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Abstract. We consider an investor who maximizes expected exponential utility of
terminal wealth, combining a static position in derivative securities with a traditional
dynamic trading strategy in stocks. Our main result, obtained by studying the strict
concavity of the utility-indifference price as a function of the static positions, is that,
in a quite general incomplete arbitrage-free market, there exists a unique optimal
strategy for the investor.
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1 Introduction

Consider an investor who tries to maximize expected utility from wealth at a certain
time in the future from a self-financing trading strategy. If the instruments available
to the investor are a finite number of risky assets (stocks) and one risk-free asset
(the money market account), then the problem of finding the optimal strategy is
classical and has been extensively studied: we refer to [19] for a recent survey.

In many cases, however, the investor may also be able to invest in derivative
securities. As an example, it is common for traders to buy options positions like
butterfly spreads (a particular combination of three call or three put options) to
indirectly trade volatility. Such investment opportunities are of particular interest
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in incomplete markets, in which case the payoff cannot, in general, be replicated
by a trading strategy in the underlyings.

Our concern in this paper is to find optimal trading strategies in the underlying
assets as well as finitely many derivative securities. In practice, derivatives trades
typically incur relatively large transaction costs, so while we allow for dynamic
trading in the stocks, whose lower transaction costs are neglected at first pass, we
restrict our attention to static positions in the derivative securities.

We work with exponential utility, U(x) = −e−γx, with γ > 0 the risk aversion
parameter. Let

Xθ,x
t = x +

∫ t

0
θ · dS, 0 ≤ t ≤ T (1.1)

be the wealth process from a self-financing trading strategy θ (see Definition 4.1
for the set of permitted strategies), starting with initial wealth x. We shall denote
by G1, · · ·, Gn the bounded payoffs of the derivative securities. We write G =
(G1, · · ·, Gn).

The investor is then trying to maximize, for fixed x, the quantity

E
[
U
(
Xθ, x−λ·p

T + λ · G
)]

,

over dynamic trading strategies θ and static derivatives positions λ = (λ1, . . . , λn).
Here p = (p1, . . . , pn) is the market price vector of G and “·” denotes the usual
inner product on Rn. We have assumed the market prices derivatives linearly, which
is certainly true for moderate quantities we would expect to be demanded by a small
investor in the absence of arbitrage opportunities.

Our main result is that, given a no-arbitrage price vector p for G, there exists
a unique derivatives position λ∗ = λ∗(p) together with a dynamic trading strat-
egy θλ∗

, maximizing the expected utility above. See Theorem 3.1 for a precise
statement.

As in much previous work on optimal investment strategies, we make essential
use of convex duality in the proof of the main result; in particular we exploit the
relation between exponential utility and relative entropy as studied in e.g. [3,6,
8,13,18]. It turns out that, in order to find the optimal static derivatives position,
we need to study the (buyer’s) indifference price b(λ), the price for which our
investor is indifferent, in the sense of maximum expected utility, to investing in the
derivatives position λ · G.

Indifference pricing was introduced by Hodges and Neuberger [9] and has
received considerable attention recently. It is closely related to marginal utility-
based pricing, sometimes known as Davis fair pricing, after it was proposed in [5].
In the case of exponential utility, key properties were established by Rouge and El
Karoui [18] and Becherer [3], formulas for some specific models are given in [15]
and some bounds and asymptotic approximations for stochastic volatility models
appear in [22]. Hugonnier et al. [11] consider marginal pricing under general utility
functions on R+ and establish conditions for uniqueness. Barrieu and El Karoui
[1,2] study the problem of optimal design of derivative contracts between two
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parties with different utility functions, and extend to the case of general convex risk
measures.

For our problem of optimal investment in derivatives, we need more precise
information than we were able to locate in the literature. Specifically, we show
that λ �→ b(λ) is strictly concave and admits a gradient ∇b(λ) at every point.
Related results on strict concavity for utility functions defined on R+ are given by
Hugonnier and Kramkov [10]. The gradient ∇b(λ) has a natural interpretation as the
Davis fair price, but for a buyer with a different (λ-dependent) subjective probability
measure: see Theorem 5.1 for details. The optimal derivatives position λ∗(p) is then
the solution to ∇b(λ∗) = p. In this paper, we present the mathematical details. For
practical considerations and computations within Markovian stochastic volatility
models, as well as models with non-traded assets, we refer to our companion paper
[12].

2 The market

We consider a finite horizon T < ∞ and a market consisting of d + 1 tradeable
instruments: a money-market account and d stocks, modeled by a d-dimensional
locally bounded semimartingale S on a filtered probability space (Ω, F , F, P ),
where the filtration F = (Ft)0≤t≤T satisfies the usual conditions. Without loss of
generality we work with zero interest rates.

We denote by Pa (Pe) the set of local martingale measures absolutely continuous
(equivalent) to P . To avoid trivialities we assume Pe �= ∅.

In the market we also have n contingent claims (i.e. FT -measurable random
variables) G1, · · ·, Gn. We write G = (G1, · · ·, Gn). Since we are working with
exponential utility, we shall assume throughout that G is bounded.

Let us consider the possible no-arbitrage price vectors of G.

Definition 2.1 We call p ∈ Rn an arbitrage price vector of G if there exist

(i) λ ∈ Rn (a static options position); and
(ii) an F-predictable, S-integrable Rd-valued process θ (a dynamic trading strat-

egy in the stocks and money-market account) for which
∫ t

0 θ · dS is uniformly
bounded below,

such that

λ · (G − p) +
∫ T

0
θ · dS ≥ 0 a.s. with

P

(
λ · (G − p) +

∫ T

0
θ · dS > 0

)
> 0.

We call any p ∈ Rn that is not an arbitrage price vector, a no-arbitrage price vector.

We define

V = V G := {EQ[G] = (EQ[G1], . . . , EQ[Gn]) | Q ∈ Pe} ⊂ Rn.
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Proposition 2.1 The set V is convex and coincides with the set of no-arbitrage
price vectors for G.

Proof That V is convex is obvious as it is the image of the convex set Pe under
the linear map Q �→ EQ[G]. It is therefore determined by its projections Vλ :=
{λ · p | p ∈ V } for all λ ∈ Rn; see Lemma A.1. By [21, Theorem 5.3] applied to
the claim λ · G, there are two cases. Either Vλ = {EQ[λ · G] | Q ∈ Pe} is a point
which is the unique no-arbitrage price of λ · G, or it is an open interval consisting
of all no-arbitrage prices of λ · G.

As follows from this proof, V is either an open subset of Rn or contained in a
hyperplane (see Lemma A.1). We shall assume:

Assumption 2.1 V is an open subset of Rn.

Remark 2.1 If V were contained in a hyperplane, then Vλ is a point for some λ.
Then, by [21, Theorem 5.3], the claim λ ·G can be replicated by a dynamic trading
strategy in the stocks and money-market account. This means one or more options
is redundant.

Remark 2.2 Under Assumption 2.1, a point p ∈ Rn belongs to the boundary of the
open set V if and only if there exists λ ∈ Rn such that λ · p is the superhedging
price of the claim λ · G. Thus V is a natural higher-dimensional analogue of the
interval of no-arbitrage prices of a single claim.

3 Exponential utility

We shall consider self-financing trading strategies θ belonging to a suitable space Θ
to be made precise in Definition 4.1 below. A trading strategy θ with initial capital
x leads to terminal wealth Xθ,x

T , defined from (1.1). Given the derivative security
vector G and λ ∈ Rn consider the following value function

u(x; λ) := − 1
γ

inf
θ∈Θ

log E[exp(−γ(Xθ,x
T + λ · G))]. (3.1)

The function u measures utility at time T from wealth arising from the option
portfolio λ ·G and the value of a self-financing trading strategy starting with capital
x. (The log is taken for convenience of presentation and for the convexity statement
in Theorem 3.1 below.)

Now suppose that the market price of the security vector G is given by p =
(p1, . . . , pn) ∈ V . The investor starts with initial wealth x, λ · p of which is used
to buy the options while the remaining is invested optimally in stock and money
market account. Our investor is therefore trying to maximize the quantity

u(x − λ · p; λ)

over λ ∈ Rn. In order to prove that the maximum is attained, we need the technical
assumption that there exists a local martingale measure of finite relative entropy:
see (4.1) below. Our main result is then:
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Theorem 3.1 Under assumption (4.1) there exists, for any price vector p ∈ V ,
a unique static position λ∗ = λ∗(p) ∈ Rn (independent of x) which maximizes
u(x − λ · p; λ). Moreover, the value function

p �→ u(x − λ∗(p) · p; λ∗(p))

is strictly convex and continuously differentiable on V . Its gradient at p ∈ V is
λ∗(p).

Remark 3.1 Clearly, for p �∈ V , supλ u(x − λ · p; λ) = +∞.

4 Convex duality

The main tool for proving Theorem 3.1 is convex duality, in particular the relation
between exponential utility and relative entropy. Recall that if Q is any probability
measure, then the relative entropy H(Q|P ) is defined by

H(Q|P ) =




E

[
dQ

dP
log

dQ

dP

]
if Q � P

+∞ otherwise.

Define Pf = Pf (P ) to be the set of Q ∈ Pa with finite relative entropy,
H(Q|P ) < ∞. To proceed we make the assumption

Pf ∩ Pe �= ∅. (4.1)

There is then a unique measure Q0 ∈ Pf ∩Pe minimizing H(Q|P ) over all Q ∈ Pf :
see [13, Prop. 3.1].

We can now define the set of allowable strategies.

Definition 4.1 We denote by Θ the set of F-predictable, S-integrable Rd-valued
processes θ such that the wealth processes Xθ, 0, defined by (1.1), are Q-
martingales for all Q ∈ Pf .

We then have

Theorem 4.1 ( [6, Theorem 2.2] and [13, Theorem 2.1])

u(x; λ) = x + inf
Q∈Pf

{
λ · EQ[G] +

1
γ

H(Q|P )
}

. (4.2)

Moreover, the infimum is attained for a unique Qλ ∈ Pf ∩Pe whose Radon-Nikodym
derivative is given by

dQλ

dP
= exp

(
cλ − γ

(∫ T

0
θλ · dS + λ · G

))
, (4.3)

where θλ ∈ Θ attains the infimum in the primal problem (3.1), and cλ is a constant.
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5 Utility indifference pricing

Consider an investor who at time zero is offered to buy an option, or a set of
options, with payoff at time T . The price for which this investor is indifferent to
the investment opportunity, in terms of maximum expected utility, is called the
buyer’s indifference price of the option. The definition of indifference prices asks
the question at what price b(λ) is the buyer indifferent between holding the options
portfolio λ ·G or no options at all, while we are interested in how many of each type
of option to optimally invest in, given the market price p. We make the connection
between the two problems in Section 7.

Definition 5.1 The indifference price b(λ) of the options portfolio λ · G is defined
by the following equation:

u(x − b(λ); λ) = u(x; 0), (5.1)

with u given in (4.2).

Remark 5.1 Strictly speaking we should have denoted the buyer’s price by b(λ; x),
but (4.2) shows that it does not depend on the buyer’s wealth x. This is an artifact
of exponential utility and will not hold in more general situations. An alternative
definition of the indifference price b(λ) is u(x; λ) = u(x+b(λ); 0). For exponential
utility, this is equivalent to (5.1), whereas it may differ in the case of other utility
functions.

In view of (4.2), (5.1) leads to

b(λ) = inf
Q∈Pf

{
λ · EQ[G] +

1
γ

H(Q|P )
}

− inf
Q∈Pf

1
γ

H(Q|P )

= inf
Q∈Pf

{
λ · EQ[G] +

1
γ

(
H(Q|P ) − H(Q0|P )

)}
,

where Q0 ∈ Pf ∩ Pe minimizes H(Q|P ). We shall prove

Theorem 5.1 The function λ �→ b(λ) is strictly concave and continuously differ-
entiable on Rn. Its gradient is given by

∇b(λ) = EQλ

[G], (5.2)

where Qλ is defined by (4.3).

6 Proof of Theorem 5.1

Notice that for fixed Q ∈ Pf ∩ Pe, the function

λ �→ λ · EQ[G] +
1
γ

(
H(Q|P ) − H(Q0|P )

)
is affine. Thus (5.2) directly shows that b is an infimum of affine functions on Rn,
hence is concave.



Optimal investment with derivative securities 591

Differentiability and strict concavity are trickier to establish. For λ ∈ Rn,
define a new probability measure Pλ ∼ P by

dPλ

dP
= exp(aλ − γλ · G)

for a suitable constant aλ ∈ R. A direct computation shows that

H(Q|Pλ) = H(Q|P ) + γλ · EQ[G] − aλ (6.1)

for any Q ∈ Pa (recall that G is bounded). It follows that Pf (Pλ) = Pf (P ).
Using (6.1) in (5.2), we obtain

b(λ) = inf
Q∈Pf

1
γ

H(Q|Pλ) − 1
γ

H(Q0|P ) + aλ.

Now pick λ ∈ Rn, µ ∈ Rn and ε > 0. From (6.1),

b(λ + εµ) = inf
Q∈Pf

{
εµ · EQ[G] +

1
γ

H(Q|Pλ)
}

− 1
γ

H(Q0|P ) + aλ.

Therefore,

b(λ + εµ) − b(λ)
ε

= inf
Q∈Pf

{
µ · EQ[G] +

1
εγ

H(Q|Pλ)
}

− inf
Q∈Pf

1
εγ

H(Q|Pλ)

= inf
Q∈Pf

{
µ · EQ[G] +

1
εγ

(
H(Q|Pλ) − H(Qλ|Pλ)

)}
,

where Qλ is the unique minimizer of H(Q|Pλ). It is given by (4.3), as follows
from Theorem 4.1.

Comparing with (5.2) shows that expression (6.2) is the indifference price of
the claim µ ·G for a buyer with subjective measure Pλ and risk-aversion parameter
εγ. Letting ε ↓ 0 corresponds to the limit of zero risk-aversion which was shown
by Becherer [3, Proposition 3.2] (see also [18, Theorem 5.2]) to be the expected
payoff under the minimal entropy martingale measure. Hence b admits a gradient
at λ and ∇b(λ) = EQλ

[G]. Since this is true for all λ and b is concave, it follows
that b is in fact continuously differentiable: see Lemma A.2.

Now pick λ1, λ2 ∈ Rn such that λ1 �= λ2. Let us assume that b is affine on the
line segment between λ1 and λ2 and derive a contradiction. This will show that b
is strictly concave and complete the proof.

Write P i = Pλi and Qi = Qλi for i = 1, 2. From (6.1), we obtain

(H(Q2|P 1) − H(Q1|P 1)) + (H(Q1|P 2) − H(Q2|P 2))

= γ(λ1 − λ2) · (EQ2
[G] − EQ1

[G]) = 0,

where the last equality follows from the assumption that b is affine on the line
segment and the previous computation of the gradient of b. The left hand side is a
sum of two nonnegative terms, hence both are zero. As Qi is the unique minimizer
of H(Q|P i) this implies Q1 = Q2.
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Applying (4.3) with λ = λ1, λ2 and using Q1 = Q2 we find

ν · G = c +
∫ T

0
θ · dS,

for some θ ∈ Θ, and where ν = λ2 −λ1 and c is a constant. By the definition of Θ,
EQ[ν ·G] = c for all Q ∈ Pf ∩Pe. Lemma 3.4 in [6] shows that {dQ

dP | Q ∈ Pf ∩Pe}
is L1(P )-dense in {dQ

dP | Q ∈ Pe}. Therefore, EQ[ν ·G] = c for all Q ∈ Pe. Hence
Vν = {c}, contradicting Assumption 2.1 and completing the proof of Theorem 5.1.

7 Proof of Theorem 3.1

For fixed p ∈ V we have to maximize u(x − λ · p; λ) over λ ∈ Rn. But compar-
ing (4.2) with (5.2) we see that

u(x − λ · p; λ) = b(λ) − λ · p + x + u(0; 0).

Thus we have to maximize b(λ) − λ · p.
While the set V of no-arbitrage price vectors was defined in terms of all equiv-

alent local martingale measures, the following lemma shows that it suffices to
consider measures of the form Qλ.

Lemma 7.1 V = {∇b(λ) | λ ∈ Rn} = {EQλ

[G] | λ ∈ Rn}.

From this lemma and from the strict concavity and continuous differentiability of b,
it follows that there exists a unique λ∗ = λ∗(p) for which ∇b(λ∗) = p, and this λ∗

is the unique maximizer of b(λ) − λ · p. The function p �→ u(x − λ∗(p) · p; λ∗(p))
is then, up to an additive constant, the Fenchel-Legendre transform of b and hence
a strictly convex function on V with gradient λ∗(p).

Let us complete the proof of Theorem 3.1 by proving Lemma 7.1.

Proof of Lemma 7.1 The second equality is a consequence of (5.2). As b is strictly
concave with a well-defined gradient everywhere it follows that the set V ′ :=
{∇b(λ) | λ ∈ Rn} is open and convex, hence determined by its projections V ′

λ :=
λ · V ′. See Lemma A.3 and Lemma A.1. It is clear that V ′ ⊂ V , and it suffices to
show Vλ ⊂ V ′

λ for every λ ∈ Rn.
Let φ(t) := b(tλ) be the buyer’s indifference price of the claim tλ · G. Then

φ(t) is differentiable and strictly concave on R, and it follows from [3, Corollary
3.3] that

lim
t→∞ φ′(t)= lim

t→∞
φ(t)

t
= inf

Q∈Pe

EQ[λ · G] and lim
t→−∞ φ′(t)= sup

Q∈Pe

EQ[λ · G].

See Lemma A.4 for the first equality above. Thus Vλ = {φ′(t) | t ∈ R}. But,
φ′(t) = λ · ∇b(tλ) ∈ V ′

λ, so Vλ ⊂ V ′
λ, which completes the proof. ��
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8 Concluding remarks

We have shown that the optimal investment problem with derivative securities has a
unique solution under natural arbitrage-free conditions on the market prices of the
derivatives in the case of bounded payoffs and exponential utility. In particular, the
continuous differentiability and the strict concavity of the indifference price have
been key to establishing this result. It is natural to ask about other utility functions
for which there exist quite general duality results, albeit not as explicit as the duality
formula (4.2). The main results for general utility functions defined on R+ can be
found in [14] when there is no claim, and in [4] when there is a claim. For general
utility functions defined on R, the case without a claim is studied in [20] and with a
claim in [16]. Since our analysis utilizes the simple conjugation between the primal
and dual value functions and the zero risk aversion limit, extension to more general
cases is not trivial. Some recent results in this direction appear in [10,11].

Appendix: Results from convex analysis

Here we gather some results from convex analysis that we need in the paper.

Lemma A.1 For ∅ �= V ⊂ Rn and λ ∈ Rn write Vλ := {λ · p | p ∈ V } ⊂ R.
Then:

(i) V is contained in a hyperplane if and only if Vλ is a point for some λ;
(ii) if V is convex, then Vλ is a point or an interval for all λ;
(iii) if V is convex, then V is open if and only if Vλ is open for all λ;
(iv) if V and V ′ are open and convex, then V = V ′ if and only if Vλ = V ′

λ for
all λ.

Proof The first assertion is trivial. The second holds since V is connected and
p �→ λ · p is continuous, hence Vλ is connected. As for (iii), if V is open, then the
affine function p �→ λ · p cannot attain a local maximum or minimum on V , hence
Vλ is open. On the other hand, if V is convex but not open and p ∈ V ∩ ∂V , then
there exists a hyperplane through p and disjoint from int(V ). Thus there exists λ
such that λ ·p ≥ λ ·q for all q ∈ V and Vλ is not open. Finally, to prove (iv), assume
V �⊂ V ′ and pick p ∈ V \ V ′. As V ′ is open, there exists a hyperplane through p,
separating p from V ′, i.e. there exists λ such that λ ·p > λ ·p′ for all p′ ∈ V ′. Thus
Vλ �= V ′

λ. ��
Lemma A.2 If φ : Rn → R is concave and admits a gradient ∇φ(x) ∈ Rn for
all x ∈ Rn, in the sense that limt→0(φ(x + ty) − φ(x))/t = ∇φ(x) · y for every
y ∈ Rn, then φ is continuously differentiable in the sense that x �→ ∇φ(x) is
continuous.

Proof See [7, p.86] or [17, Theorem 25.5]. ��
Lemma A.3 If φ : Rn → R is continuously differentiable and strictly concave,
then the set V := {∇φ(x) | x ∈ Rn} is open and convex.



594 A. İlhan et al.

Proof The set V is the interior of the locus where the (convex) Fenchel-Legendre
transform of φ is finite-valued, and is hence convex. See [7, p.104] or [17, Theo-
rem 26.5]. ��
Lemma A.4 If φ : R → R is continuously differentiable and concave, then
the limit φ′(∞) := limt→∞ φ′(t) exists (it may be −∞). Moreover, φ′(∞) =
limt→∞ φ(t)/t.

Proof The limit defining φ′(∞) exists as φ′ is decreasing. Assume φ′(∞) �= −∞
for simplicity. Fix ε > 0 and pick t0 large enough so that φ′(t0) < φ′(∞) + ε. By
concavity,

φ(t) − φ(t0)
t − t0

− ε ≤ φ′(t0) − ε ≤ φ′(∞) ≤ φ(t) − φ(t0)
t − t0

(8.1)

for t ≥ t0. Letting t → ∞ yields lim sup φ(t)/t − ε ≤ φ′(∞) ≤ lim inf φ(t)/t.
As ε → 0 we get lim φ(t)/t = φ′(∞). The case when φ′(∞) = −∞ is easier and
we omit the details. ��
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