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Abstract. The new rotor coherent-state construction of the SU(3) algebra is used to derive
simple expressions for SU(3) > SO(3) Wigner coeflicients.

1. Introduction

In the past few years a vector coherent-state (vcs) theory (Rowe 1984, Rowe et al
1988, Hecht 1987, Deenen and Quesne 1984) has been used to great advantage to
evaluate very explicit expressions for the matrix representations of many higher-rank
symmetry algebras of interest in physical applications. The early detailed applications
have focused on the matrix elements of the generators of the aigebras. Very recently
(Hecht 1989) vcs theory has been generalised to include Bargmann space realisations
of more general operators lying outside the algebra, such as the operators which can
generate the fundamental and other simple Wigner coefficients for these higher-rank
algebras. All these applications have made use of a vcs theory based on an n-
dimensional Bargmann variable z, with a scalar product defined in terms of the standard
Bargmann measure. This version of the vcs theory is particularly well suited for the
matrix representations of the canonical SU(n)>SU(n—1) algebras and has led to
spectacularly simple expressions for certain types of Wigner coefficients (LeBlanc and
Biedenharn 1989). Some classes of SU(3) = SU(2) reduced Wigner coefficients, e.g.,
are simple products of SU(2) 9-j coefficients and extremely simple normalisation factor
ratios, the K-matrix ratios of vcs theory. These results indicate that vcs theory may
be an important tool in simplifying the Wigner-Racah calculus for the SU(3) > SU(2) x
U(1) or the more general SU(n) > SU(n—1)x U(1) algebras.

In another recent development in vcs theory, a new type of vector coherent state
has been constructed for the SU(3) Lie algebra (Rowe et al 1989) to give a rotor
expansion of this algebra. The new vcs state makes use of the conventional angular
measure of angular momentum coherent-state theory and is well suited to calculate
SU(3) matrix elements in an SO(3)-coupled basis. The new coherent state has again
been used to calculate the matrix elements of the group generators, in particular the
matrix elements of the SU(3) quadrupole operators, Q.,,, in an SU(3) > SO(3) basis
of good orbital angular momentum, L. The new coherent state can, however, again
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be used to construct the rotor realisations of other operators lying outside the SU(3)
algebra. The new angular coherent-state realisation of such operators is now very
parallel to that of the SU(3) generators and does not require some of the special
techniques used for the Bargmann space realisations of the earlier vcs constructions.

It is the purpose of the present contribution to give the new rotor realisations of
operators which can generate the fundamental and other simple Wigner coefficients
in an SU(3) 2SO(3) coupled basis. These lead to SU(3) >SO(3) reduced Wigner
coefficients in essentially analytic form. Such coefficients have been given previously
(Vergados 1968) in a special orthonormalised basis, but analytic expressions were
limited to SU(3) representations, (Au), with w <3. A computer code (Draayer and
Akiyama 1973a, b) is also available. Our main aim therefore is to demonstrate how
vcs theory can be used to expedite the calculation of Wigner coefficients of higher-rank
algebras. The simplicity of the final result may, however, also lead to practical
computational applications in realistic nuclear physics calculations where large num-
bers of SU(3)>SO(3) Wigner coefficients may be required, especially when large
values of the SU(3) quantum numbers (Au) come into play.

2. The new vcs construction of the fundamental tensors

In the new rotor coherent-state realisation of SU(3) (Rowe et al 1989) state vectors
|¥) are mapped into their coherent-state wavefunctions ¥(Q) via

[¥) > ¥(Q) = (). R()|¥) (1)

where R(Q)) is a general rotation operator, () € SO(3), which transforms an angular
momentum eigenvector |« LM) into

R()|aLM) =} |aLK)Dim(Q). (2)

The state |$,,.) is the highest-weight or intrinsic SU(3) state (Elliott 1958) with Elliott
U(1) x SU(2) quantum numbers & =2A + u, A= M, =3u. An explicit construction of
this state is well known in an SU(3) x SU(2) basis generated by oscillator creation
operators, a}'p, with ‘particle’ index p=1,2and i=1,2,3 0or z, x, y:
|¢)\u.>=NAua:?(a:la'LZ_alla;Z)“|0> (3)

with

3 (A+1) 12
N*“‘((A+,L+1)m!) : @)

Note that this is a highest-weight state in both SU(3) and SU(2), which is annihilated
by both the SU(3) ‘raising’ generators C;, with i <j, and the SU(2) raising generator
E,,, where

(%]

Ci=Y ala, j=z,x,yor1,2,3 (5)
p=1

+
a,'pa
1

E,y=

iq P, q= 1s2' (6)

" Mw
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Finally, note that it is often convenient to convert the af,, to standard spherical
tensor form

1 . +
a;=:1‘p=;ﬁ(aipila;p) am=0.p=a:p- (7)

Under the map |¥)-> ¥(Q) operators X acting on |¥) are mapped into I'(X)
X[¥) > T(X)¥(Q) = (.| RIQ) X|¥). (8)
The I'(X) give a non-unitary realisation of the operators X (with respect to the

standard rotational measure d{}). As in the earlier vcs constructions this is transformed
to a unitary realisation y(X) via the similarity transformation

y(X)=%""T(X)X 9)

where the matrix elements of the % operator (Rowe et al 1988) can be evaluated (Rowe
et al 1989) by the usual techniques (see also the appendix).

In Rowe et al (1989) the operators X were restricted to belong to the set of SU(3)
generators, which cannot change the quantum numbers (Au). If the X are classified
as SU(3) > SO(3) irreducible tensors

X = T(X){o
the technique of Rowe ef al (1989) can easily be generalised. The operator map now
gives
T(X) e W (Q) = (ba,.| R(Q) Tine | W)
=(hau| RO Tire* RTHQ)R(Q)|W)
=L (6l T RO DL (). (10)

The operators T{,o“o will be constructed to be shift operators which lead to specific
(A'u’) values through their (left) actions on (¢,,|. For simple SU(3) tensors (Aguo)
this can be achieved by coupling these operators in their p, g =1, 2-particle space to
aresultant SU(2) highest-weight state of appropriate A’ (using the technique of LeBlanc
and Rowe (1986), see also Hecht (1987, ch 5)). For the fundamental tensors, e.g., with
{Aopto) =(10), the tensors

T, =ah, (11)
1
T//ilOr:l=
ST A+ )]

convert the highest-weight state (¢,,| through their left action to states with (A'u’) =
(A+1,4—1) and (A =1, u), respectively. This can be seen at once from the operator
actions on the highest-weight state of (3), which gives

{Aa:nl+El2a:n2} (12)

(r(A+D\?
axZI¢Au>_< ()‘_‘_2)) |d’)\-+—l,u—1> (13a)
172
="
azZI¢Au>_ <(/\+1)(/\+2)) sz|¢/\+l,/.4—1> (13b)
1
W(Aaxﬁaxzb"zx)l@ﬁlﬁ() (14a)
1

[A(A+1)]72 Aam+asEx o) =[(A+u+ 1)]1/2|¢A_,,“). (14b)
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Note that it is easier to carry out the actual calculations in terms of right actions
involving Hermitian conjugate operators. Note also that the operators of (12) or (14)
are constructed via the p =1, 2-particle space SU(2) coupling. For example,

1 /2 A A 1 A—-1A-1
W(Aail+ai2E21)l¢Au>=m]%z) 1) m; 5m1><5 mygmy o= = (15)
where

t(ai)-lf-/l2/2=_ai2 t(ai)l_/2/2=a,-l (16)
and

AA E, | A A>

Soopy=—2s). 17

22 > Val22 an

The operators T’ and T” of (11) and (12) are the SU(3) fundamental (10)-tensors
which add one square to rows 2 and 1, respectively, of the Young tableau for the
SU(3) representation (A'u’). Since our explicit state construction in terms of the
[SU(3) x SU(2)] operators, afp with p =1, 2 only, does not permit three-rowed tableaux,
the third fundamental (10)-tensor will be constructed in terms of operators which
annihilate one antisymmetrically coupled pair, subtracting one square each from rows
1 and 2 (in place of an operator which would have added one square to row 3). Thus

" 1
TI=(:(r)n)=ﬁ(amllamzz—amzlamlz) (18)

with (mm,m,) cyclic permutations of (+1, 0, —1). Note that these 7" convert the state
{¢»,| through their left action to states with (A'sw’)=(A, u+1). This can be seen at
once from

(azlalz"a;la:z)id’m):[(A+#+2)(#+1)]1/21¢)\,p+1> (19a)
o A 2\
(s ahialalon = - (L) Ve o, (19b)

1
(et DA+ar2]7 O

ot ot
(axlayZ_aylax2)!¢Au>=

|¢A,,¢+1> (19¢)

where the operator

Oyz = nysz - Cyz(Cxx - ny + 1) (20)
is the step-down operator which converts the Elliott SU(3) intrinsic state with &, M A=A
to a state with e =3, A'= M/ =A-1

Using the operators T7.|5) as our prime example, we note that (10), together with

(19), yields
T(TIZ) ¥ (Q)
= % <¢Au!(azlax2— axla22)R(Q)|W)(D}m(Q) + Dl—lm(Q))

=5 {®ul(e100 = 01, REQ)WY(DLL(Q) - DL, ()

+¢i§<¢wl(axlaﬁ—a,laxz)R<m|~v>Dsm<n>
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=A+p+2)(n+ D] drnr 1| RN D} (Q)+ DL, ()

: 1/2

(ALY V(G - IRl - DL ()

s ! <
N PRSIl ko

“+1|{(sz - sz)(cxy - ny)

1
T2A(A+p+2)(p+ D]V

{(/\ + 0+ 2)[{Bru+1l(w + 1= Lo) R(Q)¥) D1, (Q)
+<¢A“+1|(Ff +1+ LO)R(Q)I‘I’)D}-:m(Q)]
-\/LE<¢A,L+1|[L+(L0+ pt2)—L (Lo~ —2)]R(Q)|‘I’>D$m(ﬂ)} (21)

where (¢,,+1/C;, has been converted to (¢,,+|(Cx, — C,»), etc, using the properties
of the highest-weight state, and where we have used

(Cx —ny)=iL0 (sz—cxz)=iLy=%(L+—L—)

(22)
(Cps—C,,))=iL, =H(L,+L.).

These operators are converted to ‘left-action’ angular momentum operators, L.,
L_, Ly, via

(x| RQ)¥) =¥, () (23a)
(Daul LaR(Q)|¥) = Lo¥ (141 (Q) (23b)
<¢/\';.L’IL::LOR(Q)I\I’>= I_«:fto‘y)«’u'(ﬂ)- (23¢)

The actions of the operators L, are defined by expanding |¥) in terms of angular
momentum eigenvectors |a’'L'M’), Consider, for example,

(ap|LoR(Q)|a'L'M")y = ; (drplLola’ L' KD oar(Q) (24a)
or
(2wl LiLoR(Q)|a’L'M’) =; (brw|LaLola'L'KY D ar(Q). (24b)
From these we infer that
L_ODE'M'(Q) = KlDZ'M’(Q) (25a)
L.LD¥am(Q)=[(L'= K')(L'FK'+1)]V(K'F1) DK =1 0 (). (25b)

Finally, with the use of the standard rotational measure

2 1/2
[(2L'+1)(2L+1)] J’dn

872

(26)
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and standard D-function integrals, we obtain
(AR) KLMID(TIZEDHA 1) = (A, p + 1)K'L'M)
=(L'M1m|LMY(A)KLIT( TS (A ') KLY

_l<(2L’+1)>”2 1
2\@2L+1)) [(A+p+2)(p+1]Y

s(L'M'1m|LM)
X {(,\ +u+2)[(p+1-K'WL'K1|LK)+(u+1+ K'){L'K'1 - 1|LK)]
\/_ (W+1+K)(L'+K )L ~-K'+1)]YXL'(K'-1)10|LK)

\/_ (u+1=-K)(L'-K)WL'+K'+D)]"(L(K'+ 1)10|LK>} (27)

for the special case (A'u’) =(A, u+1), with similar expressions for the other (A'w’).
These matrix elements of the non-unitary operator realisation I'(T) are now converted
to those of the unitary realisation y(T) of (9) via the matrix elements (¥)x; (see the
appendix).

Finally, the matrix elements of the unitary y(T) between orthonormal states
[(Ap)iLM) can be converted to standard Hilbert space and lead to

(Ap)ILM|y (T )(A ' m)i'L'M")
= (L'M'tm|LMX(A'w)i'L'; (10)1[[(Ap)iL{(Ap) [ T (A'R"))
= L (D) (H W)Lk

X (LM 1m|LMY(Aw) KL|T(TS){[(A'w )KL, (28)

Here, the left-hand side has been expressed in terms of an SU(3)-reduced matrix
element of the operator T"'”, denoted by double verticals and double angle brackets,
and otherwise yields the SU(3) > SO(3) reduced Wigner coefficient which is sought.
The quantum numbers, i, of the orthonormal basis are associated with the ith non-zero
eigenvalue of the Hermitian matrix (35,’3{*),(1,(2 and are most simply labelled by i=1,
2,.... The double angle bracket reduced matrix element is dependent on the parities
of A, u, A" and u' since the coherent-state constructions are based on the unique
starting states with L =0 for A and u both even or with L=1 for all other A, u
combinations. For these starting states the 1 x 1 3% matrices are set equal to unity (see
Rowe et al 1989). It is therefore most efficient to combine the double angle bracket
reduced matrix elements with the simple A, u-dependent factors of equations such as
(27), where we set

1 1
AA+u+2) (e + DT €A, w + D TN (Aw))

and determine the normalisation factors N from the orthonormality of the Wigner
coefficients with the simplest starting values such as L=0 for A and u both even, or
L =1 otherwise. Finally, it should be noted that the K values in (27) can be both
positive and negative, whereas the K values which label the (¥%") matrices are

= NEI)\‘;#)‘)=(A.;L+1) (29)
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restricted to be positive, with K =pu, p—2,...,0(1) for u=even (odd). The SU(3)
rotor states for the representation (Au) are given by the combination

(2L+1)

1/2
e ) Dk )+ (- F DL @] 30)
KO0

‘I’KLM(Q) = (

with K carrying positive values only, and (-1)% =(-1)*. (Note that A + L must be
even for K =0.) Interms of these positive K values the SU(3) > SO(3) reduced Wigner
coefficients can then be expressed by

((A'pHi'L'; (10) =1 (Ap)iL)

(21_'+1)>”2

-y (%“’((z\u)L))m(W((A’u’)L'))K'.-'N%:”)((2L+1)

K, K’
X{(A'r)K'L'; (10)1]|(Aw) KL). (1)

For (A'uw’)=(A, w+1) and (A +1, u — 1) the K-dependent factors have the simple
values

(Aw)K'L; (1001(Ap)K =K'£1, L)

: 1/2
=(L'K1+1|LK =K'= 1>{(_1)f%_ﬂ(;f()_[g,;L[?fi);m)],/z} (32a)
where, for (A'u'}=(A, w+1),

Fi(K)=(u+1-K)YA+u+2-L'+K) forL=L+1
=(u+1-K)YA+u+3+K" forL=L
=(u+1-K)A+u+3+L+K’) forL=L-1  (32b)

and for (A'u)=(A+1, u—1):

F,(K)Y)=—-(A+1-L'+K") forL=L"+1
=—(A+K'+2) forL=L
=—(A+2+L'+K) forL=L"-1. (32¢)

Finally, for (M) =(A -1, &),
(A =1, w)K'L'; (10)1]|(Ar) KLy = (L'K'10| LK’ = K). (33)

The fundamental SU(3) = SO(3) Wigner coefficients have thus been expressed in
terms of ordinary SU(2) Wigner coefficients and a few simple factors. The ¥-matrix
elements follow from the #% ' matrices. Analytical expressions for some of the simpler
cases are given in the appendix. The normalisation factors, N, needed for the coupling
(A'u"yx(10)> (Ap) are given in table 1. We note that the SU(3) > SO(3) Wigner
coefficients of (31)-(33) are in a form very different from those given earlier by Le
Blanc and Rowe (1985). The earlier expressions involve products of SU(2) Racah
coefficients and require a sum over angular momentum quantum numbers.
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Table 1. The normalisation factors N{} 4 for (A'w') % (10) > (Ap).

(A'u")
(Ap) (A-1,u) (A, p+1) (A+1,u-1)
1 1 1
e N AT ) (A+2v2
A+p+2\V? 1 1 (p+1\V?
o (A+y+1> 20+ D +2) (A +p +2)(A+p +3)]7 <A+z)(T)
(A+DA+p+2)\V? 1 1 1
o¢ ( AA+p+l) ) (et R+ p+2)A+p+3772 A+ 1)(A+2)] 7
A+1)12 1 (u+1) 12
o ( ) (A +p+3)2n+ (g +2)]72 (mmnuw)

3. SU(3)=S0(3) Wigner coefficients for the coupling (A'u") X (20)—> (Apt)

The techniques used for the fundamental (10)-tensors in section 2 can be generalised
to yield SU(3) > SO(3) Wigner coefficients for other simple couplings. This will be
illustrated in this section for the SU(3) coupling (A'x') X (20) » (Au). The six SU(3)
(20)-tensors which induce specific shifts are constructed by the techniques of section
2 in terms of the oscillator creation and annihilation operators af,,,,(amp) with p=1
and 2. With the definition

(20)
tlm

1
—[(1+5 7 Y (Imim))lm)a;, e, . (34)
pq mym;

the six (20) shift tensors are given by {with /=0, 2)

for (A'w)=(A+2, 1 —2): 1i27(2,2)
for (A'u"y=(A, n—1):

A \Y? 2
—(m) {tﬁm(l 2)+£E12t(20)(2,2)}

for (AM'u)=(A -2, u):

(p’ q) =

-\ 20 V2 1

—_— +_ (20) (20)

(/\+1> {tlm (1,1) E; (1, 2)"'/\()‘_ D E$L1i20(2, 2)}
for (A'w)=(A+1, u): (35)

Y am2 T (1m 1 my|Im)

mym;
for (A\'w)=(A =1, w+1):

1
AGA+D]7 Y (Aap,+ Epan ) TIA0(1m,, 1my|im)
mym;

for (A'u")=(A, u+2):

1

NG Y TROTrE 1 m 1my|Im)

mym;
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where the T7{'” are defined by (18). The action of the six shift tensors on the
representations (A'u’) indicated converts these to the representation (A, u) by the shifts
which correspond respectively to the additions of two squares to row 2, one square
each to rows 1 and 2, two squares to row 1, one square each to rows 2 and 3, one
square each to rows 1 and 3, and two squares to row 3 of the Young tableau which
characterises the representation (A'w’). The six shift tensors thus convert the state
(@] through their left action to states with the indicated (A'u'). This can again be
seen at once from relations such as

plp—1)(A+1)

172
aiz]d’w) = ( ) |¢A+2,“—2>

(A+3)
___ 1 (ma-DA+D\"
ax2az2i¢/\u.>"' (A+2)( (/\+3) ) sz|¢A+2,y.—2) (36)
2 _ 1 pp-1) )’”
a22|¢A/A>—(A+2)((A+1)(I\+3) Ciz!¢).+2,u.—2>

for the first case; or, as a second example,
(012101:2 - alla:2)2|¢)«u> =[(p+D(e+2)A+u+2)(A+pu +3)]1/2|¢/\,p+2>

tot Tt Tt
(azlaxZ_axlazz)(aylaﬂ_azla;2)|¢Au>

+1D)(A+p+2)(A+u+3)\?
(OO
ot b2 (At u+2)A+pu+3)\V?
(aylazz azlayZ) |¢Ay,>—< (”+1)(“+2) ) Cix|¢;\,y.+2> (37)
. . . +1)(A+p+2)\"?
(ailaxz—alxalz)(analz—aylaiz)lcbm>=(Eﬁ+2;§A+Z+3;) Oyz|¢A,u+2>

(011022— a:ﬂ;z)(a:na;z"a;xazz)ld’w)
__( A+u+2)
(B +1D)(p+2)(A+p+3)

1/2
) nyosz¢A,y. +2>

! 2
[(p+D(p+2)A+p+2)(A+p+3)]"2 (0):)|bru+2)

where the operator O,, is defined in (20). The operators which occur in such relations
are converted to left-action angular momentum operators via relations such as

(#ru+210}:Cyy
= (b u+2l(Cex = Ce)[(Coy = €. )(Cy = Cp) + (Cou = Cy,)]
(a2l +3)(Csy = C)(Coy = C) + (Cox = Crr)]
=(bru+2l{(Cox = Cx:)(Coy = €)= (u +3)(Cy = C,.)(Cry — C)}
= —(Grpuralt{(Ls = LO)L3+(u +3)(Ls+ L_) Lo} (38)

(0110;2_ allalz)zld’w) =

or
(2203,
=~ P2l L{LE+ (1 +2) (1 +4) +2(p +3) Lo}
— K Drura LL{LG+ (e +2)(u +4) = 2(p +3) Lo}
H(brur2l{(u +2)° = LHA +pu+3) +H(L3-L- L)}. (39)



416 K T Hecht

The techniques of section 2 then lead to the SU(3)>SO(3) reduced Wigner
coefficients which again have the general form:

((A'wHi'L'; 20| (Ap)iL)
L'+ 1))‘/2
(2L+1)
x((A'p)K'L'; 20)I|(Ap) KL). (40)

The normalisation factors, N, are given in table 2. The K', K-dependent factors are
given below.

= & O D (<A’n’)L'))Kr,-fNi:;t‘>°<

3.1 For Au)=(A—-2,u)
((A =2, w)K'L’; (20)2||(An) KL)=(L'K"20|LK )

(A =2, )K'L'; Q000) A KD) = 5 B b )

3.2. For the three cases (A'u)=(A+2, u—=2), (A+1, u), (A, u+2)
(A'w)K'L'; (20)2]|(Ap ) KL)
= Fp (K'(L'K'22|LK)8 g +2[(1+ 8k 0)]" >+ (=1)* T F. . (—K')
X(L'K"2—2|LK)8x k-2l (1% 8k0)1"/*+ G (K)(3) X L' K 20| LK )8
+51(1('51(1FL'L(—1)(—1)A’+L'H<L"1 22|L1> (42)

where the factors F;,(K'), G, (K') are given in tables 3-5. The remaining coefficients
are given by

((A+2, 0 =2)K'L; (20)I = 0[|(Ap)KL)

=%{[()\ +2)?=3L(L+1)+3K?+3(-1)* L(L+1)8x,16xx

+i(L+K'+1)(L+K'+2)(L- K'Y (L-K'—1)"?

X 8 k2 (14 51('0)]1/2

+i(L-K'+1)(L-K'+2)}(L+K")(L+ K'-1)]"?

X 8k k-2l (14 8x0) 1%} (43a)
((A+1, w)K'L; (20)0[|(Ap) KL)

2
=ﬁ{[(* +D(A+p+3)+Hu+2)-IL(L+1)+1K"?

DT (D L(L+1) 8k, 1K Skk:

+i(K' —pw)[(L+K'+1)(L+K'+2)(L~-K')}(L-K'-1)]"?

X 8k k+2[(1+ 8k 0)]?

+¥{K'+u)[(L-K'+1)(L-K'+2)(L+ K"} (L+K'-1)]"?

X 8y ko[ (1+ 51(0)]1/2} (43b)
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@+ M7+ O+ OZHE+ T+ Y)

AA~+5<i~v| AQ+1+<V:+1+<x_+3a+3<~v oo
- i\ (1+7) wn (1+Y)
€+ T+ O+ 7T+ OC+ )T+ (T +v)T] A:+1+<:~+5<~v A:+:+5:+1+5<~va+3 .
1- wn T+7+v) wn (1+v) I
nlE+T+ T+ + )T+ TN+ ) A:+1+<:N+5§‘Nv| nlE+T+ O+ 7+ )T+ 7)1+ )] oo
- o\ @+7+00+7) 1
@+ MTE+ T+ )T+ V) wl@+vel €+ 7+ O+ + 0T+ ) s
- 1 1-
(7 1+Y) (1-7%) (I+71-v) (rv)
o+ +OE+T +O(T+ DO+ (e + 7+ )€+ ) A (" +Y)vg v AA~+<5+<5|3/2+5~ 00
I a2 \(+ 7+ )+ 1Y) n K /o
A€+ + 0@+ 7+ )T+ THEF) TP+ 7+ (T + ) A a+7+v)vg v AA~+5:+<V:|3/@+5N 20
1 A \@+T+ 0O +¥)T wn o ] 1
Al E+T+ T+ T+ )T+ + )+ 7 + )€+ 7) A:+1+<x_»5mv AQ+§~+<§VQ+5N oo
I s\ @+7+Y)vq n 1+7 1
L+ O(E+ 7 + O+ 7T+ 2T+ T)E+7 +¥) A?: (1 - gv AA: YT+ - Sv T+ 2
I i\ (T+7+0vC w 1 I
T+7%) (77-v) @C-7T+v) (7v)
(.Y

(1Y) <« (07) x (,7,Y) 10} nﬁ«wz $1010%] uonesijeuLIou 3y "7 Iqe],
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Table 3. The F, . (K'), G (K') for (A'u')=(A+2, n-2).
L F (K" G (K"
L'+2 (A+1-L'+K'Y{A+2-L'+K") —“[(A-1=-LYA+2-L)-K'*]
L'+1 (A+2-L'+K'}A+3+K") ~[A(A+3-L)+L?*-K"?]
L (A+3+ KNI =4L(L'+1) —[A2+4A+1+L(L'+1)- K]
L'-1 (A+3+L'+K')A+3+K") ~[AZ+4A+1+(A+2)L'+ L?* - K]
L-2 (A+2+L'+K)A+3+L'+K") —[(A+LYA+3+L)-K"?]
Table 4. The F; (K"}, G, {(K') for (A'u)=(A+1,u).

Fi(KY=(K'-pA+1D(A+p+2)+f (K}

L So(K)

L'+2 (L'~K'L'~K'=3-2A~u)

L'+1 -—(K’+2)(L'—K’—l)—%(2)\+;4.-+-2)(L’—2K’—2)

L (K'+2)2—§L’(L’+1)+%(2/\+,.¢+2)(2K’+3)

L' -1 (K’+2)(L'+K’+2)+%(2A+p,+2)(L’+2K/+3)

L'-2 (L'+K'+1)(L'+K'+4+2A+pu)
Go(KN)=K{~(A+ 1A+ u)+(n+2)-L'(L'+1)+K?+g,. (K"}

L g (K"

L'+2 (LA +p+2)—u(p+2)}

L'+1 2;,2{K’2(2A+,.L+2)(L’-2)+;.L(p+2)[L’(L’+2)—2K'2]}

, 3 v Ty 2 . a2
L 2[3K,2_L,(L!+l)]{(2/\+;,L+2)[L(L +1)=3K? ]+ pulu+2)[2L(L' +1)1 =2K 2]}
L-1 —#{K’Z(ZA+u+2)(L’+3)—p,(p+2)[(L’—1)(L’+1)—2K’2]}

L-2 “{Q2A+u+2)( L'+ 1)+ p(pu+2)}

(A, w+2)K'L; (20)0]|(Ap) KL)

=%{[(# +2+ K (u+2-K)[(A +p+3)* —3L(L+1)+3K"

FH=DMLL A 1) (e +3) (1 + 1) 6k, 18k — (K =) (K' = = 2)
X[(L+K'+1)(L+ K'+2)(L- K'Y (L-K'=1)]"?8 x-+2[ (1 + 8x )12

~d{K'+u)K'+p+2)[(L-K'+1)(L-K'+2)(L+ K')}(L+K'-1)]"?
X 8k k-2l (1+8x0)1" 7} (43¢c)

3.3. For the remaining two cases (A'w)=(A, u—1), A—=1, pn+1)
((A'w)K'L; (20)0|(A)KL)
=DV UL=K)(L+K'+1)]1"?6x k1l (1+ 8x0)]2h(K")

DTG VUL KL= K+ D] 8k e, [(1+ 860)]h(=K)
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Table 8. The F..(K"), G, (K') for (A\'w’) = (A, p+2).

Fro(K)={(A+p+20(K' = p)(K' = p = 2)fp LK)+ (K'+ p +4)(K'+ p +6) 0, (K)}

L Su(K") L (K)

L'+2 (A+u+3-2L"42K") (L'-K')L'-K'-1)
L'+1 (A+u+5-L'+2K") —(K'+2)(L'-K'-1)

L (A+up+6+2K") {K'+2)*-3L(L'+ 1)}
L'-1 (A+up+6+L+2K") (K'+2)(L'+K'+2)
L'-2 (A+up+5+2L'+2K") (U+K'+1)(L'+K'+2)

Gro(Ky=(u+2+K)(u+2-KN(A+u+3)(A+p)+g.(K')}

L g1 (K")

L'+2 {L'(L'+1)=K"?2=2L(A+u+2)}

L'+1 {(L'(L+1D)—-K?2=(L'-2)(A+u+2)}

L {L'(L'+1)-K?+3(A+u+2)}

L'-1 {LAL+1) = K2+ (L'+3)(A + p+2)}

L'-2 {L'(L'+1)-K?+2(L'+ 1) (A +u+2)}
with

h(K')=1 for(Au)=(, u—1) (44)
and

h(K)=(u+1-K") for(A'p)=(A-1, u+1)
and

((A'p")K'L; (20)2](An ) KL)
= FL'L(K')(L’K'21|LK)5KK'+1[(1 + 51('0)]1/2
(=D TP (= K'KL' K2 =1 LK Y8k 1[(1+ 8x0)]"? (45)

where the factors F;.;(K') are given in tables 6 and 7.

Table 6. The F;.,(K') for (A'u")=(A, u=1).

L Fo (K"

L'+2 (A-L'+K")

L'+1 “—,_1—21(—,){L'(A+2)—2K’().+1—L’)—2K'2}

L (ZK,H){A(2K’+1)+2(K’+1)2—%L’(L'+1)}

L'-1 m{(L'+1)(A+2)+2K'(A+2+L')+2K’2}

L'-2 A+L'+K'+1)
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Table 7. The F, (K’') for (A'p)=(A -1, u+1).

F (K =(u+1-K')f (K"

L So(K)
L'+2 (A+u+1-L'+K")
1
L'+1 A+pu+ 1) (L -2K)+2(L'-K'{K'+1
(L’—2K’){( 1) Y+2( X »
L A+u+ DK +1D)+2(K'+1)2-23L (L' +1
(2K’+1){( u+1)( )+2( ) —5L( )}
1
L'-1 —————— (A +p+ (L +2K'+ D) +2(L'+K'+ 1K' +1
(L,+2K,+1){( M1 )+ 2( X 1}
L'-2 (A+pu+2+L+K"

The normalisation factors N now present a somewhat more challenging problem.
They can be calculated via the technique of section 2. An alternative method involves
the direct calculation of specific SU(3) 2 SO(3) Wigner coefficients for which L', L
and | are the unique states, such as L=0 or L'=1. For these the specific state
constructions of Hecht and Suzuki (1983) can be used together with simple Bargmann
space integrations to evaluate some simple starting coefficients. As a specific example,
with A =2n =even, u =2m =even (in the notation of Hecht and Suzuki (1983)):

[P(Zno)(Kl) x PPMO(K )PP ™™ (K, - Ky)
=v3! ¥ ((2n-2m,2m)L=0; (20)I =0[|(A) L = 0)

(Ap)
x U((20)(2n, 0)(Au)(2m, 0); (2n+2,0)(2n-2m,2m))

>(((2n+2)!
(2n)12!

Using (26) of Hecht and Suzuki (1983) for the SU(3)-coupled K-space polynomials
and the well known Racah coefficient we get

((AR)L'=0; (20)I=0|(A +2, u)L=0)
=((2n—-2m, 2m)0; (20)0||(2n+2—-2m, 2m)0)

_((2n+3)(2n+2—2m))”2_<(A+,u.+3)()\+2))”2
T\3@2n+1-2m)(2n+2)) T \BA+DA+u+2)

1/2
) [PT"20(K,) x PR ()12, (46)

Appendix

The evaluation of the SU(3) = SO(3) Wigner coefficients is now straightforward, but
it does depend on a knowledge of the matrix elements of %' and ¥. The matrix (¥%")
is evaluated easily by the techniques of vcs theory (see in particular (17) and (18) of
Rowe et al (1989)). The process of finding the matrix elements of ¥ and %~ involves
the diagonalisation of the real Hermitian matrix (¥%") via a unitary matrix U:

(XY= U'AU (A1)
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where A = A;8; is a real positive semidefinite matrix. Note that zero eigenvalues of A
immediately signal the occurrence of forbidden states. Since (¥%") is diagonal in
(Ar) and L, the full (¥%") matrix factors into submatrices whose dimension is given
by the number of possible K values for a particular (Ap)L (K =, u—2,...0(1) for
u =even (or odd)). If A; denotes a non-zero eigenvalue, (Al) can be solved for ¥ and
inverted to yield

1

('%)Ki=(U+)Ki(/\i)l/2 (%_1)1'K=W

U- (A2)

Although the (¥%") matrix can be evaluated numerically for any (Au)L value, it
will be very useful to have analytical expressions for some of the simpler cases, which
lead to one- and two-dimensional (¥%") submatrices. These have been evaluated with
the use of (17) and (18) of Rowe et al (1989) and will be enumerated here. Due to
the central role played by the (¥%") matrices a sketch of the method of calculation
will also be given. In the vcs method the unitary character of the realisation y(X),
see (9), is used to gain a simple recursion formula for the (¥%") matrix. With X = Q,,
the »th spherical component of the quadrupole generator, the unitary requirement
v (Q,)=(-1)"y(Q-,) leads to the relation

(FH")(=1)’T"(Q-,) =T(Q.)(HXK") (A3)

as shown by Rowe et al (1989).

Note that the matrix (¥¥'((An)L))k,x, is abbreviated by Sk «, in Rowe et al
(1989), and this notation is adopted briefly here. Equation (A3) then leads to the
matrix form of (17) of Rowe et al (1989):

; Sk KLIT(Q) KLY (-1~ = ; (KIL|IT(QIKDSkx, (A4)

where the reduced matrix elements of I'(Q) are given in very explicit form through
(10) of Rowe et al (1989). For fixed choices of K] and K, this leads to a set of
recursion relations for the matrix elements of S in terms of known matrix elements
of §t. A second recursion relation, which is needed only occasionally, follows from
the matrix form of (18) of Rowe et al (1989):

Kz;,( glf(,{KKK"L']]F(Q)||K£L'><K2L||1"(Q)“KnL,>(_1)Lr_,_
= T (KILIT(Q)IK"LYK"L|T(QI K DS (AS)

The representations (A0), (A1) lead to one-dimensional S* matrices, since K =0 for
(A0) and K =1 for (A1) are unique. Equation (A4) leads to the simple recursion
relation for (An)=(A0):

S0 __-L)
SL  (A+L+3)°

(A6)

For A =even, the minimum L value is L;,=0, whereas for A =odd, L;,=1. The
states with L, are the starting states for the vcs construction for which 5(','0"““= 1.
With these starting values, iteration of (A6) leads to the final results, enumerated in
(A8) and (A9) below.
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A somewhat more challenging example is illustrated by the representation (A2)
with A =even, and possible L values:

02 4 6 o (A=2) A
234567 o (A=2) (A1) A (A1) (A+2).

Note that the odd-L states lead to one-dimensional §* with a unique K value, K =2,
whereas the even-L states lead to two-dimensional S$* with K =0 and 2. Equation
(A4) with the choices K;=0 and 2 and (A5) with K| =0 lead, together with $3,=1,
to the relations

S2,(2A +8) + §3,4V/3=(2A +2)
§2,(2A +8)+ §2,4/3=2V3 (A7)
S2,(4A2+26A +16) — §3,4V3(4A +13) = (4A*+ 141 — 14).

These determine the three independent matrix elements S3, $3,, S5, = §%,. With these

known matrix elements, (A4) can then be used to determine S§3, and, with L'= L+2,

leads to a recursive determination of S5, for odd L values. Using these and the known

matrix elements of $?, (A4) can then be used recursively to determine S5, S5, S& = S5

with L' = even from known matrix elements of §“~' and §% 2, the latter with K values

of 0 and 2. This recursive process leads to the results enumerated in (A14) and (A15).
For (AQ) A =even:

_ (A+1)1Al 1/2
(%(AO)L)_((,\+L+1)!!(A_L)!!> (A8)
For (A0) A = odd:
(@A -n \V?
(%(AO)L)“((HLH)!!(,\-L)”> (A9)

where a!l=a(a—2)(a—4).... Note that these % are normalised such that ¥(A0)L =
0)=1 for even A and ¥(A0)L=1)=1 for odd A.
For (A1) A =even, L=even:

_ All(A+3)1 vz
(%(AI)L)—<(A +2)(A—L)!!(A+L+l)!!) (A10)
For (A1) A =even, L=o0dd:
_ A(A+3)! 12
(%(“)L)—((A+1—L)!!(/\+L+2)!!) (A1)
For (A1) A =odd, L=even:
{(A+2)(A DA+
(%(“)L)_((A+1—L)!!(A+L+2)!!) (A12)
For (A1)A =odd, L =o0dd:
_{_(A=Di@a+E2)n 2
(%(“)L)_((,\—L)!!(A+L+l)!!> (A13)
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For (A2) with A =even, L =even defining a common factor (CF):

_ A=A +5)N
() = A+ 2) A+ 5) (A2 DIATLEN

(HH'((A2)L))22 = (cP)H2(A +3)* = L(L+1)]

(HH'((A2)L))oo = (cF)[2(A +2)*~ L(L+1)]

(HH((A2)L))oz = (cP)[3(L - 1)L(L+1)(L+2)]">.
Note that with L= A +2 this 2x 2 matrix (¥%") has the form

(CF)Z(

BA+1D)A+2)(A+3)(A+4)]"? (A+1)(A+2)

A +3)(A+4) BA+1DA+2) (A +3)(A +4)]‘/2>

423

(Al4a)

(A14b)
(Aldc)
(Al44d)

It can be seen at once that this matrix has one zero eigenvalue, signalling the fact
that there is only one allowed state with L =A +2, corresponding to the non-zero

eigenvalue.
For (A2) with A =even, L =o0dd
AAFTIDA =2+
20 +2Y(A+5(A+1=-D)(A+2+ D)1V

(HH'((A2) L))y =

For (A2) with A =odd L = odd, using the common factor

A=A+ 4H1!
20 +3)(A+2-LYN(A+L+3)N

(HH((A2)L))zs=(cF[2(A +3)* = L(L+1)]
(HH'((A2)L))go=(CF)[2(A +2)* = L(L+1)]
(HH((A2)L))or = (cF)[3(L—1)L(L+1)(L+2)]"~

Note again that with L = A +2 there is one zero eigenvalue.
For (A2) with A =o0dd, L=even:

(cF)=

(A=A +4HN

(‘7{%+((’\2)L))22=2(A+1—L)!!()t +2+ L)1

Finally for states with (Ax)=(A3) the (¥%") matrices are as follows.

For A =even, with L =even:

All(A+5)N1
4A+2)(A+4)(A+3+ D)1 (A+2-L)!

while for A =odd, with L =o0dd:

- (A=DA+H)N
TaA A F3FD A2l

and for these two cases
(HHT((A3)L))33 = (cF)i[4A*+32A +66 - L(L+1)]
(HHT((A3)L)),, = (cF)[4A>+16A +18 =3L(L+1)]
(HH((A3)L))13= (cP(L-2)(L—1)(L+2)(L+3)]"%

Note that there is one zero eigenvalue for L= A +2.

(cF)=

(cF)

(A15)

(Al6a)

(A16b)
(Al6c)
(A16d)

(A17)

(A18a)

(A18b)

(A18¢)
(A184d)
(Al8e)
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For (An) =(A3), but with A =even, L =odd:

P=1x +2)(A:-!!L(-)+\-:)?!)(!,!\+3—L)!! (Al9a)
while for A =odd, L=even:

©H=1x i);;:)ﬁ(-)‘Li?)!!!!(()\)\:—l;gL)!! (A195)
and for these two cases:

(HH((A3)L))s3=(CE)i[4A°+32A +66 —3L(L+1)] (A19¢)

(HH((A3)L)),, = (CF)[4A2+16A + 18— L(L+1)] (A19d)

(HH'((A3)L))1s = (cH)[(L—2)(L—-1)(L+2)(L+3)]""2. (Al9e)

Note that there is one zero eigenvalue for L= A +3.

For representations (Au) with u =4, the (¥%") submatrices have dimensions =3
and it may be best to evaluate matrix elements numerically. However, analytic
expressions can also be obtained. All the ingredients needed to evaluate the SU(3) @
SO(3) Wigner coefficients can therefore be made available in relatively simple analytic
form. Only the diagonalisation of the (¥%") matrices and the evaluation of the U
are left to be done numerically in specific cases.

Finally, some of the ¥%" submatrices for L =2, arbitrary (Au), are 1x 1 matrices,
with uniquely determined values of K. These are often needed as stepping stones in
other calculations. They have simple values.

For A =even, u =odd:

A 1/2
(%((A#)L=2))n=<m) : (A20)
For A =o0dd, u =odd:
_ (At u+1\"?
(%((Au)L—znu—(——H#H) (A21)
For A =o0dd, x =even:
1/2
L =Dm=(E5) (A22)
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