥ 9 (x)- V(1x|x<x»dx)

z—3floP A(x]x(x)dxz —CR™ | |gpl*dx.

a x1Z R
Using Theorem 3 we conclude

LA X1 x (=D @)= —CRTI( | p,(x)dx)

Ix|zR
2 —CR ([ x(x) p(x)dx+C).
Then from (1) we find
02 —CR™ ' (fx(x) p,(x)dx+C)—Z [ x(x) p,(x) dx
+{x() p, (x| x=y| " p,(n)dxdy
=—CR™'([x(x) p,(x)dx+C)—Z [ x(x) p,(x) d x
A =20 o, x =y x| 2(x) p,(x)dx dy

[x|+]yl
fx—yl

+3[ 2 p, () 1(xX)p,(x)dxdy.

In the last term we have used symmetrization. Using the triangle inequality
and the definition of v(R) we arrive at

02— CR™(fx(x) p,(x) dx+ C)=v(R) [ 1(x) p,(x) dx + 3 ([ % (x) p,(x) d x).
Since R and v(R) are bounded by constants we get
(PA) fx(x) p,(x) dx < Const.
Then
Q(2)=N.2)~Z=fp,(x)dx~Z
= | pdx—Z+[x(x)p,(x)dx

Ix}<2R

= —v(2R)+_fx(x) p,(x)dx=Const.,

since v(2 R)>0.
To prove the bound on the ionization energy we go back to equation (3.4).
From Theorem 3 we can choose R, and r independent of Z such that

[6% p, SN2)~ 1.

Then &pup(@-76.)2 Equr(N(Z)—1, Z). Hence we just have to estimate
Erur(f_v0_)— Egin from above by a constant. Or, from (3.4) it is enough to
show

() —Tr[h(0+70.)1+Cor 2 4Q(R,,1)+4 R *r 4Q(R,, r)* <Const.
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But since v, R, r are bounded by constants and

[0.4(x) p,(x) dx =N(Z)— [ 0(0)? p,(x) dx
=Q.(Z)+7<Const.

We immediately conclude (3).
This completes the proof of Theorem 4.

Appendix A. The RHF minimization problem

In this appendix we prove Theorem 1. We first notice

Lemma A 1. The map
Trace class operators in I (R3, €C*)3yr-p,e L' (R?)

is continuous and linear.

The proof of this is left to the reader.

For all rotations 2€S0(3) there corresponds a unitary operator U, on
I2(R3, €?). We denote yo=U, 'y U, for yeG, where the set G was defined
in (1.10). Then pm(x)=py(9'1x). Tt is clear that &pyp(y) = Erur (Vo)

If dQ denotes the Haar measure on SO(3) we get from the convexity of
ér7Rl-IF

‘gRHF(_‘l Yo dQ) £ j Erur(Y0) 42 = Erur(y).

Given N >0, it is then clear from the above spherical averaging procedure
that we can choose a sequence {y"} in G with Try”<N and y% =y" for
all QeSO (3), such that

1) lim &rur(7™) = Egge(N, Z).

Let p™ = p.m. Then p™ is spherically symmetric.
Since ¥ is minimizing Tr[h;7*] is a bounded sequence. It then follows
from Kato’s inequality

2 Tr[y®V]LeTr[—A4y™]+C, Try™, all £>0

with V' =Z/|x| acting as a multiplication operator, that Tr[ — 4y™] is bounded.
= (1 — A)1/2 y™(1 — A)'/* defines a sequence of positive trace class operators
on I?(R3, €?) with bounded trace norms

©) Tr[7™]=Tr[(1 —4)y™].

Especially {#™} is a sequence of Hilbert-Schmidt operators with bounded Hil-
bert-Schmidt norm.,

Since the space ¢%(L*(R3, €2)) of Hilbert-Schmidt operators on L*(IR3, C?)
is a Hilbert space we can assume by going to a subsequence that 7 converges
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weakly in €2(L*(IR3, €?)). Thus there is a ®e%? such that for all We%?,
Tr[W3"™] - Tr[W5®]. Let

@ PP = (=)D —4)

Choose an orthonormal basis {1/} in L*(R?, €?) such that each y,e H' (R3, €?).
From the weak convergence in %~ it follows that

im (Y, Y ¢)=lim (1 —2) 7>, 771 = )72 ) =i, YY)

Here (, ) denotes the inner product in I2(IR3, C?). Likewise

lim (e, (= 4)'2 90 (=2 )= (e, (— 4729 (= )2 ).

n—w

Since ™20 and (—4)"*y™®(— 4220 it follows from Fatou’s lemma for
sequences that

4 Try' ™ =Y Wi, YY) Slim Try™ <N
k

and

(6) Tr(—4y*) £lim Tr(— 4y").

We clearly also have 0 <y <1.
Since ' is spherically symmetric so is p(x). Hence p‘™ x|x|!
<Yx|7 [ p"(x)dx < N|x|™'. We then get from Kato’s inequality again that

N D(p'™, p™N=Tr[p"*|x|" ! 9] < 0.

For any compactly supported function f with 0= f(x)=< C/| x| the operator
(1—A)~*.f.(1— 4)~* is Hilbert Schmidt which can easily be seen from the inte-
gral kernel representation of (1—4)™1.

From this we can now prove that

z
|x]

Zz

=P

®) lijn fp"(x) dx.

Write Z|x| '=V(x)=V-3.+V(1—y,), where y, is the characteristic function
for the set {|x|<r}. Now

V(A=1))=Z*|x|"! for |x|zr,
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where Z, is the uniform charge distribution over {|x|<r} with total charge
Z. Thus
[[(p®—p) V(1 —y,)dx|£2D(|p"—p'|, Z,)
S2D(p"™ +p', p™ + p )12 D(Z,, Z, )1

éz(D(p(n)’ p(n))l/Z +(D(P(OO): p(w))l/z)'D(Zr’ Zr)l/2
<Const. D(Z,,Z)1* ——0.
r—o

We have used (7) and that since ¥ is minimizing D (o, p™) is bounded.
On the other hand

§p ) V() 1 (x)dx=Tr[y” Vg 1=Tr[j"(1—4) 7% Vy,-(1—4) "]
——Tr[y (1~ 4)7* Vg, -(1-4) %]

Since (1 —A4)~*-Vy,-(1—4)"* is Hilbert-Schmidt. This gives (8).
We likewise conclude that lim D(p™, p!®)= D(p‘=, p*). But

D(p™, p)<D(p™, p™)}2 D(p'=), pt=)1/2
and we conclude that

©) D(p', p') <lim D (p, p).

From (5)+9) we see that &y ()= E(N, 2Z).
Recalling that &gur is a convex functional because p+— D(p, p) is strictly
convex we conclude (a)c) of Theorem 1 except for the bound Z<N,(Z)<2Z.

We now prove Theorem 1(d). We can write y¥=y= Y 1, ¢,®@, with 1
k=1

224, =...20. Choose K =0 such that K+ 1 is the smallest number with 1., , <1.
Ifulspan{g,, ..., g} with |ul| =1, we define for je{1, ..., K}

. _ 1 _ "
?g)=k§jlk 0@ Py +m(¢j+5u)®(¢j+8u)~
It is easy to see that we can choose m> 1 such that for ¢ small enough, 0 <y¥ <1

and Tr[y9%]<N. Then

d .
0=E gRHF(yg))ls=0=(¢j! hyu)+(u, b} @).

Thus (u, h}¢;)=0. This shows that h} maps span{¢,, ..., @k} into itself. This
space is therefore a sum of eigenspaces for h}.
We can rewrite

éWRHF())) =Tr [h% y] - D(pv’ py)
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The first term is smallest if ¢, ..., @ are eigenvectors for k. On the other
hand D (p,, p,) is independent of the basis for span{@,, ..., ¢}. Hence we con-
clude that ¢, ..., @g are eigenvectors. That ¢g ., ®x+2, -.., al€ €igenvectors

is proved by showing in the same manner that h} leaves span{o,, ..., ¢k, ¢;}
invariant for j=K+1, ....

We are left with proving Z < N,(Z)<2Z. The upper bound follows as in [L3].
If N<Z it is clear that k% has infinitely many eigenvalues. We define K as
before. Then K< N, and we can choose ulspan{g, ..., ¢k} such that u is
a normalized eigenfunction of hY. Then for ¢ >0 small enough

Ve=7+eu@u
satisfies 0<y,<1 and Try,=N +¢. Furthermore
Erur (V) = Equr (V) + e, hyu)+ &2 D({ul?, [ul).

It thus follows that E(N +¢, Z)< E(N, Z) and hence N,(Z)= Z.
(1.13) holds because it is true for Hartree-Fock theory and it is easy to
see that the exchange term is bounded by C-Z>73,

Appendix B. Exterior TF models

The Thomas-Fermi theory of an atom with nuclear charge v is defined from
the functional

M Er(p) =33 7% [p(x)*Pdx—¥[Ix|™! p(x)dx+D{p, p).

Usually this functional is defined on densities p on all of R?. Here we will
restrict the functional to densities supported outside some ball.
We define the exterior TF energy corresponding to a radius R >0

2 E:(4, R, v)=inf{&1(p)| pe L’*(R?) ~ L (R3),
suppp < {|x|ZR}, fp(x)dx=A}.

It is clear that ES% = Eqg, where Eqp is the usual TF energy, i.e., corresponding
to R=0.

As for regular TF theory (see [LS1] or [L4]) we can prove that there
exists 4,, 0<A,£ oo such that the exterior problem has a unique minimizer
p with {p(x)dx=2Aif A= A.. We will prove below in Lemma B1 that 1. < c0.

For A<, the minimizer p{(x) satisfies

3) B’ p)*P=[,(x)—p]s on |x|ZR
for a Lagrange multiplier p=0. Here [t].=tif 120, [t]. =0if t <0, and

v

@ <p,,(X)=|—xT—p*IXI‘1¢

Lemma B1. 4, =7.
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Proof. Let S={x|¢,(x)<0,|x|=R}. We want to prove that S=. Since ¢ is
radial and subharmonic it follows that if ¢ <0 on {|x|=R} then ¢<0 on
{|x}|=R}. From (3) we get that p=0. Thus ¢=0 on {|x|=R} and if follows
that S is open. ¢ is harmonic on § and is 0 on the boundary, hence ¢=0
on § which is a contradiction unless S=0.

We have proved that ¢,20 for any minimizer. Hence A= fp(x)dx_gﬁ, ie.,
A ST

Proving A= follows as in [L.4] Theorem 3.18. []

When A=V we get the absolute minimizer corresponding to pu=0. This is
the case that will interest us from now on, we denote it

(5) p(x)=prr(x, R, %) o (X)= prp(x, R, ).

¢ is the unique solution to

— p3/2 g
© {%Mw ® [x|>R

ar(pllJc|=_=_‘7R7_2

0, denotes the radial derivative. The boundary condition follows from the spheri-
cal symmetry since

M 8 0()=1xI"2( | p()dy—9)

IyI=ix]
¢ has the scaling property
(8) o(x,R,N=R *p(R 'x,1,R>").

Lemma B2. If 7, <7, then ¢(x, R, V;)< ¢(x, R, V,).

Proof. We cannot have ¢ (x)=9¢,(x, R, 7,)>¢(x, R, v)) =@, (x) for all |[x|=R.
Since this would imply from (3) that 7, = [p, dx> [ p, dx=7,.

On the other hand ¢, and ¢, cannot intersect. Indeed if | x| =r, is an intersec-
tion, then there will be another intersection r,>r, (possible r, =c0) such that
in {r,<|x|<r,} ¢ (x)<¢”(x) where ¢', ¢" represent ¢, , ¢, in some order. Then
A(¢'— ¢ )=const(¢p'3?—¢"¥?) <0 but this implies ¢ >¢” on {r,<]x|
<r}. O

If ¥- R3 2 k>0 we find from (8)
©) (xR, 7)=R"*o(R™'x,1,iR}ZR *@(R™'x,1,x).
It is easy to prove, see [L4] Theorem 2.10 or [LS1] Sect. V.2 that

(10) lim |y|*o(y, 1,x)=817"
Iyl
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From [So] Lemma 11 we get for | x|>Const R
(11 @(x, R, 9) (817" + C(|x|/R)* )| x| ™,

where r=%+@>4.

Putting together (9)(11) we have proved

Theorem B3. If #-R3Zx>0 and 3,>0 we can find a(x, §,)>0 such that for
R=|x|Za(x, 6,)R

(12) @172 —8)) X1 * S orr(x R, )= @177+, x| *
(13) (32472 —6,)R73< j prr(x, R, v) dx <(324 n2+8,)R73,
lx|zR
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