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Seminormality Conditions in the Calculus
of Variations for BV Solutions (*).

L. CESARI - P. BRANDI - A. SALVADORI

In previous papers [4abc] we have proved existence theorems for the absolute
minimum of simple and multiple integrals of the calculus of variations concerning sol-
utions of bounded variation (BV) in the sense of CESARI ([1,4a]). To this purpose we
have replaced the usual Lebesgue integral I(x) = f Fy(t, 2(t), Dx(t)) dt by the corre-

sponding Serrin functional, or integral J (cfr. [4a,bg] and below). Thus we have dealt
with classes Q of BV trajectories : G—R", GcR>, v=1, n=1, hence of class
(L ()" possibly discontinuous and not Sobolev’s.

A relevant application has been discussed by CESARI in[3].

The conditions under which we have proved the existence of the absolute mini-
mum for simple integrals (v=1) and for multiple integrals (v>1) are rather differ-
ent. Indeed, in[4b], for simple integrals, we have required the usual seminormality
condition (@) and the equiboundedness of the total variations of the elements in Q;
while in[4c], for multiple integrals, we have strengthened property (@) by an addi-
tional seminormality condition (F), without requiring any equiboundedness of the to-
tal variations. In both these situations we could prove closure, lower closure and
semicontinuity properties. As an application we get the fundamental relation
I(x) < 3(x), e BV(G).

In the present paper we introduce a new and more general «weak condition F», or
condition (wF'), which subsumes the above mentioned assumptions of the simple and
the multiple cases. In fact the couple af seminormality conditions () and (wF) are im-
plied by each set of requirements in[4b] and [4¢c]. We still prove closure, lower closure
and semicontinuity theorems (Sections 1 and 2) which contain the analogous results of
both[4b] and [4c]. As discussed in[4abc] and [3], these theorems imply existence the-
orems for the absolute minimum of the Serrin integral 4.

(*) Entrato in Redazione il 2 dicembre 1989.

Indirizzo degli AA.: L. CESARI: Department of Mathematics, University of Michigan, Ann
Arbor; P. BRANDI, A. SALVADORL Department of Mathematics, University of Perugia,
Perugia.
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In Section 2 we remark, by an example, that condition (wF) alone does not
imply semicontinuity.

In Section 3 we briefly restate, for the sake of clarity, the existence theorem of
our papers[4b] and [4c] for problems of the calculus of variations in domains G c R’,
v = 1, with the modifications and semplifications which derive from the analysis of the
present paper. First, it is only one statement valid for both v =1 and v > 1. Secondly,
the properties (@) and (wF’) replace the different seminormality assumptions of pa-
pers[4b] and [4c]. On the other hand, the assumption of the equiboundedness of the
total variations of the elements x of the given class Q remains, since it is needed to
garantee che compacteness in L; of any minimizing sequence. Such assumption can be
disregarded in all cases in which the assumption itself, or at least the consequent
compactness can be derived by the other hypotheses.

In Section 4 we then present, as an application, the problem discussed in[3]. By
repeating the same process, and using condition (wF"), instead of the assumptions (F)
of[4c], we obtain an improvement in the assumptions which guarantee the existence
of the absolute minimum for the Serrin integral taken into consideration; namely the
Lipschitz conditions assumed in[3] are replaced here by mere continuity assump-
tions.

1. = The closure theorem.

Let n=1, v=1, 1SN<nv be integers. We denote by |E| the measure of a
mesaurable subset E of R*. For the sake of brevity, we shall use the notations t” =
=@, . Lt t)=cand (t),7) = (¢}, ..., ¥"),j =1, ...,v. Moreover, for E c R’
and any j=1,...,v, let E" denote the projection of E on the t”-space and let
E@tH = {reR"!: ), 7) e E}. '

Let G c R’ be a bounded open set and let A be a subset of the (¢, x)-space R**"
such that its projection on R’ contains G. For every j=1,...,v and for any - € G", let
r. denote the straight line ¢V = z; then the intersection G N7, is the countable union of
open disjoint intervals («,,3;), or GNr. = Us (o5, Bs)-

As it is well-known a function x € L, (G) is said to be of bounded variation in the
sense of Cesari (BVC)[1] if there exists a set E c G c R*, with |E| =0 such that, for
every j=1,...,v and for almost all r € G, the total variations Ve = V(a(, 1), (2, B )),
computed disregarding the values taken by « on E, are finite, V;(¢) = X V), is finite
and V;() € L (G"). _ ’

A BVC function has «generalized» partial derivatives D'z a.e. in G, j=1,...,v, of
class L; (G), obtained as limits a.e. in G of the usual incremental ratios when always
we disregard the values taken by « on E. Furthermore, Krickeberg[6] proved that a
function ¢ on G is BVC if and only if ¢ € L, (G) and the first order partial derivatives of
x in the sense of distributions are finite measures u;, j=1,...,v.

For the sake of brevity we shall write € BVC(G) if « is BVC in G, and the same
notation will be used for vector valued functions = = (z!, ..., x™) if each component is
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in such class. In this case we put

Vi) = 2 2 le(T) dr.

i=1 j=1

As usual we shall denote by W11 (G) the space of the functions z € (L, (G))" whose
partial derivatives in the sense of distributions are again L,-functions.

Let : G— R™ be a BVC(G) vector function. For every i =1,..., n, let {7 }; denote
any system of N, integers 1 <j; < ... <jy<v, and let Dz denote the system of N =

2 N; partial derivatives D'2%, with je {j};, i=1,...,n.

Let Q:A—>2% be a given multifunction.
‘We shall consider problems of the calculus of variations coneerning the Lebesgue
integral

1) = | Fo (¢, w(t), Dat)) dt
G

and relative Serrin functional ¥ (see below), with constraints represented by the fol-
lowing orientor field equation

4)) G x®)eA, Dx@®)eQxz®), ae inG.

In the present Section we shall take into consideration sequences of functions (x;, ), =
which satisfy the conditions

@ {xk eW" (@), keN, xeBVCR), wx—x in (L )",

tx,@®)eA, Dx(t)eQlx,@®), keN, ae inG.

We shall need the following definition.

DEFINITION 0. — We say that the multifunction @ satisfies condition (wWF) at the
point £, € G, with respect to a sequence (&), satisfying (2), provided

(wF) given any number o > 0, there exist a number 0 <o = o(p, ty, (¥ e >0) < p and
a constant 0 < hgy = hy(ty, (X3 )r >0, 2) < o such that for almost every 0 < <k,
there exist a subsequence (sy), and two sequences of measurable functions
(@s, )i, (&, ) satisfying the conditions

t,7,0ed, §OeQtz,0), F,0O-x) <o

for a.e. te q =[t,—h,t;+ k], and moreover

g/ [ D, 0t~ lg ™ [&, (e | <o, keN.
g q

Following Cesari[2], we shall consider condition (@) on the multifunction Q. We
recall that the multifunction Q is said to have property (Q) at the point (f,,%,) € A
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(with respect to (t,x)) provided

@ Qlo,z0) =[] el eoulQt,2), |t =t <o v —m[ < o].

REMARK 1. — Property (Q) is trivial for Q(¢,x) = R" as in the classical problems of
calculus of variations, and condition (wF) is trivially satisified for Q(t,x) = R¥<and
A=GXA,, AjcR" a fixed set. ,

If the multifunction @ does not depend on z, i.e. @: G— 28" then condition (wF) is
trivially satisfied with respect to any sequence (xy);>o such that x; € Wbl and
Dy, (t) e Qt), a.e. in G, ke N.

Let us start by observing the following consequence of L;-convergence.

LEMMA 2. — Let (), =0 be a sequence of surfaces such that x; € W"'(G), k € N,
%y € BVC(G) and x, — xy in (L (G))". Then there exists a subsequence such that the
following holds

(3) for a.e. ty € G there exists @ set H = H(ty) c R* with |H| = 0 and the property that
given any number o > 0, there exists a constant hy = ho(ty,p) > 0 such that, for
every h e (0, hy)\ H, there exists an integer ko= kq(ty, 0, h) such that for every
k =k

Dag(to) g™ [ D@yt | <,
q
where q = [ty —h,t, + k.
PROOF. — Let E ¢ G be a set of measure zero such that for every t, e G\ K we

have (see the proof of Theorem 1 in[4c]), for a suitable subsequence and for’ i =
=1,...,n,75=1 ..,

D Jim [ i@, 9 —aittd, 9l d==0,
G

2)  lim lgI™ [Dixidt = Dic(ty),
k— 0%
q

8 [Leti—h, ) — i+, D] ds = ]Dfxg(t) dt + Sy (ty— byt + 1],
q"” q

for a.e. h>0,
4) lim @R)™*S;; (G —h, to+ 1] =0,
h— 0%

where S;; is the singular part of the measure ;.
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Let ty € G\ E be fixed and let H = H(t,) c R* be a set of measure zero in R such
that for every & € R* \ H condition 3) is satisfied and moreover condition 1) holds for
the points ti~hand t{+h, j=1,...,v. Then from 2) and 4) it follows that, corre-
sponding to >0, a constant hy=hy(ty,)>0 exists such that for every
ke (0,hy)\H we have, for i=1,...,n, j=1,...,v,

5 | lgl™ [ Digtydt — Dixitty) | <p/2m,
q

6) (k)™ |Sy (to— b, to+ k]| <o/6m,

and from 1), we derive that an integer k, = ky(ty, ¢, k) exists such that for every
kE=k,

D@ [ ik - = b de<p/bny, i=1,..m, j=1,.v.
g”

From 3), 7) and 6) it follows that for i=1,...,7%, j=1,...,v,

8)

<

o™ [ Disidt g™ [ Div
q q

< @™ [l 1~ b, o) — e} (]~ h, 9| de + (@2h)™ [ 1@+ n, 2~
q” g7
— xi(tf+ h, )| de + CR)™ 'Sij(to —h,tg+ R < 8o/6nv=p/2mv.
Therefore from 8) and 5) we finally have

Dety(to) — lg|™* | Dyt dt
q

<e

and Lemma 2 is thereby proved.

Now we can prove the main resuit.

THEOREM 3 (A closure theorem). — Assume that A is closed and let (x;, ), = be a se-
quence satisfying (2).
Suppose that the multifunction @ satisfies the conditions

(1) has non empty, closed, convex values,

(i) has property (Q) (with respect to (t,x)) at the point (&, %)), for a.e.
t e @G,

(ill) satisfies condition (WF), with respect to (& )y ¢, ot a.e. point t, € G.
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Then for the limit function x, we have

o) eA, Dxy)eQux®), ae inG.

PROOF. —~ Let ¢y € G\ E, with |E| =0, be-fixed in such a way that (,, 2, (t,)) € 4,
condition (3) of Lemma 2 holds and all the assumptions are satisfied.

Then for every >0, two constants 0 <o = o(p) <p and 0 < hy = hy(ty, ) < ¢ exist
such that, for almost every 0 <h <k, there exist a subsequence (s;), and two se-
quences of measurable functions (&,,);, (£,), such that (2%, () €A,
&, (D) € Q(t, %, (), X, () — 2 ()| <o, for a.e. teq=1[t—h,t+kl, and

D | Daolt)—lgl™ [£,0dt | <o
q

Thus

lql‘lffsk B dtecl coulQE',x'): [t'—ty| <o, o'~ 2y ()| <ol=cl co Q(ty, %o (ty), 0)
q

and from 1) it follows that
2)  Dxy(t) € [el co QU %, (), 9], -
Note that for v=¢ we have
3)  cleo Qy,x(ty), ) cel co Qty, 2 (tg), 7).
Now let >0 be fixed, then from 2) and 3) for every 0 <y << we get
Dy () € [el co Qto, 20 (o), 7)1, ;
thus from the arbitrariety of ¢>0 we have
Dux,(ty) € el eo Qi 2o (te), ©)

and from the arbitrariety of +>0 and property (@) we finally have
Dxy(ty) € Qo Qlto, %o (to), 7) = Qte, %o (fo)) .
Theorem 3 is thereby proved.

In order to compare the present closure result with the previous theorems proved
in[4bc], we need the following propositions.
First we recall the definition of condition (¥{) given in{4c]:

the multifunction @ has property (F{) at the point (f;, ) € A provided
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(F{) given any number o>0 there are constants C=C(y,xy,9)>0, 2=
= &t,, %y, ) > 0 such that for any two measurable vector functions x(?), &%),
teE, on a measurable subset EcG, with (f,z(®)ed, |x@)—x|>o,
&(t) € Q(t, (b)) for |t —t,| <3, t € E, there are two measurable vector functions
%(t), &t), t € E, such that (¢, (1) € A, [&() — x,| < o, &) € Q(, () and |&F) —
— K| < Clle@®) — 2| + |t —ty|1 for t € E, |t —t,] < 4.

Let us compare now the two conditions (#'{) and (wF).

PROPOSITION 4. — Suppose that A is closed and let (), =0 be a given sequence sat-
isfying condition (2).

If the multifunction @ has property (F{) at the point (ty, 2,(ty)), for a.e. tye G,
then @ satisfies condition (WF), with respect to (x;)r=0, Qb a.e. point t € G.

PROOF. — By the assumption x;— ; in (L, (G))", there is a subsequence, that we
still denote by (#;);, such that x;— x, pointwise a.e. on G. Thus

1) (x@)eA for ae. te@G.

Moreover by Egoroff's and Lusin’s theorems, for any given x>0 there is a com-
pact set Kc (G, with mis(G\K) <2, such that xyx is uniformly continuous and
&, —> o uniformly on K.

Furthermore, for a.e. € K, we have

2) }Eimo(2h)"“mis(qu)=1, where q¢=[t—h,t+ h].

Consequently, corrisponding to any 0 <o <1, there exist 0<dy=8,(,s) <¢ and an
integer ky = k¢(2, o) such that

3) for all t',t"e K with |t'—t'| <& then |z, (t") — x, (") < /2,
4) for all k>k, and te K then |x; (¢) — 2, (1) <o/2.

Since ) € (L, (G))", we have that for a.e. teG

5 lim g7 [l @)~ mg ] de =0, q=T[t—h,t+hCG.
q

Let t; € K be fixed in such a way that 1)-5) hold and property (F;) is satisfied at
the point (¢y, ¥4 (f,)). Denote by &, the distance of £, from 3G and let 6> 0, C > 0 be the
constants given by the assumption (¥} ), corrisponding to (t,, %, (%)) and . For any
given >0, there is 0<hy=he(ty,C,0) <min(g,s,4)/2Vv such that for all
0<h<hy, put go=[ty—k,t,+ k], the following relations hold (see 8), 2) and 5))

6) |we@®) —w(ty)| <o/2 for all teg,nK,
7 (2h)~mis (g — K) < /6C,



306 L. CESARI - P. BRANDI - A. SALVADORL: Seminormality conditions, etc.

8) |(I0b_1J"%o(t)“xo(to)Idt<p/SC.

o

Let 0 <k < hy be fixed. Because of the L;-convergence of x;, to 2y, we can take an
integer k; = k,(C, ¢, h) >k, such that

9) \qo1‘1f1xk(t)—x0(t)1dt<p/3c for all k> k.

do

Let k > k, be fixed. When t € q,, certainly |t — t,| < & < ¢ and therefore (see 6) and
4)) for every t € gyn K we have |x; (£) — ()] < o. o

Now we enlarge the set gy K into the maximal subset K c g, where |u; (¢) —
~ %o ()| < o} certainly K, is measurable and for every ¢ € go— K; we have |z, (f) —
— &y (t() )‘ > a.

By virtue of property (F), corresponding to (fy, %y (ty)), o> 0 and the functions
¥y, Dxy, over qy— K, we deduce that there are two measurable functions x, & over
go — K3, such that

100 Gz ed, 50)eQHE), [BO-wn@) <o
and |Dx,(f) — & B < Clla, &) — T D + 1t =11, teqy— K.
Moreover we can extend z, and & to all g, by putting
1) &®)=Dx,®, *H®=20, tek,.
Thus from 10) and the assumptions on x;, we have
12) G@®)ed, 5OeQETHW®), [@®-nl)l<o, teqg
and from 10), 11), 9), 8) and 7) we get

<@~ [ |50~ Du0ldt<

g0~ Ky

g0l [ 50t~ lgo|* [ Dyt
o do

<cen” | o ®-70)+lt-tode<
g~ K

do

< C@2h)™ { f |y, (&) — o (B)] dt + f |20 () — @ (to)| dit +
‘(]

+ [ leot) ~ T ®)dt+ [ t-tolat|<

go—~ Ky g0~ K,

< Clo/3C +¢/3C1+ C(2h) " mis (go— Kp )o + 0) < 20/3 +0/3=p
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In conclusion we have proved: for every 2>0 a compact set K c G, with mis(G —
— K) <), exists such that condition (wF) is satisfied at a.e. ¢, € K. By the arbitrari-
ety of >0 the thesis follows.

In force of Proposition 4, property (wF) can be considered as a «weak» form of
condition (F) and this justifies the terminology weak (¥)= (wF). Note that, in an
analogous way, weak forms of properties (F3) and (F§) in[4c] can be taken into con-
sideration in order to obtain different versions of closure Theorem 3.

Let us consider now the particular case v=1. Then the set G is replaced by a
closed interval [t;,t,] (see[4b]).

PROPOSITION 5. — Let v = 1. Suppose that A is closed and let (x;)y > be a sequence
satisfying condition (2).

In the functions x;,, k=0 are equiBV, then the multifunction Q satisfies condi-
tion (WF), with respect to a subsequence (X );=o at a.e. tye[t;, 1.

PrOOF. — As in Proposition 4, assumptions assure that
1) &x@®)eA for ae. telt, ],

Moreover in force of what is shown in the proof of Theorem 1 of[4b], the following
holds:

given any number ¢>0 and for a.e. t,€[t;,t;], a constant Ay = ky(o, ) >0
exists such that, for almost all 0 <h <hy, there is a subsequence (1), such
that

2) @, -2 @)| <o, telty—h,t+h].

Thus condition (wF) is trivially verified, with z, = x, and &, =z, .

REMARK 6. — Propostions 4 and 5 show that Theorem 2 improves and also unifies
all the closure results proved in[4b] and [4c].

2. ~ The lower semicontinuity resulit.

Let us consider now a modified version of the closure theorem which is useful in
order to prove lower semicontinuity results (see also[4c], Sect. 3).

Let Ry=[ay,by] = {al<t’<b{,j=1,...,v} be a closed interval such that G c R,
and let #°: By— R be a given function. For any interval R = [a, b] ¢ R,, we consider
the usual difference of order v relative to the 2" vertices of R, say

Agx’=2%(b)—2%@) ifv=1,
Apx® =", b%) —2°(bY, a®) — 2%(a', b2) + 2°(al, a®)  if v=2,

and so on.
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As it is well-known, the function x° is said to be of bounded variation in the sense
of Vitali (VBV)[7] if the interval function Az x° is BV. A VBV function has a.e. super-
ficial derivative, say D*z° (%)) = hm (Zh) A, 2%, ty € Ry, where q = [ty — h, ty + h]; and
D* 2% is in Ll(RO)

The function x° is said to be absolutely continuous in the sense of Vitali (VAC)[7]
if the interval funetion Agx° is AC.

We consider now the following orientor field equation

) t,2@)eA, (D*x'®),Dx@)e Qo) ae inG

where Q: A— 28" is a given multifunction.
In the present Section we shall consider sequences (x| 2, )k = o of functions satisfy-
ing the conditions:

e VAC, x,e W'Y G), keN, x5eVBV, x,eBVC@G),
@) {Gx@®))ed, (D)), Dr,®)e @t x (1), ae inG, keN,
and ) — x) pointwise a.e., x,— %in (L;(G))".

We shall need the following further definition.

" DEFINITION 0. — We shall say that the multifunction Q satisfies condition (wF) at
the point f, e G, with respect to a given sequence @, 2 )p=o satisfying (),
provided

(wF) given any numbers ¢ >0, there exist a number 0 <o = o(%, ¢, @, T k=0) <p
and a constant 0 < o= ho(ty, @0, %,)i=0,0) <o such that for almost every
0 < h < h, there exists a subsequence (s;); and three sequences of measurable
functions @sk)k’ (%, ks (ns,) such that

4F, ) €A, (9,®),5,®)eQt,T,®), 2,05l <0
for a.e. t e q=[t,— h,ty+ ], and moreover

g [ Da, Wt - lg ™ [ 2,0t | <o,
q

q

ol [n,dt<lg* [D¥al®dt+e, keN.
q q

Note that a result analogous to Lemma 2 holds for the sequence (@k=0-

REMARK 1. — If the multifunction @ does not depend on z, i.e. Q: G— 2R then
condition (wF) is trivially satisfied with respect to any sequence (@), 2 )k = o such that
2 e VAC, w, € Wh! and (D*%f (8), Day (1) € Q(), a.e. in G, keN.
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LEMMA 6. — Let 2p: Ry— R, k€N, be a sequence of VAC functions such that
x)— x{ € VBV pointwise a.e. Then the following holds

(4) for a.e. ty € R, there exists a set H= H(ty) c R* with |H| =0 and the property
that, given any nwumber o >0, there exists a constant hy = hy(ly, o) > 0 such that,
for every h e (0,hy)\ H, there exists an integer ko= ko(ty, o, h) such that for
every k = ky we have

D*af(t) - gl [ D*apydt | <,
q

where g = [ty—h,t, + k.

PROOF. — Let E c G be the null set such that for every t; ¢ G\ E we have (see
the proof of Theorem 1’ in[4c])

b lim o™ [ D*af ) dt = D*xf ),
5ot
q

2) hlin(}+ lg™ (qu*x{?(t) dt—Aqx8> =90,

and let H=H()cR™ be a set of measure zero in R* such that for every
heR*\H

: 0_ 0
3) ;}_%Aqx’“ =A,2".

Thus, given any >0, a constant 0< /g =hy(f,¢) exists such that, for every
€ (0, hg) \H, an integer ky = kq (%, ¢, 1) exists in such a way that for every k = k, we
have

4 ')q|‘1fD*x8(t>dt—D*x8<to> <:/3,
!

q

fD*xg(t)dt—Aqxg
g

5 g™ <e/3,

6) gl Agw - 4,20] <p/3.

From 6) and 5) it follows that

7 I gl [ D*aptydt— g [D*a§ 0 dt | <20/3
q q
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and from 7) and 4), we have

o [ D*af @y dt - D*u te) | <3p/3=¢.
q

Lemma 6 is thereby proved.

By virtue of Lemmas 2 and 6 the following closure result for orientor field (2) can
be proved.

THEOREM 7 (A closure theorem). — Assume that A is closed and let (xf , %}, )y =0 be @
sequence satisfying (2). Suppose that the multifunction Q satisfies the condi-
tions

(i) has nmon empty, closed, convex values,
(ii) has property (Q) (with respect to (t,%)) at the point (f, %o ), for a.e.
t, e @,
(iii) satisfies condition (wF), with respect to (&, Ty )p >0, at a.e. point & € G,
(iv) if (n,%) € Qt, ) and n' >n then (v, %) € Qt,x), (t,x) e A.
Then for the limit function (x4, %,) we have

t o) eA, (D*x§®),Dry@®) e @t x(®), a.e. inG.

PROOF. — Let t; € G\ E, with |[E| =0, be fixed in such a way that (Zy, 2 (& NeA,
condition (3) of Lemma 2, condition (4) of Lemma 6 hold and all the assumptions are
“satisfied.

Then for any given ¢>0, two constants 0 <o =da(p) <p and 0< ho=hy(tg,0) <o
exist such that, for almost every 0 < & < hy, there exist a subsequence (85); and three
sequences of measurable functions (@, ), (,) and (ns, ), such that (¢, %, (D)€ A,
(ns, (D, &, ) € QCt, T, D), |75, (&) — o (ty)| <, for a.e. t € ¢ = [ty — h, to + I], and more-
over

) | Dty — | [5,Bdt | <o,
g

2 D*adlte) =gl [, @t~
q

From 1), 2) and assumption (iv) it follows that

(D* o (t), Daco (to)) € [el co Q(to , % (to), U)]P

and the assertion can be obtained immediately, as in Theorem 3.
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We shall prove now a lower semicontinuity result as a consequence of Theorem 7.

Let Q: A—2%" be a given multifunction and let M be its graphic, i.e. M=
={{t,x,&): ¢t x)e A, EeQ{, x)}. We consider an integrand Fiy: M — R and let Q de-
note a class of functions x: G— R™ satisying

(i) z e BVC(®);
(i) (¢, 2() € A, Dx(t) € Qt, x(t)), a.e. in G;
(iii) Fo(+, (), Dx()) € Ly (G).
Then the usual integral functional I: — R is defined by the Lebesgue integral

(5) 1e) = [ Fy(t, o), Datt)) dt..
G

Finally, given xy € BVC(G), let I'(x,) denote the class of all the sequences (x;, );, « y With
2, € WEH(G) nQ and such that 2, — x, in (L; ()"
Then the Serrin functional J associated to I is defined by

® @)= inf lm I@)=jnf lm [ Fott, .0, D) dt, it Tap) # 0
G

i
@) g5 4w AC) R

and 3(x,) =+, if I'(xy)=9.

The class Q is said to be closed if it has the following property: for any sequence
(@4 )y v in 2 such that z, e Wh1nQ, ke N, and 2, — = in (L, (G))", with = satisfying
conditions (i), (ii) and (iii), then x € Q.

Let us consider now the multifunction §@: A — 28" defined by

QU x)={(,8): e QU x),n=Fy(t, x, &)}

Moreover let (x;); >0 be a given sequence satisfying (2). Denoted by B, = [ay, by] a
closed rectangle such that Ry > G, we consider the functions ¢}: By~ R defined by
oh (f) = | Fi(=)dr, k €N, where

[ao, %]
Fo(t, 2. (8), D (1), teG

Fk(t)={
0, te Ry\G.

Note that ¢} is VAC, k e N. Furthermore, the sequence (gf); is equi VBV (see[4c]
proof of Theorem 1”), thus by Helly’s theorem for functions of bounded variation in
the sense of Vitali (see[5], pg. 115), there is a subsequence, say still (k), and a VBV
function ¢f: By— R such that ¢)— ¢} pointwise on R,.

Then the following lower semicontinuity statement can be proved by virtue of
Theorem 7, analogously to Theorem 1" in[4c].

THEOREM 8 (A lower semicontinuity theorem). — Assume that A is closed
and let (x)r=0 be a sequence satisfying (2). Suppose that the integrand F is
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lower semicontinuous and there is a function i € Li(G) such that Fy(t, x, &) = A(?)
on M. Moreover suppose that the multifunction @

(i) has non empty, closed, convex values,
(i) has property (Q) (with respect to (t,x)) at the point (4, x,()), for a.e.
tO € G,
(ii) satisfies condition (wk), with respect to (xf,x;)i=0, at a.e. point t € G,
where x) = o}, ke N.
Then xy € Q and

lim I(x,) = I(xy) .

k—

REMARK 9. — Because of the position x = ¢}, k € N, we are actually requiring here
slightly less that the total condition (wF) above.

We shall show, by an example, that Theorem 8 may fail if property (§) does not
hold, even if condition (wF) and all the other assumptions are satisfied.

ExAMPLE 10. — Let A =[0,27]x[-1,1F, Q(,x)=R?% (t,x) e A and let Fy:
[~1,1PXR%— R™ be defined by

Fo(y,%2;81,8) = exp 16— 225).
Let us consider the sequence (x;),-o given by
wt@®) =k V3sinkt, wf(t)=k Y3coskt, te[0,2z], keN,
@ =x2® =0, tel0,2z]; which converges uniformly.

Note that Q(x) = epigraphic Fy(x,-), = € [-1,1]%. Since F, is not seminormal, then
property (Q) does not hold (see[2]). Moreover F(x, ) is convex, x € [-1, 1F. Let us
show that Q satisfies condition (wF) with respect to the sequence (g} , % )i >0; in fact,
by virtue of the uniform convergence, we can take

%nk ®= Loy, @, Enk ®= xqék (#) and Ny ®) =Fy (xnk @, xag,k ®) , tel0,2x], keN.

2
Finally observe that I(x;) = [ Fo(a, (), % (9) di = 2mexp (—k'Y3) k e N, therefore we
have 0

lim I(x;,) = 0<1(0) =2x.

k—

3. — The existence result.

By the closure result and the lower semicontinuity statement of Sections 1 and 2
above, we can derive the following existence theorem (see [4bcl), for v=1,
n=1,
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THEOREM 11 (An existence theorem). — Suppose that:
(i) G has the cone property, A is compact and M s closed;

(i) the multifunction @ has closed, convex values and satisfies property (Q)
with respect to (t, x), at every point (t,,x,) € A with the exception perhaps of a set of
points whose t-coordinate lie on a set H of measure zero in R,

(iii) for~cmy given sequence (ity ) » o Satisfying (2), the multifunction Q satisfies
condition (WF) with respect to the sequence (o}, % )i =0, 0t a.e. point ty € G;
(iv) the integrand F is lower semicontinuous and there is a function A € L (G)
such that Fy(,x, &)= 1) on M.
Assume that Q is closed, W' nQ +# 0 and
(v) there is o constant Wy such that V(x) <W,, x e .
Then the functional 5 has an absolute minimum x € Q.

We sketch the proof which is the same as in[4c].
Leti= igf 3(x). Then i = - 1inf I(x) and 0 < ¢ < 4+, By definition there is.a se-
@ na ;

quence (z; ), in WH1(G) N Q with kling I(z,) = 1. Because of the assumptions we have
Vix,) < W, for all k, and, by a known compacteness theorem there is a subsequence,
say still (&), with x, — x, € BVC(@).

But Q is closed, hence x, € Q and 7 < J(x;). The Serrin integral is certainly lower
semicontinuous, therefore

(o)< lim 3(x,), where 3(x;) =I(xy), keN.

k—
Finally
0=<I(xg) S 3(wy), 1=Iry)= khn—;—l Ix)=1.

Since 7 is finite, we have 0 < I(xy) < 3ay) = 1.

REMARK 12. - The hypothesis (v) can be replaced by the lighter assumption
(v)' the level sets Lg= {xe W"'nQ: I(x)<K} are equibounded in varia-
tion.

In fact condition (v) is used only to garantee that every minimizing sequence of
W1 surfaces is equibounded in variation.

REMARK 13. — By virtue of Propositions 4 and 5 in Section 1, Theorem 11 improves
and also unifies the existence results given in{4b] and[4c].
4. - Application to a class of integrands without growth properties.

Note that no growth assumptions are explicitely requested on the integrand F in
the existence theorem (Theorem 11). Let us consider now a particular class of inte-
grands, without growth, to which Theorem 11 can be applied. In more details we re-
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consider the problem discussed by CESARI in (3], and we show that the results of Sec-
tions 1 to 3 above lead to a reduction in the assumptions needed in[3] for the existence
of a BVC solution of the optimization problem discussed there.

(@) Let G be a bounded open subset of the t-space R whose boundary oG has
the cone property and let A be a compact subset of the (¢, u)-space R**™ whose pro-
jection on the f-space covers G. Let F;;: A— R, je {j};, i =1, ..., m, be functions of
class C' and let F;: A— R, i=1,...,m, be continuous functions. Let Q, denote the
class of all the surfaces # = (!, ...,u™): G— R™ with x e BVC(G), (¢, (1)) € A a.e. in
G, satisfying some Dirichelet-type boundary condition w(f)=w() on D c 3G, and
those total variations are equibounded. Thus let W, be a constant such that
Vi) <sW,, ueQ,. Let I:Q2,— R denote the integral of the calculus of varia-
tions

I(w) = f él
G

, E{_} Fy(t, u®),, + F;(t, u(t) | dt
JEI i

and let J denote the corresponding Serrin integral. We shall further assume that
QO N Wl’l(G) #* @

(b) As in CESARI[3] let @ denote the transformation which maps any m-vector
function u: G— R™ of the class 0, into the (N + m)-vector function v: G — R¥*™ de-
fined by

o) = dult) = (W'D, v'®), teG
where v'(t) = u(t) = (u, (@), ..., u,, () and
V) =@, je{i}i,i=1,...,m), v;0=Fy;Qud).

Let Q¢ = #Q, denote the set of all functions v = (v', v") obtained by the transformation
of all u € Q.
Then the integral I is transformed by @ into the integral H: Q;— R defined by

® H() = [ Fo(t, v(t), Dot dt,
G
with
Folt,0,D0)= 3 | S (@), +Fit,0)].
i=1}|je{ik

If we denote by F: A— R™*¥ the vector function F(¢, u) = (u;,i =1, ..., m, Fj; (¢, w),
jefjls, i=1,...,m), then we can write v(t) = F(t, u(t)), t € G. Moreover the condi-
tion u(f) = w(f), t € D c 3G is transformed into

o(t) = F(t, w®), teDcdG.
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If for every ieaG we denote by_A@ = {u: (t,u) € A}, and we take B(?) = {v: v-=
=F(t,w),ue A)}, and B=a[B({),te G], then the new problem has the natural
constraint

(t,v@®) eB for te(.

Finally, the integrand F, in (8) can also be written in the form

n

Fo(t,v,f) = E . Eij+Fi(t,v)

i=1{jeijk
m
where E=(E11, oy SN,y Ea1s -oos CoNgs o os i s +o» i, )y -ElNFN'
<

(© We~shall prove that Theorem 8 can be applied to the integral H. In order to
do that let @: B— 2" be the multifunction defined by

Qt,v) = {(n, &): n=F,(t,v,8),Ee R }.

Let (v, )i >0 be a sequence in Qj such that v, € W11(G) and v, — v, in (L (G))™ . Con-
sider the VAC functions v)=¢;, keN, (see Section 2) and suppose that
ve— 1§ € VBV a.e. in G.

Let us prove now that Q satisfies condition (wF), with respect to the sequence
A

Note that there is a subsequence, say still (k), such that v, — v a.e. in G. Then, by
Egoroffs and Lusin’s theorems, given 2>0, there is a compact set K cG with
|G\ K| < such that vy is continuous and v — v, uniformly on K.

Thus, given ¢>0, there is a number 0 <d; =&, (p) <p and an integer &, = k(o)
such that

o () — v ()| <o  for every te K and k=k;.

Note that almost all points of K are points of density one for K. Let ¢, € K be one of
these points and let &, be the distance of £, from 8G. Thus for any given o >0, we take
e=p and hy = hy(ty, o) = min {8, (p), & }. Now for every 0 <h <hy and k= k;(p) we
consider the functions:

Rm+N; Ek=(£g,je{j}i;i=ly""m): q_‘)RN and UkZQ“‘)R,

Uy >
with g = [ty — h, ty + k], defined by
), tegnK

.
%@ {vo(to), teq\kK,

e Divi@t), tegnkK
Divi @)+ F;(t,v,®)) = F;(t,v,(4)), teg\K,
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n

(@) =Fo(t, 00,5 ®) = 2

i=1

2 ) +Fi(t,7,0)| .

JEUsi

Finally note that

"I|—lfﬁk(t) dt — |q{'1fF'0(t, v @), Duy () dt = 0,
7 q

moreover we have

~

lg|™! f Du(t)dt — |g|™ j OLARS
q q

n
<|q|™ f 21
\K

F.(t,0,0) — F (¢, vyt )| dt < (N
7tk lql

2MN ,

where M = Jmax max |F;(t,v)|, and the last expression approaches zero, as % goes to
0 +. EYES

Since ty denotes here almost any point of K, and |G\ K| < A with 2> 0 as small as
we want, we have proved that for almost every f, € G the multifunction Q satisfies
condition (wF) with respect to the sequence (v),V;)i>o.

Concerning condition (Q), this property was proved in[3] (cfr. the proof of Theo-
rem B in Section 2 of[3]), and the same proof holds in the present more general
situation.

Thus by force of Theorem 8 we conclude that, for every sequence (vy) o in Qf
with v, € WHH(G) and v, — vy in (L (@)™ ¥, we have

im H(v,) = H(v,).
k— +o
As we have seen in[4bc], this property implies that H(v) < X(v),, where X is the
Serrin functional corresponding to H.
Moreover [ is lower semicontinuous as H and I(u) < 3(u), for every u € Qy and
I(w) = 5(u), for every u e Qyn W1 (Q).

(d) As an application of Theorem 11, under the assumptions listed in (a) there is
an absolute minimum for the Serrin integral 4, associated to the integral I, in any
closed subelass G c ;. We note that the present existence result in more general
than the one stated in[3] since the functions F'; (¢, u) are assumed here only continuous
and not necessarily Lipschitzian as in[3].



L. CESARI - P. BRANDI - A. SALVADORL: Seminormality conditions, etc. 317

REFERENCES

{11 L. CESAR1, Sulle funzioni @ variazione limitata, Ann. Scuola Norm. Sup. Pisa, 5 (1936), pp.
299-313.

[2] L. CEsARI, Optimization Theory and Applications, Springer-Verlag (1983).

{8] L. CEsARIL, Existence of discontinuous absolute minima for certain multiple integrals with-
out growth properties, Rend. Accad. Naz. Lincei, Roma, to appear.

[4] L. CEsARI-P. BRANDI - A. SALVADORI, a) Discontinuous solutions in problems of optimiza-
tion, Ann. Scuola Norm. Sup. Pisa, 15 (1988), pp. 219-237; b) Existence theorems concerning
simple integrals of the calculus of variations for discontinuous solutions, Archive Rat.
Mech. Anal., 98 (1987), pp. 307-328; ¢) Existence theorems for multiple integrals of the calcu-
lus of variations for discontinuous solutioms, Ann. Mat. Pura Appl., 152 (1988), pp.
95-121.

{5] T. H. HILDEBRANDT, Theory of Integration, Academic Press (1963).

[6] K. KRICKEBERG, Distributionen, Funktionen beschrinkter Variation und Lebesguescher In-
halt nwichtparametrischer Flichen, Ann. Mat. Pura Appl., 44 (1957), pp. 105-138.

71 8. Saxks, Theory of the Integral, Monografie Matematyezne, 7 (1937), Hafner Publ.




