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1. INTRODUCTION*

Kleene5 was the first to intrcduce the concept of regularity for expres-
sions and sets of words. Cthers, including Copi, Elgot and Wright,l M_yhill,5
and McNaughton and Y’&Lzrzadtas,br have discussed this topic and its relation to
finite automata. We refer the reader especially to Ref. 1 for a presentation
similar to ours.

Iet CZ be a finite set of objects, say Cf = {A1,As, ..., Ay}, ILet 0C
be the free semigroup with identity generated by CZ where we write the oper-
ation multiplicatively and denote it by juxtaposition. We denote by A™ the
element ————— Tet © denote the identity element, so €A, = A:8 = A:; for all

m times i i i
i=1, ...n. We will also call JU the set of words on the alphabet Cﬁ, and
hence an element of &7 a word (on the alphabet CZ).

Iet X:@U[ A,® }, where A and © are distinct objects not in ﬁ Iet
"V'" and "-" be associative binary operations and "*" a unary operation and de-
fine GB = (Ap,vﬁ-,*) to be the free algebra generated by-/éywith operations

vV, and *. ThUSAgé-Ga , and O, we (9 implies oVw, 0-w and c*eég. We call any

element of @ regular expression (on Ké7), As usual, we shall write ow for

o-w.
We next define the concept of regular set (or regular event). Define the
. ~ . !\0{ ° . | 1"

mapping || from (9 into 2% inductively as follows: (we read |o] as "the set

denoted by o")

*This research was supported by funds supplied by the Office of Naval Research
through Contract No. Nonr-1224(21) and the Office of the Chief Signal Officer
through Contract No. DA-SIG-36-039-61-GL.
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(1) |A;] = (Ag), =1, ..oy m, |a] =0, |8 = (6).
(ii) For G,we(;,
vl = Jo]Uol,
low| = (xy; xelo]|, yelwl|},
lo¥| = |e|U|o|U]oo |U |ooo |U..
Thus 7 = ]C?*l = |[(ALVAsV...VA,)*|, so we generally write (1 % for the semi-

group with identity generated by the set a.

We define any subset of JC to be an event. We say that an event % is

regular in case there exists a regular expression oe (U such that [0| = 2. Thus

the class of regular events (or regular sets) is the range of the function ||

just defined. It is well known ([1, 3, 4, 5]) that the class of regular events
is a Boolean Algebra of sets.

Finally we define the concept of *-height (read: star-height). We define
the function h: @+ 7, (where Z denotes the integers) inductively as follows:

(1) For sefaf h(s)

1]
o

r‘.)
(2) For o, wz®,

h(ow) = h{oVw) = max (h(o), h(w))

For example:
h(A ¥ (AsVAg*)*) = 2,
h(A1¥V(A1#AsVAS)*) = 2.
We call h(o) the *-height of 0. If . is a regular event, we define the
*-height of 2 by

h(Z) = min {h(c): ]Gl = Zj.



Tt is clear that for each integer n there is a regular expression of *-height n.
Our main result is that for each integer n, there is a regular event of *-height
n. We, in fact, show somewhat more; namely, that if a regular event 2, con-
tains words of a certain type, then h(Z)Z n.

It should be menticned that there is some hope of relating the *-height
of the behavior of a finite automata or nerve net to the number and complexity

of its feedback cycles (ef., Ref. 1 for terminology, and also cf., Ref. 2).

2. PRELIMINARTES

In this section we introduce some notation and conventions and prove some
preliminary results.

Let Ay, As, ..., Ay, be an infinite sequence of distinct letters. ILet
Afk = (A1, A, ..., Aj) where j = 2k-l, and let‘ffk = [Aj+l’ -+oy A2y} sO
,4(kt/ffk(jZA2k+l_g = Ay - ,4Fwill denote a finite alphabet, but we shall
presume thatxYQEAy whenever we speak of Ajl. Thus although may become
arbitrarily large, at any point in our discussion it will be finite. All sets
and expressions considered will be presumed to be regular subsets of K!; or
regular expressions on /C( (Recall AY* denotes the semigroup with identity ©
generated by AJ%) Small Greek letters will denote regular expressions, capital
Greek letters the corresponding regular set, lower case Roman letters will de-

note words and upper case Roman letters will denote letters of the alphabet.

If ZEX*, let
= {aexg*; Ex,ysxayeZ} B



i.e., 2, is the set of all subwords of words of 2. ILet h(c) and h 2, be the
*-heights of the expression ¢ and the set Z, respectively.

We define the properties &, k =1, 2, ..., on the class of regular sets
as follows: let L be a regular set. 2 has property &, (relative to the
letter A-) in case

(Vn){(#m >n) <Arfei> .
Thus 4 hes property &, on the letter A, if 2. contains arbitrarily long strings
of the letter A; as subwords. If a word a contains AT for some m >n, then we

say that & is a 1l-word for exponent n (on the letter A;).

We proceed by induction. Suppose that u is a (k-1) word for exponent n
A . . . ~ .k
on Jy.; and v is a (k-1) word for exponent n on </, _; and let j = 2°-1. Then

any word of the form (uvAj)m for m >n is a k-word for exponent n (onxfk). We

say that L has property o, relative to/j; in case (i) X contains k-words for
/

arbitrarily large exponent (on/ak), (ii) 2 has property ¥, _, relative to each

e/J;_l, ApAqdi.

A _
of the setsdy ; andd/, , and (iii) for Ach7L_l, Aq

Thus, for example, L has property & on,x{; in case (Vn)(&m,, mp, mg >n)

my m My = =
@All Ao Az) ° el and A2A142j>u We remark here that it is clear that if 2
2

contains no k-subword for exponent m, then Y, = {3102;01,02629 contains no
k-subword for exponent 2m.

We next state two lemmas, the first of which follows from the fact that

concatenation distributes over union.

Lemma 1. If h (ZD = n, then there is a regular expression ¢ which de-

notes 2 such that

0o = 71V72V e Vym,



where each 75 is of the form
* * *
X3 O‘l Xo 052 oo e XS QIS. XS+17 (l)

where xiexg; and 0 h{0;) n-1, for each i.

Lemma 2. If ]71V72V co V7m| has property ¢, then for some j, |7j|
has property Oy - If le af e Xg O: Xs+l| has property &, then so does some
*
]ocj].
Proof. The first statement is clear. Iet y = xlai . Xsazxs+l‘ If we

suppose that |y| has &, then clearly each |a§| satisfies (ii) and (iii) for
the definition of ¢,. Now each of the xj's is a word and hence of finite length.
Thus, since |y| contains arbitrarily long subwords of a certain type, i.e., |y|
contains k-subwords for arbitrarily large n, at least one of the |O§| must also
have this property.

Definition. Let Pk be the following proposition: If Q is regular and if
Q satisfies &, then h(Q) >Xk.

We shall show by induction in the next section that P, is true for all
k. To simplify this proof, we now prove a lemma.

Lemma 3. ILet k > 1 be an integer and suppose that proposition Py is true.

If h(Y) < k-1 and if Y, has &, relative to X then ). contains a word on the
i1 A anc 11 k O xs a on

letters giAfk.
Proof. Since Pk is true, there clearly exists an N such that 2. contains

no k-subword for exponent n. (Note that all k-words are relative tof4(

k')
Recall that by a previous remark Z? contains no k-subword for exponent 2N.
Suppose now that . contains no word onA/;° Then any word of Z, and hence Z?,

which contains the k-subword t is of the form xty where at least one of x and

y contains a letter not ind4/k. If further xtyeZ? and t is for exponent N,
>



then both x and y contain a letter not inzéyk. This follows since xty must be

- .
of the form x't:toy' where x't., toy'el and x' and y' contain letters not in

.

-3
Ay L. - . o
AY,{. Thus & also contains uc k-subword for exponent 2N. By induction we ob-

tain that, for all n, . contains no k-subword for exponent 2N so A¥ alsc has

this property. But this contradicts the fact that A* has Oy -

3. THE MAIN RESULT

In this secticon we prove the main result and give some examples.

Theorem. P, is true for all positive integers k.

Proct, The preof is by induction. If Q satisfies ¢, then clearly Q
is infinite gc h{Q) > 1 and this establishes Py.

Suppose then that Pk is true. Let Q have property D1 relative to
Xkﬂ, but suppose h(Q2) < k. Since Q also has &, we have that h(Q) = k.
Let w cenote the set Q. 3y Lemma 1 we may assume © = ylV cae Vym where each

. . *
74 has the form (1). By Lemma 2, some Yir S8Y V5 has ®k+l° Tet Y, = X1t ...
* A X:}(— X* *
X O X, Where each X, € and h(ai)<g k-1. By Lemma 2, some Q;, say d., has
e ot 104 o to0 T
property &,.,. Hence Q. has ¢, relative to k and also o, relative to K"
Thus by Lemma 3, since h(ja.|) < h(ar)\g k-1, we have that lar' contains a
word, say a, on the letters of4<fk and |a.| also contains a word, say b, on
the letters of‘ka° Thezn bae [0* | so there exists Apei7; and Aqexf; such that
X — )
ApAqe|O%|£§Qn But this contradicts condition (iii) of property & 41+ There-

fore h(Q) > k+1. This completes the proof of the theorem.

Corollary 1. For any positive integer k, there exists a regular set

of *-height k.



Proof. Let By = Ay, let Bo = (AJADA5), and let 7, = b, 7, = (AZA2
Then define B and 7). inductively by
* *
Be = (Bxo1 7xk-1 Aokq)s
and
4" is obtained from Bk by adding 2k-l to each subscript.
Thus 7, is on the letters of T,. The sets IBil clearly
satisfy &.

We would next like to note one obvious generalization of property O for
which Pk is also true.* We may replace the occurrence of the Aj in the defi-
nition of a k-word by a word, say by, on the letters of,K(, provided of course
condition (iii) is not violated. Thus, for example, we would have the follow-

11,9 100 10
ing 3-word for exponent 5 <<A1A2 A2A3A1A3> <A4 A5A6A4A6A5A6> <A4A6A7A1A2)> ,
and a typical expression would be <§A1A2b2) A4A502 j> Note that (iii) re-
quires the words bk and Cyc to contain the letters Aj and Agj, respectively,
where j = 2k-l°

Before proving the final corollary, we prove a lemma which may be of some
independent interest. Recall that regular events form a Boolean algebra. We

use ~ and /7 to denote relative complement and intersection, respectively.

Lemms 4. Let @ and B be regular expressions. Then

[(QVB)* |~ |aox | = |(coxpo)* | (2)

if and only if

|(oxpasx )% [N o | = o, (3)

*It is also clear that by an appropriate coding one can obtain a regular
set of arbitrarily high *-height on the two letter alphabet {0,1}.



Proof. (2)==(3) is trivial. Suppose that (3) holds. Then clearly
| (oxBo )% | < |(ovB)* |~ |0 |, Tet the word a be in |(aVB)¥|~|ooX|. Then a
must be of the form aibas where a,, age[(dVB)*| and be|B|. But clearly such
a word ajbase |(oxpax)* |,

Corollary. If @ and B are regular expressions, if 6¢ || and if no element
of |B| is a subword of a word of |x|, i.e., if |5|/\T&T = ¢, then [(QVB)*|~|aox| =
| (oxpo ) |.

We shall call an application of a star to a regular expression o (or

n *
regular event ) non-trivial in case for all positive integers n, % % % s
where 2 = |0|. We now know by Corollary 1 that there are expressions for
which the application of a star is non-trivial. However, as the next corol-
lary shows, an application of the star may be non-trivial and yet not raise
the ¥-height of the regular set.

Corollary 2. For every positive integer k, there is a regular event Zk,

of star height k for which the application of the star is non-trivial, but

~ *
such that Zk also has height k.

*
Proof. For k = 1, let 0y = AjAp in which case |oi| = |(A1VAz)*AnVe].

I

k+1

For k > 1, let By and 4 be as in Corollary 1, and let j =2 ~-1. Define

i

Teer = |8 | ~ 14387

and let
B * * * %
T = PePih sVl sVB By nich 5
% %
so that h(2y,7) >k+1, by the theorem, and h(m ) = k. Now [By | = {BkykAjl =
* * ¥ % i % * *
|AjVBkBkAjV7k7kAjVBkBk7k7kAjl = [AjVnk| (simply replace B and 7 by (6VB, By )

*
and (OVyyyy) and multiply out). Thus by applying the Corollary to Lemma k4,



we obtain

3 * _ . *# *)*i
|Bisq | ~ lAjAJ.| = [(Aymh) |
Hence
; " Lo % * ¥ K
Yo T Bl - !AJAJI B i(AjﬁkAJ) VAJI

ard h((A?r:kAg)*V.O = k+1 50 h(Zy,;) = k+l.

Note that the example 21 given in this Corcllary has the properties:

(1) Zi/)Z‘i =¢ for i £ i
and

(2) For any regular event O, h(Q) < h(Zé):$>Q* # 1,
The first follows simply because every word in ZQ contains exactly J occurrences
of the letter A-o. The second follows because Zi satisfies ¢, for the letters
A, and As so that if h(Q) = O and Q% = Zi then Q must contain a word on the let-
ter Ay, by Lemma 3, which is a contradiction.

Thus we have an example of an event > of height 1 which satisfies (2).
I do not know of any examples of sets of greater height which also have this

property.
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