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Construction of Markov Processes
from Hitting Distributions

C.T.SHg*

Introduction

As demonstrated in the fundamental memoir of Hunt [8], in the study of a
general strong Markov process with nice path behavior hitting distributions play
a very important role. For standard processes on a locally compact second
countable Hausdorff space with the same family of hitting distributions, it is
proved by Blumenthal, Getoor and McKean [2] (see also [1]) that they can be
obtained, up to equivalence, from a single process by means of random time
change. This suggests that a large part of the theory of Markov processes is
intrinsically associated with hitting distributions rather than with transition
probabilities. Thus the problem of constructing a process with given hitting
distributions is a most natural one. This paper has resulted from an effort to extend
the theorems of Knight and Orey [9] and Dawson [5], which deal with this
problem. (The latter treats diffusion processes only.) In [11] we announced a
theorem that is more general than the above theorems. All three assume given
two ingredients for the construction. One is a family of measures on the state
space, assumed to be locally compact second countable Hausdorff, that behave
like the hitting distributions of a Markov process for a large class sets and are
smooth. Smoothness means in our case that the measures transform continuous
functions vanishing at infinity into such functions, which is weaker than that
assumed by Knight and Orey and by Dawson in different ways. The other is a
function g on the state space, continuous and vanishing at infinity, with g(x)
meant to be the expected lifetime of the process starting at each state x. Knight
and Orey’s condition on g is rather unnatural, while Dawson’s and ours involve
the fine topology defined from the given hitting distributions. The present result
is obtained by first relaxing the condition that g is required to satisfy in our
earlier result, and then constructing such a function from the given hitting distri-
butions, which now satisfy a natural transience condition in addition to the original
smoothness condition. (The form of the function g is suggested in [9].) This
furnishes a significant extension of our previous theorem. The processes under
consideration here are transient; but further extension to the construction of
recurrent processes (recurrent in the sense of one- and two-dimensional Brownian
motions) with smooth hitting distributions does not seem too difficult, using the
theorem of [2] mentioned above.

* This research was supported by an ONR Research Associateship at Cornell University and
by NSF Grant GP-6549.
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The problem of constructing a Markov process from hitting distributions
also arises in the axiomatic potential theory of Brelot and Bauer. There one is
given harmonic functions and therefore harmonic measures on a space, and it is
natural to ask when there exists a corresponding Markov process, i.e., a process
with the given harmonic measures as hitting distributions. This question has been
satisfactorily answered by Meyer [10], Boboc, Constantinescu and Cornea [3],
and Hansen [6]. A more general result appears in Hansen [7] (published after a
first draft of this paper was submitted). This result is quite close to ours; the main
difference between the two is that Hansen allows fewer “regular sets” (our sets in
the family @ appearing in the beginning of Section1) but assumes stronger
smoothness condition on these sets. It should be pointed out that [10, 3, 6 and 7]
use mainly potential theoretic facts.

1. Main Results

We consider the one-point compactification K of a locally compact second
countable Hausdorff space. Let 4e K be the point at infinity, p be a metric on K,
and # be the o-field of Borel subsets of K. Let the Banach spaces of bounded
real-valued Borel measurable function and real-valued continuous functions on K
(with the sup norm) be denoted by .# and & respectively, and their subspaces of
functions vanishing at 4 denoted by .#, and %, respectively. Let © be a base of
the topology of K that is closed under the formation of finite unions and finite
intersections. Let 2= {{(K — U)u 4|U 0} (we shall almost always write {4} as 4).
Note that 9 is closed under the formation of finite unions and finite intersections.

We shall be involved in constructing Hunt processes on K with 4 as the
death point. Briefly, a Hunt process (@, X,, B,) is a right continuous strong Markov
process satisfying the quasi-left-continuity on [0, c0): if stopping times T, increase
to T, then X(T,) converge to X(T) almost surely on {T<oo}. For the detailed
definition and other relevant facts about Markov processes we refer to [1]. For such
aprocess the (first) hitting time 7, of 4 « K isdefined by T, (w)=inf{t = 0| X, (w)e A}
(which has value oo if X,(w)eA for no ). Note that this definition is different
from the usual one and should be kept in mind in reading the results of this paper.
The time T, of reaching 4 is the lifetime. If A is Borel (or even analytic), T, is a
stopping time, so that for each x in K P,[X(T,)eB; T, < o] defines a measure on
(K, %), which we shall call the hitting distribution of A when the process starts at x.

Let {Hy(x,*)|xeK, De D} be a family of measures on (K, %4). We introduce
the following hypotheses:

1) Hp(x,*) is a probability measure concentrated on D for every x and D.
2) Hp(x, B) is Borel measurable in x for every D and (Borel) B.

3) H,(x,-)=¢,(*), the unit mass at x, if xeD.

4) Hy,(x, B)={ H,.(x, dy) Hp(y, B) for every x, B, D, D' with D= D'.

5) If fe%,, then x — H,, f(x)={ Hp(x, dy) f(y) is in &,.

6) For any D and x¢D

Iilrgx sup | Hp(x,dy) Hp.(y, D'— 4)<1
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where the sup is taken over all D’ with xeD’ and diam (D’ —A4)<e. (Diam A
denotes the diameter of A.)

Theorem 1. Under hypotheses 1) through 6), there exists a Hunt process(Q, X,, F,)

on K, with 4 as the death point, such that its hitting distribution of any De 9D, when
starting at any xe K, is Hp(x,*).

The process in the theorem is not unique (up to equivalence) since the time
scale is not prescribed. The next theorem deals with the construction of processes
with prescribed time scale as well as prescribed hitting distributions. Let us
introduce a new hypothesis:

7) There exists a nonnegative g in %, such that for any xe K, neighborhood U
of x and £> 0, one can find 4 >0 satisfying the following:

if Hy(x, K—U)>¢, then g(x)—jHD(x, dy)g(y)>0o. (1.1)

Theorem 2. Under hypotheses 1) through 5) and 7), there exists a unique Hunt
process (82, X,, B) on K, with A as the death point, such that starting at any xe K,
its hitting distribution of any De @ is Hp(x, *) and its expected lifetime equals g(x).

Some remarks are in order. (i) Because of hypothesis 1) the space %, may be
replaced by % in hypothesis 5) (we shall often use this equivalent condition). But
we choose to write it this way for the obvious reason that one may think in terms
of the corresponding spaces of functions on K — A. (ii) Hypothesis 6) dictates
that the process in Theorem 1 be transient, but it is also necessary in a transient
process. Because of hypothesis 1) the process in Theorem 1 must have finite
lifetime almost surely starting at any point; thus it also requires the process to
be transient. However hypothesis 1} does not imply hypothesis 6); in fact it is
easy to comstruct examples of {H,(x, )} where hypotheses 1) through 5) are
satisfied but not hypothesis 6). (iii) Define from the function g in hypotheses 7)

gp(X)=g(x)— [ Hp(x, dy) g(y)=g(x)— Hp g (x).

For the process in Theorem 2, this is the expected hitting time of D when the
process starts at x. Thus because of the right continuity of the process, (1.1) of
hypothesis 7) is clearly a necessary condition in the theorem. (iv) Hypothesis 6)
is not stated as a condition in Theorem 2, but is implicit in the other hypotheses
as we shall presently see. (Hence we are entitled to use it in the proof of Theorem 2.)
First it follows immediately from (1.1) upon taking U=K — D and =7 that

if x¢D, then g,(x)>0. (1.2)

Assuming hypothesis 1) through 5) and the existence of a nonnegative g in %,
satisfying (1.2) we show hypothesis 6) holds. For if not, then there exists D such
that for any positive ¢ and ¢ one can find D'e @ with xeD’, diam(D'— 4)<¢ and
| Hp(x,dy) Hp.(y, D' — 4)>1~4. But since by (1.2) and hypothesis 3) g, (y)=0,

g(x)—gp(X)= [ Hy(x, dy) [ Hy (y,dz) g(z).

Since g is continuous, the above implies g(x)—gp(x)=g(x), so that we have
g2,(x) =0, contradicting (1.2). (v) In view of Theorem 1 and the above discussion,
it might appear to be a possibility to replace (1.1) by the apparently weaker (1.2)
4 7. Wahrscheinlichkeitstheorie verw. Geb., Bd. 18
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in hypothesis 7) (which would imply that (1.1) and (1.2) were equivalent under
other conditions of the hypothesis). However, there exist simple examples showing
this is not the case.

Theorem 1 is proved in Section 2, assuming Theorem 2. The rest of the paper
constitutes the proof of Theorem 2, with a sketch given in Section 3.

2. Construction of the Function g

In this section we assume hypotheses 1) through 6) and prove hypothesis 7).
Thus Theorem 1 will follow from Theorem 2. We note first an immediate con-
sequence of hypothesis 4): for Dc D', fe#

Hy, f(x)={ Hy (x, dy) H, f(y)=H}, Hp f(x). 2.1)
Lemma 2.1. For any x, D, F, Hp(x, F— )2 | Hp(x, dy) Hg(y, F — 4).

Proof.
HF(xﬂF_A):fHDuF(x: dy)HF(yaF_A)

= [ Hpop(x, dy) Hp(y, F ~ 4)+ Hp 5 (x, F— D).
D

Since § Hp(y, dz) Hy(z, F — 4) equals Hp(y, F—4) for yeD and never exceeds 1,
the above
éj HDuF(x’ dJ’) j. HD(ya dZ) HF(Za F_“A)
=(Hp(x,dz) Hy(z, F— 4)
by (2.1).
Note that if D<= F, then from the lemma Hp(x, F — A}= H(x, D—4).

Lemma 2.2. Let U be aneighborhood of A and ¢ > 0. There is a neighborhood V
of A suchthat Hyg ), 4(x, K—U)<e for all xeV.

Proof. Let fe%, be equal to 1 on K—U. Then V={H ¢ _y,, f <e} 1s such

a neighborhood. (Remark: by a neighborhood we always mean an open one.)

We shall now define a function g satisfying the conditions in hypothesis 7).

Let a, be positive with ) a, <o, and choose D,eZ such that each D,—4 is
k

closed and that for any x and ¢ >0, there is some k with xeD, and diam(D, — 4)<e.

Define
g(x)=Y a,Hp, (x, D, — 4).
P

Lemma 2.3. >0, g€%,, and g,,(x)> 0 if x¢D, where (again)

gD(x)Zg(x)_HDg(x)-

Proof. Plainly g=0. Since D,— 4 is closed there exists fe%, with f=1 on
D,—A. Thus x— Hp, (x,D,—A)=H,,_f(x) is in 4, by hypothesis 5). It follows
that ge%,. If De % and x¢ D, then by hypothesis 6) there exists m such that xeD,,
and | Hy(x,dy) Hp, (y, D, —4)<1. Now

gD(x):; ak[HDk(xv Dk_A)_j. Hp(x, dy) HD,(()@ D,—A)].
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The m-th term in the above sum is positive since Hy, (x, D, —4)=1, and by
Lemma 2.1 each term is nonnegative. Hence g, (x)>0.

We observe from the lemma and hypothesis 3) that g,>0 and so g=H,g
for any F. It follows that if F, = F,

gr,=¢—Hp g=g¢g—Hy Hp g<g—Hp g=gp,. 22)

Let x be fixed, U be a neighborhood of x and ¢ > 0. We shall find § > 0 for which
(1.1) holds. Clearly we may assume x + 4, e<1, K—Ue % and diam U < p(x, 4)/2.
Let U’ be a neighborhood of A with U< K —U’, and let V' be a neighborhood

f A such that /
onA s Hec o050 K—U')<e 23)
for all yeV (Lemma 2.2).

Lemma 2.4, There exist D,, containing x and &4 >0 such that if Hp(x, K—U)>¢,
then | Hy(x,dy) Hy, (v, D,,—4)<1—4,.

Proof. If Fe® and F—Ac U, then since gp=g— Hpge%, and is strictly
positive on K- F, the infimum 8, of g on K—(UuV) is positive. Since by
(2.2) gy increase as F decreases, we may choose F =D, such that 4, >0, xeD,,, and
lg(x)—g(l<ed,/4 for yeD, —A. We claim that for this D,, there exists §,>0
satisfying the desired condition. Suppose the contrary. Then for an arbitrary 5, >0
there exists D such that Hj(x, K—U)>e¢ and | Hy,(x, dy) Hp, (y,D,,—4)>1-6,.
Let §, <¢(1 —¢g)/2. Then, noting that

HDm(ya D, ~ A)éH(K_U')Ua(ys K-U"),

which follows from the remark following Lemma 2.1 since D, <(K—-U’)u 4,
we have
1—e(1—e)2<{Hy(x,dy) Hy, (v, D,,~4)

S1—Hp(x, V)+ [Hy(x,dy) Hg_yyo4(v, K=U")
Vv
<1—-Hy(x, V)+eHp(x, V)

by (2.3). Hence Hp(x, V)<¢g/2 and it follows that Hy(x, K—(U U V))>¢/2. Now
since gp=0 for any F,

g2 [ Hp(x, dy) g(0)=[ Hp(x, d) [, )+ Hp, (7, d2) g(2)]
2[5, Hp(v, K—(UUV)]+[_inf g(:)] ] Hp(x,dy) Hy, (v, D~ 4)

>08,6/2+(g(x)—ed,/4)(1—08,)>g(x)(1=5,)+e&d,/4.

The last expression being greater than g(x) if 0, is sufficiently small, we have
arrived at a contradiction.
Proposition 2.5. Hypotheses 1) through 6) imply hypothesis 7).

Proof. With the given x, U and ¢, we shall find 6> 0 satisfying (1.1). Let D,,
and J, be as in Lemma 2.4. Let 6=a,,0,. Then 6 >0, and if Hj(x, K — U)>¢, then
g(x)—[ Hp(x.dy)g(y)za,,[Hp, (x, D,,—4)—| Hy(x,dy) Hp, (v, D,,—4)]

>a, [1—-(1—5,)]=6.

4%
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3. A Partitioning of the State Space and a Sketch of the Proof of Theorem 2
Definition. An ordered pair (%, 7) is a partition (of K) if #={U,, ..., U,} is
an open covering of K and ¥ ={V,, ..., V. } is an (ordinary) partition of K con-
sisting of Borel sets such that V;< U, for every i. A partition (%, ¥") is a refinement
of another partition (%', ¥™'), and we write (%, ¥ )<(', "), if whenever VeV,
Uje¥' and V,n U+ ¢, we have U,c U,.
Accordmg to [12 Proposmon 2. 1] we can choose a sequence of partitions

(%,, 7)) with U, ={U,,, ..., U, }, ¥a=1{V,1, ..., ¥, } such that
i) %,c0,
i) (%,, ¥,)=(%,, ;) f n=k,
iii) 1max diam U,; < 1/n,
iv) V,;=U,;— | U,; (in particular ¥,; =U,,).
Jj<i
The fact (%,, ¥,)<(%,. 7;) (not necessarily true for an arbitrary partition)

implies that if xeV,,, then U,; is the intersection of all Uj,; containing x. We set
Dn,x)=(K-U,)ud if xeV,.

Let 9, be the class of all (finite) intersections of sets of the form (K — U)u 4 with
Ue4,, or, what is the same, the class of sets of the form (K — U)u A where U isa
(finite) union of sets in %,. Let 9,=|)2,. From i) above we have 2, = %;

because of iii) for any De% there exist D,eZ, such that D,|D; ii) implies the
important properties that &, increases with n and that if k<n, De%, and x¢D,
then D<=D(n, x).

From now on the conditions of Theorem 2, i.e., hypotheses 1) through 5)
and 7), are in force. Because of a discussion in Section 1, hypothesis 6) is also valid.
Set for xeK, Be#

Q(n)(x7 B)=HD(n, x)(xa B)’ hn(x)ng(n, x)(x)= en(x): 1/hn(x)

We now sketch the proof of Theorem 2. First we construct a sequence of (strong
Markov) jump processes X ™= (X", P™) on K satisfying the following conditions:
(i) starting at a point x= 4 the process X" stays there for a random time ¢
according to the distribution 1 —exp(—e,(x)t) (i.e., h,(x) is the expected holding
time at x); (i) then it jumps to a new point y according to the distribution

Hp, »(x, dy); (i) with T denoting the f-th jump (B a countable ordinal), we
have X"(T, ) converging to X" (T;) almost surely whenever o, to; (iv) 4 is an
absorbing point for X™. From these conditions it is easily shown that the hitting
distribution of any De 2, for X™ starting at x is Hp(x, *) and its expected lifetime
is g(x), for any xeK. While referring the detailed construction of the X™ to a
method in [1; Chapter I, §121, we do the simpler construction of their discrete
skeletons Z™=(Z", Q™) (it suffices to let « range over countable ordinals less
than @®, where o is the first infinite ordinal and o is the limit of »"), and thereby
establish the crucial condition (iii) satisfied by the X™. Following [5] we shall
call the Z™ generalized random walks; they are entirely similar to the ones
constructed in that paper.
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The above is done in Section 4. In Section 5 we study the convergence of X™.
Let {R%, 1=0} be the resolvent of X™ on .4 :

RP f(x)=EP [e~* f(X{") dt
4]

where E denotes expectation with respect to P™. Then we show that for f€%,,
«=0, RY” f converges uniformly, and the limit, to be denoted by R{® f, is in %,.
The operators RY™, .>0, on &, satisfy the following: |AR{”| <1, R‘°°) R(w)—
(u—A) R R, and /IR‘“”f—>f uniformly for every fe%,. Here the difficult
fact (indeed the most difficult in the whole paper) to establish is the pointwise
convergence of A R( f to f(f€%,), to which is given a whole section — Section 6,
and for which we have to study the projective limit process of the Z™. Now by
the Hille-Yoshida theorem and the theorem of Blumenthal there exists a Hunt
process X' =(X{), P on K with {R{®, 220} as its resolvent on %,. We
show that the finite dimensional distributions of X™ converge weakly to the
corresponding ones of X(®) under any common initial distribution, and that the
processes X™, 1 <n< o, satisfy a uniform regularity condition. These two facts
allow us to apply a theorem of Skorokhod and prove in Section 7 that the hitting
distributions of X converge to the corresponding ones of X for all DeZ,_,
which then implies that X(®) has the right hitting distributions for all De . The
other properties of X'™ are easily established.

4. Construction of Z™ and X™

The main work in this section is the construction of a typical generalized
random walk Z™, which is the discrete skeleton of the approximating process X®.
Let (%, 7") be a partition with #={U,,...,U,}, *'={V,,..., V,} such that
U0, (U, V)<(%,¥)and V;=U,— | U;. Let &, be the class of all (finite) inter-

j<i
sections of sets of the form (K — U)u 4 with Ue#. Set D(x)=(K - U)u 4 if xeV,.
We emphasize again that if xe V,, U is the intersection of all U, containing x, and
so if x¢ D and De 9, then D < D(x). Set

0(x,B)= HD(x)(x7 B), h(x):gD(x) (x), e(x)=1/h(x).

0O (x, B) is a Markov kernel (transition probability) on (K, %). A is strictly positive
on K —Aand h(4)=0;0neach V,,h=gx_,, 4and is thus continuous (in general
is not continuous on K).

Let 7 denote the ordinal w®. Let # be the product space ]—[ K, whereeach K,

is a copy of K; Z,=Z (), x<m, be the projections on #": Z,(w)=w(«) for we #";
H,, a<m, be the o-field on #  generated by the Z > B=a (with respect to %),
H, _,o=m, bethe g-field on #" generated by the Zg /3<oc and =4, ;0 ,a<n,
be the shift operator on ¥ defined by Z,(0,)=Z,, ,; for all f<m. (oc—i—ﬂ is the
p-th ordinal after «. Note that n has the property that for a <z, a+n=m.) We
shall define probability measures Q_, xeK, on # so that (Z,, Q,) is a (discrete
parameter) Markov process on K, i.e., for any x, a<mn, and bounded real

#-measurable ¢

E{00,)1#}=E,, ¢} 4.1)
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(where E, denotes expectation with respect to Q,), has Q(x, B) as its onestep
transition probability, and satisfies the following left continuity: for « <n

if o, Tox then Z (o) — Z () a.s. Q, for every x. 4.2)

The Q, are defined by successive extension in the following manner. (1) On
let Q [Z,eB]l=¢.(B). (2) When Q, has been defined on 5#; extend it to ;. ; by
requiring

0.[Z4..€B; A1=0.(An{Z;_,eB})=[Q.[Z;,edy] Q(y, B)

for Ae#;. (3) Suppose that the Q, are defined on {J #, for a limit ordinal f <,

a<f

so that by the Kolmogorov extension theorem they are extended to #;_. By
induction (4.1) holds if «<p and ¢ is #,_,,_-measurable, where f—o is the
ordinal satisfying «+(f—a)=p, and (4.2) holds if @ <f. Now suppose we can
show the following:

if o, 7B then Z (o) converges a.s. @ for every x. 4.3)

Then if o, <. <o, fa<p, the sequence of measures Q. [Z(x)e-] converges
weakly'. Denote by v, , the weak limit, which is of course independent of the
sequence {«,}. Note that for a<p, v, ,(-})=0,[Z,e-]. Now extend Q, to every
o-field generated by Z; and 5, where o < 8, by requiring

0.[Z,eB; M)=[Q.[Z,edy: A]v, ;_,(B)

for Ae#,. Because of (4.1) (for #;_, _-measurable ¢) these extensions are
compatlble Hence each Q, has an extension to #;; moreover (4.1) is satisfied if
o< B and ¢ is #,_ -measurable. (4) If Q. is deflned on #;, then again by the

Kolmogorov extension theorem it can be extended to l;lll of #, Hence in order
to obtain the Q, we need only prove (4.3) under the assumption that they have
been defined on J#;_ as probability measures and satisfy (4.1) for a<pf and
Hip_oy measurable ¢ and (4.2) for a<p (from here through Proposition 4.3
these restrictions will be implicit when we refer to (4.1) and (4.2)). Clearly we may
also assume f is such that f—a=f (i.e., a+f=p) for all «<p; for otherwise
(4.3) is a trivial consequence of (4.1) and (4.2).

For A=K let 7 (w)=inf{ox< B|Z,(w)e A} if there is such o, and = B otherwise.
This definition will be changed after Proposition 4.3 is proved. 7, is the (first)
hitting time of A for the generalized random walk (Z,), _ ,. Let

H%*(x,B)=0Q,[Z(t)eB;1,<p] for Ac%,Be%.
Lemma 4.1. For any x and Fe @ with F — A closed, Hf (x, F — A)S Hp(x, F — 4).
Proof. We show by induction
Hp(x, F-0)2Q.[Z(zp)eF—-A4; tp<a]+E {Hp(Z, F—A4); 1,20} (44)

! Finite measures v, on K converge weakly to a finite measure v if § fdv,—§ fdv for every fe%.
If v,, v are probability measures, this is equivalent to | fdv,— { fdv for every fe%,.
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for all < f. For a=0 this is trivial. The one-step induction is because

EA{H (Z,, F=A); 1,20} =0 [Z(t)eF —4; 1,=4]
+EXJHD(Z“)(Za,dy) (3, F=A); 1> 0}
=Q,[Z(tp)eF—A;tp=0]+E {HA(Z, , F—A); tpZa+1}

in view of Lemma 2.1. If (4.4) holds for a sequence of ordinals « increasing to
y < f then since He(y, F — 4) is continuous in y, (4.2) implies that (4.4) holds with y
replacing «. Now the desired inequality follows by letting « increasing to f§ in (4.4).

Lemma 4.2. Suppose that (4.3) does not hold. Then there exist distinct points x,
and x;, x; not equal to A, such that for any F,, F,e # with x; in the interior of F,,
i=1,2, sup j xdy) ¥ F—A)=1

Proof. If (4.3) fails it is easily seen that for some z there exist distinct x, and x,,
x, + A, such that for any 6> 0 one can find 4 with Q,(4)>0 and p(x;, Z,(w)) <9
for infinitely many o< f for each i=1,2 if weA. Hence for F,, F,e % with x; in
the interior of E, i=1,2, there exists A with Q,(4)>0 such that Z,(w)eF, for
infinitely many o< f for each i=1,2 if weA. From the Markov property (4.1)
(or indeed from the strong Markov property derived from it) it is now a routine
matter to obtain the desired equality (noting that A is an absorbing point because
of Q(4, A)=1 and (4.2)).

Let x, be arbitrary. Let D, F,eZ with x,¢D, x,eF, —4 and F, — 4 closed.
Then since Hy, (y, F; — 4) is continuous in y and therefore { Hp(x,dy)Hp (y, F,— 4)
is continuousin x, it follows from hypothesis 6) and the fact H. (y, F; — 4) decreases
with F, that there exist ¢>0, d >0 for which

sup [ Hp(x,dy)Hy (y, F—4)<1—¢
xeFy—A

if diam (F; — 4) <.
Proposition 4.3. (4.3) is valid.
Proof. Suppose the contrary. Let x;, x, be as in Lemma 4.2. Choose De%

such that x, ¢ D and x, is in the interior of D. If F,, F,e% with F, < D then from
Lemma 2.1 and (2.1)

§ Hp(x, dy) Hy, (v, F,— A2 [ Hy(x, dy) [ Hp, (v, dz) H, (z, Fy, — 4)

(4.5)
={ Hp (x,dz) Hy (z, F, — 4).

Let ¢>0, >0 be such that if Fe9, x,eF, F,—4 is closed and diam(F]; — 4) <,

then sup [H,(x,dy) Hy (y, F— 4)<1—¢.Choose such F with x, in the interior

xeFi—4

of F,—A. Then choose F,€% such that F, <D, x, is in the interior of F,, and
|HF,(Y15 K—A4)—Hg (y,. E—A)|<3/2 for y;, y,€F,. By Lemma 4.1

ijz(x: dy) Hg (v, E—A)gsup Hp (y, R—4)~¢/2

Zsup Hy, (v, -~ A)—8/2>f , (X, dy) HE, (v, E—4)—¢/2

yeFs



56 C.T.Shih:

for any x. From (4.5) we then obtain
§ HE,(x, dy) HE (v, E— A) <[ Hp(x, dy) Hp, (y, E—4) +¢/2<1—¢/2

for xeF,— A. But this contradicts Lemma 4.2.

(4.3) being proved, we have completed the construction of the generalized
random walk Z=(Z_, Q,). Since its time parameter is discrete (and even takes
on only countably many values) Z is strong Markov. We now redefine 7,, Ac K,
by setting 7, {w)=inf{a<n|Z (w)eA} if there is such «, and =7 otherwise. For
the reason of simplying writing we define Z_and 6, on W as follows: Z_ =4;0, w
for any w is the unique w'e W satisfying Z_ (w)=4 for all a <.

Lemma 4.4. ) E_{h(Z)}<g(x) for every x. (An infinite sum of nonnegative

a<T
terms of course has an unmistakable meaning.)

Proof. Recalling h(y)=gp,(¥)=8(¥)— | Hp,(, dz) g(z) we have g(y)=h(y)+
E ,1g(Z,)}. Hence by an induction similar to that in the proof of Lemma4.1

(notmg g is continuous)
g)=h(x)+EARZ)+E; [2(Z)]}= ¥ E{h(Z ) +E{2(Z,)

= Y EARZ ) +E 2(Z)

a<y

for any y<z. The lemma follows since g=0.

The next proposition explains why we need not define Z , for « > 7. It is similar
to a result in [5] and the proof is the same.

Proposition 4.5. 0 [1,Sw™]=1 for every x. (Recall that m is the cardinality
of U and  is the first infinite ordinal.)

Proof. We claim that Z, e(K—U)uda.s. Q.. For if not, then because of the
fact that Z,— Z,_ a.s. Q, (see (4.2)) there exist 4 with Q (4)>0 and &>0 such
that on A, h(Z) 8x_uvyuaZ,)>¢ for all sufficiently large n. Thus we have

E.{Y h(Z,)}=o0, contradicting Lemma 4.4. Similarly one shows that Z(2w),

n<w

Z(3w),... are in (K—U)uda.s. Q.. From the same reasoning it follows that
Z(@)e(K—U—Uy)udas.Q, and in general Z(w)e(K—|)U)udas. Q,.
Hence Z(w™)=4a.s.Q,. jsi

Since 4 is an absorbing point, the above proposition implies that almost all
paths stay at 4 from time ™ on. The next proposition is now immediate from
the proof of Lemma 4.4 since g(4)=0.

Proposition 4.6. E_.{ > h(Z)}= Y E_{h(Z,)}=g(x) for every x.

A< T A<
Proposition 4.7. For any x and De @, Q. [Z(tp)e - 1=Hy(x, *).

Proof. By an induction similar to that in the proof of Lemma 4.1 (and Lemma
4.4) we can show

HDf(x)zEx{f(Z(TD)); TD§°‘} +Ex{HDf(Za); Tp>o} (4.6)
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for a fixed fe% and all « <, using the continuity of H,, f, the fact H, f=fon D,
and the following fact: if y¢ D then since D<= D(y)

Hy f()={ Hp,(y,d2) Hp f(2) = Q(y, d2) Hp, f (2)=E, {H, [(Z,)}.
The proposition follows from (4.6) and Proposition 4.5.

Proposition 4.8. For any x and De %, E.{ ¥ h(Z,)}=g,(x).

Proof. :
gp(x)=g(x)— [ Hy(x,dy) g(y)

E{ Y MZ)} = E{Br X HZJ]}

I

:Ex{ Z h(Zoc)}_Ex{ <Z h(Zoc)}

l

E{ Y nz)}

a<Ip

by Propositions 4.6 and 4.7, the strong Markov property and the fact that
ppEST,<na.s. Q.

We now claim that there is a strong Markov process X =(X,, P,) on K with
continuous parameter and satisfying the following: (i) starting at a point x = A4
it stays there for an exponentially distributed time with mean k(x); (ii) then it
jumps to a new point y according to the distribution H b (X, dy); (iii) with Tj
denoting the f-th jump (f a countable ordinal), we have X (T, ,) converges to

X(T) almost surely whenever o, T; (iv) 4 is an absorbing point. For the reader
who is unwilling to take the above claim on faith there are two ways to con-
struct X. One is to define first a resolvent {R,, 1=0} on .#, by

e(Z,) 1
Rif)= L E, { (H l-{—e(Zﬂ)) /H—e(Z)} @7

A< f<a

e(4)
A+e(4)
integrand is defined to be 1 when a =0 and the infimum of all finite “sub-products”
if «=2w. One can show directly that the resolvent equation is satisfied and
[AR,[|£1. Also R,(%,)=%, and AR, f converges uniformly to f as A — oo for all
fe%,. Consequently there exists a Hunt process on K with 4 as the death point
and with {R;, 220} as its resolvent on .#,. One then shows that this process
is just a process X described above. However, this construction is rather long
and therefore we avoid it. The fact R,(%,) =%, is essential in this construction
but the proof of it alone is complicated; of course if we should be allowed to
use this fact Proposition 5.2 would be immediate from Proposition 5.1; however
the proof of Proposition 5.2 is much shorter than that of Ry(%,)=%,.

The other construction is an extension of that of [1; Chapter I, § 12], which
constructs general jump processes stopped after a sequence of jumps. We define
first a generalized random walk (Y,),_, on the state space K x [0, c0) with one-

where (recalling e=1/h) ———— is interpreted as 0 and the product factor in the
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step transition probability
0, s<t,
Q(x,dy)e(x)exp[—e(x)(s—1)]ds, szt

(where e(d) exp[—e(4)(s—1t)] ds stands for the unit mass at t), and satisfying
the property that if o 7o then ¥, — Y, (in the product topology of K x [0, o))
almost surely given any initial distribution. This latter property follows easily
from the corresponding property of (Z,) and Proposition 4.6. Let Z, be the first
component of Y, and T, be its second component. By deleting a null set we may
assume that if « < § then T, < Ty, with equality holding only if Z,=A. Now define

P(x,t;dy, ds)={

{ZaifTéKTaw
“ 4 if Z,=Aand T,<t for some o or if T,<t forall a<n.

Let P, be the probability measure for the generalized random walk (Y,) starting
at {x,0). Then X =(X,, P} is the desired jump process. The proof of this fact is
a straightforward extension of the argument in [1] and there is no need to give
it here (inductions on » are to be replaced by those on « and kernels Q5 (x, B),
A=0, are to be defined for all a<n by setting

_e(x)
C Ate(x)

Q;(x, B) Q(x,B), Q3"(x, B)={ Q%(x,dy) 0} (, B),
and Q%(x, *) to be the weak limit of Q%(x, -) where o, fa). Also the argument in
[1] shows that X is in fact a Hunt process; of course for this the left continuity
of (Y) is needed.

Now corresponding to each partition (%,, ;) chosen in Section 2 there are
a generalized random walk Z®™ and a jump process X™; X™ satisfies the condi-
tions stated in Section 3 and Z™ is (up to equivalence) the discrete sekeleton of
X™. We may, and we will, assume that the sample space for all the X is the
following function space

Q={w: [0, c0)—K|w is right continuous, with left limits on (0, o)
and w(t)=A=w(s)=A4 for s=t}

and X (w)=X,(w)=w(1). (9, will denote the shifts of (X,) and we shall let X =4
and 0, =w, where w,,(t)=4.) Thus we write X =(X,, P). Also by construction
the Z™ have the same sample space ¥ and Z™(w)=Z (w)=w(x), and so we
write Z"=(Z,, Q™). The hiiting time of A€ for the processes X will be
denoted by T,: T,(w)=inf{t=0]X,(w)eA} if there is such t and =cc otherwise.
Let H"(x, B)=E®{X(T,)e B} where E® stands for expectation with respect to
P™_Then from Propositions 4.6, 4.7 and 4.8 we have the following facts for any

x and De9,:
HY (x, )=0®[Z(1p)e - 1=Hp(x, +), (43)
EO{T}=EP{Y h(Z)}=2(x), 4.9)
EPAT}=EP{ ¥ h(Z)}=gp(x), (4.10)

«<tp
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where E® stands for expectation with respect to Q%. Let {R}", 120} denote the

resolvent of X™ on .#,: ®

RPf(x)=EY {e " f(X)dt.
0

Then RY f(x)= Y E®{f(Z,)h,(Z)}. It follows from (4.9) that |RY|=gl=

A<

sup g. Hence ||R,||<min{l1/4, |lg|}. The following fact will also be used: for

Deg
o ) - Z,)
E(n) —iTpY — E(n) &L_‘ A1
Sl {“ ﬂ+en<za>}’ i

which is obtained from an easy induction (see also (4.7)).

5. Convergence of the Processes X™
Proposition 5.1. For f€%,, (R f,n=1} is a Cauchy sequence in M.

Proof. Given ¢>0 let N>0 be such that if p(x, y)<1/N then |f(x)—f(y)|<e.
Let k>n=N. Define a stopping time R on (&, X,) by setting R=T,,, ., if X,=x.
Let R,, x<m, be the iterates of R,i.e, R,=0, R, ;=R,+R(0; ), and R,=sup R,
for a limit ordinal «. Then by the strong Markov property for any x  #<*

RO f()= ¥ E® {ES’&R“) ff(xg dr}

A< T

and the same equality holds when k is replaced by n. Now since ¥, %, an
induction based on (4.8) shows E® {X(R)e-}=E®{X(R)e-} for all a. Next
since for t<R, X, and X, arc in the same U,; and therefore |f(X,)—f(X,)| <e,
and since R is the first jumping time a.s. B™, we obtain from (4.10)

EW [ f(X)di—E® | £(X) dr

EP 1 f(X)dt~f() g y)(y)‘ <eE{R}

for all y. Thus we have |[RY f(x)— Ry f(x)| < ), E¥ {¢ E¢lr ,[R]} =eg(x)<e g,
proving the proposition. a<nm

Definition. For fe%,, let R® f=1im R /.
Proposition 5.2. For fe%,, R{” f€%,.

Proof. Since |RY f(x)| < g(x) || fIl, RYf(4)=0 and R’ f is continuous at 4.
We now assume x,=+4 and x,— x, and show that lilrn IR f(x)— RS f(x,)] is

arbitrarily small. Let ¢>0 be fixed. Choose >0 such that if p(x, 4)<é then
g(x)<eand if p(x, y)<é then | f(x)—f(y)| <e. Let N>2/6. Then if Ue %, we have
diam U < /2. Let V= {x|p(x, 4)<d,} where 6/2< ;< and P;('J‘) [X(T)eV*]=0
for all m and a < ; here T, is the a-th jumping time and V* denote the boundary
of V. Next for each x¢ V' let U = Uy, if xe V};; (note A¢U,) and let W, be a neigh-
borhood of x with closure W, < U, and B [X(T,)e W;*]=0 for all n and a<x.
Now finitely many of the W, say W,, ..., W,,, cover K — V. Let the corresponding
U, bedenoted by Uy, ..., U,. Set G;=W,— (| W= V,i=1,...,m. Then V,G,, ..., G,

j<i
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form a partition of K; I;(;’)[X(T;)e V*uGfu--uGE]=0 for all n and «; and
the distance between G; and K — U;=(K — U) u 4 is positive, so that the function

h(x)=gg_y,(x), xe€G;, 1<i<m
=g(x), xeV

has a positive infimum ¢ on K—V. Define a stopping time S as follows: S=
Tx_v, if XoeG;, 15i<m, and S=T, if X eV. Then h(x)=EY{S} for n2N. Let
St k=0, be the iterates of S. We show that for n2N and k=0, B”[X(S)e"]
converges weakly to B[ X(S,)e-] as [ — oo, by induction on k. The case k=0
is trivial. Assume the convergence holds for an arbitrary k. Then since P2 [ X (S))e
V*UGFuU---UGE]=0 (the fact K —U,e Py, implies S,(w)= Ta(w) for some
o) it is easily seen that

EX{A(XE)} = E {A(X(SW)} (5.1)
for any f,e.#, continuous on each of the sets ¥, G, ..., G,,. Now for any f,€%,

the function f; defined by f,(x)=Hy _y, f,(x) for xeG H 1 J2(x)=0 for xeV
issucha function. But for thisf, (5. I)becomesE‘") {fz(X(Sk+1))}—>E(") (XS 0))}
establishing the induction step. Now if n>N, fle%

k' S
R A00= 3 B0 Bl A0+ EDREA(KGS. ) 62

and with f;=1;_, we have

v
g(x)= kZOE;") {h(X(SY)} +EP{g(X(Sp 1))} (5.3)

The fact h=c on K—V now implies P [X(S,)eK—V]—0 as k— oo. Choose
k' so that the second term on the right side of (5.3) is smaller than ¢ when x=x,.
By (5.1) lilm EP{g(X(Sp 1))} =EL{g(X(S¢ 1)} Now write the first term on the

right side of (5.2) as
1% ”
Z Egc") {Rgl)f1 (X(Sk)); X(S)eV—4 }+kZOE§cn) {h(X(Sk))fl(X(Sk)); X(Sy)eK— V}

k=0

k' S
+ Y ED {E;?zsk) [LAGR) -0 X(5)eK - V}.

k=0

Then applying (5.2) to x=x, and x;, n= N, f,=/, noting the facts that |/ (X,)—
J(X,) <& when X,eK—V and t <S8, that {X(S,)eV—4},k=0,1, ..., are disjoint,
and that [R® f(y)|<g() | f |, and using (5.1), we have
Hm RYf (x) — RYS (o)l <2 1/ sup g )+ 2¢ g
+2[/ 1 EQ{g(XSw, D)} =2eligh + 211

Proposition 5.1 then implies hm RGP f(x) — R (x)=2e(lighl +21f1). The
proof is complete.
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Corollary 5.3. For fe%, and 2>0, {R{f,n=1} is a Cauchy sequence in M,
and the limit R{® f=1im RQ f is in %,.

Proof. From the resolvent equation we have

00

RPf=Y (u— ARy 54

k=0

if [u—Al<lgl'SIRP| ' Now if R®f, converges uniformly to a function in
%, for any f,€%,, then (R7)**! f does the same (consider, e.g., the case k=1: we
have (Rf{’)_)2 f=RPRP f—I_(f[”) / )+R_L") R{® f— R R™ f); therefore RY f con-
verges uniformly to a function in %, if [u— 4| <|/g| ~!. Now the corollary follows
from successive extension of the facts in Propositions 5.1 and 5.2.

It is immediate that each R{™ is a positive operator on C,, [|R{[|<llgl,
IAR®|I <1 and R{® — R =(u—4) R{ R{®. Before proving }iifrgoﬂnRﬁw)f:funi-

formly for each fe%, we establish the following fact, to be used in Section 6.

_ Corollary54. Let DeZ,. For nzk and 420 let i, (x)=ED {e=*Tr} =
EOLTT [enZ (A +e,(Z)]} (see (4.11)). Then f,, converges uniformly to a func-

a<tp

tion in € as n— 0. (Note that f,,=1 on D.)

Proof. By considering the processes X™, n>k, stopped at the first hitting of
D we may assume D={A4}. Now f,,=1—AR" [ where f=1,_,. But R¥ f=g.
Hence from Propositions 5.1 and 5.2 and successive application of (5.4) we see
that R$” f converges uniformly to a function in %,, and the desired fact follows.

Proposition 5.5. For fe%,, AR\ f converges pointwise to f as 1. — c0.
Because of its length, the proof is given a whole section — Section 6.
Corollary 5.6. For fe%,, AR f converges uniformly to f as 1 — 0.

Proof. That this follows from Proposition 5.5 and the fact that {R{*), 1> 0}
is a resolvent on %, must be well-known: one shows that the closure of the com-
mon range R,(%,) is %, using the Hahn-Banach theorem; but then for f in this
closure one has the desired convergence.

Now by the Hille-Yoshida theorem there exists a unique strongly continuous
semigroup {P, =0} of positive contraction operators on %, (P{*'=the identity
operator) such that {R{®, 1=0} is its resolvent. Using the theorem of Blumen-
thal one finds a unique (up to equivalence) Hunt process X on the state space
K, with A as the death point, such that the P are its transition operators on
%, and therefore {R{™, 120} is it resolvent on ¥%,. Let

R f(x)= EC) [ o= £(X) dit

for any fe# and A>0 (where E{*’ denotes expectation with respect to P{*);
then of course for fe%, R fe% and R{"f— R{® f uniformly. We may assume
the sample space of X is Q and so we write X' =(X,, P/*)). Let us prove a
uniform regularity condition for the X™, 1 <n<oo. Let E(x, §)={y|p(x, y)=6}.
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Proposition 5.7. Given >0 and 6> 0 there exists ¢>0 such that for all x and
1fnfo
PO [Ty, <cl<e. (5.5)

We need a lemma.

Lemma 5.8. Let De 9, and yeD. For ¢, >0 and 6, > 0 there is a neighborhood V
of y such that Hy) z.. 5 (x, E(y, 8)) <&, for all xeV.

Proof. From (4.8) and (4.10) HY (x, *)=H(x, ") and E®{T,} =g, (x). Since if
x — zeD then H,(x, -) converges weakly to the unit mass at z and since gp,(x) — 0
as x — D and is bounded away from 0 when x is bounded away from D, it is a
routine matter to obtain the conclusion of the lemma.

Proof of Proposition 5.7. That there exists ¢>0 such that (5.5) holds for all x
and r= oo is an easy consequence of Corollary 5.6. Let n< oo be fixed. Applying
Lemma 5.8 to D={4} we obtain a neighborhood V, of 4 with diam V,<J/2
such that HY), ;,),4(x, E(4, 8/2))<e for xeV,, so that (5.5) holds for xeV, and
any c. Next for each yeV,;—V, let 0<d, £6/2 be such that K—E(y, §,)c U,;— 4,
so that inf {h,(2)| zeV,;,— E(y, 8,)} >0. Applying Lemma 58 to D=(K— ) U, )u 4

and observing D—E(y,d,)=V,;—E(y, J,), we obtain a neighborhoon V, of y
with diam ¥V, <6/2 such that H) p., 5. (x, V,,—E(y, 8,))>1—¢/2 for xeV,. It is
then clear that there exists c=c,> 0 such that (5.5) holds for all xe V. That there
exists ¢>0 that works for all x (and this fixed r) is because K — ¥, is compact.
To complete the proof it sufficies to show that for any y there exist ¢, >0, n,>0
and a neighborhood V of y such that B [Ty, 5, <co]<e for xeV and n>nj.
Suppose the contrary. Then for some y there exist n, — o0, x, — y and ¢, | 0 such
that P™[T<c]Ze, where T=Tg, ;,. Choose fe% such that 0L f<I,
f()=1and f=0on E(y, §/2). Fix >0 such that |A R f — f|| <&/4. Then since
[ARY f— AR f]|—0 as k—o0 we have li;n AR f(x,)=AR f(y)>1—¢/4.

On the other hand (assuming ¢ <1)

AR{ f(x,)=E" { j"T/I e M f(X,)dt+2 Eoe““f(Xt) dt}
0 T

SEM{l—e** T<e}+EM {1 —e T, T2 ¢}
+E§:’:) {e7*T AR f(X,)); T< oo}
<(1—e **%)4(1—g)+3rd term.

Since X €E(y, 8/2) if T< oo and since /. R{® f<¢/4 on E(y, §/2) we obtain

@AR;"wf(xk)g1—a+s/4=1—3g/4.

Thus we have the impossibility 1 —¢g/4<1-3¢/4.

Write P™ f(x)=E®™ f(X,) for fe.#. From the above proposition it is easy
to see that for fe%, the family {P™ f(x), 1 <n< o0, xe K} of functions on [0, c0)
is equicontinuous. Hence using the convergence RY f(x)— R{ f(x) for all 1
and the uniqueness of the Laplace transform of a bounded continuous function
we easily obtain the convergence P™ f(x) — P f(x) for xeK, t=0, and fe%.
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Proposition 5.9. The finite dimensional distributions of X" converge weakly to
the corresponding ones of X' under any common initial distribution.

Proof. It sufficies to show

EP{ (X)) X)) = EP{AX) - X))

for xeK,0<t, <---<t,,and fi, ..., f, in €. We prove by induction. The case k=1
is already established. We give the induction step for k=2 as the general case is
similar. Write s=t,, t=t,—t,. Then by the induction hypothesis

Fe’“Ei"){fl(Xs) (X )} dit= }Oe"“dtfﬁ("’[Xsedy]ﬁ(y) E® £5(3)

=| B"[X,edy] L) RY [,(y)— [ B [X,edy] L) RE f>(3)

= [e ¥dt [ PO [Xedy] () B 1,(0)= Of e MEX{fi(X) 1,(X )} dt
0
since R® £, converges uniformly to R{® f, and the latter is in ¥. Now the fact
that {P™f,(y), 1=n<o0, yeK} is equicontinuous implies that the family
{EQ{f(X,) f,(X,,)}, 1Sn=o0} of functions of ¢ is equicontinuous. By the
above convergence we thus have E®{f,(X,) f,(X,. )} — E { (X)) [ (X 10}
The proposition is proved.

6. Pointwise Convergence of AR{® f for fe%,

We shall now prove Proposition 5.5, which asserts that, for fe%,, AR f—f
pointwise as A—00. To establish this convergence we shall prove the following
for the generalized random walks Z®=(Z_, Q") constructed in Section 4:

lim lim QW[ Y h,(Z)<¢e]=0 (6.1)

£l0 n-w a<ip

for De%, and x¢D. Recall 1, is the first hitting time of D for (Z,) and h,(x)=
b, x (X) 1s the expected holding time at x for the process X*. Thus if in X we
identify sample points whose paths have the same trajectory, then Y h,(Z,) is

a<Tp

the first hitting time of D, with Z , interpreted as the a-th jump. From (6.1) and the
behavior of (possibly infinite) sums of independent exponentially distributed
random variables it is not difficult to obtain the following for the processes
X(")Z(Xt, F;C(n)): L

131%1 li}{n PW[T,<e]=0

for De9, and x¢D. Using this one easily proves Proposition 5.5. However we
prefer an “elementary™ proof (based on (6.1)).

Proof of Proposition 5.5. We may assume x=4. Let ¢ >0 and choose DeZ,
with x¢ D and K —D<{y||f(x)—f(y)| <&, }. Writing T for T,, we have

AR f(x)—f ()| £ |EY JTﬂ e” M f(X)di—f(x)|+

E® | he=*f(X,)dt
T

e EP{1—e 3+ f ()| EP {e™ T} + EQ {e " |ARD f(X )}
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This implies Alim AR f(x)=f(x) by Corollary 5.3 if we can show

lim lim E® {e-*T}=0.

A= n

Because of (4.11) it suffices to show

. Z)
lim Tim £ { [T 2% _ :
iy B {mﬂen(za)} 0 ¢2)

where t=1,. But

Z
log [] 7220 = - S loglh,(2)+ 115 (DAL (2.

a<t

where ¢(A)=(1|gl)~* log[A gl +1], because a~'log(a+1) is a decreasing
function of a>0 and h, < ||g|. Hence the left side of (6.2) is dominated by

lim Tim EP {exp[ - ¢(2) 2 Y. h,(Z,)]}

aA<T

which has value zero because of (6.1) and the fact ¢(4) A —o0 as A —o0.

The rest of the section is devoted to the proof of (6.1). For this we need to
define a stochastic process in which are imbedded all the generalized random
walks Z®. Thisis in fact the projective limit process of the sequence of processes Z
in the sense of Bochner [4]; it is entirely similar to the one defined in Dawson [5].
That this projective limit process exists is of course because there is a natural
imbedding of Z™ in Z® for each pair n<k. First recall that #' = [ K,, K, =K,

<

is the common sample space of the Z™ and the Z, are the coordinate mappings
on ¥. For each n let o, be the stopping time on (¥#; Z,) defined by: 6,=1p,, ., if

Z,=x.Leto,,, a<m, be the iterates of 0, i.e., 6,0=0, 0, , 1.1 =0,,+0,(0,, ), and
0y =5Up 0, for a limit ordinal a.
f<a :
0
Definition. Let %, ={w,e# |0,,(wo)=a for all a<n}; #,,= [ | #;; , be the

n=1
projection of #,, to #,; Z"=2Z,om, for a<n; 1™ =1om, for a stopping time on
W, 2,); Z"=2Z, omn, for such 1.

Definition. Let %, = {we¥_|Z"*V(w)=Z (w) for all n21, a=n}; &, be the
o-field on #, generated by Z%, a<n; & be the minimal o-field containing all
the 7.

n,: W, — W, is onto. For each x, since Q% (#,)=1, Q¥ o, ! defines a proba-
bility measure on .. Now clearly %, <%, ,. From the fact 97'*"[Z(s,)eB]=
Hp, (v, B)=0%[Z,€B] and the left continuity of Z™ and Z"*D one obtains
by induction

Qr+Y[Z(0,,)eB;, 1Si<1=0P[Z(a)eB;, 1 Zi<]];

no;
thus Q"+ Vor 1, =0Mon, ! on . Using the Kolmogorov extension theorem
we obtain probability measures Q* on (#,,, &) such that

0*(N)=0"(n; (1), Aed,.

n
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The triple Z®'=(#,, 2™, 0%), where n21, «<n, xeK, is the projective limit
process of the sequence Z™. With a fixed n (%}, Z®, Q%) is a process equivalent
to Z™. The Markov property of the Z™ gives rise to a Markov property of Z(*;
to state it we need to introduce some o-fields.

Definition. For a stopping time on (¥, Z,), let Z™ be the o-field (on #.)
generated by sets of the form {Z"eB, a <1™}; 4 be the o-field generated by
sets of the form {Z®WeB, a<0o¥,,}, k=n, where o ., (W) =0%, ., (W).

Observe that for t=1,, with De %, or t=0,,,, where m=n, or for other similar
stopping times 1, Z® < £® for k>n and %™ is the minimal o-field containing
all Z® with k=n.

Definition. The shift operators ,,, « <7, n= 1, on #,, are defined by requiring
ZP0,,w)=2Z¥  w)forallkzn, f<nu.

It is easily seen that 0, is well-defined: for each we ¥, there is a unique 0, ,w
with the required property. The Markov property of Z(®) can now be stated as
follows: for a stopping time 7 on (#, Z,) and a bounded real &-measurable 5

E*{n(0, .0)| %™} =E#" {1} (6.3)

for any x, where E* stands for expectation with respect to Q*. This is easily proved
from the (strong) Markov property of the Z™. In order to facilitate understanding
of what we do we shall interprete things in terms of the to-be-constructed process.
Z) is a process that provides all the information about the trajectories of the
to-be-constructed process. Thus stopping times of the latter defined from hitting
times have a meaning in Z'®, and (6.3) states the strong Markov property at
certain such times.

We can now begin the proof of (6.1). Thus we assume D is a fixed set in 9
and x is a fixed point in K —D. Without loss of generality we may assume De %, ;
hence D= D(n, y) for y¢D and n=>1.

Definition. Writing  for 7,,, we define functions &,, £ on #, and u on K as
follows: e~ ¥ h2;  ¢=lime;  u()=Q[E=0].

a<tn)

Note that if yeD, then 1™ =0 a.s. Q” for all n; hence u(y)=1. From the next
proposition &, — £ a.s. Q7 for any y. ¢ is the hitting time of D for the to-be-con-
structed process if sample points whose paths have the same trajectory are
identified.

Proposition 6.1. (i) E” {¢,} =g, (y); (i) {&,, Z™, n=1} is a uniformly integrable
martingale with respect to Q°, for any y.

Proof. E*{¢}=EP{Y h,(Z)=g,(y) by (4.10) and the definition of Q7.

a<t

For (ii) we have observed £" < Z"*Y. To prove the martingale equality it
suffices to show EV’{ Y h,(Z,); A} =ESD{Y h,, (Z,); A’} where A={Z(x)eB,,

<1, 1<i<j} and A'={Z(s,,)eB;, 0,, <7, | Si<j}. But this is easily deduced

from the fact E®+V{ Y h, . (Z)}=h,(z) (see (4.10)). It remains to show the

AL Ty

uniform integrability. For arbitrary n and a>0 let t,=inf{a<t| Y h,(Z;)2a} if
B<a

Sa Z. Wahrscheinlichkeitstheorie verw. Geb., Bd. 18
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there is such o, and =t otherwise. Since h,<g we have Y h,(Z")<a+]gll.
Hence if b>a+|g| a<y

E{¢,—a; &, >y SEY{E,—a; <™}
=E{ Y h(Z") —a+ER[E,]; 10 <)

a<tg)

<E’{|gl +gp(Z); 7" <™}
<2llg| @’ L&,z al.
Now if a®>>a+ | g||, then using (i) we have
EP{¢,; &>’ =F{¢,—a; E>a’t +aQ[¢,>a’]

£0) ., 80
a

=2|gl- "

and the uniform integrability of {£,} with respect to Q” follows.

It follows from the above proposition that £, — & a.s. Q7 for every y. Hence (i)
of the following proposition is immediate from the definition of Q*.
Proposition 6.2. (i) u(y)= lilr(r)l lim QW[ ¥ h,(Z,)<e]; (i) u is upper semi-

a<t

continuous; (iii) for D'e G, with D D', Hp uzu.

Proof. From Corollary 5.4 the functions £, (y)=E® {H

a<tT

(uniformly) to a continuous function f,(y) as n-—o0. Now

foi0)=E{exp(— Y log[Ah(Z{+1])}.

o< ()

For c=c(A)=(1|gl)~" log[Ah,(Z")+ 1] we have
ché=ci Y h(ZM< Y log[ih(ZP)+1]

e (Z,)

m} converge

o<t a< ()
<i Z h (ZMy=)¢,
a<t®)

(as noted in the proof of Proposition 5.5 a~1log(a+1) is decreasing for a>0,
and it is bounded above by 1). Now as n — oo, the first and last expressions above
converge respectively to ¢ A ¢ and A ¢ a.s. Q¥. Hence for any y, E? {exp(—c1{)} =
fi(9)ZE? {exp(—A&)}. Let A,—a0 be such that 7,<|g| " log(4,  [gll+1)=
¢(Aps1) Awsr- Then f; = f,  and it follows that lim f; is upper semi-continuous.

But clearly lim f; (y)=lim E” {exp(—4, &)} =Q*[{=0]=u(y). It remains to prove
(iii). Let D'e 9, Clearly £ = (0, rg))- Hence by the Markov property (6.3) and (4.8)
u(y)=Q [E=0]1< B {Q%> [¢=01} = Hp (v, d2) u(2).

In view of (i) above (6.1) is the same as u(x)=0. We now assume
u(x)>0 (6.4)

and shall prove that it contradicts hypothesis 7). Because of (ii) of the above
proposition, the set 4= {y|u(y)=u(x)/2} is closed. We have xe 4 and D < 4 since
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u=1on D.Let Ay=A—D. Let D, be the largest set in %, disjoint from A4,, i.e.,
D,=(K—-U)u4 where U= {U,;|V,;nAy,*0}. Then DcD,c---<D,1K—-A4,
since diam U,; < 1/n.

Proposition 6.3. There exists e>0 such that Hy, (x, D)>¢ for all n.
Proof. By (iii) of Proposition 6.2 and the fact u=1on Dand u<u(x)/2on D,—D
u(x)

u(0) =] Hp, (x, dy) u() S~ Hp, (x, K — D)+ Hp, (x, D)
- “(2’“) + (1— ”(zx)) H, (x, D).

The proposition follows with ¢ =u(x)/(3 — u(x)), which is positive by (6.4).
The proof of the next proposition will take the rest of the section.
Proposition 6.4. g, (x)]0.

As soon as this proposition is established, the proof of (6.1) will be complete.
For Propositions 6.3 and 6.4 together violate hypothesis 7) with U=K —D and
thus show the absurdity of the assumption (6.4). In terms of the to-be-constructed
process, that (6.1) implies Proposition 6.4 means that if the process starting at x
hits D immediately with positive probability, then it leaves 4, immediately with
probability one.

Definition. For n>1 and a <= let G,, be the minimum of ¢,, and ¢ and define
for k>
orEsn Ema k)= S h(Z%);  E(n o)=lim E(n, o, k).

a<al) k

Just as in Proposition 6.1 one shows that {&(n, «, k), k=n} is a martingale
with respect to any @”, and it is uniformly integrable since &(n, o, k) < ¢,. Hence
E(m, o, k)— E(n, o) a.s. @ for any y. In terms of the to-be-constructed process
(with the aforementioned identifying of sample points), £(n, «) is the minimum of
the hitting time of D and the «-th iterate of the time 7, that equals the hitting time
D(n,y) when the starting point is y. Note that &(n, a)+£&(n, )6, )=E,(n, 0+ p)
a.s. Q.

Definition. Let 7,=1,, and set

La=Em 7 )= ) m(Z), kzn,

a<r§l")
gn:_li_km é,,,k: 6(7’1, _L.in)).

For the same reason as in Proposition 6.1 {{,,, k=n} is a uniformly integrable
martingale with respect to any Q” and gp, (v)=E*{{,,} =E*{{,} ({, is of course
the hitting time of D, for the to-be-constructed process). Hence Proposition 6.4
will follow if we show {,] 0 a.s. Q¥ (that {, decreases is of course trivial).

Definition. Let
y,=inf{a<t™|E(n, 0)>0}  if there is such «,

=t otherwise;

mp=&(n,y,);  n=limn,.

5b Z Wahrscheinlichkeitstheorie verw. Geb., Bd. 18



68 C.T. Shih:

Of course #,, decreases, so that its limit exists. It will be shown that y=0a.s. Q¥
for any y. Thus 7,10 a.s. Q”. Then we show that a.s. 0%, Z"¢ 4, for infinitely
many #. But (as will be explained) if Z‘y’:) (w)eD,, for some m=n then 5,,(w) =, (w).
Hence we must have {,]0 a.s. Q*. To prove 0*[n=0]=1 for any y we need the
following lemmas. We shall call a point y instantaneous if the infimum of g(y)
over Fe% not containing y is zero. By the fact g | if F1 (see (2.2)), y is instanta-
neous if and only if g, ,,(¥) 0.

Lemma 6.5. (i) Every yeA, is instantaneous; (i) if y is instantaneous, then
sup {h,(2)|z¢ D (n, y)} Ssup gpp, 1 0-

Proof. If yeA,, then h,(Z,)=¢,—0 with positive @’-probability. Since
Zy,=ya.s. Q” we must have gp, ,(¥)=h,(y)] 0. Thus (i) is proved. The inequality
in (ii) is because for z¢D(n, y), D(n, y)=D(n,z) and hence h,(z)=gp, »(2)<
2o, y(2)- Iy is instantaneous, then for a given £> 0 there is k such that g ,,(¥) <e.
By the continuity of gy, , there exists n=k with K—D(n, y)={gp, , <&} Now

2o,y <&
Lemma 6.6. sup {h,(y)|y¢D,} | 0.

Proof. Recall D,=(K — U,)u 4 where U,=| ) {U,,|V,;n A, +0}. Let e>0. There
is a neighborhood V of D such that g, <& on V. We may assume V is the union
of some of the U,; for a fixed k. Now by Lemma 6.5 and the compactness of
A,—V there exists n=k such that h,(y)<e for yeU = J{U,|V,;n (4, —V)£0}.
On the other hand, if yeU,— U, then ye U,; for some i such that V,n V' £0; since
U,V we have h,(y)<g,(y)<s. Hence sup{h,(y)ly¢D,} <e.

Lemma 6.7. 0°[{,>0 and y, is a limit ordinal}=0 for all y and n.

Proof. Let a,,To. Then since {£(n, §, k), k= n} is a uniformly integrable martin-
gale with respect to Q

B {&(n, o)} = EY{E (n, o, M} TE {C(n, o0, n)} = BV {E(n, )5

Since £(n, B) increases with § we have &(n, o,)1¢(n, @) a.s. Q°. The lemma follows.
Proposition 6.8. Q°[n=0]1=1 for all y.

Proof. Let ¢>0 and 6>0. For a fixed positive integer N define stopping times
A,, n=N, by setting A, =inf{a<t{|E(n, o, n)=5} if there is such o, and =1{’
otherwise. Let yy=predecessor of yy if it has one, and =7y, otherwise. Then by
Lemma 6.7 ¢(N,yy)=0a.s.Q". Now &(m, o\’ )=C(W,yy) for mzN. Since
E(m, a, n) — E(m, o) a.s. Q7 and since there are only countably many pairs (m, «),
we have

Y, <o, . 1—>0 as n—oo0. (6.5)
s YN

Now let N be so large that sup {hy(z)|z¢ Dy} <& (Lemma 6.6). Define for n= N
A=A, + 24,0, ;) if A, <t and =1’ otherwise. Then since &, decreases we clearly

have
En, A, M) =2(6+¢0). (6.6)
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On the other hand, for n=N
£0>E* {hy(ZP); A, <

(n)
=B {E™[ T h(Z™]; A<t

a<oly

=Ey{ 2 hn(Zgzn) ° 6n, ln);/‘Ln<TI(\;l)};
hence e
e>Q A<y, Y h(ZPe0, ,)25]

a<alP

=Q [N, <t 0P o8, , 24l 6.7)
206V, S A, <1, A, +O'(")06 =y

ZQ o), S, <t 0%, Z A

The last inequality is because that, if ¢, <4,<0o%, , then 1, +o¥ <0, ,
oy, This follows in turn from the followmg (U,, V,)<(Uy, VN) SO that 1f
Z{PeVy,, then for 1,<a<oy o0, , we have ZIeUy,. Now by (6.5) we can
choose n, = N so large that Q’[24, <o’1‘§’)y J<e for n>n1 From this and (6.7) we
obtain Q’[4,<a¥, 1<2¢ for n=n,. This together with (6.6) yields

Qy[nN>2(5+sa)]=Qy[@f noW, ,n)>2(5+¢d)]

N, yn?

<Q[lim &(n, A, m)>2(5+¢6)]+2e=2e.

The proposition now follows from the arbitrariness of § and .

Let n,=#,—n,,,. From the above proposition 1,= )_ #1; a.s. Q*. Observe that
for k<n,m=<&—n,=E(0,,)a.s. Q° for any y. k=n

Proposition 6.9. Q*[Z"e A, for all nZN]=0 for Nx1.

Proof. Suppose the probability is positive for some N. Then since Z(y’fl’ is in

D, and thus not in 4, when #,=0, there exist N=n,<n <---<n,<--- such that
Q7(A,) is positive, with 4,,, mz0, defined as follows:

A,={Z0%) ed,and Y 5,>0forall k=m}

y (e
MeSn<ng+

where we have written y,, as y(n,). By the remark preceeding the proposition,
the Markov property of Z*) applied at the times y(n,) (an extension of (6.3)),
and the fact u=u(x)/2 on A4,

Qx(/lo)éEx{QZ(y"(;)l)[f>O]; Al}:Ex{l—u(Z('”) A}

V(m)
<(1—u(x)/2) 0¥ (A) (1 —u(x)/2) Ex{Q V("Z)[§>O] s AL}
< =(T-ux)2)Q¥(4,)

for any m. Since u(x)>0 we have a contradiction.
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Now we can complete the proof of Proposition 6.4 and thus that of (6.1) by
showing {,|0a.s. 0% If 2= Z{(w)¢ A4,, then ze D,, for some m=n and so o' (w)=
7 (w), which implies

Ma (W)= (0, 7,) (W) Z £ (m, 377) (W)=, (w).

Thus, since 1,0 a.s. Q% (Proposition 6.8), Proposition 6.9 implies {,{0a.s. Q*.

7. Hitting Distributions and the Expected Lifetime of X

We shall now prove that the process X®'=(X,, P{*)) found in Section 5 is
the desired process.

Proposition 7.1. E {T,} = g(x) for every x.

Proof. Choose D, e%,, such that 4 is in the interior of D, and D,|4. Let
€%, satisfy 0L f, <1 and f,=1 on K—D,. Then for a fixed k and all sufficiently

large n (
80 () =EP{T,} SRY fL () SEP (T} =g(x)

from (4.9) and (4.10). Letting n— o0 we obtain g, (x)SR§” f,(x)<g(x). Since
g(x)—gp,(x)=Hp, g(x)= max g(y)—0as k— oo, we must have ﬁ,{n RE fi(x)=g(x).
yeli

The proposition follows since the limit is E™ {T,}.

Next we show that H{®(x, *)=Hp(x, ) for all xeK and De2, where
H§? (x, B)=P[X(T,)eB]. As in [9] we shall make use of Theorem 3.1 of
Skorokhod [13] on the family of processes X™, 1<n< 0. Note that they have
been defined on the same sample space 2 and with the same random variables
X,. Skorokhod’s theorem is stated for the case where the time set of the proc-
esses in question is [0, 1]. However Stone’s method in [14] can be used to
extend it to cover our case. Now from Proposition 5.7 the processes X™, 1 <n< o0,
satisfy the following uniform regularity condition: for any 6>0

lim sup sup sup P”[X,eE(x,8)]=0.

cl0 1E=nsw O0fLt<c xeK

This condition is sufficient for applying Skorokhod’s theorem, which gives the
following: if the finite dimensional distributions of X™ converge weakly to the
corresponding ones of X under the common initial distribution ¢_ (the unit
mass at x), then for any bounded real function ¢ on Q that is J,-continuous except
on a subset of P/°)-measure zero, we have

EQ{¢} > E{¢}. (7.1)

The J,-topology on @ is defined as follows: w, converges to  in the J,-topology
if and only if there exist continuous one-to-one functions o,: [0, ©0)— [0, )
such that for each s>0

sup lo,()—t|—>0 and sup p(w,(t), w(0,(1))) >0
O0=t=s 0<t<s

as n— 00. We can apply Skorokhod’s theorem since the required weak conver-
gence of finite dimensional distributions holds from Proposition 5.9.
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Let De2, where N is any positive integer and let x be fixed. We shall show
H§(x,*)=Hp,(x,*). Let U={y|p(y,D)<r} for a positive r, where p(y, D)=
inf{p(y, z)| ze D}.

Lemma 7.2. For s>0 there is r, 0<r<s, such that P°)[T; < T, 1=0.

Proof. If not, then one easily obtains E{*{T,}= oo, contradicting Proposi-
tion 7.1.

Lemma 7.3. Given fc% and ¢>0 there exists s>0 such that for 0<r<s and
nZN, || HE) (x,dy) f()—Hp f() <2 f + De.

Proof. Let § >0 be such that if p(y, 2)<d then | f(y)—f(2)] <. From hypothe-
sis 5) it is easy to obtain s> 0 such that

Hp(y, E(y, ) <e (7.2)

for all yeU,. Now if 0<r<s and n= N, then since H,, f=HY f we have

1§ HE) (x, dy) £ )= Hp f ()| =I] HE) (x, dy) £ )~ [ H(x. dy) f3)]
=E/(X(T)) ~ HP (X (Ty)); Ty, < 0

by the strong Markov property of X™. But from (7.2) it is easily seen that the
above integrand is less than e+2¢ | 1.

Proposition 7.4. H{*)(x, *)=H,(x, *) for xeK and De2,,.

Proof. Let D and x be as above. Let fe%. Suppose r>0 to be such that
B[ Ty < T, 1=0. Let E={y|p(y, U)<1/k}. Then T 1T; a.s. P’ as k— oo
since X isa Hunt process. Let A={Ty; < Ty, } U {liin Ty, < Tg.}- Then P (A4)=0.

Define ¢ on Q by setting ¢=f(X(Ty,)) if T;, < oo and ¢=0 otherwise. It is easily
checked that if w¢A, then ¢ is J;-continuous at w. By (7.1) we then have
HY f(x)—H{? f(x). Now in view of Lemma 7.2 we can choose r,,|0 such that
P;§°°)[T[—,rm<TUrm]=0 for all m. Then the above convergence and Lemma 7.3

implies that HS® f(x)— H,, f(x). Since also HS" f(x)— Hy, f(x) by the quasi-
left-continuity of X' and Proposition 7.1, we have HS” f(x)=H, f(x). The
proposition is proved since f, D and x are arbitrary.

Corollary 7.5. HS(x, *)=H,(x, *) for xeK, De 9.

Proof. Let D,€2,, be such that D,|D. Then for fe¥%, H5 f(x)—HS> f(x).
On the other hand, from (7.2) we easily obtain H,, f(x)-— Hp f(x). Hence by the
previous proposition Hg® f(x)=H, f (x).

Now Theorem 2 is completely proved except for the uniqueness assertion.
But this is easy, since if another Hunt process on K has the same hitting distribu-
tions on the sets in & and the same expected lifetime as X(®), starting at every
xe K, then clearly it has the same resolvent on %, as X, and thus by the unique-
ness part of the Hille-Y oshida theorem (see the paragraph following Corollary 5.6)
it has the same transition operators on %, as X and is therefore equivalent
to X,
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