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INTRODUCTION

A development problem associated with the Titan II missile
was a self-exited longitpdinal vibration set up in the missile
structure and the rocket engine propellant feed system. At one
condition of operation a structure resonanéé developed which was
reinforced by propellant system resonances. The motion of the feed
tank and pump caused the outflo&ﬁfg the thrust chamber and the
resultant thrust, to vary periodically at the natural frequency of
the structural assembly.

This analysis deals primarily with the transients in all
the pipes of the engine feed system and especially focuses on the
method of representing the turbopump transient characteristics
anaiytically, including the effect of pump inlet impeller cavitation. -
The quasi-linéar partial differential equations of continuity and
momentum were solved by the methods of characteristics and t@e
method of specified time intervals, and by use of finite difference
methods placed in convenient form for use with a large digital
computer. Non=linear friction losses in piping were included, and
the turbopump transient pressure rise is included as a non-linear
function of the transient flow rate and inlet pump static pressure.

The propellant system analyzed is a full-scale ground
test simulation of the missile propellant system. These reéults
were compared with the actual ground tests which included the turbo-
pumps and feed system. In these tests (and in the analytical repre-

sentation) the engine feed system was hydraulically the same as the



-O-

actual missile system except that the engine fuel and oxidizer in-
jectors were simulated by orifices and the engine thrust chamber
and nozzle were similated by a cavitating venturi. The fuel and

oxidizer systems were tested separately.



THE ROCKET ENGINE PROPELLANT SYSTEM

A sketch of the rocket engine propellant system is shown
in Figure 1. Both the fuel and oxidizer systFms include & propellant
tank, a line from the tank to the turbopump inlet, the turbopump
and a line from the turbopump discharge to %he thrust chamber injec-
tor.. Val&es are located upstreaﬁ of each pump and injector.

A sketch of thé oxidiZef/system ground test configuration
which simulates the missile system is shown in Figure 2. The fuel
system test simulation was similar. The hydraulic dynamic resis-
tance for the cavitating venturi is twice that of the hydraulic
dynemic resistance for the engine nozzle. This fact was taken into
account when the test data were evaluated for the missile application,
but is of no concern to this treatment since the analysis is.of the
test configuration.

The fuel and oxidizer turbopump characteristic curves are
shown in Figure 3. Since th;s is a dynamic problem,ﬁinterest is
primerily in the slope Q@ these curves at a particular operating
point, Such as éhown on the curves. The use of these curves as
well asAother parameters such as friction factors and pressure wave
velocities, orifice and venturi coefficients are discussed subsequentlyﬂ

The fuel and oxidizer uséd in the test were the same as the
missile propellants which are Aerogine 50 (50% Hydrazine, 50% UDMH)

and nitrogen tetroxide.
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Figure 1. Missile Rocket Engine Feed System.
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FLUID TRANSIENT EQUATIONS

The methods of calculating head and velocity of small time

intervals for equally-spaced sections along a pipeline, with inclusion

(1,2,3)

»

of friction, have been previously reported. The important
working equations are briefly summarized:

For the interior sections along a pipe

-1 - - 2
Vp =5 [VR + VS + g(HR HS)/aC (v )C At/D) (1)
and
_1 -
Hy =3 [Hp +Hy +a (v VS)/g] | (2)

in which V_ and Hb are velocity and elevation of & hydraulic grade-
line at section P . With reference to Figure L, it is considered that
V and H at A,C, and B have previously been calculated. Vgs VS’

HR and H_ are obtained by linear interpolation between A,:C, and B

by the formulas

Vg = Vo + o(V + a)C (vA - vC) (3)
Hp = Hy + o(V + a)C (HA - HC) (4)
‘VS = VC + o(V - a)C (vC - VB) (5)
Hy = Hy + 6(V - a)c (HC - HB) (6)

in which © = A¢/AXI, the preselected mesh ratio for the calculations.

¢t and ¢~ of Figure 4 are the characteristics. For the method to be

stable, it is essential that
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Figure L,

Characteristic Curves.
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in which ‘'a' 1is the speed of a pressure pulse wave.

1/2
8 vy @)

K is the bulk modulus of elasticity of the fluid, p the mass den-
sity, E the Young's modulus for pipe wali material, D the pipe
diameter, and b the wall thickness. In the equations, g 1is the
acceleration of gravity, f . the Darcy-Weisbach friction factor, and
At  the time increment used in the calculations. The subscript C
denotes evaluation bf‘the quanity at the section under consideration
for the preceding time increment.

At the end sections of a pipe, the characteristic equations
yield one equation in the two unknowns V_ and Hb . For the down-

P

stream end

vp = vR - g(Hp - HR)/aC - ;‘—At(fvg)cr/D (8)

and for the upstream end

v, =V, o+ g(Hp - HS)/aC - %At(fve)@ /D (9)

External conditions (pipe end boundary conditions) must supply the

extra relationship so that Vb and Hp may be calculated.



PIPE END BOUNDARY EQUATTONS

The pipe external or end boundary equations will be given for
the oxidizer system pipes. The boundary equations for the fuel system
pipes are derived in a similar manner. »

As shown in Figure 2 the oxidizer system test configuration
was represented by 7 pipes; 1 pipe for the tank, 3 pipes for the
pump feed line, 1 pipe to represent the pump, 1 pipe fer the pump
dischgrge line and 1 pipe to represent.the pulser. FEach pipe was
divided into sections as previously explained. The boundary equations
for the end of each pipe in the system'are‘as follows:

1. Upstream End of Pipe 1

The pressure head at the inlet to pipe 1 1is

Hp(l,l) = Hg (10)

where H_ is the gas pressure head in the tank and H _(1,1) “is the

o
pressure head in pipe 1 of section 1 .

2. Junction of Pipe 1 and Pipe 2

The pressure head at the downstream end of pipe 1 (tank
outlet) is equal to the pressure head at the'upstream end of pipe 2 ,

so that
Hp(l,Nl) = Hp(2,l) (11)

where Hp(l,Nl) indicates the pressure head in pipe 1 , section N

(the last section) and Hp(2,l) indicates the pressure head in pipe 2 ,

=10~
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section 1 . This notation will be used throughout the text. Another

relation is derived from continuity of flow from pipe 1 to pipé 2 as

[, |?
Vp(l N1) ';%\ﬁ Vp(2,l) (12)

where Dl ‘and D2 are the diameters of pipes 1 and 2 respectively.

The above two equations along with the two boundary charac-
teristic equations previously derived (one’for each pipe) give the
required four equations to solve for the four unknowns, Hb(l,Nl),
Vp(l,Nl), I-Lp(2,l), and Vp(2,l).

The boundary equations for pipe junctions 2 to 3, 3 to &,
and 6 to 7 are identical to the equations for junction 1 to 2 except

for the subscripts.

3. Junction of Pipes 4, 5, and 6

As in the Jjunction of pipes 1 and 2 , the pressure head

is equal, so that

Hy(5,1) = H(k,Nh) (13)
Hp(6al) = HPU'":NJ"‘) (ll{-)
From continuity we have,
D5\2 ’Dé, 2
Z L 6,1 1
(h Nk4) 5 Vp(5,1) + ) Vp(6 ) (15)

These three equations along with three characteristic equations (one
for each pipe) determine the six unknowns, Hp(h,Nh), Vp(h,Nh), Hb(S,l),

Vp(S,l), 'Hp(6,l), and vp(6,1).



=12~

4, Pulser Boundary Condition

There are two unknowns at the pulser piston, HP(S,NS) and
Vb(5,N5). One characteristic equation is available and the other

necessary equation is simply

VP(S,NS) =L, o sin ot (16)

»

where Lo is the pulser stroke and w 1s the angular frequency. The
pulser inputs a sinusoidal variation in flow to the system.

5. Downstream End of Pipe 7

Since pipe 7 is terminated in an orifice the orifice equa-
tion is used to determine the boundary condition equation. If Ho is
the pressure head downstream of the orifice and D7 and D, are pipe

7 and orifice diameters respectively,

1/e
T AT(ED]) = opol3Do)° Fa%an-%ﬂ
(17)
D, 2 r 1/2
) = Gy |2 [2at() - o) ]
[ (18)

Since the pressure at the throat of the cavitating venturi is vapor

pressure the pressure head, Ho ; can be determined from

D, |2 T 1/2
o(TsNT) = Cpy 5~/} {2%<Ho - Hy) } (19)
v 2
D2 |
=k e |12 e (20)
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Equations (18) and (20) yield the desired boundary equation

D, |2 r2g(Hp(7,N7) - fiy) /2
V_(7,N7) = C ( = (21)
P DO \D.? 14 (_CPQ __o_‘ |
\C D Vv |

where Cpo and CDV are orifice and cavitating venturi discharge
coefficients, DV is the venturi throat diameter and HV is the vapor

pressure of the propellant in feet of head.



TURBOPUMP REPRESENTATION

Referring to characteristic Equation (1), the friction term

can be written
1 (ey2 =g [QH i
= (f )c Mt/D =g ( J AV (22)

where AH is the pressure head drop in the distance AX . Since interé
nal losses in a pump are reflected in the pump head rise the friction
term should not appear in the pump (pipe 6) equations. Instead, it is

readily seen from Equation (22) that the term

g (%) At (23)

can be substituted for the friction term in the pipe 6 equations but
with opposite sign to represent the pump head rise. Lp is the length
of the pump flow path and AHP is the pump head rise. The character-
istic equation for pipe 6 corresponding to Equation (1) is then
v =%. (Vg + Vg) + g(Hy - HS)/B.C + 2g %—[p At
(2k)

Equations (2) thfough (6) do not change because of the pump head rise
and will apply to pipe 6.

. 'The steady state pump head‘rise is a function of both the pump
inlet pressure and flowrate as is shown on Figure 3. It was assumed that
for transient conditions the head rise could be determined from these

steady state characteristic curves.. It was also assumed that affects due

to variations in the pump speed were negligible.

-1h-
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Equations for the characteristic curves (Figure 3), deter-
mined‘by curve fitting methods, were used to compute the head rise,
AHb, for particular values of inlet pressure and flowrate. The equa-

tion for Aﬂb is

(15(60) - B,
A, = ity - By(Vy(6,1) - )" - Bl"Hp+B(H(6§)Hn‘

(25)

In this equation Aﬂb BO’ and Vb are constants determined from the

0’ Bl Be, and B3 are

constants determined from the steady state head rise versus inlet pres-

steady state head rise versus flowrate curve and H

sure curve.

The cavitation of the pump inlet impeller has a large effect
on the fluid transients in the suction system, Tests at the Martin-
Marietts Corporation (Denver Division) have shown that a region of cavi-
tation can extend in the pump inlet pipe as far as from three to four feet
upstream of the inlet to the oxidizer puﬁp. This cavitation region
drastically lowers the pressure-wave velocity in the inlet pipes and
therefore lowers the quarter wave resonant frequency of the entire pump
feed system. Since there is no way of computing the effect of this cavi-
tation, the pressure wave velocity near the pump has to be approximated
from test data. In this case, the quarter wave resonant frequency of

each feed line used in the analysis was the value measured in the tests

and pressure wave velocities for the feed system pipes were derived from
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these measured values. It is also possible to determine these resonant
frequencies from a spectrum analysis of pump inlet pressure measured
during engine test firings.

The fuel pump feed pipe is short and it was assumed therefore
that the cavitation affected the pressure wave velocity in the entire
pipe. The length of pipe from the tank outlet to the pump inlet will
be a quarter wave length. The average pressure wave velocity in the

pipe is therefore

where fn is the quarter wave resonant frequency and Lf is the length

f
of the fuel pump feed pipe.

The oxidizer feed pipe is long and the cavitation will only
affect a small portion of the pipe. The pipe was therefore considered
as three pipes each with a different pressure wave velocity. In this
case they are denoted pipe 2, 3, and 4. The pressure wave velocity in
pipe 2 was computed using Equation (8), the pressure velocity in pipe
3 was taken as one half the value of pipe 2, and the pressure wave
velocity in pipe 4 was determined so that the system resonant fre-
quency would be equal to the measured value.

Since the friction loss is small, the‘impedance relations for

a lossless fluid pipe were used to determine the pressure wave velocity

in pipe 4. The Surge impedance for pipe 2 is
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8o

(27)

7 =
02 T 2
D2 g

=

and the impedance of the downstream end of pipe 2, since the impedance

of the tank end is very small, is

Zy = 3 Zop tan By Ly (28)
where
2n T
no
Py = (29)
&

and L2 is the length of pipe 2 and fno is the quarter wave reso-

nant frequency. Similarly, the relations for pipes 3 and L are

&
203 R“%“
3 D38 (30)
70 + § Z.2 tan Bz L
2 03 3 3]
Za = 7 : | (31)
3 03 Z03 + Z2 tan 63 L3j
2n T
no
53 = a (32)
3
a
2ok = 7 (33)
n
- ;!Z3+'jzol+tan641'hi ()
b =Tk | B T B Ran By T |
2% fno (35)

Bu = al|.
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Since Zh represeﬁts the impedance of the entire feed system at the
pump inlet, this impedance will be maximum at the quarter wave resonaﬁﬁl
frequency f,. Therefore, the denominator of Equation (3L4) will be
zero at the frequency fn which provides the expression from which the

pressure wave velocity a) cen be obtained.

»

Zoy + 3 Z3 tan By L) =0 (36)

Using the first two terms of the tangent series and the expressions

for z, and B, Equation (36) becomes

2 2
o - 3 lag) (Poft, ) - § Iagl (oftye’d) =0 )
which yields
1/2
46 £ 1,02 1 \/1 D7 Tao (38)
8 = (2.4 £ I,Djg lz3| + + 3

2
Dug- |Z3|.

This is an approximation for the effect of the cavitation.
The most important aspect is that the pump feed lines in the analysis

have the proper quarter wave resonant frequency.



THE COMPUTER PROGRAM

An abbreviated flow diagram for the solution of the fluid
transients in the oxidizer system is illustpgted in Figures 5a and
5b. The steady-state pressure heads, velocities, and the pressure
wave velocity for each pipe are computed, stbred, and printed for
time t = 0. The velocity and pressure head for the interior sec-
tions of each pipe are computed from the same block of equations
and the boundary points between the pipes are then computed from
the boundary equations for time +t + At. The time increment At
is chosen so that the interpolation points R and S 1lie within
points A and C of Figure 4. The computed values are printed
and stored for the next computation. The resul£ is a time his-
tory of pressure head and velocity at each section of each pipe

in the system.
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RESULTS OF THE ANALYSIS

The results of the analysis compared with test results are
shown in Figures 6 through 9. Figures 6 and 8 illustrate the ratio of
the emplitude of the pump inlet pressure oszillation to the corrected
acceleration amplitude of the pulser versus frequency. The pulser
acceleration amplitude is corrected by the ratio of the flow area of
the pulser to the flow area of the pump inlet pipe. These curves show
a good agreement of the analysis results to test data.

Curves are shown in Figures 7 and 9 which compare the ratio
of the amplitude of the pump discharge oscillation to the amplitude
of the pump inlet oscillation. These ratios depend upon the pump
dynamic characteristics. The agreement is fairly good which shows that
the pump steady state characteristic curves are adequate for use in
dynamic problems. The test data was quite non-linear for the fuel
pump around the resonant frequency of 12 cps which could account for
the deviation of the analysis results from the data around this fre-
quency. |

Curves are also shown in Figures T and 9 which compare the
pump discharge pressure oscillation amplitude to the amplitude of the
venturi inlet pressure oscillation. The analytical results compare
well with the data which substantiates the analytical representation

of the pump discharge systems.

-22-
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Figure 7.

Oxidizer Pump Pressure Ratio and Discharge System Pressure Ratio.
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COMBINING THE PROPELLANT SYSTEMS WITH THE SUPPORTING STRUCTURE

A simplified block diagram to illustrate how the propellant
system analysis can be combined with the supporting structure is shown
in Figure 10. The fuel and oxidizer injeé%or outflow oscillations as
computed above are converted to a thrust oscillation by use of the en-
gine thrust relations. The pump and ténk motions»which excite the
propellant systems are computed from the structure dynamic equations
of motion from this known thrust oscillation. From the pump motion the
injector outflow oscillation is computed which completes the closed
loop self excited system.

To determine the stability of this system the loop can be
opened at the input to the structure and a conventional open loop sta-
bility analysis can be done. Since the scope of this paper is the
analysis of the propellant systems, the stability problem will not be

presented in any further detail.

-27_
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CONCLUSIONS

The transient flow in a liquid rocket engine propellant feed
system including turbopumps can be predicted when the effect of the
pump cavitation on the resonant frequency Bf the system is known. The
steady state pump characteristic curves'(head rise as functions of flow
rate and inlet pressure) were found adequate for the transient problem.
The pump transient pressure ratio, defined as the amplitude of the

discharge pressure oscillation per unit of inlet pressure oscillation,

is predictable.
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APPENDIX A

NOTATION

Description
velocity ~ pressure %ave
wall thickness - pipe
constants - pump curve
discharge coefficient ~ orifice
discharge coefficient - venturi
diameter - pipe
diameter - orifice

diameter - venturi throat

Young's modulus - pipe wall

Darcy-Weisbach friction coefficient

quarter wave resonant frequency
gravitation constant

pressure head

pressure head differential
constant - pump curve

pressure head rise - pump
pressure head - orifice discharge
pressure head - tank gas

vapor pressure head - fluid
constant - pump curve

pressure head,'pipe ¢, section d

-30-

Units
ft/sec

ft

ft
ft
't

1b/ft2

cps
ft/sec2
ft

ft

ft

ft
't
ft

ft



N1, N2, ete.

Sﬁbscripts

f

0

1, 2, 3 etec.

A, B, C, P
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bulk modulus - fluid
pulser stroke

pump flow path léngth
pipe length

number of sections in pipe 1,
pipe 2, etc.

time

time increment

velocity - fluid

constant - pump curve
velocity~fluid, pipe c, section d
distance increment

surge impedance

impedance

angular frequency - pulser

phase velocity

mass density - fluid

At/ DX

Denotes
fuel system
oxidizer system
pipe number
points on characteristics

interpolated points

1v/£t°
£t
£t

ft

sec.
sec.

ft/sec

£t/sec
ft
sec/ft2
sec/ft2

rad/sec

slugs/ft3

sec/ft
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