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1. Introduction

The object of this paper is to generalize the basic zero estimates which were
obtained in our earlier article [4]. Let G be a commutative group variety
embedded in some projective space, and let I’ be a finitely generated subgroup
(not necessarily algebraic) of G. In [4] we gave sharp upper bounds for the
number of zeroes in I', counted without multiplicity, of an arbitrary homo-
geneous polynomial. In the present paper, we introduce a natural concept of
multiplicity along a one-parameter subgroup, and by using the methods of [2]
we obtain the analogous estimates which take this multiplicity into account.

We also incorporate several more new features into our results. Firstly, the
estimates of [4] are very weak when I' contains torsion points of high order,
and so we use a more refined counting function on I' which is capable of
detecting such points. Secondly, we show how the results can be improved
when G splits into a product G, x ... x G, of group varieties G, ..., G,. For this
we need to consider multiprojective embeddings rather than simply projective
embeddings; see also the article [13] of Moreau for similar considerations.
Lastly, by using more delicate properties of multiprojective varieties, we show
how the estimates can be even further sharpened when the groups G, ...,G,
satisfy a certain natural disjointness condition.

The results of this paper have several applications to transcendence theory
and related areas. They enable fairly rapid proofs to be given of Baker’s
theorem on linear forms in logarithms (cf. [9]), and also of the elliptic anal-
ogue in the case of complex multiplication (see [12] for a particularly sharp
refinement in this context). Furthermore they have already been used to estab-
lish the elliptic analogues of Gelfond’s theorems on the algebraic independence
of values of the exponential function (see [5]), and it is also possible to give a
simplified proof of an interesting related result of Philippon [7] on the p-adic
Weierstrass zeta function. More recently, our estimates have played an impor-
tant part in the second author’s proof of the elliptic and abelian analogues of
Lindemann’s theorem [11]. It is also probable that they will lead to small
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improvements in the results of [6] on the Néron-Tate height and division
points on an abelian variety.

In order to state our results we start by discussing our multiprojective
embedding and the concept of multiplicity. In [4] we considered a group
variety embedded in projective space IP, for some integer N=1. In this situa-
tion we shall say that the group variety is linear if the addition laws (see Sect. 2
(p. 492) of [4]) can be defined by bilinear forms. For an integer k=1 let now
G,,...,G, be arbitrary commutative group varieties, defined over K=C or the
analogous p-adic field €C,, and embedded in projective spaces By ,..., 1Py, for
integers N, =1,...,N,=1. The group variety G=G, x ... x G, is then embedded
in =1IP, x...xIPy, . Although this can in turn be embedded in projective
space by means of the Segre mapping, it is not convenient to do this in the
context of the present paper. So we introduce variables X ,,...,X; 5 on By
(1<i<k), and we work in the ring

R=K[X, 0rees X1 wireor X 0r s Xp w -

with multihomogeneous polynomials which are homogeneous separately in the
variables of 1By ,..., 1B, . Each point of & can be described in terms of multi-
projective coordinates in the usual way (see for example [10]).

Now G, being smooth, has the natural structure of an analytic manifold
over K. By a one-parameter subgroup of G we shall mean a non-trivial
analytic map @ from K to G which is also a homomorphism of additive
groups, and we use the same symbol @ for @(K); thus ¢+0 the origin of G.
The map ¢ will be fixed from now on throughout the paper. For an element g
of G and a multihomogeneous polynomial P in R we define the order of
vanishing ord, P of P at g along & as follows. It is well-known that the map T,
from G to G representing translation by g is analytic. Hence the composition

¥(2)=¥,(z)=T,(P(2))
is an analytic map from K to G. In particular, there exist functions

lPl,o(z)’ s lpl,Nl(Z)s sty l/Ik,O(Z)’ LR ] l//k,Nk(Z)’ (11)

analytic near z=0, such that for all z sufficiently small their values are
multiprojective coordinates of ¥(z). If now the function

f(Z)=P(w1,O(Z)’ ""lpl,Nl(Z)’ ~"’lpk,0(z)’ "'7lpk,Nk(Z))

is identically zero we write ord, P= oo, this symbol being subject to the usual
conventions. Otherwise we define ord, P as the order of zero of f(z) at z=0. It
is easily seen that this definition is independent of the choice of functions (1.1)
representing ¥(z). Furthermore ord, P>0 if and only if P vanishes at g. If for
some T20 we have ord, P2 T, we shall say that P vanishes at g to order at
least T along @.

Now let X be a finite subset of G containing the origin. Suppose the
dimensions of G4, ...,G, aren, = 1,...,n, =1 respectively, and put n=n, + ... +n,.
For integers r with 1<r<n we define quantities Q,{X) as follows. Firstly,
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if G has no algebraic subgroup of codimension r, we put

0,(X)=X]

the cardinality of X. Otherwise, for each subgroup H of G we write |X/H| for
the maximum number of elements of X that are distinct modulo H, and we

put
Q,(X)=min|X/H|

as H runs over all connected algebraic subgroups of G of codimension r. We
also write G, for the group of torsion points of G.

For an integer r=1 we write X for the r-fold iterated sum consisting of
all expressions x,+...+x, for x,,...,x, in X. Since X contains 0, we have
X< X® (r=1). Finally for integers d,=0,...,d, =0 we say that a multihomo-
geneous polynomial P in ® has multidegree (d,,...,d;) if its degrees in the
variables of By ,...,IPy, are d,,...,d, respectively. For real D, 20,...,D, =0 we
shall say that its multidegree is at most (D,,...,D,) if we have
d,£D,...,d,=D,. We can now state our first result.

Main Theorem (general version). For commutative group varieties G,...,G,
there exists a constant ¢>0 with the following property. Let @ be a one-
parameter subgroup of G=G % ...xG,, and let X be a finite subset of G
containing the origin. Suppose for integers D, =1,...,D, 21 and T =1 there is a
polynomial P in R, multihomogeneous of multidegree at most (D,,...,D,), that
vanishes at each point of X™ to order at least T along ®. If G,,...,G, are all
linear put E=T, otherwise let E denote the minimum of all those D; for which G,
is not linear (1 £i<k). For an integer r with 1<r=<n let A, be the maximum of
the products r at a time of the numbers Di,...,D, (n, times),...,D,...,D,
(n, times).
Suppose that

TQ,(X)zcd, (1=rsn)
and if n>1 that

EQ,(X)zcd, (1£r<n).

Suppose further that either

EQ,(X)zc4,
or

1X/G. ol =1X].

Then P vanishes on all of g+ @ for some g in the subgroup of G generated by the
elements of X.

Before we state our other result we need a definition. We say that the
groups G,,...,G, are mutually disjoint (or just disjoint) if every connected
algebraic subgroup H of G=G, x ... xG, has the form H=H, x ... xH, for
algebraic subgroups H,,...,H, of G,,...,G, respectively. The subgroups
H,,...,H, are then necessarily connected. In this case, if X is a finite subset of
G containing the origin, we can split up the above functions @Q,(X) in the
following way. For integers r;,...,r, with

0gr =n.,..., 05128, nrn+..4+n21
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we define quantities Q,,  (X) as follows. Firstly, if there exists i with 1<i<k
such that G, has no algebraic subgroup of codimension r,, we put

QH ‘‘‘‘‘ rk(X)=[X"
Otherwise we let
Q,,...n(X)=min|X/H|

as H runs over all connected algebraic subgroups of G of the form H, x ... x H,
with H; a connected algebraic subgroup of G, of codimension r, (1<i<k).
We can now state our second result.

Main Theorem (disjoint version). For mutually disjoint commutative group va-
rieties G, ..., G, there exists a constant ¢>0 with the following property. Let @
be a one-parameter subgroup of G=G, X ... X G, and let X be a finite subset of
G containing the origin. Suppose for integers D, 21,...,D, 21 and T =1 there is
a polynomial P in R, multihomogeneous of multidegree at most (Dy,...,D}), that
vanishes at each point of X™ to order at least T along ®. If G,...,G, are all
linear put E=T, otherwise let E denote the minimum of all those D, for which G,
is not linear (1 Li<k).
Suppose that

TQ,, . X)ZcDy...DF  (0=r sn;,....08rsn, n+...+r21)
and if n>1 that
EQ,, .. (X)zeD}..Dy  (0=r=n,...,08nSn, 15+ .. +1,.<n)
Suppose further that either
EQ,, ..(X)ZcDY ... D (1.2)
or
|X/Gorsl =X (1.3)

Then P vanishes on all of g+ ® for some g in the subgroup of G generated by the
elements of X.

Let us make here a remark about the conditions (1.2) and (1.3). The effect
of (1.2) in practice is to restrict the number T of derivatives to the same order
of magnitude as E. This suffices for the applications in [11]. By imposing
instead the condition (1.3) on X we can sometimes take T roughly up to E?,
and this is crucial for the work of [5]. Similar remarks apply to the general
version of the Main Theorem.

The arrangement of this paper is as follows. In Sect.2 we set up the
operators which provide the algebraic description of translation by elements of
X. This is essentially the generalization to multiprojective space of Sects. 2 and
3 of [4], but a few additional considerations are needed. Then in Sect. 3 we set
up the derivation operator which is the algebraic equivalent of differentiating
along @, and we obtain some of its properties.

Next we give in Sect.4 a technical estimate which in geometric terms
generalizes to multiprojective space the result that the degree of a subvariety of
G does not change much under translation. The result for a single projective
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space is probably not new, but we could not find a suitable reference, so our
proof is self-contained. Then in Sect.5 we derive another technical estimate,
this time for the number of connected components of certain stabilizer groups;
this is rather more delicate and it plays a central part in our overall proof.

Then we prove our Main Theorems. As the proofs are very similar, we are
able to present them in parallel. In Sect. 6 we state a Proposition and we verify
that it implies the Main Theorems. We subsequently prove the Proposition in
Sect. 7.

Finally in Sect.8 we show that the general version of our Main Theorem
implies all the zero estimates announced in Sect. 9 of [4]. We also give some
practical criteria for establishing the disjointness of given group varieties.

For the convenience of the reader we include an Appendix which summar-
izes some fairly classical facts about degree theory for multihomogeneous
ideals. The main reference here is [10] but this is not quite adequate for all our
purposes.

We end this introduction with a few comments on terminology. We shall be
working in the product space 2 =1 x ... x P, using the Zariski topology for
which the closed sets are those defined by the vanishing of multihomogeneous
polynomials in R. For a subset S of 2 we write S for the closure in 4, and we
shall sometimes write S, for the intersection G S. If already S= G it is easy to
see from the continuity of the group laws on G that

Grg+S=g+(GnS) (1.4)

for any g in G. If further § is closed in G, that is, S=G N X for some closed set
X in &, then GN§S=S; for example, this holds if S is an algebraic subgroup of
G.

Next if V=G is an irreducible variety meeting G, the set Gn V=V, is a
non-empty open subset of V, and so

GAV=V (1.5)

These remarks will be useful in Sects. 2 and 5; they enable us to avoid the
construction of a theory of quasiprojective varieties in &.

Finally for integers j,,...,j, we write j=(j;,...,j,) for the corresponding
element of Z*, and we put

|]|:|J1|++|Jk|

2. Translation operators

Let G,,...,G, be as in Sect. 1, not necessarily disjoint, and let I" be a finitely
generated subgroup of G=G, x ... x G,. Our object here is to define for each y
in I' an endomorphism E(y) of the associated polynomial ring R and a
corresponding operator &(y) acting on ideals of R. These will generalize the
constructions of Sects. 2 and 3 of [4] for the case k=1.

Fix an integer i with 1<i<k. Let n; denote the projection from G to G,,
and write I;=n,(I'). The arguments of the proof of Lemma 1 of [4] (especially
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p.493) show that there exists an addition law on G, valid on I;xI;. To be
more precise, there exists an integer a,= 1, independent of I;, an open subset ¢,
of G;xG; containing I;xI;, and polynomials 4, ,,...,4; 5, in K[X,,...,
X;n» Yio,---, Y, 5] homogeneous of degree a; in each of the two sets of vari-
ables, such that for any g, h in G; with projective coordinates ¢,,...,&y and
Nos---» Ny, With (g, h) in O; the numbers

A; j&ossCnptlos-ntly)  OZj=N)

are projective coordinates of g+h. We note that if G, is linear in the termi-
nology of Sect. 1, then we can assume a,=1, and henceforth we shall make this
assumption. For y in I' let 7, o,...,#; y, be projective coordinates of n,(y), and
define

EM X, =4, (Xi 05 s XinoMi0s - Min) (OZJEN).

We can extend E(y) uniquely to an endomorphism of R considered as an
algebra over K. Note that if P in R is multihomogeneous of multidegree
(D,,...,D,) then E(y) P is multihomogeneous of multidegree (a, D, ...,a, D,).

Next we let ® be the multihomogeneous ideal of R generated by all
multihomogeneous polynomials vanishing on G. Let also .# be the multiplica-
tive set of R consisting of all polynomials not vanishing at any point of I'. As in
Lemma 2 (p. 494) of [4], it is easy to see that for any 7 in I’ we have E(})) = ®
and E(y)#<.#. For an ideal 3 of B we write 3* for the corresponding
contracted extension of 3 with respect to .#. Finally for y in I' and an ideal 3
of R define

E(I=(EW) I, G)*.

We say that J is special if ® <3 and 3*=3. Then we have the following
properties.

Lemma 1. (i) For any multihomogeneous ideal 3 of ‘R and any vy, é in I the ideal
&(7) 3 is multihomogeneous and special, and we have

JIcé0)3, E(y+0)I=E(y)6(6)3.

(ii) If further 3 is special then 3=£(0)3.
(iii) If further 3 is non-zero and proper then &(y)3 has the same rank as 3.
(iv) If further 3 is unmixed then &(y)J is unmixed.

(V) If further 3 is primary of length | with associated prime B, then &(y)3J is
primary of length | with associated prime &(y) B.

Proof. The properties (i), (ii) and (iii), as well as property (v) for /=1, can be
proved as in Sects. 2 and 3 of [4], with only trivial changes arising from the
multihomogeneous nature of everything. We excuse ourselves from giving the
details.

We next establish property (v) for arbitrary I=1. To show that &(y)3J is
primary it suffices to verify that if P, Q are multihomogeneous polynomials of
R with PQ in £(y)3 but P not in £(y)J, then Q° is in £(y) I for some integer
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e=1. On applying E(—7y) we see that P'Q’ lies in E(—y)&(y)J, where
P'=E(—-y)P, Q'=E(—7)Q. But

E(=8@)3I<E(—nE()I=£0)3I=3

by (i) and (ii) above. So P’'Q’ lies in 3. But P’ is not in J. For otherwise
E(—9)(P)= 3, whence

E(=1(P)=(3,6)* =3*=3,

which on applying &(y) and using (i) above would give (P)=&(y) 3, contradict-
ing the fact that P is not in &(y) 3. Since J is primary, it follows that Q¢ is in
3 for some integer e=1. So

E(=Q)=(E(=7)(Q), Of* =(3,6)* =3,

whence applying £(y) and using (i) and (ii) we conclude that Q° lies in J as
required. Hence £(y) 3 is indeed primary.

Next suppose 3 has rank r. Then so does its associated prime B, and, as
JI< P, it follows that P is special and E(y) I=E(y)B. By (iii) above £(y) I has
rank r, and by (v) above with /=1 we see that &(y) B is prime of rank r. Hence
&(y) B must be the associated prime of £(y) 3.

Finally if I has length [ then there is a strictly increasing chain

I=R,&8,...&9, =P

of multihomogeneous special primary ideals of R, and on applying &(y) we
obtain an increasing chain

EMNI=EMQSEMR, ... SEMQ,_,=E0)B.

This too must be strictly increasing, since from &(y)Q;=&(y)RQ;,,; would
follow Q;=%2Q;,; on applying &(—7y). As the ideals in this new chain are
primary, it follows that the length m of &(y)3J is at least I. But by a similar
argument the length of §(—7y)&(y) 3 is at least m. As this ideal is J itself, we
conclude that m=1. This proves (v) in general.

It remains to verify (iv). Suppose J has rank r. Then we can write 3= ﬂ Q
taken over a collection of multihomogeneous primary ideals Q. Since J is
special, so is each Q. From 3< Q we deduce immediately

EMISNEMQ. 2.1)

To obtain the opposite inclusion, let P be an arbitrary multihomogeneous
polynomial in the right-hand side of (2.1). Then Q=E(—7y)P lies in
E(—y)E(y) Q=1 for each Q, so @ is in 3. This leads to &(—7)(P)E3J, so

PYsEO)(P)=EW E(-N(P)SEM)I.

Hence P is in £(y) 3, and since P was arbitrary, we get the opposite inclusion
to (2.1). Therefore &(y)3=()&(y) R, and it follows at once, possibly by omit-
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ting redundant components, that £(y) 3 is unmixed. This establishes (iv) and so
completes the proof of Lemma 1.

We note here that it is in fact possible to prove Lemma 1 using directly the
corresponding result for k=1 given as Lemmas 3 and 4 of [4]. One embeds G
in a single projective space by means of the Segre map and then one works
with homogeneous polynomials in the corresponding polynomial ring in
(N, +1)...(N,+1) variables. But the details are tedious.

Finally we shall need the following lemma, which reveals explicitly the
geometric significance of the operators &(y). Note that a multihomogeneous
prime ideal P of R is special if and only if its associated multiprojective
variety Vin & meets I and is contained in G. In this case V;=G NV is a non-

empty open subset of ¥, so GnV =V, by (1.5).

Lemma 2. Let B be a multihomogeneous special prime ideal of R with associated
variety Vin &. Then the associated variety W of &(y) P satisfies

y+We=V;.

Proof. Recall that the translation polynomials defining E(y) are valid on an
open subset @ of G containing I'. Since &(y) is special, W meets I', and
therefore @ nW,, is a non-empty open subset of W. Pick any x in O W, and
any P in B. Then E(y)P is in &(y)B, so vanishes at x. This means that P
vanishes at y+x. Since P was arbitrary, it follows that y+x is in V. Since x
was arbitrary, we see that y+(0n Wg)= V. Taking the closure, and intersect-
ing with G using (1.4), we get y+W;<V;. The opposite inclusion can be
obtained by applying the same argument to the prime ideals &(y)$ and
E(—7)&(y) B="P. This proves Lemma 2.

The following is a useful consequence of this result. Suppose P is a
multihomogeneous prime ideal of R containing 6, and let y be any point of G.
Let V be the variety of B, and let I' be any finitely generated subgroup of G
meeting V and containing y. At first sight it might seem that the ideal &£(y)B
depends not only on the choice of I' but also on the choice of addition laws
valid on I x I'. However, Lemma 2 shows that &(y) B is the ideal correspond-

ing to ¥;—7v, and so is in fact independent of all these choices.

3. Differentiation operators

Let G,,...,G, be as in Sect.1, not necessarily disjoint, let I' be a finitely
generated subgroup of G=G, x ... xG,, and let ¢ be a one-parameter sub-
group of G. In this section we define a derivation 4 on the associated poly-
nomial ring R which provides the algebraic equivalent of differentiating along
.

Let
01,002, .0, 8,2 s 0 0(2), o0 0 3, (2)

be functions, analytic near z=0, that represent the map ¢ locally near the
origin. Fix an integer i with 1<i<k. As in Sect.2, we have polynomials
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A or-nApy, in K[X; 4,..., X, v, Y. q,..., ¥, v ] representing the addition law
on an open subset ¢, of G, x G, containing I; x I, where I;=mn,(I"). We define

AXi,jz(d/dw)(Ai,j(Xi,O’ s Xy Ny i 0(W)---s (pi,Nl(W))|w:0 (0ZjEN),

and we extend A uniquely to a derivation on R considered as an algebra over
K. Note that if P in R is multihomogeneous of multidegree (D,,...,D,) then
AP is multihomogeneous of multidegree (D, +a,—1,...,D,+a,—1).

Lemma 3. (i) We have A® < 6.

(it) Let P be any multihomogeneous polynomial of R and let vy, 6 be in I.
Then if ord, P is infinite, so is ord,_, E(y) P; and otherwise

ord;_, E(y)P=ord,P.
(iii) If ord, P is infinite so is ord; AP; and otherwise

ord; AP=ord; P —1
provided ord; P=1.

Proof. We prove (i) first. Let
3100209y 8, (28 0(2)s o, F (2D 3.1
be functions, analytic near z=0, that represent the map
O(2)=T;_(P(2) =0 -7+ P(2)
near z=0. Using the addition laws, we see that the functions
Ui (D=4, j3; 02, -, 9 5, (@Dt 055 Min)  (ISIZK 0ZjSN)  (32)

represent the map Y(z)=Ty(P(z)) near z=0, where #, ,...,7; 5, are projective
coordinates of m(y) in 1B, (1<i<k). Thus if we evaluate ord;_, E(y) P using
(3.1) and ord, P using (3.2) it becomes clear that these two numbers are either
both infinite, or both finite and equal. This proves (ii).

Next let @ be the open subset of G consisting of all g such that (=,(g),0) lies
in the open subset @; of G;x G, for all i with 1<i<k. It contains I', and so is
non-empty. We now prove (iii) for any J in 0.

Suppose first that t=ord; P is finite and positive. This implies that the
power series development of the function

f(Z+W)=P(¢1,0(Z+W)s -~-J/’1,N1(Z+W), ---,‘//k,o(Z+W)a ---,‘//k,Nk(Z"‘W)) (3.3)
starts with c(z+w) for some ¢+0. But on recalling that ¥ = T;(¥) we see that
Y(z+w)=0+P(z+ w)=0+P(2)+ P(w)= ¥(2)+ P(w),

and for z, w sufficiently small we can add the two terms on the extreme right-
hand side by means of our addition formulae. Thus if we write

(xi,j(z7 w) =Ai,j(‘//i, 0@, ltbi,Nl(Z)a @, oW, ...y (Pi,N,(W)) (1<igk, 1<j<N)
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it follows easily that the power series development of the function

S wy=Pa, o(z,w), ety y (zw), o o2, W), s %y (2, W)

starts with ¢'(z+ w)’ for some ¢’ +0. Hence

Ju(2,0)=(8/ow) f (2, W)l o

starts with ¢tz !. But from our definition of 4 we find after a short calcu-
lation that

Ju(2,0)= AP(‘/’l,o(Z)a e lpl,Nl(Z)’ ces ‘pk,o(z), ey l/jk,Nk(Z))'

It follows that ord; AP=t—1 as required.

A similar argument works if ord; P= oo, for then the function in (3.3) and
f(z,w) are both identically zero. This proves (iii) for any § in @, and in
particular for any é in I.

Finally to prove (i) let P be an arbitrary multihomogeneous polynomial in
®. Then ordyP=co for all § in ¢. So by the above remarks we see that
ord; AP =co for all 6 in @. In particular AP vanishes on ¢. Since ¢ is a non-
empty open subset of G, it follows that AP is in ®. This establishes (i), and
thereby completes the proof of Lemma 3.

Lastly it is convenient here to isolate in the following lemma the basic
argument of Sect. 6 of [2]. For a multihomogenous ideal I of R and g in G we
write ord, J for the minimum of ord, P as P runs over all multihomogeneous
polynomials of 3. Put N=N,+... + N,.

Lemmad. For 1=<r<N let 3 be a multihomogeneous special unmixed ideal of
rank r. Suppose P is a multihomogeneous prime ideal of rank r such that for

some T >0 we have
AJI<P (051<T). (3.4)

Assume that there exists y in I' such that ord,*B is finite and non-zero. Then 3
has a primary component X of length at least T whose associated prime ideal is

P

Proof. Taking t=0 in (3.4) we see at once that § must be a prime component
of 3. Let Q be the corresponding primary component, and let e be its
exponent. We shall show that exT. Let w=ord, ", and pick P in P with
ord, P=w. Then by (iii) of Lemma 3 we have

ord, AP=w—1<ord, B,

and so 4P is not in R. If now Q is the only primary component of J, we put
Q=1; otherwise we define Q as follows. For each of the other primary
components Q'+Q of J, their associated primes P’ satisfy P’ P. Since J is
unmixed, the ranks of B, P’ are equal, and so P’ ¢ P. Hence for each such P’
we can find P’ in P’ but not in *B. So if ¢’ is the exponent of Q' the polynomial
P¢ is in Q' but not in PB. Now put Q=[] P, where the product is over all
Q'+ as above. Thus in both cases P?Q lies in J, but Q does not lie in P. Since
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P lies in P, we see that
A°(P°Q)=el(4P)Q  (mod P);

and since AP does not lie in B, we conclude that A°(P°Q) is not in P. So by
(3.4) we cannot have e< T, thus indeed e> T,

Hence by Lemma 1 (p.278) of [2] we see that the length of Q is also at
least T. This completes the proof of Lemma 4.

4. Degree estimates

Let G,...,G, be as in Sect.1, not necessarily disjoint, and let I' be a finitely
generated subgroup of G=G, x... xG,. Let a,,...,a, be as in Sect.2, and
define the operators E(y), &(y) on the associated polynomial ring R as in
Sect. 2. For an integer r let A"(r) denote the set of all j=(j,,...,j,) in Z* with

0=/, EN,....0Zj, SN, Jji+ ... +j=r
Thus A7(r) is empty unless
0=r=N=N+...+N,.

We recall (see the Appendix) that if J is a multihomogeneous ideal of R whose
rank r satisfies 1 <r<N, then for any j in 4"(r) there is a non-negative integer
0;(3) measuring the corresponding degree of 3. We further define 4,(3)=0 for
any j in Z* not in 4 (r). We shall need the following comparison result.

Lemma 5. For 1<r< N let B be a multihomogeneous special prime ideal of R of
rank r. Then for any j=(j,...,j,) in A (r) and any vy in I’ we have

;(Pysal* a6, (y) P).

Proof. We do this by considering the associated varieties in £ =B, x ... x By,
and we argue by decreasing induction on r. If r=N the result is easy. For any
multihomogeneous special ideal J is contained in the maximal multihomo-
geneous ideal 9(y,) corresponding to some point y, in I', and so, if prime of
rank N, it must be equal to 9i(yp,). Then the only possible value for j is
(N, ..., N,), for which 6;(3)=1. By parts (iii) and (iv) of Lemma 1, this argu-
ment applies to &(y) B as well as to B. This does the case r=N.

Now assume the lemma holds for ideals of rank r+1<N, and let B be as
above of rank r. Pick j={j,,....j)) in A(r). As |jl=r<N, we can assume
without loss of generality that j, <N,. Since B is special, its associated variety
V in & is contained in the Zariski closure G of G in Z. Let G_=G\G and
V,=G_nV. Note that V_+V, since V contains an element y, of I'©G. Thus
either ¥ is empty or its codimension r, in & satisfies r, =>r+1. We choose a
linear form L in R, =K[X, ,,...,X, y,] as follows. If V_ is empty, then all we
demand is that L should not vanish at y,. However, if V,_ is not empty, let
W,,...,W, be its irreducible components, and fix w, on W, (1<i<t). Then
choose L so that it does not vanish at y, or wy,...,w,.
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In either case, since L does not vanish at y, on ¥, we see that L does not lie
in P. Hence the ideal I=(P, L) is of rank r+1, and we can write

I=0,n..0nQnT

for some h=1, where Q,,...,Q, are multihomogeneous primary ideals of R of
rank r+1 and J is either R or of rank exceeding r+1. Furthermore we can
assume that the associated primes PB,,..., B, are distinct. Let V,,..., ¥}, be the
associated irreducible varieties in . We claim first that V,, ..., V, all meet G.

For suppose not, and that GV, is empty for some i with 1 £i<h. Then as
V<V <G, it would follow that

V=G V=(G,nU(GV)=G, A VSV,

In particular V, must be non-empty, whence V,< W, for some [ with 1<I=<t
But the codimension of V] in & is r+ 1, whereas the codimension of W, in % is
at least r, =r+1. It follows that ¥,=W,. But this is not possible, as L vanishes
on ¥ but not at the point w, of W,. Hence indeed each V; (1 <i<h) meets G.

Therefore for each i with 1 <i<h we can fix a point v; of G on V,. By the
remark after Lemma 2, we may without loss of generality assume that I
contains v,,...,,, as by enlarging I' we do not in fact change the ideal £(y) .
It follows now that, in the earlier notation for contracted extensions, we have
PF=P, (1<i<h), and, since

GP=(B,L)=3I=P, (1=i=zh),

we see that B, ..., P, are special.

Now write e=(1,0,...,0). Since j, <N, the vector j+e is in A"(r+1), and
because L is in R, we have by Lemma AS of the Appendix with (D,,...,D,)=e
the relation 6,(P)=9;, .(3). Also by Lemmas A2 and A3 of the Appendix we
have

jte
h h
5j+e(5) = _Z,l 5j+e(Di) = '21 li 5j+e(“Bi)’

where [; is the length of Q, (1 £i<h). The induction hypothesis therefore shows
that

h
éi(%)éa; '4 Z l; 5j+e(g(’y) B,

where
g N1—] Nic— jx
A=ai' 7 agk e

Using part (v) of Lemma 1 we get

h
6;(P)=a; ' 4 ; 05,6 QY. 4.1

Finally to get an upper bound for the right-hand side of (4.1) we consider
the ideal I=(&(y) B, E(y) L). Now if E(y) L were in &(7) B, we should deduce at
once that &(y)(L)=&(y)B. Applying &(—y) and using parts (i) and (ii) of
Lemmal, we find that (L)=‘B, which is impossible, as remarked above. It
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follows that J is of rank r+1. Also, from the definition of E(y), we see that
E(y) L lies in ‘R, and is homogeneous of degree a,. So by Lemma A5 we have

a1 0{(E() B)=0;., (J). (4.2)
But since I=(B, L) = Q;, we deduce
ISEMISEMY, (1<i<h).

It follows that 3 has an isolated primary component £, of rank r+1 whose
associated prime is &(y)®B,, and on localizing at this prime, we see that
RecEMQ; (1Zi<h). As E()By,....E6(y) B, are all different, it follows from
Lemmas A2 and A4 of the Appendix that

J+e J=z Z ]+e L)z Z ]+e(g()))ni)'

Substituting this into (4.1) and uvsing (4.2), we obtain the desired conclusion

3;(P)=A40;(6(») B).

This completes the proof of Lemma 5.

We remark that the lower bound 5].(513);/1-1 0;(€(»)B) follows im-
mediately by applying the lemma with —y instead of y. However, it is possible
to prove the exact equality J,(B)=0;(6(y)B) provided the projective embed-
dings of G,,...,G, are sufficiently well-behaved; this observation is due to
Moreau [13] in the case k=1.

5. Connectivity estimates

This section is concerned with the connectivity of certain stabilizers in 4. Let
Gy,...,G, be as in Sect. 1, not necessarily disjoint, with G=G, x ... x G, em-
bedded in Z. For any subset V of & with V=GNV non-empty, we write
stabg V for the set of elements g in G such that g+ V,=V;. This is clearly a
subgroup of G. If V=V it is even an algebraic subgroup; for example, it can be
seen using (1.4) that in this case

stabg V=Gn () Vs—v,

where the second intersection is taken over all v in V; (see also [1] p.97).

For any algebraic subgroup H of G, let H, be the neutral connected
component of H; that is, the component of H through the origin of G, and
write x{H)=[H:H,] for the total number of connected components of H. We
make a further definition if in fact G,,...,G, are disjoint. In this case H, has
the form H, x ... x H,, where H,,...,H, are connected algebraic subgroups of
Gy,...,G, respectively. We say that H has type s=(s,,...,s,) if H; is of codi-
mension s; in G, (1<i<k).

Finally we say that a subset S of G is defined in G by multihomogeneous
polynomials B,..., B, in the associated polynomial ring R if G intersects the
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variety of the ideal (B,...,B) exactly in S. Recall the integers ny,...,n,, with
n=n,;+...+n,, and put
(1sigk)
with

h=(hy,....n), h=|hj=h +...+h=N-—n
For integers d,,...,d, with d=({,,...,d,) we put C(d)=0 if d,<0 for some i
with 1 i<k, and otherwise we let C(d) be the multinomial coefficient

C)=(d, +...+d)!/d,!...dY).

Lemma 6. For integers D, 21,...,D, 21 let S be a subset of G defined in G by
multihomogeneous polynomials in R of multidegrees at most (D,,...,D,). For
0<r<n let V be an irreducible component of S, of codimension r in G, with
associated prime ideal B. Assume GV is non-empty, and let H=stabs V. Then
the codimension s of H in G satisfies r<s=<n, and there exists j=(j,,...,j,) in
N (h+s) such that

K(H)S a7 ..al* =Y C(d)6, o(P)DY...D¥, (.1)

where the sum extends over all d=(d,,...,d,) with |d{=s—r. In addition, if
G,,...,G, are disjoint, we can suppose that j—h is the type of H.
Proof. The definition of H shows that

H = ﬂ (VG - U),

where the intersection is taken over all v in V. Let @ be a non-empty open
subset of ¥, to be chosen shortly. We note that even

H=(\(V,—0) (5.2)

where the intersection is taken only over » in 0. For suppose that x is in Vy—v

for all v in @. Then O<V;—x. Taking the closure gives V< V,—x, and
intersecting with G using (1.4), (1.5) yields V; < V;—x. It follows that

Ve, Votx, Vgt+2x,...

is a non-increasing sequence of closed sets in . So by the Noetherian proper-
ty there exists a non-negative integer [ such that

Vo+lx=Vs+(1+1)x,

and once again use of (1.4), (1.5) leads to V;=V;+x. So x lies in H=stabg V.
Since x was arbitrary, this proves (5.2).

Next, a similar appeal to the Noetherian property of & shows that we can
find a positive integer m and elements v, ...,v,, of @ such that

H=

~

(Ve—v). (5.3)

i=0

]
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Let H, be the neutral connected component of H. We can find a subset R of
H, of cardinality k(H), such that

H={J(p+H,),

where the union is taken over all p in R and the H,=p+H, are all the
connected components of H. Thus for each p in R the set H, is a component
of the right-hand side of (5.3) in an appropriate sense. We shall soon choose
the set @ such that each H, is even a component of

m

(Va—vo) O (S —vy. (5.4
We first define an open subset (? of V as follows. If V is the only irreducible
component of § meeting G, put @ =V; otherwise let

O=V\T, (5.5
where
T={)W;—p

with the union taken over all p in R and all those irreducible components
W4V of § that meet G.

Next we verify that 0 is non-empty. This is trivial if V is the only com-
ponent of § meeting G. Otherwise, suppose (5.5) holds and @ is empty. Then
VT Since V is irreducible, it follows that

VeW,—p (5.6)

for some p in R and some component W=V of S meeting G. In particular
W <G, and so intersecting (5.6) with G using (1.4), (1.5) gives V;< W, —p. Thus
p+ Ve W,. But p+ V=V, since p is in H=stabg V. Hence V;= W;, and now
taking the closure gives V< W, which is not possible as ¥, W are different
components of S. Thus indeed ¢ is a non-empty open subset of V.
Therefore
0=Gn0=V;n0

is a non-empty open subset of V.

Having thus chosen @ and v,,...,v,,, we proceed to interpret the assertion
about (5.4) in terms of ideals, and then prove it. Let I' be the subgroup of G
generated by v,,...,v,, and the elements of R, and for y in I write E(y), £(y) for
the corresponding operators defined in Sect.2. Let 3 be the ideal generated by
&(v,) P together with the polynomials E(v,)P,...,E(v,)P as P runs over the
given polynomials defining S in G. Further for each p in R let P, be the
associated prime ideal of H,, and let 3% be the contracted extension of I with
respect to p. We shall eventually show that B, is a prime component of I
with the same rank as 3,

To start with, we shall verify that

Ic=P (5.7)

p
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for any p in R. From (5.3) we have Hpg Ve—vo, whence &(vo) B<P, by
Lemma 2. To prove (5.7) it therefore suffices to show that Q= E(v)) P lies in ‘B,
for any i with 0 £i<m and any multihomogeneous polynomial P vanishing on
S. Let ¢, be an open subset of G containing I' on which E(v, represents
translation by v,. Since ¢, contains p +v;, the set

(Oi,pz((gi_vi)an

is a non-empty open subset of H,. Let h be an arbitrary point of ¢, ,. Then
v;+h lies in _
Vo+h=VcGnNnS=S.

Consequently P vanishes at v,+h. Since v,+h is in ¢, it follows that

Q=E(v,) P vanishes at h. Since h was arbitrary, Q vanishes on ¢, , =H ,» and so
lies in B,. This completes the proof of (5.7), and by localizing at p we deduce
that

ISP, (5.8)

This does not quite imply that B, is a prime component of I*. To prove
this, fix any prime component P’ of I with the same rank as J*. By (5.8) T
exists, as I £ R. Let V' be the variety of B’ in &, and fix an arbitrary integer
i with 0<i<m. Since V' contains p, the set 0;=V'n (0, is a non-empty open
subset of ¥’. Pick an arbitrary v' in ¢}, and let P be chosen arbitrarily from the
collection of given polynomials defining S in G. Then Q=E(v,) P lies in J and
so in P’. So Q vanishes at v, and it follows that P vanishes at v'+v,. Since P
was arbitrary, we deduce that v'+ v, lies in

GnS=) W,
where the union is taken over all irreducible components W of § meeting G.
Hence v lies in | J(W;—v;). As v/ was arbitrary, we get O, J(W;—v,), and

taking the closure gives V'<|)W;—v;. Therefore V'cW;—v,; for some W,
whence intersecting with G yields

LS W, —u,. (5.9)

In particular p lies in W; —uv;, so v; lies in W;—p. Now our choice of ¢ implies
that W=V, This is trivial if V is the only component of § meeting G; otherwise
suppose W=V, Then v, lies in the set T, contradicting the fact that it lies in
0<=@. We conclude from (5.9) that

VieVg—v;.
Since i was arbitrary, it follows from (5.3) that V; < H. Taking the closure, we
get V' | ) H,, where the union is taken over all ¢ in R. Thus
V'cH, (5.10)

for some ¢ in R, and since H, is closed in G, we get Vo< H,. As pis in Vg, it
follows that in fact 6= p. Now we conclude from (5.10) that V'< H .
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So in terms of ideals we have B, <. Thus the rank of B, is at most the
rank of ', which by assumption is the rank of 3*). The opposite inequality
follows from (5.8). Hence B, is indeed a prime component of 3%’ of the same
rank as 3 (and in fact B, =9, so it is the only such component; but we
don’t need this).

Now let s<n be the codimension of H in G. Then the ideal B, has rank
h+s for each p in R. So each 3% has rank h+s. Let 3* be the contracted
extension of I with respect to all the points of R simultaneously. Then J* also
has rank h+s, and it has a prime component 8, for each p in R. It follows
that the radical

also has rank h+s and prime components 8, for each p in R. Thus we have
by Lemma A2 of the Appendix

Y 5,(B,) <6,/ 3%) (5.11)

for any j in A"(h+s5), where the sum is taken over all p in R. We proceed to
estimate the right-hand side of (5.11). This could be done using a suitable
degree theory for quasiprojective varieties in &, but we prefer instead to apply
the considerations of the Appendix directly to radical ideals. For this we recall
that an ideal is said to be quasi-unmixed if all its isolated components have the
same rank.

Now we have I=(,, L), where P,=8(y,)P and L is generated by the
polynomials E(v,)P,...,E(v,)P of multidegrees at most (a,D,,...,a,D,). In
particular the rank of J is at least the rank h+r of B, and so h+s=h+r.
Thus r<s<n. We now inductively construct ideals 3, ..., 3, , such that

(1) BosIsI 0=I<s—7)
(ii), The ideal Jf is quasi-unmixed of rank h+r+! (0<I<s—r)
(i), For any j in A" (h+r+1) we have

8/IH)EY Cd)6,_o(Bo)a, D)™ ... (@ D)%  (OLIZs—r),

where the sum is taken over all d=(d,,...,d,) with [d|=1

For =0 we take 3,="%,,. Since SB*CS* we have PF+ R, and so PF="P,.
Thus (i), and (ii), are clear. Also 1/ 3% =P,, so that (iii), is obvious. So we are
finished if s=r. Henceforth assume s>r and that for some ! with 0<l<s—r we
have found 3, satisfying (i), (ii), and (iii),. We proceed to construct 3
satisfying (i),, ,, (ii),, ; and (iii),, ,.

Firstly, note that since 3} is quasi-unmixed of rank h+r+1, its radical
]/S,"‘ is unmixed of rank h+r+![ Let Q be any prime component of ]/S,*.
Then [ is of rank h+r+! and Q*=0. Now LEQ, otherwise, since
‘BOES,_C—:]/:S’?EQ we should deduce I=(P,, L =Q and so I*<= N, which is
impossible on comparing ranks. Hence at least one of the generators of £ is not
in L. The usual techniques (cf. Sect.7) now enable us to find a multihomo-
geneous polynomial Q of £, of multidegree exactly (a, D,,...,q,D,), which does

not lie in any of the prime components of 1/ 3F. We put 3, ;=(3,,0). Then

i+1
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(i),  is obvious, as

P, 3,23, ,=(3,9)=3.

+1
Also ]/S—;":(Q)=]/§,;, and so the ideal 3=(1/S-,*,Q) has rank h+r+1+1.
Furthermore, for any j in A'(h+r+1+1) we have by Lemma AS

k ——
5(3)= 3 a:D, 85— e V/3F),
where e, ..., e, are the standard basis vectors of Z*. From (iii), this gives easily

5,(3)§Z C(d) 6;_a(Bo)a, D) ... (a, D)™ (5.12)

where the sum is over all d=(d,, ...,d,) with {d|=]+1.

Next by Satz 57 (p. 170) of [8] the ideal & =(3J}, Q) is quasi-unmixed of rank
h+r+Il+1. So either K*=R or K* is also quasi-unmixed of rank h+r+I1+1.
But as K<3Jf, ; =3* we see that K*S3*; thus K*+R. Hence K* is quasi-
unmixed of rank h+r+I+1. But it is casily seen that 3} ,=8%*; and this
proves (ii),, ,. Finally (iii),, , is immediate from (5.12) using Lemma A4 and the
inclusions

I=(1/3F. 0=V S0 V@0 =V 1,

since 3, /3¢, , have the same ranks.
This completes the inductive construction of 3J,,...,3,_,. Now we note that

]/S;"_, 91/5; and that these ideals have the same rank k+s. Hence from (5.11)
and the estimate (iii),_, we get finally for any j in A (h+5)

Z 5]'(;’Bp)§z C(d) 5j_ a(PBo)(a, D1)d1 '-‘(aka)dk’ (5-13)

where the first sum is over all p in R and the second sum is over all
d=d,,...,d,) with [d|=s5—r.

Now let ¢ be the element of R giving rise to H,= H,. By Lemma Al of the
Appendix there exists j in .4 (h+s) such that

5,(B,)>0. (5.14)

But from Lemma?2 we have PB,=&(c—p)B,; therefore by Lemma 5 we have
0;(B,)>0 for all p in R. So ,(B,)=1 for all p in R, and now (5.13) gives the
required estimate (5.1) for the cardinality x(H) of R, after using once more
Lemma5 to replace B,=6E(y,)P by P. This proves Lemma 6 without the
disjointness condition.

Finally if G,,...,G, are disjoint then we can be more specific about the j
satisfying (5.14). For if s=(s,,...,s,) is the type of H, we have H,=H, x ... xH,
where H; is a connected algebraic subgroup of G, of codimension s; (1<i<k).
Thus we have

B, =105 30

where J; in K[X,,,...,X; 5] is the homogeneous ideal of rank h;+s; as-
sociated with H, (1 £i<k). It follows from Lemma A6 of the Appendix that

On,s(PB)=0,...0,>0,
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where 9, is the degree of J; (1=i<k). Hence (5.14), and therefore also the
estimate (5.1) for k(H), holds with j=h+s. This completes the proof of Lem-
ma 6.

6. The Proposition

In this section we state a Proposition and we show that it implies our Main
Theorems. Let G,,...,G, be as in Sect. 1, not necessarily disjoint. Let X be a
finite subset of G=G, x ... xG, containing the origin, and take I as the
subgroup of G generated by the elements of X. For an ideal 3 of the as-
sociated polynomial ring R let 3* denote the contracted extension with respect
to I'. Recall that for each i with 1<i<k the number h,=N,—n; is such that
either h;=0 or the prime ideal ®; of G; in R;=K[X,,,...,X; 5] is of rank
h,=21. In the former case we set b,=0 and we let J; be the zero ideal of R,. In
the latter case we let b;=1 be an integer such that the Zariski closure of G, in
IPy, can be defined by the vanishing of homogencous polynomials in R; of
degrees at most b;. Also by Lemma6 (p.499) of [4] we can find h, homo-
geneous polynomials in R; which generate an ideal J, with J*=6,.
Next, if h=h,+ ... +h, =0, we write J,=0. Otherwise, if h=1 we write

30:(313 ""Sk);

then this ideal is generated by h multihomogeneous polynomials of R, say
B,...,B. In either case we note that 3% =®; this is trivial if k=0, while if h=1
then on the one hand

Je3=6,c6 (1=sizk
so that 3,< ® whence 3§ < *=®, and on the other hand
I5=(31 - I 2(3%, ... F)=(6,,...,6)=6.

Furthermore, if h=1 the rank of 3} is h, and we deduce by applying
Lemma A6 of the Appendix to those J; with h;+0 and using Lemma 5 (p.499)
of [4] that
S (S bl (6.1)
while
0;(3%)=0 (6.2)
for any j=h.
The main result of this section shows how to construct polynomials
B i -...B, ., to get a local complete intersection. We take G,,...,G,, P, X
satisfying the conditions of either version of the Main Theorem, and we
suppose that for some integers D, =1,...,D, =1 and T=1 there is a poly-
nomial P of R also satisfying the conditions of the Main Theorem, with the
constant ¢ given by
c=Qa)”b¥-"k", 6.3)
where
a=max(a,,...,a,), b=max(,,....b).
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Thus in the general version of the Main Theorem we do not assume that
G,,...,G, are disjoint, and we have

TQ,(X)zc4, (1=r<n) (6.4)
and if n>1 also
EQ.(X)zcd, (I1=r<n). (6.5)
Furthermore we have either
EQ,(X)zc4, (6.6)
or
|X/G ol =1X1, (6.7)

and we shall refer to these as cases Ig, IIg respectively.

In the disjoint version of the Main Theorem, we assume that G,,...,G, are
mutually disjoint. For r=(r;,...,n) we abbreviate @,  (X) to Q/(X) and
D7 ...Di to D'. We put n=(n,,...,n,). Then we have

.....

T0.(X)=cD" (0=r,=n,,...,0=1=n,,|r|21) (6.8)
and if n>1 also
EQ.(X)zcD" (01 =ny,...,02n,5n,,|r|21, r+n) (6.9)
Furthermore we have either
EQ.(X)=cD" (6.10)
or
1X /G ors| = X1, (6.11)

and we shall refer to these as cases 1d, IId respectively.
Finally in the situation of either version of the Main Theorem we define

T =min(E, T/n)
and
T.=T-0r-1)T" (1=r&n).

Also in cases Ig, Id we put
T,

n+1

=T—-nT
whereas in cases IIg, I1d we put

T =T—-n-1)T-T/n.

n+1

We can now state our Proposition. We recall the multinomial coefficients
C(r) defined in Sect. 5, and we define X as the origin of G.

Proposition. Suppose, in addition to the above, that P vanishes at each point of I’
to finite (not necessarily positive) order along ®. Then there are multihomo-
geneous polynomials B ,....B_ ... of R which together with the ideals
3,=(R, ..., B, ,) satisfy
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(i), the multidegree of B, , is at most 2ay ~'(Dy,...,D) (1Sr<n)

(i), B, vanishes at each point of X“*'~" to order at least T, along &
(1 £rZ<n+1), with strict inequality if r=n+1.

(iil), the ideal J¥ is of rank h+r (1=r=<n+1)

(iv), for any jin A (h+r) we have

5(IN=Ci-hQ2a* " V" D" (1=r<n).

We prove this Proposition in the next section. But first we verify that it
implies the Main Theorems with ¢ given by (6.3). For if P satisfies the
conditions of either version of the Main Theorem and also has finite order at
each point of I', then we may apply the Proposition. We conclude from (iii), , ,
that the ideal 3%, ; is multihomogeneous of rank h+n+1=N+1; yet it van-
ishes at the origin X of G, since by (ii),, , all the generators of J,, , vanish
there to order strictly greater than

T ,2T—(n-1)T —-T/n=0.

nt+ 1=

But this is not possible; hence there is some g in I' at which P vanishes to
infinite order along @. It follows from the definition that P vanishes at g+ &(z)
for all z sufficiently small, and hence by analytic continuation it must vanish
on all of g+ .

7. Proof of Proposition

We carry over all the notation of the preceding section. We shall construct the
desired polynomials B,_ ,..., B _,,, by induction, starting with r=1. We take
B, =P; then (i}, and (ii), are obvious. It remains to check (iii); and (iv),. For
this we note that P cannot lie in the prime ideal 3§ =, else it would vanish at
all points of G to infinite order. If h=0 then J3,=(P), and since X™ is non-
empty we deduce 3% +R. Hence by Lemma 7 (p. 501) of [4] the rank of 3% is
at most 1; so this rank must be exactly 1. This proves (iii); in the case h=0.
Also (iv), is clear in this case from Lemma A4 of the Appendix since
(P)=3, =3% and these ideals have the same ranks.

Next, still with »=1, assume h>1. Then by Lemma AS of the Appendix the

ideal J=(3J%, P) has rank h+1 and for any j in A (h+1) we have

k

8IS Y Dy, (D)

i=1

By (6.2) this is non-zero only if j—e;=h for some i with 1 i<k, and then (6.1)
gives the estimate (iv), with 3% replaced by 3. Also

JIF=(3,, P)*2(3%, P)=3. (7.1)

Now J*+ R since the generators of I, vanish on the non-empty set X™; thus
by (7.1) the rank of 3% is at least h+ 1. But by Lemma 7 of [4] this rank is also
at most h+ 1. We deduce (iii), for k=1, and now (iv), follows from Lemma A4,
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the inclusion (7.1), and the estimate for 6,(J). This completes the construction
of Bl+ 1

Next suppose that for some r with 1 <r<n the polynomials E_,...,E,
have been constructed to satisfy the conditions (i),, (ii),, (iii),, (iv), of the
Proposition. We shall construct B, ,,; so that the conditions (i), , (ii), ;.
(iii), , 4, (iv),, , hold.

Since by (iii), the rank of J¥ is h+r, it is unmixed by Lemma 7 of [4]. Fix
an arbitrary prime component B of J¥; this is then multihomogeneous of rank
h+r and special in the sense of Sect.2. Thus the variety V of B in & passes
through some y in I. We shall eventually prove that there exists x in X and an
integer t with 0<t <7, — T, , such that

A(EX)IEDB. (7.2)
For suppose (7.2) is false. Then for all x in X we have
AEX)INSP Ost<T-T. ). (7.3)

By (iv) of Lemma 1 the ideal 3=&(x)3¥ is unmixed of rank h-+r. Since P
contains P and by hypothesis ord, P is finite, so is ord,®P. Since V passes
through 7, we have in fact ord, $>0. Hence we may apply Lemmad. It
follows that 3 has a primary component Q of length at least T,— T, , whose
associated prime is . In particular I Q, whence 3F <= &(—x) Q. Comparing
ranks, we see that 3¥ must have a primary component Q <é&(—x)Q whose
associated prime is &(—x)B. Furthermore the length I, of Q, is at least the
length of £(—~x)Q; and so by (iv) of Lemma 1 we conclude that [ =T, - T, ;.

Thus on our hypothesis (7.3) we see that for each x in X the ideal 3¥ has a
primary component of length at least 7,—7,,, whose associated prime is
&(—x)P. We now define an equivalence relation on X by saying that x, x’ in
X are equivalent if &(—x)P=&(—x")P. Suppose X splits into M =1 non-
empty equivalence classes X;,...,X,, under this relation. Pick x,...,x, in
X1,..., X, respectively. Then the ideals &(—x,)%B,...,E(—x,) P are different.
So the above conclusion yields for any i in A4 (h+r) the inequality

(T,=T., ) g 0,(E(—x,) B) 2 0,(37).

Using Lemma 5 we deduce

M(T,—T,, ) 6:(P)=a" " 5;(37),
and so by (iv),

M(T,-T,, ) (P <a" " 2a)*" "~V b* Cli—h) D'~ (7.4)

This holds for all i in A"(h+7r); but from our convention on §;(*p) it actually
holds for all i in Z*.

We now study more carefully the above equivalence relation in order to
obtain a lower bound for M in terms of the quantities @ (X) or Q. (X). If x,x’
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in X are equivalent then &(x—x)P=P and so x—x' is in the stabilizer
H=stabs; V of V in G, by Lemma2. In particular, X, —x,cH (1<m<M).
Also if x—x,,x" —x, are elements of X, —Xx,, in the same connected com-
ponent of H, then x—x'=(x—x,)—(x'—x,) is in the neutral component H, of
H. 1t follows that
X, /H|SK(H)  (1=m<M),

and consequently

|X/Ho| =M x(H). (7.3)

We estimate the right-hand side by introducing the subset S of G defined in
G by the polynomials B, 4,...,E,, of multidegrees at most (2ay~Y(Dy,...,D)).
Since the closure § is defined by the ideal

3=(®?Bx+ 1 ""Ph+r)=(®7sr)
and since
3r=(6,3)*23*2(6*,3})=(6, 3}) =3}

we see that 3*=3%. Hence P is a prime component of J*, and therefore also
of 5. Thus V is an irreducible component of §, and its codimension in G is r.
We now split cases according to whether we are considering the general or the
disjoint version of the Main Theorem.

Suppose first that we are in the situation of the general version of the Main
Theorem. Let s be the codimension of H in G; then by Lemma6 we have
r<s=<n and there exists j in A (h+s) such that

K(H)<a""(2ay™ "} C(d)d;_4(P) D7,

where the sum is taken over all d with |d|=s—r. By (7.5) and the definition of
Q,(X) this gives

0.(X)SMa"2ay™ Y. C(d)3,_ (%) D (7.6)
So combining this with (7.4) yields

(T,-T,. ) Q(X)SA4,b"D*} C(d) C(s—d) (7.7)
where
$=(S;,...,5,)=j—h
and
Ar :aZ(n—r) (2 a)r(n*r)(z a)%r(rA 1).

By considering suitable generating functions it is easy to see that
Y Cd) C(s—d)=C(s)Sk*<k". (7.8)

In particular (7.7) then implies C(s)>0, so that
5,20 (1Zigkh). (7.9)
It is not difficult to verify the inequality
A, <(2a)"/n, (7.10)
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and using this together with (6.3) and (7.8), we deduce from (7.7) that

(T,—T,, 1) Q(X)<(c/n) D*. (7.11)
Finally
s;=j,—h,SN—h=n, (1Z2iZk), (7.12)

and it follows from (7.9), (7.12) and the definition of A4 that
D¥=4,. (7.13)
We conclude from (7.11) and (7.13) that
(T, T, ) Q(X) <(e/n) 4. (7.14)
We now obtain a contradiction. In case Ig this is immediate, for

T.—-T,

r+1

=T'=min(E, T/n) (7.15)

and so (7.14) contradicts at least one of (6.4), (6.5) or (6.6). In case Ilg the same
argument works if s%n, for then r<s<n and (7.15) is still valid. Thus (7.14)
contradicts either (6.4) or (6.5). It remains in case Ilg to consider the possibility
s=n.

For this we go back to (7.4). There exists some i in A"(h+7r) with §;,(B)=1.
In particular (7.4) then implies that C(r)>0 for

r=(r,...,n)=i—h,
so that
=0 (1=igkh). (7.16)
In addition, from (6.3), (7.8) and (7.10), the inequality (7.4) also implies that
M1, -1, )<(c/n)D". (7.17)

But as s=n the stabilizer H must be a finite subgroup of G, and so contained

in G,,. Since X,,—x,, S H (1<m= M), the condition (6.7) implies that M =|X]|.
Since Q,(X)=|X| we deduce from (7.17) that
(T, - T, 1) Q.(X)<(c/m) D" (7.18)
As in (7.12) we see that
rn<n,  (1Si<k), (7.19)

and it follows from (7.16), (7.19) and the definition of A, that

Dr<4,. (7.20)
We conclude from (7.18) and (7.20) that
(T,—T,, ) Q(X)<(c/n) 4, (7.21)

If r£n, then r<n and (7.15) is still valid; hence (7.21) contradicts either (6.4) or
(6.5). It remains only in case IIg to consider the possibility r=n.
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But now T,—T,, ,=1T/n, whence (7.21) contradicts (6.4). These contradic-
tions establish (7.2) in all cases for the general version of the Main Theorem.
Next suppose that we are in the situation of the disjoint version of the
Main Theorem, so that G, ...,G, are disjoint. Now the algebraic subgroup H
has a type s=(s,...,s,) automatically satisfying

0<s;=n, (1=Zigk).

By Lemma 6 the codimension s=|s| of H in G satisfies r<s<n, and, putting
j=h-+s, we have

K(H)Sa" "(2a)y™ "), C(d)d;_4(P) D",

where the sum is taken over all d with |d|=s—r. By (7.5) and the definition of
0. (X) this gives

Q(X)sMa""(2ay" "} C(d)d;_4(P) D% (7.22)
So combining (7.4) and (7.22) and using (6.3), (7.8) and (7.10) yields
(T,—T,, 1) Q,(X)<(c/n) D*. (7.23)

We now obtain a contradiction. In case Id this is immediate, for (7.15)
holds and so (7.23) contradicts at least one of (6.8), (6.9) or (6.10). In case IId
the same argument works if s=n, for then r <s<n and (7.15) is still valid. Thus
(7.23) contradicts either (6.8) or (6.9). It remains in case IId to consider the
possibility s=n.

For this we go back to (7.4). There exists some i in A (h+7r) with 5,(B)=1.
In particular (7.4) then implies C(x)>0 for r=(r,...,n,)=1i—h, so that (7.16)
holds. In addition, from (6.3), (7.8) and (7.10), the inequality (7.4) also implies
that (7.17) holds. But as s=n the stabilizer H must be a finite subgroup of G,
and therefore contained in G,,,. Since X, —x,<SH (1<m=<M), the condition
(6.11) implies that M =|X|. The inequalities (7.19) are still valid, and together
with (7.16) they show that Q (X) is defined. Then Q,(X)<|X], and we deduce
from (7.17) that

(T,— T, 1) Q(X) <(c/m) D" (724)

If r+n, then r<n and (7.15) still holds; hence (7.24) contradicts either (6.8) or
(6.9). It remains only to consider in case IId the possibility r=n.
But now r=n and so T,—T,, ; = T/n, whence (7.24) contradicts (6.8). These
contradictions establish (7.2) in all cases for the disjoint version of the Main
Theorem.

Thus we have proved (7.2) unconditionally. The argument is now essentially
routine and it does not depend on which version of the Main Theorem we are
considering. There exists x in X and an integer t with 0=t <T,—T,, , such that

(7.2) holds. We may assume ¢ is chosen minimally for this choice of x. We shall

deduce that
A(EX)3)EP. (7.25)

For suppose on the contrary that A4*(E(x)3,) <. From the minimality of ¢ it
follows easily that A'J< P*=P, where J=(E(x)3J,)* is the contracted exten-
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sion of the ideal generated by the elements of the set E(x)3J,. Since the
multiplicative set .# of Sect.2 satisfies E(x).# <.#, we see that E(x)JFc 3,
and therefore A*(E(x)3I*)c=P. Now A G<=G<P by (i) of Lemma3, and it
follows once again using the minimality of ¢ that

A(E(x) I =P* =B,

which contradicts (7.2). Thus (7.25) is established.

Therefore there exists j with 1<j<h-+r such that By=A4"(E(x)P) is not in
. But in fact j=h-+1. This is trivial if h=0; and otherwise we only have to
observe thatif 1<i<hthen Bisin(B,...,R)* =0, so that E(x) P is in E(x) <= 6.
Hence AY(E(x)P) is in A'G <G <P. Thus indeed h+1<j<h+r.

Now by (i), the multidegree of E; is at most (D5, ..., D), where

D,=Qa)y 'a,D,+t(a,—1)<Qay 'aD,+(T,—T,, Ja—1) (1<i<k).

Assume r +n. Then we observe that

(,-T,, )(@—-1)=aD, (=iZk). (7.26)

This is obvious if G, is linear, since then a,=1; otherwise, if G; is not linear
then by the definition of E we have
T.—T,

r r+1

=min(E, T/n)SEZD,.
Hence (7.26) gives
D;<(2ayD; (1Zigk; r#n).

Thus if r#n, multiplying By by a suitable monomial My in 4 we
obtain a multihomogeneous polynomial By=MgR; of multidegree exactly
(2ay(Dy,...,D,) which again does not lie in B. If however r=n then we define
R, simply as B;.

Now we recall that this construction can be carried out for each prime
component P of I*. Thus using Lemma 5 (p.285) of [2] we can find a linear
combination of the E;, with coefficients in K, that does not lie in any of the
prime components of JI*. This linear combination gives the required poly-
nomial B, ;, and we proceed to verify that it satisfies the conditions (i), , (if
r#n), (ii),, ,, (iii),, ;, and (iv), , (if r+n) of the Proposition.

The above construction of each B, makes it clear that (i), , holds (if r=+n).
Next, to prove (ii),, ;, let y be any point of X”~". Then z=y+x is in X"*+'~",
and so by (i1),

ord, BzT, (h+1Zjsh+r).

Hence by (i1) of Lemma 3 we have
ord E(x) P=ord, F2T, (h+1Zjsh+r)
and so by (iii) of Lemma 3

ord, AEX) B2 T,—t (h+1<j<h+7)
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as long as T,=t. But in fact
T—-t>1 ,20.

r+1=

So this holds, and we deduce that ord B>T, Hence also

+ 1
ord K., ,>T,_,, and since y was arbitrary this proves (ii),, , (with strict
inequality).

The condition (iii),, ; follows by standard arguments. Indeed, the ideal
3= B, 1) has rank h+r+1. Also, since T,=T,,, =0, every generator of
3,, 1 vanishes on the non-empty set X~", and in particular 3%, ; +%R. So by
Lemma 7 of [4] the rank of 37, | is at most h+r+1. Since J=J¥, |, this rank
must be exactly h+r+1. This verifies (iii),, ;.

Finally if r<n, then for any j in A"(h+r+1) we deduce from Lemma A5

that .
0/(J)=Qay Y, D;6;_. (3.
i=1

By (iv), we have

8- (SN C(l—h—e)Qa)" "~ V" DI""/D,  (1Zik),

so we get .

5 (J=QRa¥ VP DI 3 C(j—h—e).
i=1

But with our convention on multinomial coefficients it is easily seen that

k
Y C(j—h—e)=C(j—h), and hence
i=1

8,(J)= CH~h)(2a)*" "+ Vb Di-t, (7.27)

Since J< 3, and these ideals have the same ranks h+r+1< N, the condition
(iv),, ( follows from (7.27) using Lemma A4. This completes the proof of the
Proposition.

8. Further remarks

We discuss here the relationships between our Main Theorems and the resuits
announced in Sect. 9 of [4]. To start with, we show that either Main Theorem
implies a slightly weaker version, sufficient for all applications, of Theorem A
(p. 514), in which the inequalities (42) of [4] should be replaced by

(SmprzeD =t (1=r<n) (*)

if n>1. There is no loss of generality in supposing that D=1 and D is an
integer. It now suffices to take k=1 and G,=G; then I' is a subgroup of G
generated by elements y,,...,7, of G. If the rank I of I" is zero, we take X as
the origin of G. Otherwise, if =1, then without loss of generality we can
assume that y,,...,y, are linearly independent, and we take X as the set of
elements of the form

Sy +.-+sy, (0=s,...,5=8/n).
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In the notation of [4], we have X = I'(S); and also

1X/G ol =1X]. (8.1)
We next claim that

Q,(X)2(S/mf  (1=r=n) (8.2)

If p,=0 this is trivial. Otherwise, suppose p=p,21. If G has no algebraic
subgroups of codimension r, put H=0; else let H be any such algebraic
subgroup. In either case, we can assume from the definition of p that vy,,...,y,
are linearly independent modulo H. Now the elements

Si P14 +s,7,  O=Zsy,...,s,285/n)

are distinct modulo H, so that |X/H|=(S/n)*. Taking the minimum over H, we
deduce (8.2) in either case.
Now the conditions (41) and () of Theorem A imply the conditions

TQ,(X)zcD” (lsr=n) (8.3)
and if n>1 also
EQ.(X)zcD'~' (1Zr<n) (8.4)

of our Main Theorems, and we also have (8.1). Thus we can conclude that P
vanishes on y+¢@ for some y in I, and so the slightly weaker version of
Theorem A is established, with c=(2a)”b"~". At the same time we are able to
verify an additional remark made in [4]; namely, that the conditions (*) can be
omitted entirely if G is a linear group variety. For then by definition E=T;
whence the conditions (8.3) and (8.4) are implied by (41) alone.

Similar arguments enable us to deduce Theorem B (p. 515) of [4] from the
general version of our Main Theorem. We choose @ in an arbitrary way and
we take T=1. By using induction on k and simple projection properties of the
quantities p,, it is not difficult to see that we may without loss of generality
assume that D,,...,D, are positive integers. We could define X as above; but
in fact it suffices here to take X =I'(S/n), since we no longer need the condition
(8.1). We still have X" < TI'(S), and, as this X is certainly no smaller than the
set defined above, (8.2) still holds.

Now the conditions of Theorem B imply the conditions

TQ,(X)=cd, (1<r<n)
EQ.(X}zcd, (1=r=n)

of the general version of our Main Theorem. Thus we conclude that for any
one-parameter subgroup @ of G there exists y in I" such that P vanishes on all
of y+ &.

It remains to verify that this implies the vanishing of P on all of G. We do
this using only the countability of I'. It is convenient to assume G embedded in
some projective space IP,; for example, the Segre map does this with
M +1=(N; +1)...(N,+1). Then P can be regarded as a homogeneous polynomial
in the associated variables X, ..., X ,,. Without loss of generality we can assume
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that X ,/X,,...,X,/X, are algebraically independent functions on G. Let 7 be
the rational map from IP,, to IP, obtained by taking only the coordinates
Xg,---»X,. Then = is defined on a non-empty open subset ¢ of G, and n(0) is
a constructible subset of IP, which therefore contains a non-empty open subset
(¢ of IP, (see for example [1] p.39). Thus there is a non-zero homogeneous
polynomial Q(X,,..., X,) which vanishes on the complement of ¢’ in IP,.

Now suppose on the contrary that P does not vanish on all of G. Then the
vanishing of P defines a proper closed subset S of G. Hence for each y in I the
set S—y is a closed subset of G of dimension at most n— 1. Thus for each 7 in
I' we can find a non-zero homogeneous polynomial B(X,,..., X,) which van-
ishes on S—v. Since I' is countable, it follows as in [4] (p. 492) that there exist
elements x,,...,x, of K such that Q(x,,...,x,)*+0 and B(x,,...,x,)+0 for all y
in I'. In particular there exists g in ¢ =G whose first n+1 projective coor-
dinates are x,...,x,; and then P does not vanish at g for any y in I". Therefore
g is not in S—v for any y in I', whence y+g is not in S for any y in T
However, by using the exponential map on G it is easy to construct a one-
parameter subgroup @ of G that passes through g. Then there exists y in I
such that P vanishes on y+®. So y+®<S, whence y+g is in S, a con-
tradiction.

Thus indeed P vanishes on all of G, which establishes Theorem B, with
c=Qay*b¥-"k",

Next we deduce Theorem C (p. 515) of [4] from either version of our Main
Theorem. We note that in the statement of this result the numbers X, should
be defined as 1 if p,=0. It suffices to take k=1 and G, =G, with ¢ arbitrary
and T=1, and without loss of generality D a positive integer. We take

X=L(S,/m+ ... + L(S,/n);
then clearly X < I;(S,)+ ... +I,(S,). We claim that
Q,(X)=zx, /m  (1<r=sn). (8.5)

If p,=0 this is trivial. Otherwise, suppose p=p,=1. If G has no algebraic
subgroup of codimension r, put H=0; else let H be any such algebraic
subgroup. In either case we can find p elements y,,...,y, taken from the
generators of I;,..., I, that are linearly independent modulo H. Suppose g; of
these come from generators of I} (1 <i<h). Then we have

0=£q,24,...,08¢,=l,, q,+...+q,=p,
and now it is clear how to write down at least
(S /n)® .. (S 2 5

elements of X that are distinct modulo H. Hence |X/H|=Z, /n*. Taking the
minimum over H, we deduce (8.5) in either case.
Now the conditions of Theorem B imply the conditions
TQ,(X)zcD'  (1sr<n)
EQ,(X)zcD" (l1=r=n)
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of our Main Theorems. Thus we conclude that for any one-parameter sub-
group @ of G there exists y in I such that P vanishes on y+ &. Exactly as
above this implies that P vanishes on all of G. This establishes Theorem C,
with c=(2a)” bV ",

We leave it to the reader to prove that the general version of the Main
Theorem implies a form of Theorem ABC (p.515) of [4] in which the con-
ditions EX /nPr= A, are replaced by EZ /n’"=c4, (1<r<n), even when E is
defined as in the final sentence of [4]. Likewise, if he wishes, he can formulate
a variant of this result when G,,...,G, are disjoint, and deduce such a result
from the disjoint version of the Main Theorem.

We close this section with some practical methods for establishing that
given commutative group varieties are disjoint. For a commutative group
variety G we define a subquotient of G as a group of the form H/K, where H
and K are algebraic subgroups of G with H connected and K< H. It too is
connected, and is therefore a group variety.

Lemma?7. (i) For commutative group varieties G, G, suppose that whenever
0., Q, are isomorphic subquotients of G,, G, respectively, then Q,=Q,=0. Then
G,,G, are disjoint.

(ii) For commutative group varieties G,,G,,G5 suppose G,,G, are disjoint
and G,, G are disjoint. Then G, x G,, G are disjoint.

(i) For k=2 and commutative group varieties G,, ..., G, suppose G;,G; are
disjoint whenever 1 Si<j=<k. Then G, ...,G, are disjoint.

Proof. Let G,,G, be commutative group varieties, with G=G, xG,, and let
n,, 7, denote the projections from G to G, G, respectively. We start by noting,
essentially as in [3], that the existence of an algebraic subgroup H of G implies
the existence of algebraic subgroups K, € H,=n,(H), K, H,=n,(H) and an
isomorphism A: H,/K,—H,/K, such that (h,,h,) is in H if and only if
Alhy+K,)=h,+K,. For we may identify G, G, as algebraic subgroups of G in
the natural way, and we let K, ==,(HNG,) be the set of all h, in H, such that
(hy,0) is in H, and we let K,=n,(HnG,) be the set of all h, in H, such that
(0, h,) is in H. Then for any h, in H, there is some h, in H, such that (h,,h,)
is in H, and it is easy to see that this induces the desired isomorphism A
between the subquotients H, /K, H,/K,.

Now (i) is immediate. For let H be any connected algebraic subgroup of
G, x G,. Then the resulting subgroups H;, H, are connected, and so @, =H /K,
Q,=H,/K, are subquotients. Thus by hypothesis Q,=0,=0, so K,=H,,
K,=H,. This leads at once to H=H, x H,, so G, G, are disjoint as required.

Before we establish (ii) and (iii) we prove a converse to (i). Suppose G,,G,
are disjoint, and let A: Q,—>Q, be an isomorphism of subquotients
0,=H,/K,,Q,=H,/K, of G,, G, respectively. We shall show that @, =Q,=0.

Define a map é: H, xH,—>Q, by

5(h1 ,h2)=/1(h1 +K1)_(h2 +K2)-

Its kernel H is an algebraic subgroup of G, and clearly =n,(H)=H,, n,(H)=H,.
By disjointness the neutral connected component H, of H is a product, and by
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writing H as a union of translates of H, we see easily that in fact H=H,,.
Thus H=H x H,, and ¢ is zero. Hence Q,=0, and @, =0 as well. This proves
the required converse of (i).

Now to prove (ii) suppose G,,G; as well as G,, G5 are disjoint. By (i), to
prove G=G,xG,,G; disjoint it suffices to show that if 1: Q,—»Q is an
isomorphism of subquotients Q,=H,/K;, Q=H/K of G, G respectively, then
0=0. Let H,=n,(H), H,=n,(H). The projections =,,m, induce sutjective
maps from @ to H,/n,(K), H,/n,(K), and these may be combined with 4 to
give surjective maps u,: Q;— H,/n,(K), u,: Q3 — H,/n,(K). Their kernels have
the forms L,/K,, L,/K, for algebraic subgroups L, L, with K,=L,,L,<H;,,
and we thus obtain isomorphisms between H;/L, and H, /n,(K) and between
H,/L, and H,/n,(K). Since H,,H,,H, arc connected, our disjointness hy-
pothesis and the converse to (i) show that H, =n,(K), H,=7,(K). Now Q =0,
because any element of Q=A4(Q,) must be in the kernels of both n, and =,.
This completes the proof of (ii).

Finally we prove (iii) by induction on k. It is trivial for k=2, so assume
that it has been verified for some k=2. Suppose G,,...,G,,, are pairwise
disjoint, and let H be any connected algebraic subgroup of G, x ... xG,_,. By
repeated use of (ii) we see that G'=G, x ... xG,, G, are disjoint. Hence
H=H'xH,,  for connected algebraic subgroups H', H, ., of G', G, | respective-
ly. By the induction hypothesis G,,...,G, are disjoint; hence H' splits further
as H,x...xH,. Thus H splits completely as required. This proves (iii), and
thereby completes the proof of Lemma7. We note here incidentally that,
besides (i), the statements (i), (iii) also have converses; however, these are
trivially verified.

Appendix

Multihomogeneous ideals

We collect here a number of results about degree theory for multihomogeneous ideals. Our basic
reference is [10], but we have to supplement this with a few additional considerations. These
usually generalize the corresponding classical arguments for homogeneous ideals.

For k=1 and integers N; =1,...,N, 21 let

Xioror Xy N Xpor o0 Xp Ny (A1)

be independent variables, and let R be the associated polynomial ring over some field K. We say
that a polynomial P in R is multihomogeneous if it is homogeneous in each of the sets of variables
X 0, X, y, 1Zi£Kk); if further its degree in these variables is ¢, (1<i<k), we say that its
multidegree is (¢,,...,t,). As usual we say that an ideal 3 of R is multihomogeneous if it can be
generated by multihomogeneous polynomials. For such an ideal 3 and integers ¢, 20, ...,t, 20 let
H(ty,...,t;3) be the maximum number of monomials of multidegree (¢,,...,t,) that are linearly
independent over K modulo 3. Suppose the rank r of 3 satisfies 1 <r <N, where

N=N+..+N,.
Let .4 be the set of elements j=(j,, ...,j,) of Z* with

0<j,€N,,....,05j, =N,
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Then it is known that there exist integers a; such that for all sufficiently large ¢, ...,t, we have

t t
Hy, oot =Y g, (N ij )(N ij), (A2)
1 1 k k

where the sum is taken over all j in A" with
il=ji+...+jzr.

For a proof see Theorem 7 (p. 757) of [10].
Let A°(r) denote the subset of 4" consisting of all j with [j|=r. For j in A'(r) we denote the
coefficients a; by 4;(3). It is convenient also to define 6,(3) as 0 for any j in Z* not in A(r).

Similarly it is useful to define the binomial coefficient (a) as 0 for any integers a, b with a=0 and
either b<0 or b>a. b

Lemma Al. For 1Sr<N let 3 be a multihomogeneous ideal of rank r. Then 6,(3)20 for all j in
N'(r). Furthermore, there exists at least one j in A'(r) such that 6;(3)>0.

Proof. By Theorem 11 (p.759) of [10] we know that §,(3)20 for all j in A7(r). To get a strict
inequality we note that J is a homogeneous ideal of R, so that for an integer t>0 we can define
the usual Hilbert function H(r; 3) that counts the maximum number of monomials of degree ¢ that
are linearly independent over K modulo 3. It is easy to see that

H(t;3)=Y H(ty, ....t;; D), (A3)
where the sum is taken over all ¢,,...,t, with

t,20,...,6,20, ;4. +t,=t.

t+k—1) (t1> (tk)

= R A4

(r+k—1 L r r, (A4)

where the sum is taken over the same range. This holds for any r; 20,...,n,20 with r, + ... +1,=r.
Now for ¢ sufficiently large the function H(t; 3) is a polynomial of degree m=N+k—1—r with

leading term Jt™/m!, where ¢ is the classical degree of 3 viewed as a homogeneous ideal. If we

formally substitute (A2) and (A4) into (A3) we may in fact equate the resulting coefficients of ™.
This is because the terms with at least one of ¢, ...,t, bounded give rise to terms of order at most

t"1. We obtain
5= 5,(3).

where the sum is over all j in A7(r). Since 4 >0, the last part of the lemma follows at once.

We also have the identity

Lemma A2. For 1 Sr< N let 3 be a multihomogeneous ideal of rank r, and let

3=0Q,n...nQ,
be an irredundant primary decomposition with Q,,...,Q,, of rank r and the remaining ideals (if any)
of rank larger than r. Then Q,, ..., R,, are also multihomogeneous and we have

3;(I)=0;(R)+ ... +5;(Q,)
for any j in A(r).
Proof. The fact that Q,,...,Q,, are multihomogeneous follows easily from the fact that they are

isolated components and therefore determined uniquely by 3J; the full result is then proved as
Theorem 8 (p. 758) of [10].

Lemma A3. For 1£r< N let Q be a multihomogeneous primary ideal of rank r and length |. Then the
associated prime ideal ‘B is multihomogeneous and we have

0;(Q)=15;(P)
for any j in A (r).
Proof. It is easy to see that P is multihomogeneous, and then the result is proved in § 32 (p. 767) of
[103.
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Lemma Ad. For 1<r< N suppose 3,3 are multihomogeneous ideals of rank r with 3 €3, Then we
have
Jor any j in A (r).

Proof- The inequality H(t,,...,t,; )< H(ty,...,4; ) is an obvious consequence of the hypotheses,
but unfortunately it does not imply the corresponding inequalities for the leading coefficients if
k> 1. Instead we argue as follows. We can write

JI=0,n...0nQ, N3,

where Q,,...,Q,, are multihomogeneous primary ideals of rank r with distinct associated primes
Bys..., B, and either J=NR or J has rank larger than r. Since

JIcI=QeP, (15igm),

it follows that 3’ has an isolated primary component Q| of rank r with associated prime B,
(1 <i<m). We can therefore write

I=Qn..nQ,nT,

where either J'=R or J has rank at least r (possibly equal to r). Localizing the inclusion I’ =3 at
B, gives then Qi< Q, (1 <i<m), and so the lengths [; of Q; and I, of Q, are related by

Lzl (1Zim)

Also by Lemmas A2 and A3 we have

M s

5,(3)=

i

65(91'): Z li 55(‘3,‘)

1

and

»

5,’(3’)2 Z 5,‘(D9= Z 1;5,'(53.')
i=1 t=1

for any j in A"(r). The inequality of the present lemma is now immediate.

Lemma AS. For 1<r<N let 3 be a multihomogeneous ideal of rank r, and for integers
D,20,...,D, 20 not all zero let P be a multihomogeneous polynomial of multidegree (D,,...,D,) such
that 3:(P)=3. Then the ideal 3= (3, P) is multihomogeneous of rank r+1. Furthermore, if r+ N then
we have

3
35(3)= X Didy_ (D
i-1

for any jin A (r+1), where e, ..., ¢, are the standard basis vectors of Z*.

Proof. Since P is in particular homogeneous of degree D, +...+D,>0 in the variables (Al), the
fact that the rank of J is r+1 follows immediately from the corresponding assertion for homo-
geneous ideals (see for example Lemma 3 (p. 281) of [2]). Then from Theorem 5 (p. 756) of [10] we
get

H(ty,...,t;;3)=H({t,,....t;;3)—H({t,—Dy,....t, -D;; J)

for any integers t,2D,,...,t,2D,. On making t,,...,t, sufficiently large, the required expression
for 6,(3} follows without difficulty from the fact that for ¢ large and m, D fixed the expression
is of order at most "~ 2.

t t—D t
(=)0
m m—1
For the final lemma we write

R=K[X; 0., Xy n] (12iZh)

Lemma A6. For integers ry,...,n, with 11, £N,,...,1Er,<N, let B, be a homogeneous prime ideal
of R, of rank r, and degree 5, (1 i< k). Then the ideal 3=(B,,...,B,) of R is multihomogeneous of
rank r=r; + ... + 1, and we have

0;(3)=9,...9,
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for j=r=(r,...,1n), while

for all j£r in N (r).

Proof. 1t is obvious that J is multihomogeneous. Fix integers ¢, 20,...,t,20. Let h,=H(t;; B)=1
be the usual Hilbert function of P, in R,, and let

M;Q1),....M,h)

denote a maximal set of monomials of R; of degree ¢; that are linearly independent over K modulo
PB; (1 Li<k). It is easy to see that the products

M(m,,...m)=M (m)).. M m) (A=m <h,...,1=m=h)

span the vector space V over K of all multihomogeneous polynomials of R of multidegree (¢, ...,1,)
taken modulo 3. It is not so easy to see that they are actually linearly independent over K in V In
fact we prove by induction that for any i with 1 <i<k the products

Mim))..M;(m) (1£m;<h,...,1=m=h) (A5)

are linearly independent over K modulo J;=(PB,, ..., B)). This is clear for i=1; assume it holds for
some i with 1 <i<k. Suppose we have elements A(m,,...,m,, ;) of K such that

Zl(mu ey )M (my). M (m ) =0 (m0d31+ 1) (A6)

where the sum is over all m,,...,m; , with 1<m,<h,,...,1<m, <h, ,. Pick an arbitrary
projective zero n of ‘B,“ and specify a set of projective coordlnates for 7. Let u(m,, ,) be the value

of the monomial M, ,(m;, ,)at = (1<m,  <h,,). Specializing to = in (A6) and putting

LIER!

Almy,...,m)= z Almy,om, Y plmg ), (A7)

my =1
we get
Y A(my,....mYM(m)...M;(m)=0 (mod3J),

where the sum is over all m,...,m, as in (A5). By the induction hypothesis we get 2'(m,,...,m;)=0
for all m,...,m;. Since © was arbitrary, by (A7) this implies that

hivy
Z Amy,m  IM, (m, )=0 (mod B, ).
m+g=1
Consequently A(m,,...,m; ,)=0 for all m,,...,m,, ,. This does the induction step.

Now the linear independence of the monomlals in (A5) for i=k shows that
H(ty,...,t,; J)=H(t,; B)... H(t,; By).

From this and the positivity statement of Lemma Al the assertions of Lemma A6 follow without
difficulty.
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