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1. Statement of Results

Let A be an arbitrary constant with A>1, and let & be the class of all
multiplicative functions f such that | f(p)| < A4 for all primes p and

N
LIfmIPs4’N (1)
n=1
for all natural numbers N. For fe.# and real o write
N
S(e)= 3. f(n)e(nw). 2
n=1

Daboussi [1] has shown that if |a—a/q|<q™ 2% (a,q)=1, 3<g<(N/log N}, then
S(x)<4N(loglogg)~™* 3)
uniformly for fe#.
By (1) and Cauchy’s inequality,
N
Y If(mI<AN 4)
n=1

so that |S(a)] < AN. Thus, when q is large the estimate (3) is non-trivial. As a
consequence of (3), if « is irrational, then S(«x)=o0(N) as N—oo. Moreover, for
almost all real «, including all real irrational algebraic o,

S(@)<, N(loglogN)=t (N> Ny(w). 5

The most striking aspect of Daboussi’s estimate (3) is that it is uniform over
fe&#. Our main object here is to establish a sharp estimate of this kind.
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Theorem 1. Suppose that q< N and (a,q)=1. Then

S(a/q) <4 N((10g2N)~ "+ $(q)~* +(q/NF (log(2N/q))?) (6)
uniformly for fe#.

From this we deduce

Corollary 1. Suppose that |« —a/q|<q % (a,q)=1 and 2<R<q<N/R. Then

N 1 3
N+NR‘2(logR)7

S{) <4 log

uniformly for fe#.

Corollary 2. For almost all o, including all real irrational algebraic o,

N
S(O‘)<Al

oeN (N> No(@0).

To demonstrate the precision of the above estimates, in §7 we establish the
following simple propositions.

(i) For any real o and any N =2 there is an fe# such that |S(«)|> N/logN.

(i) If g<N* and (a,q)=1, then there is an fe# for which [S(a/q)|> Nqg*.

(iii) If N(log N)"*<Q <N, then there are a, q, fsuch that —3N Q" 1<¢<0Q,
(@, 9)=1,feF and [S(a/9)|> (N g)*.

In fact, in each of the above the f we construct is totally multiplicative and
satisfies | f(n)| <1 for every n.

Of course, for particular functions f, better estimates than that given by
Theorem1 can be obtained. For example, if f is identically 1, then
S(x)<min(N, |la||~"') where |«| is the distance of a from the nearest integer.
Also, in the case f=pu, the Mobius function, Davenport [2] used methods of
Vinogradov (see [11]) to show that S(x) < zN(log N)~%.

Nearly sixty years ago, Pélya [9] and Vinogradov [10] independently
showed that if y is a non-principal character modulo ¢, then for any x

| > x(m|<g*logg. (7
We use Theorem 1 to obtain a conditional improvement on this estimate.

By the Grand Riemann Hypothesis (GRH) we mean that no Dirichlet
L-function L(s, x) has any zeros p with Rep>1.

Theorem 2. Suppose that GRH is true. Then for any non-principal character y
modulo q and any x,

> x(n)<qt loglogg.

n<x

This estimate is essentially best possible, for Paley [8] has shown that there
are infinitely many fundamental discriminants D =1(mod4) for which
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2.()

We shall show elsewhere that this maximum is not usually so large. Neverthe-
less, it is easily seen, by applying Parseval’s identity to the expansion of
Lemma 1, that for any primitive character y modulo ¢

]- 1
max >7D’~r loglogD.

x

yflz P dx>1
LK 20°

nsx

Of course, when x is small compared with g, stronger conclusions than that
of Theorem?2 are known. The unconditional estimates of Burgess are sharper
when x<¢*~¢, and on GRH one has

2 am < gt

n=sx

We devote §§2-6 to the proofs of Theorem 1 and the Corollaries. The general
motivation of our argument lies in the methods of Vinogradov for the esti-

mation of trigonometric sums, especially those of the kind )| e(pa).
PEN
We prove Theorem 2 in §§8, 9. The GRH is used to treat the ‘major arcs’
and Theorem ! provides a suitable estimate on the ‘minor arcs’.

2. Preliminary Reduction

In §§2-6, many implicit constants depend on A, which for brevity we do not
indicate, Our first objective is to relate S(x) to a quadratic form of the kind
Y. f(m) f(n)A,e(mna). By Cauchy’s inequality and (1)

ZNf(n) e(na/q) log N/n<( ;V(logN/n)z)%( ;le(n)lz)% <N.
Thus

S(a/q)logN <N +| ) f(n)e(na/q)logn|.

nsN

Since logn=) A(m) it therefore suffices to show that

min
Y f(mn) A(m) e(mna/g) <N + N ¢(g)~* log N +(N g)*(log2N/g)* log N.  (8)

In the expression on the left we seek to replace f(mn) by f(m)f(n). To this end
we bound

T= ) Am)|f(mn)—f(m)f(n).

mns<N
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As f is multiplicative, so that f(mn)=f(m) f(n) unless (m,n)> 1, we can write
T<X2,+2%,

where

=) ) (ogplf@*n),

pkz1 ngNp~k
pln

Z,= Z(logp)lf(lf")l‘;lf(ﬂ)l Y Lfiml.

pkz1 mENp~k- i

By coliecting together those terms in X, for which p*n is exactly divisible by p’/
we obtain, by (4) and Cauchy’s inequality,

s ) (ogplfPNG-1 X [f(m)]

pjz2 m=Np~J

<N Y jplf(P)|logp

pjz2

<N( Y 2 p > log?pt (X n~F | f(m)] 2R ©)

pJjz2 n

The first sum is easily seen to be convergent, and that the second is also
convergent follows from (1) by partial summation. Thus

I, <N.

The treatment of X, is similar. By (4),

<N Y @) fhlp i *logp.

p.jzlkz1

On taking a;=f(p’) p~7* and observing that |a; 0, | <[a;[* 4| [* we obtain

Z,<N Y |If()Pp~*"(logp) ) p~ 2+

p.jz1 k21
<N Y 1f > n~*logn
<N.

Thus T< N, and we are left to estimate

2, f(m)f(n) A(m) e(mna/q).

mn<N

Those pairs m, n in which m is of the form p* with k=2 contribute an amount to
the sum which is bounded by

;Zif(pk)l(logp) Y1 ).

nENp~k

By (4) this is
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<N Y 1f(0"Ip*logp

pkz2

and this is majorized by the expression in (9). Therefore the conribution is < N.
Hence to prove (8), and consequently Theorem 1, we need only show that

Y. f(p)f(n)e(pnajg)logp< N + N ¢(g)* logN +(N gF (log2 N/g)? log N. (10)

pnsN

3. The Partition into Rectangles

Our fundamental estimate, in §4, is for sums over pairs (p, n) lying in rectangular

regions (P, P"] x(N',N""]. Thus we partition the sum in (10) into many such

regions, omitting only a few terms whose contribution can be estimated crudely.
We begin with the rectangles

R;=(0,2]x (N2~} N277] (0<i<log,N) (11)
where log, N =(log N)/(log2). Let

Ji=min(i+ 1,[log, N]—i+1,[3log,(64 N/g)]). (12)
In the remaining regions &% defined by

Fi={(x,y):xyEN,x>2 , N2 "' <y< N2~ %}

we place additional rectangles #;;, for j=1,2,...,J; where for each j,
2/=1<k<2/. The #,;; are defined in the following iterative manner. In %, we put

Ri12=(2,32Tx(GN2L3N27"].

Left over in % are two regions of the same kind into each of which we place a
further rectangle, and so on. Thus, on the j-th occasion we place 2/~ ! rectangles
Rijn(2~1 <k <2)) where

Roje =21k, 2+ 2k — )] x (k= 1) N2~ i1, 2k~ 1)N 2917, (13)

We do this for j=1,2,...,J;. The choice of J; in (12) ensures that each %,; is a
rectangle of the form (P’, P”] x (N', N""] with

P’;_P’g%, N”-N’;i’, (P”-P’)(N”-N’)>q. (14)

Let & denote the set of points (p,n) with pn<N which do not lie in any
rectangle #; or #,;,, and write &, =%, x 4 and #;={(p,n)e&: ne#}. Then & is
the union of &, &, and &3, the unions of those #; with J;>i+1, J;=[logN]—i
+1 and J;=[}log,(64 N/q)] respectively. We now estimate the contribution in
the sum on the left of (10) from the points (p,n) in &.

Consider &,. For a given p, the number of n for which (p,n)eé, is <Np~?,
and for a given n, there are <€ 1 primes p for which (p, n)e&,. Hence, by Cauchy’s
inequality,
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gZ Lf(p)f(m)| 10gp<(£Z If(n)lz)%(;(logp)zﬁ
<( 2 IfmPE( Y Np~*(logp)’p

n=<N PEN
<N.
For each pair (p, n)e&, we see that n< (2N)?, and for a given n the p with
(p,n)eé&, all lie in an interval of length Nn~2 Thus, by the Brun-Titchmarsh

inequality [5; Theorem 3.7] the number of such pis < Nn~2(logdNn=?)~'. For
a given p there are <1 numbers n for which (p,n)e&,. Thus

;If(p)f(n)l 10gp<(£Z |f (%) (; (log p)*)?*
<( Y |fMPPNn=*(ogdNn=?)~"F( Y (logp)’}

n<V(2N) PEN

<N.

When (p, n)e&; we have (N/qF <p<(Ng), and for each such p the number of
n for which (p,n)e&; is <(Nqf p~!. For each n, the p for which (p, n)e&; lie in
an interval of length <(Ng)n~!, so that, by the Brun-Titchmarsh theorem
again, there are

<(Ngfn t(log2Ngn=?)~!

such p. Therefore

;lf(P)f(n)l10gp<(;lf(n)lzlog2N/nT5(Z log pyf
3 3 &3

log(2N/n) 2))% (Z logp)3

<Nap (S1fp o S -

where in each sum the variable indicated is restricted to the closed interval
[(N/qP,(NgF]. The ratio of the logarithms in the first sum is less than
log(4 N/q). Thus

2 1f(p)f(n)|log p<(N g}*(log2 N/q}* logg.
&3
Combining the above estimates we obtain

;f(p)f(n) e(pna/q)logp <N +(N g}t (log2N/q)t logN. (15)

4. The Fundamental Estimate

For 1 SkZK, let Z(k)=2(k)x .#(k) be a rectangle with 2(k)=(Q’'(k),Q" (k)],
M (k)y=(M'(k), M"(k)], and such that the 2(k) are disjoint, 2(k)<=(0,Q], Q" (k)
~Q'(k)sX, the .#(k) are disjoint, H(k)=(O,M], M'(k)-—M k)<Y,
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M"(k)<2M'(k). We show that if (a,q)=1 and g < XY, then the sum

K
I=3 ) f(p)f(n)e(pna/q)logp

k=1 (p.med(k)

satisfies
I<(MQYlog2Q +MQXY/p(q) +MOX +MQqlog2XY/qp. (16)

Let #=0 x .# be one of the rectangles #(k). By Cauchy’s inequality
2. S f(melpna/gilogpl? (Y 1 fmIH Y | Y. f(p)elpna/g)logpl?). (17)

(p,n)eR ne M neM pel

We could estimate the second term on the right by immediately squaring out the
inner sum and interchanging the order of summation, the new inner sum then
being easily estimated. However this apparently leads to a certain loss of
precision. Instead, by introducing the smoothing factor w(n)=max(0,2—|2n
—2M'—Y|Y 1) so that w(n)=1 for ne.#, we arrange that the new inner sum
behaves like the squared modulus of a sum. Thus the second factor on the right
of (17) is

<Zw(n)| > f(p)e(pna/q)logp|?

pe2
=3 ﬂf () f(p)(log p)(log p’ )Z el(p—p)na/qg)
p.p'e
<(logQ)* > Qmin(Y, lp—p)a/ql=> Y™
p.p'e

Therefore, by Cauchy’s inequality,
I<(logQ)(}, Y 1P Y min(Yl(p—pla/ql—*Y P

k neM(k) k p, pe2k)
<(logQ) M*(YQ(log2Q) ' + ) Z min(Y, [ha/ql|~ 2 Y~ HE.
0<h=X p=Q
+h=p

A standard sieve estimate [5, Theorem 3.11] asserts that the number of primes
p=Q for which p+h is prime is <hQ(log2Q)~*¢(h)~!. Thus

I<(MQYlogQ+MQVY (18)
where
V= (h/¢(h) min(Y, | ha/ql|~2 Y~ 1).
<hsX

Hence, to prove (16) it now suffices to show that
V<XYd(g) ' +X+Ylog2X +qlog(2XY/q). (19)

The quantity A/¢(h) has bounded mean value, but its presence here adds
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complications to what would otherwise be an easy estimation. We observe that

h/$(h)< 3 1/m

m|h
so that

V< Y t/m 3 min(Y,|mna/q| 2Y"1).

m<X n=<X/m

The innermost sum is of the form

W=} min(Y, |bn/r| Y"1

n<z
with r=g/(m, q) and (b,r)=1. This is easily seen to satisfy
W<min(YZ,(Z+r)(Y+r)r 1)

Therefore

XY 1 /(XY X

V< —+ ) ~(—(m,q)+—+Y+ 1 )
m m (m,q)

(m )XY smq (m.q) XY >mq

m=<X msX m \mgq
Xy Xy
<Y Y So4Y YIS tx+vlog2x+Y Y L

2 2
rlq s>XY/qr S rlg s rstq rig s<XYr/qr s

and this gives (19) and hence, by (18), (16) as required.

5. Completion of the Proof of Theorem 1

We first apply (16) to the rectangle #;,. We take K=1, X=0=2, Y=M=N2"1
Thus
2. f(p)f(m)e(pna/q)logp< N((i+1)2"F + Nd(g)~*

(p, e,

+(N2'F +(Nqlog2 N/gp. (20)

Next, for each pair i, j with 1<j<J, we apply (16) to the family of 2/~!
rectangles %, with 2/~ <k<2J. By (13) we may take K=2/-1, M=N2"% Q
=2i*1 X =2-J*1 y=32N2"""J Thus, by (12), XY =g, so that the conditions
for (16) to hold are satisfied. Hence
D Y. f(p)f(m)e(pna/q)logp
21" <k2 24 (p,m)eRi i

<N((i+1) 27+ N2 gp(q)* + (N2 +(Nqlog2 N/g).
By (12), J;<log(2 N/q). Hence, on summing over those j with 1 <j<J; we obtain
) Y. S f(n)e(pna/g)logp

157200 29 V<k 229 (p,meRji

XN((i+1)2"F+Ng(q) +(N2) +(Ngf(log2 N/g)*.
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Therefore, by (20), on summing over the i, 0<i<log, N, we have

Y, f(p)f(m)e(pna/q)logp <N +N¢(q)~* log N +(N g (log 2N/q)* log N.

pns<N
(p.m¢é&

This with (15) gives (10) and thus Theorem 1.

6. Proofs of the Corollaries

Let S(o, u)= Y f(n)e(no). Then

nsu

S(@)=e((@—p)N)S(B, N)—2ﬂi(d—ﬁ)£3(ﬂ, u)e((a—p)u)du. (21

Suppose that f=b/r with (b,r)=1 and r<N. Then, on using (4) when u<r and
Theorem 1 when u>r we obtain

N
S(a)< (log N

+N () +(Nrpt (log—zéi)i) (1+ Nla—b/r|). (22)
If g> N*, then we take b=a, r=q which gives Corollary 1 at once. If g < N?, then
by Dirichlet’s theorem there exist b,r such that (b,r)=1, r<2N/q and
e —b/r|<q/(2rN). Thus, either r=q or 1=Z|ar—bqg|=rql(a—>b/r)—(x—a/q)|
<q*/2N)+r/q<i+r/q, whence in either case r=1q. Therefore | —b/r|<N~?
and consequently, by (22),

S(a)<

N
-4 3
logN+Nq (logq)

from which Corollary 1 follows once more.
To establish Corollary 2, let &7 denote the set of real numbers « for which there
is a go(a) such that

lqoll Zexp(—~q?)

for all integers g > g,(). By a theorem of Khintchine (see [6, Theorem 198]), the
complement of o/ has Lebesgue measure 0. By Liouville’s theorem (see [6,
Theorem 191]), all real irrational algebraic « are members of /. We show that if
o€, then there is an N,(«) such that for any N > Ny(«) there exist a, g with (a, q)
=1, |la—a/q|<q 2, and i(logN)*<q<N(logN) 3. Then the desired bound
follows from Corollary 1.

Let p,/q, be the n-th convergent to the continued fraction for «. Then |a
= Pu/4nl <4y *, (P> 4,) = 1. Moreover [|g,a|| <g,},,and hence g, , ; <expqy provid-
ed that g, > qo(a). Let n be the least value of n so that g, ; > N(log N)~ 3. Then, for
a suitable Ny(x), when N > Ny(«) we have N(logN)~*=gq,>(logq,. )’ >1(log N)>.
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7. Examples

We now construct three totally multiplicative functions f, each with | f(n)| <1 for
all n, which satisfy (i), (i) or (iii) in § 1.

(i) Let f(p)=e(—ap) for IN<p=<N, f(p)=0 otherwise.
Then S(@)= ), 1> N/logN. In fact, by considering

3N<p=EN

Y 2Mena)+ > (1—ze(ap)

nEN 4N<ps<N
and using the maximum modulus principle, it follows that there is a totally
multiplicative f with |f(n)|=1 for all n and |S(@)|= > L

+N<p=EN
(i1) Let f(n)=y(n), where y is a character modulo ¢ induced by the primitive
character y* modulo k, so that k|g. When (g, q)=1 we have

; x(me(na/q)=pu(q/k) x*(a/k) = (x*) x(a),
whence

2. x(me(na/q)=u/qu(g/k) x*(a/k) T (x*) 1(a)+ 04 (23)
where |6 £ 1. When g=2 (mod 4) we choose y so that k=g, but when g =2 (mod 4)
there are no primitive characters modulo g so we instead choose y so that k=%¢. In
either case |z(x*)| =1/k, so that S(a/q)> Nq*.

(iii) We can certainly suppose that N is large. Let r=[3 N/Q], choose b so that
(b, r)=1, and let f = y where y is a character modulo r constructed as in (ii). Then, by
(21) and (23), |S(®)|> Nr~* uniformly for o with |a—b/r|<SN~!. Let a/q be a
neighbour of b/r among the Farey fractions of order [Q]. Then q+r> @, so that Q
—3N/Q<qg=0Q. Thus

a b

q r

1<1
gr 2N

and therefore

IS(a/q)l> Nr~>(Ngp.

8. Preliminaries of the Proof of Theorem 2

Let y be a character modulo g with conductor r induced by the character y* modulo
r. Then r|q and

Yam= Y x*m

n<x n<x
(n,q/r)=1

=y u@dy*d) Y x*(m),

dlg/r mZx/d
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so that
| Y, 1M £2°9" max |y y*(n)l.
nsx Yy onsy

Therefore, as 2°“" <(q/r)%, to prove the theorem it suffices to consider primitive
characters.

When y is a primitive character, with modulus ¢, the sum Y x(n) has a simple
nEx

Fourier expansion which Pélya [9] put in the following quantitative form.

Lemma 1. Let y be a primitive character modulo q, g>1. Then

B %h
T x0=22 5 L0 (1o~ hxjg) +O(1) +0(gH loga).
nsx h=—H
- h+0

In this expansion 7(y), the Gaussian sum, satisfies [r(X)I:ﬂ. Hence the
constant term is

A —x(=1))2ri)~ " LU, )+ O0(g*H ).

Littlewood [ 7] has shown that the estimate L(1, y) <loglogq is a consequence of
GRH. Therefore, in order to prove Theorem 2 we need only show (assuming GRH)
that for primitive y modulo g with g>1 we have

i %Q e(na)<loglogy (24)
n=1

uniformly in a.
Our further use of GRH takes the form of an appeal to

Lemma 2. Let y be a non-principal character modulo k, and suppose that L(s, y)+0
for Res>3%. Suppose further that (logk)*<y<k and x<k. Then

2 xm= 3 x(m+0(xy~*(loghk)*),
=1
where A" is the set of those natural numbers none of whose prime factors exceed y.

Proof. The hypothesis concerning L(s, ) implies (see {3, § 19]) that

Y x(pyp~ ¥ <t (log (k((1) + 2){(u + 2)))?
and hence that
Y log (1—x()p~*)~ )<y *(logk)? (25)

p>y

uniformly for 6 21, |t|£k?, y<k.
Let

M@ p=T]0-xp =3 yxwn=*

pPsy ne A
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and

N(s, 1) =L(s, )/ M (s, x)-
Then, uniformly for ¢ > 1, t real, y <k,

M(s, y)<logk, (26)
and, by (25), uniformly for ¢ =1, |t| <k?, (logk)* <y <k,

N(s,p=exp (Y log((L—x(p)p~)~ "N =1+0(y"*(logk)?). (27)

Write 0=1-+(logk)~!, T=k2 Then

8+iT

1
> xn f M (s, )(N (s, 1) — 1)—dS+0( )-

nsx 0
né N

By (26) and (27) this is <xy~*(logk)* which gives the desired conclusion.

9. Proof of Theorem 2

Suppose that g is large, as we may, that 1 u=<gq, and that

u)= Y. 1(me(nx)

nsu

where y is a primitive character modulo g. If u <500, then it is completely trivial
that

S(a, u)<uflog2u. (28)

If u> 500, so that u(logu)~ > 1, then by Dirichlet’s theorem there exist b, r with
(b,r)=1, r<u(logu)~> and

(log u)3
ru

oo —b/r|£————

Let y=(log q)*°. We now distinguish two cases. If r = (log u)®, then by Corollary 1
we have (28) once more. Suppose, on the other hand, that 1 £r < (logu)®. Let A" be

as in Lemma 2. Then, for r<y we have

d -
T xmetnbn =Y, ~———¢"((r/;)wzd/w(b>r(w) S dxim) @9)
n¢=.; r mod r/d §

The character ¥ y is a non-principal character modulo gr/d, and since g is large the
parameter y satisfies the condition (log(qr/d))* <y <gqr/d. Hence, by Lemma 2, for
v=<q we have
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> x(me(nbjry<} (r/df(v/d)(log )~ °
n<yp dlr

néN
<v(logg)~*.
Therefore, by (21),

Y. x(n)e(na)<u(logq)™* (1 +ula—b/r))
nék

<uflogu.

Thus, in this case,

S(u)= Y y(n)e(no)+O0(u/logu).

Hence, by (28), we always have

S(o, wy<(uflog2u)+ Y 1.
ek

On a further summation by parts we find that

du
1
wtogu T2, 1"

Y 2(-(51 e(noz)<?

nzq
=loglogg+ [[ (1—-1/p)~*
PEY

<loglogg.

This gives (24) and completes the proof of the theorem.
We can also obtain hypothetical improvements on the Pdlya-Vinogradov
inequality (7) by arguing from bounds for |L(s, ¥)|. For example, suppose that

M (q)=max |L(s, y)|

where the maximum is taken over ¢ > 1, |t| < ¢* and all non-principal characters y to
moduli not exceeding q*. We may use ideas of G. Halasz [4] to bound the sum

Y. Wx(m) of (29) in terms of M(g), and proceed as above to show that

m=v/d

. 1 <q* M(@) loga)* (1og 757 (0)

Since it is known that M (q) < log g, any improvement in the bounds for M (q) would
give a corresponding sharpening of the Pélya-Vinogradov inequality.
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