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Abstract. The dynamic characteristics of surface-floating particles in 
liquids flowing in a two-dimensional, semicircular open channel is 
studied experimentally. For high visibility in the experiments, rela- 
tively large particles are employed whose particle-liquid density 
ratio is either equal to or less than unity. Particles of different size 
and geometry are tested in a water-glycerin mixture. A video camera 
traces the pathline of each particle from which the velocity and 
direction of particle motion are evaluated. Liquid velocity distribu- 
tion is determined by hot-film anemometry. A modified dynamics 
(Basset-Boussinesq-Oseen) equation is derived and numerically 
solved by means of a finite-difference technique to determine fluid 
velocity. A new dimensionless parameter is disclosed which is perti- 
nent to both particle geometry and fluid flow conditions. It corre- 
lates particle trajectory and velocity, trajectory dispersion and fluid- 
particle velocity ratio. 

1 Introduction 

The tracer method is one of many flow visualization tech- 
niques. For  easier identification in image processing, one is 
tempted to select tracer particles of a size as large as possible 
within the range of tracking fluid motion (Merzkirch, 1987). 
In this case, al though a larger particle diameter would make 
visualization easier, such a particle would encounter a prob- 
lem of poor  fluid-tracing characteristics. In addition to par- 
ticle motion on the fluid surface, it is required that particles 
are neutrally buoyant  in the fluid. 

Aluminum flakes, lycopodium powder, wood sawdust, 
pulverized polyesters and other materials have been em- 
ployed in the visualization of surface flow (Brandone and 
Bernard, 1971; Clayton and Massey, 1967; Dimotakis et al., 
1981). Small aluminum flakes are susceptible to the influence 
of surface tension. Douglas et al. (1972) observed that the 
motion of a particle suspended in the fluid displays turbulent 
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flow patterns beneath the liquid surface but that other parti- 
cles floating on the free surface fail to indicate such flow 
variations. Gharib and Willert (1989) presented a compre- 
hensive review on particle tracing and investigated the effect 
of curvature of particle trajectory on particle velocimetry. 

In order to insure that the tracer is neutrally buoyant  in 
a fluid, appropriate fluid-solid materials of equal density are 
selected. Tracer particles which match various liquids are 
compiled in a list (Merzkirch, 1987). In case of water, pliolite 
particles (made from polyvinyl toluene butadiene) of 10 to 
200 ~tm diameter are popularly employed. Tracer particles 
with diameter of about 100 ~tm are commonly used in liquid 
mixtures. By introducing a special indicator in a fluid flow, 
the motion of the index represents the motion of a point in 
the fluid it occupies. However, the particle motion does not 
always coincide with the motion of fluid particle at all in- 
stants. Therefore, the understanding of tracer particles 
placed in a flow is very important in flow visualization. 

The present study is based on the B. B. O. (Basset-Boussi- 
nesq-Oseen) equation of particle motion. A simple circular 
flow in a plane, two-dimensional bend is chosen as the liquid 
model to experimentally investigate the flow characteristics 
of different single particles with various different diameters 
which are lighter than a neutrally buoyant medium. Umeda 
and Yano (1988) investigated the characteristics of a sus- 
pended particle. They found that the submerged part plays 
an important role in the motion of a floating particle but 
have not arrived at complete understanding on the geomet- 
rical parameter of surface-floating particles in their theoret- 
ical analysis. Based on theoretical considerations, this study 
postulates a geometrical parameter which is most suitable to 
the B. B. O. equation for surface-floating particles. The valid- 
ity of the geometrical parameter is confirmed through exper- 
iments. In addition, the relationship between the fluid flow 
and the particle pathline is disclosed. The velocity ratio of 
the tracer particle to the fluid is expressed in terms of the 
dimensionless parameter relating the particle geometry to 
the fluid velocity. In order to enhance the visualization accu- 
racy in experiments, tracers are selected with the density 
ratio of less than unity and with relatively large diameters. 
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2 Theoretical analysis 

The motion of tracer particles suspended in a liquid is de- 
scribed by the force balance equation from which the particle 
velocity is determined. Consider a single spherical particle of 
radius a with the velocity of up. If U, the difference between 
the fluid velocity of u I and Up, is small, the B. B.O. equation 
reads (Soo, 1967). 

dU dr' 
dup U 1 ~p 1 dU 9 t dt' 

(~ or u) 112 dt r Qp~r~-2a clt+znaop-~- o(t--t') 1/2 Op 

(1) 

Here, Q denotes the density; t, time; p, pressure; r, distance; 
/~, absolute viscosity; a, density ratio Qp/OI; z, time constant 
for momen tum transfer due to drag force; and Fe, external 
force per unit volume of the particle in the potential field. 
The subscripts p and f correspond to particle and fluid, 
respectively. In a plane, two-dimensional field F e is consid- 
ered negligible, r can be expressed as by 

8aa 
z - - -  (2) 

3Ca IUI 

wherein C d represents the drag coefficient. 
The B.B.O. equation is valid for small particles in a 

straight flow with a low relative velocity U and neutrally 
buoyant.  In contrast, the present study considers surface- 
floating particles in a curved flow with a higher U. The 
objective of this study is to derive a modified B. B. O. equa- 
tion to analyze the dynamic behavior  of surface-floating 
particles of various geometry which are lighter than neutral- 
ly buoyant  ones. The fraction of a particle immersed under- 
neath the free surface varies with the density ratio of particle 
to liquid. Therefore, Ca and z for the surface-floating parti- 
cles, even having an identical diameter, would have different 
values from those in Eqs. (1) and (2) for small submerged 
particles. 

Since the action of buoyancy force is dependent upon the 
fluid-particle density ratio and particle mass, the draft D, is 
defined as the particle length that is immersed in the liquid 
as shown in Fig. 1. The maximum circumferential length, 
cross-sectional area and volume of a particle immersed in the 
liquid are Lp, Ap and Vp, respectively. In addition to parti- 
cles of spherical shape, the particles of cylindrical form are 
also tested. In the latter case, the max imum circumferential 
length Lp is exactly the circumferential length irrespective of 

t h e  draft. 
Taking into account fluid resistance and 

~p duf 
~r - Oy dt 

the dynamics equation for surface-floating particles is derived 
as 

dup U 1 duy + ~_ dU 6Ap (n Os/~)1j2 i dU/clt' 
& = ~ - + a & -  a d t+nOp- -~  o ( t - t ' )  1;~dt' 

(3) 

Ap I. D _1 

h 

D :  " r 

Dr : Draft 
Lp : Circumference 
Ap : Cross Section 

a Vp : Volume b h : Cylinder Length 

Fig. 1 a and b. Definition of hydraulic quantities of a spherical and 
b cylindrical particles 

The time constant in Eq. (2) becomes 

4 a  Lp 
- ( 4 )  

3n Cd[U I 

D, Ap 
= for sphere 

3vp 
D~ (5) 

= - -  = a for cylinder 
h 

in which h signifies the cylinder length. Since the third term 
on the right side of Eq. (3) is the force to accelerate the 
apparent  mass of the particle relative to the fluid, ~ may be 
considered the "shape factor" of the apparent  mass of the 
surface-floating particle in liquid. Its physical interpretation 
is presented later in the "Results and discussion" section. In 
deriving Eq. (3), one should note that  the effect of a free 
surface is small for the tested liquid (a water-glycerin mixture 
with the density of 1.16 and the kinematic viscosity of 
0.16 cm2/sec) flowing at a low velocity (less than 2 cm/s). In 
the case of partially-submerged cylindrical particles, they are 
carefully placed in the liquid to prevent the occurrence of 
tilting during flow. 

Equations (3) and (4) are combined to yield 

3 n C n u l U l _ ( ~ _ ~ ) d u p  ( ~ ) d u y  (6) 

6Ap (~ v) 1/2 i (dU/dt') dr' 
+ ; ; G  o ( t - c )  "2 = ~  

It  is the modified B. B, O. equation for surface-floating parti- 
cles. It  should be emphasized that  Eq. (6) is derived in accor- 
dance with the observed physical phenomena  without refer- 
ring to other sources (non-existing). The initial conditions 
are 

up (13) = uy (0) = uy o (7) 

in which Ulo is the fluid velocity at the entrance to the curved 
channel. One defines the dimensionless time t ,  as 

t ,  = t/T (8) 
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where T is the characteristic time of the fluid-particle system 
defined as 

T =  2Ap (o'+~) 
for spheres (9 a) 

9 r c v  

Ap (o" + c~) 
- l 8 v for cylinders (9 b) 

The drag coefficient is determined by means of Stoke's law 
a s  

7vLp  
Ca = - -  (10) 

up Ap 

Here, ~, takes the values of 6 and 24/z for spheres and cylin- 
ders, respectively. For  convenience, Up is used as the flow 
velocity in Ca. The substitution of Eq. (10) into Eq. (4) yields 

2Ap a up 
r - for spheres (11 a) 

9 rcv lUI  

_ Ap a u~ for cylinders (11 b) 
18vlU[  

For  a special case in which a spherical particle suspends in 
the bulk of a flowing fluid, Dr=2a , Lp=2rc  a, Ap=~ a 2, and 
Vp = 4 rc a3/3, therefore one finds 

1 2rc a 2 (a-I- 1/2) 2a uy 
c~=~,  T =  9 ~ v  v , R e  = 

12v 2 a  a 2 up 
C a = - - ,  r - (12) 

aup 9v[UI 

Equations (6) and (10) are reduced to Eqs. (1) and (2), respec- 
tively. 

A combination of Eqs. (5), (8), (9) and (10) yields, for both 
spherical and cylindrical particles, a new parameter: 

Cd ( L p ) 4 ( c r + c t ) - , ( D r L p ~  1 (13) 
t~ = ~pt arc \ Ap / g e t .  

up t signifies the migration distance of a particle in time t. 
Hence, Lp/up t is a dimensionless length signifying the ratio 
of the maximum circumferential length immersed in the liq- 
uid to the migration length of a particle. The other parame- 
ter 4 (tr + c0/3 ~ includes the density ratio ~ and the "shape 
factor" of the apparent mass of a surface-floating particle c~. 
Therefore, Ca/t. must be an important  dimensionless pa- 
rameter for tracing the pathline of particles floating on the 
surface of a flowing fluid. The rationale will be experimental- 
ly examined in the present work. Equation (13) also suggests 
the involvement of Re in Ca/t.. The integro-differential 
Eq. (6) is operated on by means of a finite-difference method. 
It yields: 

(i) for Up,,+l <Up,,: 

kz k3 
kl (ui,.+ 1 -up , ,+  0~ + ~ (up,,+ 1 - up,,) + ~t(uf,.+a - u i , . )  

2k4 
+ ~ [(uf,.+,--ui,.)--(Up,.+ , --up,.)] = 0 (14) 
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(ii) for u,, ,+l >up,,:  

k2 k3 
kl (Us,.+ 1 - u . , .+  1) 2 -  At (up,. + 1 - u . , . )  + ~ (Us,.+ 1 - U s ,  . )  

2k 4 
+ ~ [ ( u f , . + l - u ~ , . ) - ( u . , . + l - u p , . ) ]  = 0 (15) 

Here, At denotes the time step. The constants k's are defined 
a s  

3rc Ca a+~ 1 +~ 6Ap (7~ I)) 1/2 
k l -  , k 2 -  , k 3 -  , k4 (16) 

4aLp  a a rc a Vp 

The subscripts n and n + 1 indicate the present and next time 
instants, respectively. The initial conditions are 

ufx = up1 (17) 

(measured at entrance to the semicircular channel) 

The particle velocity Up is obtained by an experimental mea- 
surement, while Eq. (14) or (15) determines the fluid velocity 
Uf. 

3 Experimental apparatus and procedure 

Figure 2 is a schematic of the experimental setup for study- 
ing the motion of tracer particles in the flowing fluid. It 
consisted of a semicircular channel with each end being 
connected to a straight channel. The bot tom of the circular 
section was installed with a 0.5 cm-interval mesh for conve- 
nience in tracing the pathline of each particle. Flow in the 
curved channel is subjected to centrifugal force and thus has 
a tendency to shift outward. Hence, a weir with gentle slope 
was installed at the end of the downstream straight channel 
to direct the flow-direction slightly inward. 

Tests were conducted on twenty different combinations of 
different diameter, density ratio and draft for spherical parti- 
cles. Nine combinations for cylindrical particles were em- 
ployed in the tests. Table 1 shows the ranges of diameter, 
density ratio and draft. 

The liquid used in the study was a water-glycerin mixture 
with the density ratio of 1.16 and the kinematic viscosity of 
0.16cmZ/sec. The liquid temperature was maintained at 
25 ~ Six different flows, runs 1 to 6, were tested with differ- 

[ 4 

R=3o   

L?r i~ 
1 

I 6 - 8  

Unit : crn 

400 

- -  Wei;  
Flow~ ~ ~ ]  

Fig. 2. A schematic of experimental setup 
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Table 1. Conditions of spherical and cylindrical particles used in 
tests 

Particle geometry Diameter, cm Density ratio Draft, cm 

Sphere 0.14 to 1.16 0.22 to 1.00 0.10 to 1.02 
Cyclinder 0.29 to 0.91 0.78 to 0.96 1.60 to 2.01 

Table 2. A comparison of mean velocities of particle No. 2 (D = 
0.14 cm, D,=0.10 cm and a=0.75)  in six test runs 

Run number  1 2 3 4 5 6 

Mean velocity, cm/s 0.80 0.88 1.40 1.47 1.48 1.68 

ent flow velocity and direction which were induced by vary- 
ing the weir height. Table 2 compares the average velocities 
of the smallest spherical particle, No. 2, (particle diameter 
D=0 .14  cm, Dr=0.10 cm, a=0.75)  near the entrance to the 
circular channel in the six test runs. A high liquid flow tends 
to induce a rigorous secondary stream in the channel, dis- 
rupting the stable movement of surface-floating particles. 

A video camera was employed to photograph the path- 
line of each particle in the curved channel, from which the 
velocity and direction of particle motion at each point were 
determined. The liquid velocity distribution was measured 
using a hot-film type anemometer. The measurements were 
taken at eight locations; 2, 4, 6, 8, 10, 13, 15 and 20 mm from 
the liquid surface. In the planar direction, measurements 
were performed at 250 points starting from the mesh points 
installed in the curved channel, densely measured in the 
vicinity of particle pathlines. The values of # I  measured by 
a hot-film anemometer were almost uniform with depth near 
the free surface. The particle velocity #v was determined by 
measuring the movement of particles on the video recording 
over a given time duration. 

Each particle was placed on the liquid surface in the 
channel center at several centimeters upstream from the en- 
trance of the curved section. The placements of each particle 
were repeated about ten times. Only those which passed 
through the center of the entrance were selected for tracing 
their pathlines. Since the test liquid contained highly viscous 
glycerin, the effect of liquid diffusion was small, making the 
determination of an average pathline a relatively easy task. 

4 Results and discussion 

For convenience, the upstream half of the semicircular chan- 
nel is divided into three zones of equal size (30 degrees each): 
Zones I, II  and III,  as illustrated in Fig. 3. 

Since particles with the density ratio of less than unity are 
used in the study, the hydraulic quantities, Lp, Ap, Vp and Dr, 
as defined in Fig. 1, are used. In view of the relationship 
between the fluid flow and the particle pathline, the drift of 

/ / " "  Z~ \\  ~ ~  ~ 

[/ ZoneI " "~3.0~ \ \  

Fig. 3. Division of flow passage and dispersion of particle trajecto- 
ries in the semicircular channel 

10 2 - ' ~  

I 101. 

I Run-5 " ~  
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�9 I I 
10 ~ . . . . . . . .  ~ . . . . . . . . .  "~ 

10 -1 10 ~ 1 b 1 
Re = up- Dr/~' 

Fig. 4. A plot of drag coefficient C d versus particle Reynolds num- 
ber Re in zone I 

surface-floating particles must have an extremely important  
bearing on flow fluid. Hence, the Reynolds number for de- 
scribing such a two-phase flow is defined as Re =Up D,/v 
using D, as the characteristic length, with up ~ uy. Figure 4 
illustrates its relationship with the drag coefficient Ca of 
Eq. (10) in zone I. The circular and rectangular legends rep- 
resent spherical and cylindrical particles, respectively. The 
immersed portions of their diameter and column length are 
shown in black (solid) and the exposed portion in white 
(hollow), in proport ion to each specific value of the particle- 
fluid density ratio. Different symbols are used for other runs 
to avoid possible confusion. The straight line is the Stoke's 
formula, Cd = 24~Re. All test data fall right on the line, indi- 
cating the validity of definition of the cross-sectional quanti- 
ties. Same results are obtained for zones II  and I I I  (not 
shown here). 

The "shape factor" cc in Eq. (5) is defined as a measure of 
the submerged portion of a surface-floating particle. It varies 
with the density ratio of particle to fluid, a. For  a = 1, the 
particle is completely submerged and cc = 1. A particle is less 
submerged as a is decreased from unity. The value of cc is also 
dependent upon the dimension of a surface-floating particle 
in the vertical and horizontal directions. For  example, c~ of 
a slender cylinder varies directly with the vertical dimension, 
i.e. the draft D,. In the case of a sphere, cc depends on both 
the vertical dimension, i.e. D,, and the horizontal dimension, 
i.e. the average width Vp/Ap of the submerged portion. 
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Fig. 5. A plot of "shape factor" ~t versus dimensionless draft D,/D 
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F ig .  6. A plot of dimensionless unit time T,/T versus particle 
Reynolds number Re for zone I 

Figure 5 is a plot  of c~ against  D,/D. It is seen that  the value 
of c~ for spheres diminishes with a reduction in the dimen- 
sionless draft while that  for cylinders is constant. 

The time required for a particle to migrate a unit distance 
at a velocity of up is called unit time, T,. The average T, in 
zone I is p lot ted against  Re in Fig. 6. Similar results are 
obtained for zones II  and II I  (not shown). It is seen in the 
figure that  like the drag coefficient Ca, t ,  decreases with a 
reduction in Re. F o r  the same particle, t ,  varies with flow 
condit ions (i.e. different runs). In other words, t ,  for a given 
particle diminishes with an increase in Re. The straight line 
in the figure is obta ined by means of the least square mean 
method which is appl ied to twenty kids of spherical particles. 
The solid line (for up=  1.68 cm/s) and the broken line (for 
up=0.80 cm/s) in Figs. 6 and 7 are obtained in a similar 
manner  using the da ta  of only spherical particles. 

Both C a and t ,  diminish with an increase in Re, but at 
distinct decreasing gradient  t ,  has a higher reduction rate 
than C d. This implies that  liquid friction on a particle is 
enhanced with an increase in the particle diameter  and den- 
sity ratio. Hence, it is appropr ia te  to combine C a and t ,  into 
a single parameter  which includes both the fluid flow condi- 
tion, such as viscosity, and the particle condit ion,  such as 
particle diameter  and density ratio. Figure 7 illustrates a plot  
of Cd/t ,  versus Re. It is observed that  Cd/t,  increases with 

10 0 

"% 10 4 
tO 

10 -2 
10 -1 

.o'"" 'i0 

d ~  ~4~ Run -1  . . . . . .  

li Run - 6  

e x c e p t .  Runs 2 -  5 

' ' ' ' ' ' ' ' 1  , , , , ,  r i ,  

10 0 I(P 
Re = Up. D r / v  

Fig. 7. Correlation of CJt ,  versus particle Reynolds number Re for 
zone I 

1.3 

1.2 �84 

I 1 . 1  

1.0 

0.9 
10-2 

o o 2 " 4 i i i  " 

, , i ' ' ' ~ ' 1  i , ~ , , d , ,  e 

10 -1 10 0 

Cd / t  . 

Fig. 8. Correlation of fluid-particle velocity ratio uy/up against CJt ,  
in zone I 

an increase in Re for each run but  does not  change for each 
particle. Therefore, Cd/t,  is an impor tant  nondimensional  
parameter  which governs the dynamics of surface-floating 
particles. 

The finite-difference Eqs. (14) and (I 5) were solved numer- 
ically for the fluid flow velocity u I .  The values of ul. . + t were 
calculated from Eqs. (14) and (15) using the measured values 
of up,, + t and up.,. The one larger than up,, + a was selected as 
the solution of us,,+ t . Its average value in each zone was 
divided by average particle velocity to yield the velocity 
rat ion ul /u  p at that location. Figure 8 is a plot  of ur 
versus Cd/t ,  in zone I for the average of all six runs. The solid 
line is the least square mean value. Similar plots for zones II  
and II I  are omitted in the interest of brevity. A correlat ion 
of ul/u p against Re (not shown) produces more da ta  scatter- 
ing than that of ul/u p versus Cd/t , .  It is observed in Fig. 8 
that  ul /u  p increases as Re is increased: ul/u p = exp (B Cd/t , )  
where B = 0.0850. The rate of enhancement in ul /u  p with Re 
is more significant in run-6 for the fastest flow, than in run-1 
for the slowest flow. This indicates a reduction in fluid flow 
would exert more effect on particle mot ion  such as its direc- 
tion and magnitude, acceleration, etc. 
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Flow 

Fig. 9. Trajectory of particle No. 2 
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Fig. 13. Trajectory of various particles in the slowest flow case run-1 
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Fig. 10. Dispersion versus Ca~t, in the upstream half for run-6 
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Fig. 11. Dispersion versus Ca~t, in the downstream half for run-6 

Flow 

Fig. 12. Trajectory of various particles in the fastest flow case run-6 

The particle trajectory changes with a change in the mag- 
nitude of Ca/t,. Figure 9 depicts the trajectories of particle 
No. 2, a spherical particle with the smallest diameter. The 
trajectory of run-5 (not shown) practically coincides with 
those of runs 4 and 6 in the upstream and downstream 
halves, respectively. The trajectories of run-2 (not shown) 
and run-1 are almost the same in the entire semicircular 
channel. Run-1 has the innermost trajectory which is nearly 
circular in shape. It shifts slightly; outward toward the end 
of the semicircular channel where the particle is accelerated. 
Of interest is the trajectory of run-4, which crosses that of 
run-6. 

Next is to investigate how Ca/t, affects the particle trajec- 
tory. In each run, all trajectories of each particle under differ- 
ent density ratios and fluid flow conditions, R,'s are deter- 
mined. Out of these R,'s the innermost trajectory Rmi . is 
selected as a reference, as shown in Fig. 3. A measure of 
derivation of R,  from Rmin, called dispersion, is defined as 

N 

(R n-  Rmi n)z/N, where N is the number of tests on each 
n = l  

particle. Dispersion is plotted against Ca/t , for run-6 in Figs. 
10 and 11 for the upstream and downstream halves, respec- 
tively. A smaller value of dispersion implies that the particle 
pathline is closer to the innermost trajectory. It is observed 
that for run-6 dispersion decreases with an increase in Ca~t, 
in the upstream half, while the opposite is true in the down- 
stream half. Similar trends appear in other runs. Figures 12 
and 13 record the trajectories of various particles, character- 
ized by different values of Ca~t, for the fastest and slowest 
flow cases, respectively. In general, dispersion of particle 
trajectories in the upstream half is small. At a higher velocity, 
dispersion remains small up to the vicinity of the channel 
exit, as seen in Fig. 12. However, Fig. 13 for slow flow indi- 
cates that larger particles with lower density ratios but same 
Ca~t, are more susceptible to flow conditions in the down- 
stream half. 

In summary, the particles with higher Ca~t, have a slight- 
ly inward trajectory in the upstream half compared to those 
of lower Ca/t,. The action of centrifugal force causes parti- 
cles to shift outward from a circular course. This phe- 
nomenon is observed in the particles of higher Ca~t,, larger 
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size or lower density ratio. However,  a few exceptions are 
observed in the particles of same Ca~t, but lower density 
ratio, possibly due to the presence of a secondary stream 
induced by the effect of channel wall. F o r  reference, the 
Dean 's  number  in the fastest velocity case (1.68 cm/s) is 209, 
using the channel width as the characteristic length. 

The study has revealed that  the parameter  Cd/t, is the 
base for compar ing part icle trajectories. If CJt, is larger, or 
the particle size is larger, or  the density rat io is lower in the 
case of same Cd/t, particle t rajectory would be more suscep- 
tible to the influence of various flow conditions. In other 
words, particles are less traceable. It should be noted that  self 
ro ta t ion of particles during their migrat ion with the liquid is 
not  observed in the study. 

5 Conclusions 

An experimental  s tudy is performed on the dynamic charac- 
teristics of a single, surface-floating particle flowing in a 
planar,  two-dimensional  semicircular channel. A modified 
dynamics equat ion is derived for mot ion  of surface-flotating 
particles. A new dimensionless parameter  Cd/t, is disclosed 
which expresses both particle geometry and fluid flow condi- 
tions. I t  correlates the fluid-particle velocity ratio, particle 
t rajectory and particle velocity. Results indicate that  as 
the particle Reynolds number  Re increases, Ca~t, increases 
while both C d and t ,  diminish. The velocity ratio can be 
correlated by 

uy/up = exp (B Cd/t.) 

where B is an empirical  constant.  
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