Zeitschrift fur

Z. Wahrscheinlichkeitstheorie verw. Gebiete Wahrscheinlichkeitstheorie
35,103 —-113 (1976) und verwandte Gebiete

© by Springer-Verlag 1976

Estimating a Mean from Delayed Observations

Norman Starr!*, Robert Wardrop 2, and Michael Woodroofe! *

! Statistics Department, University of Michigan, Ann Arbor, Mich. 48104, USA
2 Department of Statistics, University of Wisconsin, Madison

Section 1. Introduction

We consider a class of estimation problems for which the collection of data is not
entirely under our control, but depends also on an element of chance. In particular,
we are interested in data which, no matter how we choose to manipulate our
environment, is forthcoming only at random times.

For example, in studying the in situ effectiveness of experimental safety
devices (such as passive air cushion restraints) relevant data may become available
only as a result of accidents. Medical data (such as data on drug abuse or an asymp-
tomatic disease) can sometimes only be obtained when patients voluntarily seek
help or are somehow otherwise identified and examined, at random times. Other
examples we have in mind are data collected in response to a mail survey or mail-
order campaign, data concerning objects uncovered at random times at an arche-
ological site, and data resulting from an undersea survey of containerized radio-
active waste (see Dyer (1975), for example).

We will consider a relatively simple form of such problems—namely, the

estimation of a normal mean. Let y,, ..., y, be independent normally distributed
random variables with unknown mean 6 and known variance g2. We suppose that
y; is observed at time ¢;, where 0<t, £t,<---<t,, and ¢, ..., t, are independent
of i, ..., y.- We will, in fact, suppose that ¢, , ..., t, are the order statistics of positive
exchangeable random variables x,, ..., x,, which are independent of y,, ..., y,,
so that
n
k(t)= _le[o, (%) (1.1)
iz

denotes the number of observations which have been made by time ¢=0.

For the present suppose that we agree to take at least one observation and to
estimate 0 by the average of the observed y-values at the time when we stop.
Suppose also that the loss due to estimation error is squared error loss and that
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it costs ¢ units to observe the process for unit time. If we observe the process for ¢
units of time, then the conditional expected loss, given k(s), s<t, is

2 k(t) " +ct. 1.2)

We are thus led to a stopping problem: find a stopping time t which minimizes
the expected value of (1.2).

In Sections 2 and 3 of this paper we will consider the more general problem
of finding a stopping time to maximize

E{h[k(t)]—c7} (1.3)

with respect to stopping times . We obtain explicit solutions for a large class of
possible h and a large class of possible distributions for x,, ..., x,. In Section 4
we apply the results of Sections 2 and 3 to the estimation problem discussed
above. In Section 5 we propose an adaptive strategy for the estimation problem.
The adaptive strategy requires only minimal knowledge of the distribution of
X, ..., X, and performs nearly as well as is possible when » is large.

The problem of minimizing (1.3) with respect to stopping times 7 is of independ-
ent interest. It has been considered by Taylor (1968), Starr (1970), Wardrop (1974),
and Starr and Woodroofe (1974).

Section 2. Optimal Stopping : Known F

In this section we suppose that x,, ..., x,, are independent random variables with
a common distribution function F. Further, we suppose that F(0)=0; that F(t)>0
for ¢ >0; that F is absolutely continuous with density f; and that f is the right hand
derivative of F on (0, c0). We denote the class of such F by 4.

Let h be a given extended real values function on E,={0,1, ..., n} for which
n0)< oo and (k)| <oo for k=1, and let

2 =hk(t)] ~ct

for t=0. We regard z,(¢) as our payoff if we stop the process at time ¢. Let y,, ..., y,
be random variables (or vectors) which are independent of x,, ..., x,,, and let

g’;=0{k($),$§t,yl,...,yk(t)} (21)

be the information which is available to us at time ¢. By a stopping time we will
mean an extended random variable 7 for which 0<t<oo wp.1 and {t>t}e
for all t=0. We seek a stopping time which will maximize

V() =E{z)(7)}

with respect to 7. We denote the supremum of V() with respect to 7 by V,(n, F).

Let b=sup {t: F(t)<1}, and p(z)=f(2)/[1 —F(z)], 0= z<b, denote the failure
rate. It is easy to check that k(t), 0=<t<b, is a non-stationary Markov chain with
respect to &, 0<t<b and that its characteristic operator is given by

A, g(k)=(n—k)p(t) [g(k+ 1) —g(k)]

for ke E, and all real-valued functions g on E,.
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Theorem 2.1. Suppose that h(k+1)—h(k) is non-increasing for k<n—1 and that
Fe% has a non-increasing failure rate. Then V(1) is maximized by

,=inf {£=0: A,h[k@]<c}. 2.2)

Proof. The proof follows Ross (1971). Suppose first that h(0) is finite. Then Dynkin’s
formula [Breiman (1968), p. 376] and a simple truncation argument show that

Vi(t)=h(0)=E {f (4;hk(5)] - c)d t} (23)
0

for all stopping times =. In particular, it follows from (2.3) that ¥} (t,) Z h(0) > — oo,
so that E {z,} < c0. Next observe that, by assumption, 4,h[k(¢)] is a non-increasing
function of t. Thus, if 7 is any other stopping time then

Th T

B -V@= | {f <Ath[k(z)1—c)dt}dp+ j {y(A,h[k(r)]—c)dz}dPgo,
{fm>1} s {r>t}

so that 7, is optimal.

If h(0)= — o and E{t;} =00, then V,(t)=—co for all 7, so that 1, is trivially
optimal; and if h(0)= — oo and E {t;} < o0, then it suffices to maximize ¥;(7) with
respect to t for which t2t, w.p.1. For such 7, Dynkin’s formula and a simple
truncation argument yield

V() — Vh(tl)zE{f(Ath[k(t)]_c)dl}y

and the argument proceeds as above.

Example 2.1. If F is an exponential distribution, say F(f)=1—e * for t 20, 7,=¢,,
where r is the least integer k for which (n—k)[h(k+1)—h(k)]<ca?, and the
optimal payoff is
Vi, 0)=h(r)— > c/a(n—k+1).
K=t
Lemma 2.1. If Fe¥% and Ge¥ and F(t)SG(¢t) for all t 20, then V(n, F)<V(n, G) for
alln=1.

Proof There are independent random variables u, ..., u, which are uniformly
distributed on [0, 1] and functions f=g for which x;=f(u;) and y,=g(u;) have
distributions F and G respectively. See Lehmann (1959), page 73. The lemma
follows easily.

Theorem 2.2. If F has non-increasing (non-decreasing) failure rate and if o= p(0)
is finite and positive, then V(n, F)S(2) V¥ (n, «).

Proof. Let G be the exponential distribution with parameter o If F has non-
increasing (non-decreasing) failure rate, then F(t)=<(=)G(t) for all t=0. The
theorem now follows easily from Lemma 2.1.

For later reference, we mention the following extension of Lemma 2.1.
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Lemma 2.2. For 6 >0, let W(n, F) be the supremum of V(1) over all stopping times
tfor whicht1< 6. If Fe% and Ge % and F(t) £ G(t) for 0Lt £9, then W(n, F)Z W(n, G).

The proof involves showing that the functions f and g (in the proof of Lemma
2.1) may be so chosen that f(u) = g(u) when f(u) <6, and this is easily accomplished.

Section 3. Optimal Stopping : Bayesian Formulation

In this section we suppose that xy, ..., x, are conditionally independent and ex-
ponentially distributed with parameter w, given that W=w, where W is a random
variable which has the gamma distribution with parameters « and f. That is,
W has density

fw)=T)~" prw*~te " 3.1

for w>0. Such a model might be appropriate if x,, ..., x, were exponentially
distributed with an unknown parameter w, and if w were given its conjugate
prior distribution. It is easy to see that the conditional distribution of W given %,
is again a gamma distribution, but with new parameters,
k()
w=o+k(t) and B,=f+ Y t;+n—k(®)t. (3.2)
i=1
We denote the prior parameters of (3.1) by o, and f,, and «p+n by m. [t is then
easy to check that (e, ), t=0, is a stationary Markov process with characteristic
operator

Af(a, py=(m—a)f" (o, p)+ B~ a(m—o)Lf e+ 1, B~ f(a, B)]

where ’ denotes differentiation with respect to f. The domain of 4 includes all f
which are continuously differentiable in § for each «.

As in the previous section, we let /i be a non-decreasing function on {o, ..., m}.
We require that |h(x) < oo for a>a, but allow the possibility that h(xg)= —co.
We also let

V(@) =E{h(2)—1}
for stopping times 7.

Theorem 3.1. Suppose that ofm—o)[h(a+1)—h(x)] is non-increasing for o=
og, ..., m—1. Then V(1) is maximized by

1, =mnf {t=0: Ah(o,, B)Zc}.

The proof of Theorem 3.1 is similar to that of Theorem 2.1 and will be omitted.
We observe that 1, may be written in the form

tp=inf {t=0: (n—k(®) [h(e, +1)—h(a)Iw,=c}.
where w,=E {W|%} is the Bayes estimate of W at time ¢t. (cf. (2.2))
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Examples. 1) If h(x)= —a %, then the condition of Theorem 3.1 is satisfied, since
am—o)[ha+1)—h(a)]=(m—a)/(x+1). This example will arise in the next
section.

i) If h(x)=0o, then the condition of Theorem 3.1 is satisfied if, and only if,
oo >n/2.

Let Vi(xq, fo)=sup V(1) denote the optimal payoff. If c=1 and the hypotheses
of Theorem 3.1 are satisfied then we may compute V; explicitly. Let

Ya=0(m—a)[h(a+1)—h(a)]
so that the continuation region for the optimal rule 7, is
G ={(a, B): B<7a}-
If h(xg)> — o0, then V, satisfies the equation
AV, (a, f)=0 (@ e,
Valo, By =hle) B2y,

Theorem 3.2. Suppose that hypotheses of Theorem 3.1 are satisfied and that h(x,) >
— 0. Then

Valo, B)=h{a+k+1)+ 5 Zock,,-(d) [Vasx—BY

Jj=

Jor Vaini1SP<Vyp and k=0,...,m—a—1 and a<m—1. Here the coefficients
¢y, ; are defined inductively by

k-1

cr o=y, Sk [hla+k)—h(a+k+1)]+ Z Cr 1. (O [Varr1 ~Yaurl
j=o
and

e ) =0j ey jq(@+1)

forj=1,..., k.

Proof. Let g,(0)=y *V,(a, p) for y>0 and a=ay, ..., m. Then
g:(y)=—ag. 1 (y)

forO<y<y,anda<m—1and g, (y)=h(m)y " for y>0. Thus,fory, . ;. Sy <, .«

Vet+k

gfx(y) zga(erq«—k)_i_ j “ga+1(u)du .
y

The theorem now follows by a straightforward, if tedious, induction.

Section 4. Estimation with Delayed Observations

In this section we consider the problem of estimating the mean of a normal
distribution when the observations become available at random times. Thus,
let y;, ..., y, be independent normally distributed random variables with unknown



108 N. Starr et al.

mean 6 and known variance 2. We suppose that y, is observed at time ¢;,i=1, ..., n,
where ¢, ..., t, are the order statistics of positive exchangeable random variables
Xy, ..., X, Which are independent of y,,...,y,. We suppose further that we may
observe the process as long as we please: that when we stop, we must report an
estimate 0 of §; and that if we stop at time ¢ and report the estimate 8, we incur
the loss

L=0-0?%+ct,

where ¢>0.

We will first adopt a Bayesin approach by placing a prior distribution over 6.
More formally, we invent a random variable ® with distribution = and suppose
that conditionally given @ =46, y,, ..., y, are independent normal random variables
with mean 6 and variance ¢* and that (@, y,, ..., y,) are independent of x,, ..., X,.
We denote unconditional probability by P* and conditional probability given
© =0 by F,, and we suppose that E"{0?} <.

Let #, =0 {k(s),s=t,ys,..., Yun} be the information available to us at time ¢,
as in (2.1). By a strategy, we will understand a pair 6 =(f, 1), where 7 is a stopping
time and 0 is an %-measurable random variable. The risk function and Bayes’
risk of the strategy J are then defined by

r(3,0)=E{L} and ¥(5,n)=E*{L}

respectively.

It is clear that for any stopping time t,7(,n) is minimized by letting § =
E{®\%} be the conditional expectation of @ given Z,. Thus, the problem of
finding a Bayes’ rule may be reduced to an optimal stopping problem. In the special
case that z is a normal distribution, the stopping problem is of the form considered
in Sections 2 and 3.

Lemma 4.1. Suppose that n is the normal distribution with mean m, and variance 3.
If T is any stopping time then the conditional distribution of @ given %, is normal
with mean ‘

m.=[o5*mo+o " *(y, + - +Yk(z))]/(062+k(’5)0"2)
and variance 1/(o5 % +k(t)6~2).

Proof. When 1 is a constant, the lemma follows directly from Bayes’ theorem.
The transition from constants to stopping times then follows from the Strong
Markov property.

Thus, if 7 is the normal distribution with mean m, and variance ¢3, then the
problem of finding a Bayes’ rule reduces to the problem of minimizing

U™(e, ©)=E"{c*(¢+ k(1)) +c1}

with respect to t, where e=02/63. If x,, ..., x, are independent with a common
distribution function Fe¥, and if F has a non-increasing failure rate, this is a
special case of the problem which was considered in Section 2; and it follows from
Theorem 2.1 that for any prior = (not just normal priors) U”(g, 7) is minimized by

,=inf {¢=0: [n—k(®]p(t) Sco2[e+ k(O] [e+k(@)+1T}. (4.1)
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It also follows from Theorem 2.1 that U"(s, t.) is independent of . As a consequence,
we have

Theorem 4.1. Suppose that F €% has non-increasing failure rate p. If m, is the normal
distribution with mean mq and variance o3 =a?%/e, where 0 < &< o0, then the Bayes’
strategy is 0,=(m,, 1,).

It seems natural to ask whether the strategy J, is minimax. The answer is
provided by

Theorem 4.2. If E{t,} < o0, then d, is minimax.

Proof. When r is degenerate at 0, we will write U for U”. Then, as remarked above,
7(6,, m,)=Ul(s, 1,). Also, it is easy to see that r(dq, 0)=U(0, 7o) is a finite constant.
Thus, it will suffice to show that

Ule, 7,)— U(0, 1)

as ¢—0. See, for example, Ferguson (1967), page 90. To establish (4.1), let ¥ =
max {t;, 7,}. Then, since 7, is optimal, we have U(0, 7o) S U(0, t¥), so that

0 é U(O7 TO) _?(525 Tca) é U(09 T.:,k) - U(Sa Ts) é 80'2 + j C(T::k - Te)dPO .
{tk > e}
Now the event {t*>1.} can occur only if 7,<¢, in which case 7¥f —71,5¢t; —1,.
Thus, since E{t,} < oo, it will suffice to show that lim By {t,>t,} =0 as £é—-0. Since

8—1 })0 {tl > Ts} é U(ﬁ, Ts) é U(Oa TO) <0 (42)

for £>0, the theorem follows.

As a corollary to Theorem 4.2 it is easily seen that the strategy J, is best among
all strategies which are invariant with respect to translations of y, ..., y,. Indeed,
3, 18 invariant, and any invariant rule has a constant risk function.

One may formulate a similar result if x,, ..., x, are conditionally independent
exponential random variables with unknown parameter w and w has the (con-
jugate prior) gamma distribution with parameters ac>0 and >0, as in Section 3.
Let

T,=inf {t=0: m—a)ou, i  <co 2 [e+ k()] [e+k(®)+1]
for >0, where ¢, and g, are as in (3.2).

Theorem 4.3. Suppose that the distribution of x,, ..., x,, is as described in Section 3.
Then for sufficiently small £>0, 6,=(m,_, t,) is Bayes’ with respect io T,.

Proof. The proof of Theorem 4.3 is similar to that of Theorem 4.1 and will be
omitted.

Section 5. An Adaptive Rule

The strategies developed in Theorem 4.1 and 4.2 require that F, the common
distribution function of x,, ..., x,, be known exactly (and have a non-increasing
failure rate). The strategy of Theorem 4.3 allows F to be unknown, but requires
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it to be an exponential distribution. In this section we will develop an adaptive
strategy which requires knowledge of neither n nor F and performs nearly as
well as is possible when n is large for a large class of F.

As in Section 4, let y,, ..., y, be independent random variables which are
independent of x,, ..., x, and have a common normal distribution with unknown
mean feR and known variance a”>0. In this section we will only consider
strategies ¢=(0, 1) for which t2¢; and 0=(y, + -+ yy»)/k(r). The minimum
risk for such strategies is then

V(n, F)y=inf E{c* k(1) "' +c1}, 5.0
whete the infimum extends over all stopping times (with respect to % =o{k(s),
SSL Vis s Ve
Theorem 5.1. Suppose that Fe% has a failure rate p which is positive and continuous
on [0, n) for some n>0. Let a=p(0) and a=ar=cfa. Then

lim inf1/n- V(n, F)=201/a
as n— oo.
Proof. Let 0 <g<o be given and let 6 >0 be so small that |p(f) —o| <& for 0t <o.
Also let h(k)=0?/(k+1) for k=0,...,n If ¢ is any stopping time and if 1;=
min {z, J}, then

E{o? k() ' +ct} ZE{h[k()]+c1}

2 E{hk(t5)]+ct, — E{h[k(3)]}.

It is easy to see that E{h[k(8)]} =0(n"') as n— co. Thus, letting W(n, F) be the
infimum of E{h[k(z)]+c} over all stopping times 1=<J, we find that

Vin, F)= W(n, F)-0(n=1).
Next let G(f)=1—exp {—(a+¢)t} for t=0, so that F(£)< G(t) for 0=<¢<4. Then
W(n, F)= W(n, G), by Lemma 2.2, so that

Vin, F)Z V(n, G)—~O0(n=").

Finally, it follows from Example 2.1 that lim}/n- V(n, G)=2)/d, where a'=
cf(e+¢), and the theorem follows by letting ¢ — 0.
Let us now consider the adhoc strategy which terminates sampling at time

to=inf {t=0: th()=c ™' 02}

and estimates 8 with 8 = [y, + -+ + Y, ]/k(70). Observe that this strategy requires
knowledge of neither n nor F for its implementation. Let

Voln, F)=E{c? k(o) ™ +c10}

be the resulting risk. We will now show that V,(n, F)~ V(n, F) as n - co, provided
that the following additional condition is satisfied: for some m= 1,

F[I*F(t)]"’ dt<oo. (5.2)

0
Of course, if (5.2) fails for all m, then V(n, F)=co for all n.
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Theorem 5.2. Suppose that the hypotheses of Theorem 5.1 are satisfied and that
(5.2) holds. Then

limy/n Vy(n, F)=20/a

as n-—oo.

Proof. By Theorem 5.1, it will suffice to show that lim sup }/n - Vo(n, F)<20 V/a;
and it will suffice to show this in the special case that 2 =1.

Observe first that k(zo)~!<c1,, so that Vy(n, F)<2c E{ty}. Let r,,:]/ﬁ To
and K, (s)=k(s/}/n) for s=0. Then

CcS

P{r,,>s}=P{K,,(s)<ﬁ} (5.3)

for s>0. Since K, (s) has the binomial distribution with parameters n and p=
F (s/ﬁ), it is easily seen that K,,(S)/]/ﬁ—»ocs in probability as n—oo for each
s>0. From this it follows that the right side of (5.3) tends to 1 if as<1/cs and
tends to 0 if «s>1/cs. That is,

I-rt'—)l/]/%:SOa

say, in probability. Thus, it will suffice to show that 7,, n=1, are uniformly
integrable.
To show uniform integrability, write (for n sufficiently large)

[ mdP= | (1,—2s0)dP+o(l)

{tn> 2 50} {tn > 2 so}
et o (5.4)
= | G)ds+ [ Gys)ds+o(l),
250 c tyn

where G,(s)=P{t,>s}. For s=c¢™! ]/ﬁ, G,(s)=P{K,(s)=0}=[1 —F(s/]/ﬁ)]”, so
the second integral in (5.4) does not exceed

1 R—m

Vn [I-F (E)] [[1—FET" ds=o(1).
g 0

To estimate the first, we use Bernstein’s inequality. For fixed x=2s, and t>0,

P {Kn(s><—c‘/—§—}gexp {i{—} [1-F (ﬁ) (1-e]

t

<exp {ﬁ—nF (L) (1 —e”‘)}. (5.5)
cs Vn

When s=2s, and t sufficiently small, it is easy to see that the last line of (5.5) is

o(y/n™"). Thus, the first integral on the right side of (5.4) also tends to 0 as n— oo.
This compietes the proof.

Corollary 5.1. If the hypotheses of Theorem 5.2 are satisfied, then
limy/n-V(n,F)=201a

as n— oo,



112 N. Starr et al.
Section 6. Extensions

1. In Section 2, it can be shown that if Fe% and h(0)> — oo, then an optimal
rule exists and is given by

r=inf {t=0: h[k{t)] < W[n, k() F,]}

where W(n, k, F)=V, 4, ,(n—k, F) and E(s)=[F(s+1t)— F(t)}/[1 - F(1)].
2. Theorem 2.1 may be generalized by replacing ct by c(t), provided that c is
convex. The optimal rule is then

,=inf {t=0: 4, h[k(H)]<c (O}

A similar remark applies to Theorem 3.1.

3. In the context of Theorem 4.2, it can be shown that if E(t?)< oo, then §, is
admissible. Indeed, by (4.2), B, {t; > .} =0(e), so

| cer—t)dP<y/Roi >}y | G dR=o(/¢)

fe¥ >1e} {t1 > 76}
as ¢—0, if E{t?}<occ. Admissibility now follows from, for example, Farrell
(1968).
4. It is possible to generalize Theorem 4.1 to the case that L(6, 8)=|6—0|"+c(),
where «>0 and c is convex.
5. Suppose that the assumptions of Section 4 remain in force, except we assume
that given ®=80, y,,...,»y, are iid. with Bernoulli distribution defined by
P(y;=1)=0=1-P(y;=0) for i=1, ..., n; that @ has a prior distribution = which
is uniform on (0, 1); and that for any stopping time t, the risk is given by

0-0y
r(d,0)=E, {0(1_9)4—“ .

If Fe% has non-increasing failure rate p, then d,=(m,,, 7o) is Bayes with
respect to n and minimax, where

m =y1+"'yk(ro)
i k(tg)
and

1o=inf {t=0: (n— k(1)) p(t) < ck(t) (k(2) + 1)}
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