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Abstract—ideal MHD equilibrium for toroidal plasma situated in a magnetic field with single
non-planar magnetic axis with variable torsion and curvature is investigated. The plasma is taken
to have a non-circular cross section (elliptically or triangularly deformed) through which a longi-
tudinal current with a flat profile flows. Equilibria of the Tokomak or French Harmonica types are
examined as special cases of the general class and it is shown that for a given longitudinal current and
torsion of the magnetic axis the effect of triangular deformation on the limiting value of § (the ratio
of kinetic to magnetic pressure) is weak and can be neglected. Vertically elongated elliptical deforma-
tion of the plasma cross section is shown to lead to an increase in the limiting value of § relative to that
of a circular cross section. Equilibria exist at a low value of § in the absence of the longitudinal
current. The particular type of stellarator with non-planar magnetic axis of constant torsion and with
Ohmic heating is also considered. Moreover, classical diffusion of non-axisymmetric toroidal plasma
is examined with the result that vertical elongation tends to decrease diffusion while triangular
deformation appears to show an effect only at high f. In addition an expression for ¥,” is obtained
and discussed for the existence of 2 magnetic well.

1. INTRODUCTION

DisTorTION of the plasma cross section as possible means of stabilizing plasmas in
toroidal geometry and thus raising their betas has been intensively studied in recent
years. Very recently (GLASSER et al., 1973) investigated the effect of such distortion
on the collisionless trapped-particle instability in Tokamaks and have shown that
elliptic deformations have a strong stabilizing influence while triangular distortions
result in a much smaller effect. Moreover, several authors who have studied the
equilibria and stability of Tokamaks (LAVAL et al., 1971) and the French Harmonica
(ApaM and MERCIER, 1969) have shown that plasmas with non-circular cross section
have deeper average magnetic wells than those with circular cross sections.
In his study of plasma equilibrium and stability near the magnetic axis of complex
toroidal configurations (MERCIER, 1964) has found that because of singularities no
analytical solutions of the equilibrium equations exist. The position of this singularity
depends on the ratio j,o/B,, of the longitudinal components of the current density jy,
and the magnetic field By, near the magnetic axis, the rate d’(s)/2 at which the cross
section turns around the magnetic axis and on the torsion 1/7(s). The curvature
1/R(s) of the magnetic axis has no influence on this position. For circular cross
sections near the magnetic axis, Mercier has also shown that there is no domain of
stability in the case of absence of longitudinal current (SHAFRANOV, 1968) and
SOLEV’EV ef al. (1969) have, however, shown that there indeed exists a domain of
stability when the plasma cross section near the magnetic axis is taken as non-circular.
Recently, Luc et al. (1974) have shown that by choosing some specific value of g
with elliptical cross section near the magnetic axis no domain of stability exists in the
absence of longitudinal current and only the smallest stable value of longitudinal
current is obtained with horizontal elliptical plasma cross section.

Moreover, an expression for the average velocity of diffusion across a magnetic:
surface of a stationary non-axisymmetric toroidal plasma near the magnetic axis has
been obtained by MASCHKE (1971) using Mercier’s coordinates and by NUBERNBERG:

4 1049



1050 H M. Rizx and T. KaMMAsH

(1972) using Hamada’s coordinates but their results do not explain the resonance
effects which appear near the magnetic axis.

In the first part of this work we examine the equilibrium of non-circular (ellipti-
cally or triangularly deformed) high beta toroidal plasma with a non-planar closed
magnetic axis characterized by variable torsion and curvature. Of special interest
is a toroidal configuration with or without a weak flat longitudinal current flowing in
forward and backward directions in a plasma with non-circulator cross section.
The resulting rotational transform is due to the current, the rotation of the non-
circular cross section along the magnetic axis and the torsion in the magnetic axis.
We find it especially useful to use the generalized Helicoidal image method (Luc
et al., 1974) in order to avoid the difficulties associated with the singularities referred
to earlier. We would like to point out that our equilibrium calculations here are for a
thin cord plasma restricted near the magnetic axis using the so-called thin tube
approximation and corresponding to the resonance case. Also, we have investigated
the possibilities of existence of the magnetic well. The stability of this equilibria will
be treated in a subsequent paper. A closely related investigation, namely that of the
stability of a toroidal plasma with circular cross section but with different non-flat
current profile will be treated in a later paper.

In the second part we derive a general expression for the average diffusion velocity
across a magnetic surface near the magnetic axis and examine the resonance case.
The results are then applied to various devices whose equilibria have been considered

II. BASIC EQUATIONS AND ANALYSIS
The magnetic ‘I” is defined by its intrinsic coordinates R(s) and T(s) where
R(s) and T(s) are respectively the radii of curvature and torsion expressed as functions
of the curvilinear distance s. A point ‘P’ (See Fig. 1) is then defined by its polar
amandimntan o B in o wlama marmol 44 TT and 4ho smrevilinans anaedienda 609 Tados
VUULMLLIIALOD \’l, vyin a lJJ.a.LL\v LpUllital Wi Aliv v WUl vitdiedr vouldidale o . 1uLivu-

ducing 6, = 6 + «(s) where a(s) = {§ ds/T(s) the square of the element of length is

s 2
dFF = dp + pdf + (1—ﬂ) as®
P P QU R()

The equations of interest are the ideal MHD equations: V.B=0; VxB =]
and j x B = Vp where B; j and P are the magnetic field, current density and scalar
pressure respectively. The solution of the first equation can be written with the aid
of the helicoidal image method (Luc et al., 1974) as

B=fu+uxVF 0y}

Fi1G. 1.—System of coordinates
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where fand F are function of p and ¢, and the vector u is given by

u= l(hkes + % Pego). 3]
g 4
In the above equations the following definitions have been employed;

t=0+-6—(§2; _5_(5__)=%0+“(S)_§é;
2 2 ®

2
g=hk2+ (%P'); hk= (lﬁ%PCOSt); et=—80ki;

a(L) 2o
&, = ad, ; ki=ky——; gy = ———
% %o t 0 o 0 T
is the inverse of the aspect ratio, a is the characteristic dimension of the plasma cross
section. L = §ds is the total length of the magnetic axis, and 4, is the resonant
coefficient corresponding to the index k, related to the Fourier expansion of the

relative curvature of the non-planar magnetic axis as given by (SHAFRANOV, 1964)

exp [i (-O% s — oc(s))il too (i27rks)
L

= 2 a;%p
R(s) b=

with the coefficient a; being given by

Here a, 5= a_; is a complex number that can be expressed as a, = 4; exp (ip,)
(@, = a_;, for planar magnetic axis). It is important to note (LucC et al., 1974) at
this point that there is one and only one 4, coefficient that can be dominant in the
equilibrium, stability and classical diffusion problems of this type of complex mag-
netic toroidal configuration. The expression for the current density can also be given
in terms of the above functions as

g=(#Fr+2 )u AV(—f)
\ ag/

~
53]
o

where the operator & is given by

P _g_[ﬁ_(e@ki) 2(L.9)]

ph,LOp\ g 0p Tt ph, 0t)
In view of this equation for MHD equilibrium then assumes the form (Luc et al.,
1974)

2e,f | 1df° dP
FF = L - = — =0
+ag+2dF+ng “)

and one can readily show that the function f as well as the pressure P are arbitrary
functions of F. We shall assume in the present calculation that the plasma is a thin
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chord with &, ~ &, ~ &g~ & < 1 (the so-called ‘thin tube’ approximation) so that
all terms containing & can be neglected relative to unity in the zero order terms.
We will assume that {p,,|/a < 1 to keep the magnetic axis always inside the plasma;
here p = p,, and ¢ = 7 are the coordinates of the position of the magnetic axis

relative to the central geometrical axis.

We turn now to the calculation of the magnetic surface functions for configura-
tions with closed, non-planar magnetic axis with variable torsion and curvature.
The volume of a bounded magnetic surface, F = constant, can be written as

- f ds f a6 p(S)dp ( ﬁ}%s)e). (52)

Moreover, the short way (transverse) fluxes ¥ and X of the magnetic field and the
current density are given by

e[ etz ns] o

=[] -5 -] 6

where B;, By, and j, j,, are respectively the longitudinal and azimuthal components
of both the magnetic field and current density. By the same token the long way
(longitudinal) fluxes ¥ and j of the magnetic field and current density are represented

by

0(@)
f do| dp(B,p) (5d)

7= J 48 J dp(jsp)- (5¢)

For planar magnetic axis i.e. 1/7(s) = 0, equations (5b) and (5d) reduce to those
obtained by MERCIER (1966). It might be noted that the two flux functions ¥ and
¥ and the rotational transform 7,/27 = d¥'/d¥ are related to lowest order by

Y = —kF + L(F—F,) (62)
or
.cc H L7 dF
; = —Kg + Ld‘F {6b)

where F, is the value of the function F on the magnetic axis. The expression for the
rotational transform near the magnetic axis (Luc et al., 1974) is given by

leo _ —ky + LE(s)
2 2
where the function K(s) has the form

— 1 ]sO w . _1_
K = chn(s) [2330 ™ 2 T:I

A5 (7b)

(Ta)
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and 7(s) is related to the ellipticity parameter E,, = (b,,* — a,,9)/(b,,% + a,,>) of the
non-circular plasma cross section near the magnetic axis through the relation E,, =
thy(s). The terms 25, and 2a,, are respectively the major and minor axis of the small
ellipse near the magnetic axis, d'(s)/2 = d/ds(d(s)/2), and d(s)/2 = @x, + a(s) —
&,5/ais the turning angle of the minor axis of the ellipse relative to the principal normal
to the magnetic axis. From (6a), (7a and 7b) one can obtain the value of the function
dF/d¥. Accordingly, the function Py’ = (dP/d¥), is given directly by

POI — '\/1 — Em2(_~]ﬂ_ _ ‘3) (zz)dP(F) ) (8)
a 129

277 2B s0 dF
Similarly the relation between x and X and the rational transform o,/27 = dx/d%
is given by
X = —koX +L(f— fn) (9a)
or
%+ (9b)
w dz

where f,, is the value of f on the magnetic axis.
Through an expansion to third order in g, the distance from the magnetic axis, the
function ¥ can be expressed in two well known forms, the so-called standard form
(MERCIER, 1963) given by
¥
lic,| By,

and the so called normal form (SOLEV’EV and SHAFRANOV, 1970) denoted by

= p¥(chn + shn cos 2u) + F(v/B,, Fcos 3u + /B, §sin 3u)  (10)

[ 1
leo
77'B =

27
V1—E,}
X [p*(1 + E,, cos 2u) + p*(ory cOS 1 -+ oy sin 4 + etz cOs 3u + «y sin 3u)] (11)

where u = 6 + d(s)/2 is the phase angle of the magnetic surface near the magnetxc
axis which has a period of 2. The function 7 and § which appear in (12) give the
corrections to the elliptic form of the magnetic surfaces near the magnetic axis.
These two functions are important because they appear in the necessary stability
condition (MERCIER, 1964) near the magnetic axis. The functions oy, o,, ¢5 and «,
are related to one another (SOLVEV’EV and SHAFRANOV, 1970) and also enter into the
necessary and sufficient stability condition (SOLVEV’EV, 1968, 1969) near the mag-
netic axis as well as in the definition V" = d2V/d¥2 which characterizes the curvature
of the mean magnetic well. The relations connecting the parameters 7 and §, and
oy, %9, 3 and «, are given in the third approximation by

¥ =

0 #3(2 + E,) — 4 E,
Bso = 12
v JI—EQ+E,) (12)

and
“4( 2— Em) —wk,

v1—E, 22— E,) (13

N
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The expression for the function V" near the magnetic axis has the form (SOLVEV’EV
and SHAFRANOV, 1970);

Vo”=—lfL & [ 1 [1-E,,,cosd(s)]—§(%)2_i':(_s)

b Bo'\1— E,2RR() 4\B,g

()1 ) E,7/(9By
E”‘(z o Ba

d(s) 0]
~ [(2 R Emas(cos ) 2+ E ) — 3Ema4<s_1_n__2_)j‘ . (14)
1+E, R(s) 1-— R(s)

It might be noted that this expression for ¥," does not explain the resonance case,
and in order to calculate ¥, for the resonance case one needs to use the integrals
(Luc et al., 1974) given by

z cosg@
' ds 2 2
_r 4 d =LA
f R¥(s) k—zwl ! ﬁ RO ’ (3
sin@
f ds cc;;gs(;) kgmAkA%o—k 008 (b —~ Patr — 21,);3 f o R(S) "

The expression for V," which yields the resonance case for the configuration with
non-planar magnetic axis of variable curvature and torsion, in which the functions
71(s), jso and By, are constant, is given by

L

Vi = s ooo———
’ 7By\1 — E,°

{% (g IAk°]2 —E, % Ay Aoy, COS (b — ¢2ko—k — 2957:0))

E,’e} (2 — E, )& — 3E,
—Zm —( e )A} (16)

74

III. EQUILIBRIUM
i. Equilibrium solutions

To obtain a solution of the MHD equilibrium equation for non-circular (ellip-
tically or triangularly deformed) cross section in the complex field geometry referred
to earlier it is important to first note that to lowest order the central and magnetic
axes are so close to each other that they can be assumed to possess the same length,
torsion and curvature. We also note that a longitudinal current density with a flat
distribution can be represented by 2 = f;* - AF where 1 and f; are constant param-
eters. The function f'has been expanded to yield f = f;, + 0(?) and we further assume
that the pressure is related to the function Flinearlyi.e. P = P, + P,F with P, and P,
being constants. The constants that appear in the above relations are characteristic
plasma parameters and can be expressed in terms of the total current I,, the torsion
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I/T(s) and . If we take F = P = 0 which leads to P, = O then this corresponds to
the case where the toroidal plasma surface is surrounded by vacuum.

The differential operator that appears in equation (4) can be expressed in terms
of the Cartesian coordinates x(p, #) and y(p, t)as £ = V2 + 4, (9/0x) with V? =
0%/0x® + 92/0y%. From equation (3) we note that the longitudinal component of the
current density can be written as

a2
i = (1 +ak5)fjo—P1( 223"’°+ & %(x2+y’))—| an
a/L a Jd

where j, = —(P; + 4/2) is the current density at the central axis (x = y = 0) of the
toroidal plasma. This central current represents to zero order the average density
of the total longitudinal current across the plasma cross section. Similarly from
equation (1) we see that the longitudinal component of the magnetic field, B,, is given

by

(1 + &, )Bo — g+ £ (18)
adp

where p = Vx% -+ y?; and that By = V(B2 = fy(1 + 0(e).
With the effects of toroidicity incorporated the solution of equation (4) can be
put in the form

F=FF, (19)
where
r x2 y2 ,X\ 7.2 y_2\ -
Fo= Bt =G s )G~ 25 @
2 2
F, —l—v——{—ylekv —I—ygakvzz—f— . (1)

and Fy, », y;, and y, are constants. The equation for triangular deformation is simply
F,=0o0r

x2 y2 X x2 y2
1=k (E-05) @

where ¢, is the appropriate distortion factor. Figure 2 shows the possible shapes of
this cross section. We have used &, = y4,, where y is an arbitrary constant, and have
assumed that &, is of the order of ¢ (corresponding to weak deformation) so that terms
containing ¢, in the zero order approximation can be ignored relative to unity.
When &, = 0 the plasma cross section reduces to that of an ellipse whose major
and minor axis are 2b and 2a respectively. The ‘singular’ points can be readily seen
to be: (i) x =y =0 (elliptic point) for which F/F, =1. (i) x/a = —(2/3¢,),
y/b =0 (hyperbolic point) for which F/F,= (1 —4/27¢%. (iii) x/a = 1/3e,;
yb=+(Q V3 e, (two hyperbolic points) for which F,[F, = (1 — 4/27¢2). The
constants F,, v, y; and y, can be determined by substituting equations (19-21) into
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F16. 2.—Possible shapes of the triangular deformation plasma cross section.

(4); the results are

_ b
& a\ | a?
3-{-%—2 -+ &, 2)’1'{‘272?—1)0‘
2 4 2 2
282(1+ "——3“—)(2) 22 (3 -“—)
. F pr a+tb2(+b2
V1=
2 at  a
S R
2 2
B
b a o
2 | |
287C (11—6b—2 T .l?)

with

(23)

e

~~

25)

(26)

@7
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If we define the mean pressure as that averaged over the plasma volume then it
can be written as

1
(P) = -ﬁf}’dvz 1P.F,

similarly we define f = 2(P)/By* ~ P Fy/B2. In addition we introduce the non-
dimensional quantity G = —(k; + 1/q,)) with 1/g = I,/2nbeoB, and I, ~ wabj,
and let the quantity f* be given by

*

1/ a
= 1 4+ 0(e)]. 28
(2%30 N ~ (1 ) + e e
a
In terms of these physical parameters and the ellipticity parameter E = (b2 — a?)/

(8% + a? of the plasma boundary the constants given by equations (23-26) can now
be written as

2
Fo= ‘%BO 1+ E)G(l + —8&92—2- (29)
(1+3)
2
2o Mo (30)

€ (1 4+ g) + gfAc

@yuag mﬁ+“a—m0+m

1
- 31
Y1 2+ 62 — 2) €2))
&) ' N\ A 8 4 \ v
i+ L)zli: —{ —t; }
V2 = . 2 (32)
42 — E(1 — E)
where A1=1[1 + ( & 1)5]
4 &
Ag = H2yy + 2y, — D) + (21 — 2y, — DE]
and o= ]7{,3 + p*
with p* = p

(1 + E)eg?G?
Figures 3 and 4 show a typical plot of these magnetic surfaces. The solution for the
plasma with purely elliptic cross section can be obtained from the above equations
by letting &, = 0. For the case of a circular cross section with radius a(s, =E=0)
equation (24) yields

v 1 kt *>
—=|=-+= 1-+0
el rea- ST LR (33)
which for I, = 0 further becomes
v

~(_ 3, 8

&
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FiG. 3.—Magnetic surfaces in the plasma for
1/g =0,k =3, L[2nT = 2.8455, § = (-0045,

FI1G. 4.—Magnetic surfaces in the plasma for
1/g =03,L/2nT = 2-8455,k, = 3, = 0-084,
g, = 0-3494, g, = 036413, 8y = 0’1, E = 06

g, = 0-3494; & = 0-36413,5,=01,E =06
and different values of F/F,. The magnetic  and different values of F/F,. The magnetic

mala o Aleealpand né Aloénemman o — NNE Lo mrta fe Afqmtmand ad Alidi;wmmm we o NAAL
axis is QiSp:acea at Qisanltt Xy, = —U'ud 1I0m axis IS QiSpiaceéh ai QISiantd Xp = —v

TV
the central axis of the plasma from the central axis of the plasma.

These results agree with those obtained by other authors; for example equation (33)
in the limit of zero torsion (1/7, = 0) reduces to that given in ADAM and MERCIER
(1969). Moreover, the MHD equilibria of the French Harmonica (1/T(, =0,
R7(s) = variable, k, 7 0) and Tokamak (LAVAL er al., 1971)—(1/T,, R (s) =
constant, k, = 0) with triangular or elliptic cross sections are just special cases of the
solutions given by equations (29-32).

Before proceeding to the investigation of the limiting values of £ associated with
these equilibria it would be desirable to briefly examine the geometric implications of
the distortion of the plasma cross section. For the non-circular (elliptically or tri-
angularly deformed) plasma cross section with the principal normal to the non-planar
magnetic axis of variable torsion and curvature (as described in the image system
characterized by two variables p and ¢t = 6 + 6(s)/2) rotates (—k,) times along the
plasma ring—(in the real system given by (p, 0,, 5)). For circular cross section plasma
with low $ (the magnetic surfaces are concentric circles)—the effect of the phase angle
will not appear in the real system since it remains in the same position as it rotates.
Moreover the position of the magnetic axis relative to the central axis will not only
change as we go from the image to the real systems but it will also rotate around the
central axis. The physical picture can be made clearer when applied to the case of a
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toroidal plasma with non-planar magnetic axis of variable curvature and constant
torsion. (See appendix).

ii. Expansion of the solution F near the magnetic axis
The function F expressed in terms of a system 5, u centered around the magnetic
axis can be written as
F X — X\ 2 X—x 2 X — X\
2o mE=SfonlGfenlZE) gm0
a b a b a

Fy

or
F =F,+ (4 + Bcos 2u)p >+ (C cos u + D cos 3u)p°. (36)

The point (x,,, 0) is assumed to be the position of the magnetic axis and the remaining
quantities in the above equations are defined as follows:

Xm—X=pcosu; y=psinu;

F, Xom X 2
e
A GoBoG C1 B 80B0G C2
4a 4a
&B,G &B,G

G = Ml(l + E) + My(1 — E) C, = Ml(l + E) — M1 - E)
C;=3N,1+E)+ N1 —E) C,=Ny1+E)—N(—E)

M= (ngy— 1)+ 30 —e) (%) + 69(e, — y180) (%m)a
My = G = D+ 0+ 36 (22) —olte, + 5o + 01 (2]
Ny = (v + 3g) — [3e, -+ &1 + 72)] (fm)

a

Na= (v — &) + (e, — 716 ("f)

We can now return to equations (6a) and (36) fo obtain the expression for the
transverse flux V. Itis

1 (M,N, — MyN.\v1 —E,*
2a( MM, )(2 + En)
and where we readily note that the magnetic surface near the magnetic axis to order
p° corresponds to a small ellipse with an ellipticity given by

_ M,(1 + E) — M1 — E)

M1+ E)+ M1 —E)

W, = (4 + Bcos 2u)p* + ( cos 3u);33 (37

E,, = thy (38)
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By comparing equation (37) with the Mercier’s standard form (10) we find
that

[~}
Il
o

(29)
(M,N; — My;N,)V1 — E,?
2“\/E Mle(l + aizx—m)(z + E,,)
a

~
If

(40)

These two terms along with 5, d(s)/2 characterize the magnetic surface near the
magnetic axis. Also, we can write from equations (6a) and (36) the expression for
the flux ¥ as

i

B,
i *| 2z 1

=2 A 3N2(1 + E) —+ N1(1 _ E)
iz E,,f[(l +Encos 2P+ (Ml(l T B+ M1l — E)) cos

1 (N,(1+E)— N,(1—E) -3
"2 (Mla B+ M1 — E>) cos )5 J @

If we now compare this with Sclevev’ev and Shafranov’s normal form (11) we find
that

Y =

1

_1 (3N2(1 + E) + N1 — E))
2a\My(1 + E) + M,(1 — E)

0(2=0

o LN+ E)— N1~ E)\
*"2a\M(1 + E) + M1 — E))

a4=0

42)

The longitudinal component of the magnetic field B, and the current density
of j,, near the magnetic axis can be obtained from equations (17) and (18). The result
is

By = Bof1 + 6, 3m) (43)
A aj
ja=in(1 + &) + gpoom) &
where the quantity W is given by;
2
W= 2_8kx~m - (ekz + 812))—6%‘ .
a a

MERCIER’s necessary condition (1964) for stability and SOLVEV’EV’s necessary and
sufficient conditions (1969) depend on the above quantities as well as on the curvature
and torsion of the magnetic axis, on the rate d’(s)/2 at which the cross section turns,
and on the ratio ju/By. As mentioned earlier these stability criteria will be examined
in a subsequent paper.
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Following the same procedure we find that the rotational transform near the
magnetic axis, /27, can be put in the form

o 4 GVT—E 2 (B*W — 1) 43)

277

and on the boundary of the plasma it is given by

2=~k + GV = — B (L + 06 46)
o

These expressions agree with those given in ApAM and MERCIER (1969) for circular
cross section with planar magnetic axis. For » = 1 equations (45) and (46) reduce to
iof2m = —ky + GVE(l — E?) and i,/27 = —k, respectively while for » <1 the
two transforms become equal and have the valuei 27 =i ,/2m = —ky, + GV 1 — E=

The expression for V" for the present case can now be calculated from formula
(16), (38) and (42); the result is

" —L i C
V' = —— 2{‘ (2 lAkolz - = z AkAEko——k cos (¢ — ¢2ko—k - 2¢ko))
2 C22\% Ciw
ﬂ'BSO 1 _ C

2
1

aC, 2a CC + Gy)
In the special case when the displacement of the magnetic axis is weak, say

(xn/a) ~ &, which corresponds to §* <1 and v = ¢, f*/(1 + E[2) ~ ¢, we find
that

IVI1=M2: —'1, le(v+3ss), Nz:(v—es), EmNE, W~ 0,

— — e
o 4 _ VI E, JBir=ZeYl—E
27 a 2+ E)

e

= — -—1— (’V(E -+ 2) — 383E), &g = — l (VE + 8s(E - 2))‘
2a 2a

The singular points (the positions of the separatrix) of the curve of the cross section
with d(s)/2 = 0 are given by the equations 0F/0x = 0 and 0F/dy = 0 as (i) (xq/a) =
2/3(» — &) and (yy/b) =0 (hyperbolic point), (i) (xe/@) =1/(» + 3¢) and
(Vy2.5/0)* = (92, — )| (v + 3¢,)* (two hyperbolic points), at which (F/Fy — Q,) =
—4/27(y — &) and

47Bya® (lco)

¥ - A/ i
27(g, — v)°

In this case expression (47) takes the form

” —L 1
V= m{i (; |4, — E % Ay Agrg—r €08 (¢, — Doz — 2¢ko))

e S + (2 A‘°)(1 E)}. (48)

a
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In order to obtain the condition for existence of the magnetic well (i.e. V" < 0), we
need to calculate numerically the Fourier components of the relative curvature
appearing in expression (48) for the class of equilibria that belongs to the non-planar
magnetic axis. As an example, these components are calculated in the appendix
for a particular class of equilibria of non-planar magnetic axis closed curve of con-
stant torsion turned three times around the magnetic axis characterized by L2»T =
284549 and k, = 3. In this case, the expression for V" given by (48) takes the form
for low values of §

2 2
Vy = 1(0-30885 — 0-1526E) — & % 1 (0:36413) (2”)(1 - E):l. (49)

—L |: i
7B /1 — E? a a
We note that expression (49) does not contain any &, terms thereby indicating that
the triangular deformation has no effect on ¥;". The condition for existance of a
magnetic well (V" < 0) is that the terms in the square bracket be positive. We assume
first that the configuration of magnetic surface contains only a single magnetic axis
(i.e. » <1 and positive). For horizontally elliptic cross section (E < 0) the square
bracket is positive (V" < 0) and the result is a magnetic well. For vertically elliptic
cross section (E > 0), the square bracket may take on a negative value (¥," > 0)
leading to a magnetic hill. For circular cross section (E = Q) the square bracket has
an absolutely positive value, thus ¥, < 0 and the result is a magnetic well. These
results are valid in the presence or absence of longitudinal current.

It might be noted that the equilibrium examined here belongs to a particular type
of stellarator with or without Ohmic heating (1/7(s) # 0; jy 5% 0 or j, = 0), and
the equilibrium solution for Tokamak (1/7(s) = 0; j, = 0; 1/R(s) = constant) and
the French Harmonica (1/7(s) = 0; jo 7%= 0; 1/R(s) = variable) are just special
cases of the above solution.

iii. Limiting values of 8 for equilibrium

The limiting value of § can be estimated from the condition which corresponds
to the appearance of a new magnetic axis on the boundary of the toroidal plasma
(LAVAL et al., 1971). A single inward magnetic axis exists inside this boundary when
v < 1 and that corresponds to a maximum pressure profile. A second new outward
magnetic axis appears when » > 1 and this corresponds to a minimum pressure
profile in the configuration. One is usually interested in a plasma configuration in
which the magnetic surface encircles a single magnetic axis. Ifweletx =x,,,y =0
be the coordinates of the magnetic axis relative to the central axis which is determined
from the condition (VF)z_, = 0, and assume that the displacement of the magnetic
axis is toward the center of the torus i.e. (x,,/a) < 0 then to zero order approximation

we get (xnfa) &~ 1 — V1 + 323p. If we further define the limiting g for v~ 1
as

ﬁPmax ~ (1 ':" E)SOZGzﬂ;s’max (50)
with
% 1 ( E) 1[ (653 \) k.
ax=—fl+=]—"=1 — +1lE}| — =
BPu \L72) + o + ] p (51)

then it is clear that the case 1/g = —k; corresponds to the resonance case at which
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G = 0 and 8 = 0. To the zero order approximation these results reduce to

~ (1+2)<1+0<>)~-

&

ﬂ;max

(52)

2GZ

‘BPma.x

=+ (1 + ) (53)

We note that equations (52) and (53) do not contain any terms related to the triangular
deformation of the plasma cross section. This implies that the influence of this kind
of distortion is weak and can be neglected to lowest order. On the other hand elliptic
deformations have a significant effect on the limiting 8, vertically elongated (E > 0)
elliptic cross sections are preferable for equilibria at high § values. This conclusion
agrees with that of LAVAL et al. (1971) for the case of a Tokamak with triangularly
deformed plasma cross section. For the low S(* < 1) case we find that § .; ~
£2G¥(1 — E) ~ &% If we substitute 1/T = ky = 0, L = 2=R and 4, = 1/R inequa-
tions (52) and (53) we obtain the limiting values of § for Tokamak plasmas i.e.

B =S 14 L (54)
x a 2
Rj,\ E
B, = %(2—3{—‘—’) a+ E)(l + 5). (55)
0

In the interesting case where the longitudinal current is absent (as might ex

st tem A
u.usu.» SXiSv ik &

particular type of stellarator without ohnuc heating) equation (53) becomes

&o'ks’

e

Bppes ™

1+ E)(l + ) (56)

As an application, we have carried out numerical calculations from equation (53)
for a particular type of stellarator configuration namely that of non-planar magnetic
axis of variable curvature and constant torsion characterized by L/2#T = 2:84549
and k, = 3 (The properties of this configuration are studied in detail in the appendix.)
This geometry is further characterized by an inverse aspect ratio of ¢, = 0-1 and with
a longitudinal current through the non-circular cross section plasma in forward and
backward directions. The results are given in Fig. 5 which shows 1/g vs the limiting
value of § for equilibrium and also defines the domains of equilibrium. We readily see
that if all the curves are extended they will intersect at a point which corresponds to
the resonance case at a value of 1/g = — (ky — L[2nT) = —0-1545 for which
G = 0 and fpm,x = 0. We also note that for 1/g 7 0 equilibrium is possible without
constant torsion. In the absence of longitudinal current equilibrium exists at a low
value of § (limited between from zero to 1-4 x 10-5 for £ = —0-99 and from zero
to 7-05 x 1072 for E = +0:99 with g, = 0-1). The class of equilibrium considered
here has been examined by Rizk and Kammasn (1973) for a weak flat and non-flat
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-34
FiG. 5.—Plot of fpp,, vs /g for L[2aT = 2-8455, k; = 3, and ¢, = 0-1,

profiles of a current flowing in the forward and backward directions through a
circular plasma cross section where it has been shown that the effect of the non-
uniformity in current density profile is very weak and can be neglected. Finally it
should be pointed out that the class of equilibria considered here belongs to a
non-planar closed magnetic axis of constant torsion characterized by L[2#T =
2-84549 and k, = 3.

IV. CLASSICAL DIFFUSION

In this section, we discuss the classical diffusion of non-axisymmetric toroidal
plasma in the presence of the non-planar magnetic axis of a variable curvature and
torsion and with non-circular (elliptically or triangularly deformed) cross section.
The magnetic toroidal configuration considered here represents a particular type of
stellarator.

The general expression for the average diffusion velocity across a magnetic surface
1y = 1y, = constant is given by (MASCHKE, 1971)

I _ o ds (VP)2
v, le\Fl(W“ -i. Em)/ ]; oiV‘Flm (57)

where ¥, is the resistive diffusion velocity (SPiTzER, 1962) in a straight plasma column
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with the same magnetic surfaces cross section as considered here, and #; 7 are the
resistivities paralle] and perpendicular to the magnetic field. The quantity Ex, is the
externally applied toroidal electric field.

Near the magnetic axis of the magnetic surface of the toroidal plasma configura-
tion, expression (47) reduces to

f ds[ sOZ(S)Z(s) + JsoH (9]
M

4, -1 (58)
V:s‘:o L 8P /2f d COSh 77(3)
with
4Py
Hy =— $js0 T BoK(g(coshny — 1)].
sO | col

The function Z(s) is the solution of equation (43) of MERCIER (1964) which is given
(Luc et al., 1974) by

2iLPy "Z®cosh (n/Z)AkO_Zeilsll — sinh (nlz)AkoHe—iézz
7 > (59)
7By 1= LK

27

Z(s) =

where 6, = @y, — P + 27Is[L, and 6;, = Pr, — Prorr — 2nils/L. As may be
seen from equation (59) there are singularities in the function Z (s) when the rotational

transform near the magnetic axis g1ven by equatmn (7a) has an interger value i.e.

4_4.1!{/211 — "res + e with }6} <1 Tha intarsctinmc coga ig tha O

AL L~
. 20l u.uw.uouué vade Id Lud-l. Ol LLI.C iedvHaUVy LA\/AH —_—

I = I,¢s = 0 at which the coefficient 4, appears to dominate.

For the resonant case, we can neglect all terms / 3= 0 and substituting from equa-
tion (59) into equation (38) for the case LK,)/2m <1 with the class of equilibria
given by #(s) = constant, K(s) = V1 — E,? A = constant with A = (j/2B,, —
&/a); we get

o ja[ra = T=ED + £

2y &
=142 224 (60)
Vsp nLja (1 + Em)A ' _ko LA
47 P, —{—
VI—E} 2

If the displacement of the magnetic axis is weak (ie. x,la~&,; B* <1;
VNSL, Ml M2 1; W=-O; jsONjO; BSONBO; EMNEandA: Eo/a}GI)
equation (60) takes the form

<VD>_ L 2y £ 502(1+E)1 Glla — £ k
v, [802G2(1+E) % q '{( WI=E)— 216 ;}} (1

where f3, is the value of § on the magnetic axis. The above relation gives the ex-
pression for (V) near the non-planar magnetic axis of variable torsion and curvature

5
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of the non-circular cross section toroidal plasma through which a current with flat
density profile flows (the case of a particular type of stellarator with Ohmic heating).
1t also includes the resonance case at which 1/g = —k, for which G =0 and § = 0.
In the absence of longitudinal current density, formula (61) takes the form

y 2 2
L [N - (62)
Ve N & ki (1 + E)

at which resonance exists at k, = «(L)/27. From equation (61), we can also get the
expression for (Vp) near the magnetic axis for the French Harmonica (/T =0,
1/R(s) = variable, k, 5= 0) as

_<VD> =1+ %ﬂ &'
1o :
e et (s 20+ B)
q

DL gl WiTE - —k || @
a\g

=)

q
and for Tokamak (1/T =0, k, =0, Agy = 1/R(s) = 2n[L) as

Bo) g I3 L (2 (R (L2 B)0 0/ T=BY] (o

v Rj,/1+E 2B,) \ 28,

sp 7]_.[.

which are just special cases of expression (61). The first term in the square brackets
with E = 0 corresponds to the PFIRSCE-SCHLUTER (1962) regime. We note from (62)
that the second term decreases by increasing k; and the total diffusion velocity also
decreases by increasing k, (for this case the maximum value of 8 increases also).
The effect of triangular deformation of the plasma cross section on the diffusion
velocity exists only for high values of §; this may be readily seen from equation (61)
which contains no &, dependent terms. The effect of ellipticity on the diffusion
velocity can be discerned from the various terms inside the square bracket of equation
(61). We note that the first term decreases for increasing £ while the two terms in
the curly brackets are positive for positive values of 1/g. Therefore, both the second
and third terms in the square bracket increase for increasing E, leading to the con-
clusion that the diffusion velocity (V) decreases for the vertically elongated (E > 0)
elliptic cross section; a geometry which is also preferable for equilibrium.

V. CONCLUSION

We have examined the MHD equilibrium and classical diffusion of a non-axi-
symmetric toroidal plasma with non-circular cross section (elliptically or triangularly
deformed) characterized by non-planar magnetic axis with variable curvature and
torsion, and through which flows a longitudinal current of flat density profile in
forward and backward directions. We have found that the effect of triangular de-
formation on the limiting value of § for equilibrium and on the classical diffusion
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(for low f) to be weak and negligible; and have also found that a vertically elongated
(E > 0) elliptic cross section is preferable for equilibrium and with reduced diffusion
velocity (Vp). We have also concluded that equilibrium does not exist for high
values of 8 (corresponding to » 1 at which a new magnetic axis is supposed to
appear) in the absence of longitudinal current. In addition, we have shown that in
the absence or presence of longitudinal current, a magnetic well (V" < 0) obtains
for horizontal elliptic (E < 0) and circular (E = 0) cross sections while a magnetic
hill (¥," > 0) may obtain for a vertically elliptic (E > 0) cross section.
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APPENDIX

The parametric equations for a closed non-planar magnetic axis characterized by variable
curvature and constant torsion; are

%Q = Mo Sin v 4 p, sin 40 4 u, sin 20 + p, sin 7v + py sin Sv
= uo(1 — cos v) + u,(1 — cos 4v) — (1 — cos 2v) — (1 — cos 5v)

)
T
i;) = us(sin 3v — 3§ sin 6)
with
o= —2-763, uy = 0-0301; w, = 0-1939; u; = —0-0277; w4 = 0:0562, and u; = 0-1556.

From these equations we obtain

1{ds
?(d_é) = [8-1329 4 0-9989 cos 3v — 0-4668 cos 6v]t/2.
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The curvature of this curve is given by

T 0-2415[—13-2039 + 63-131 cos 3v + 2-9966 cos 6v — 0-9335 cos 9v]
R [8:1329 + 0.9989 cos 3v — 0-4668 cos 6v]3/2

©
=T ¥ Akexpi<-2’£—ks+ %)
k=-—-c

Figure (A-1) shows the projection in the (X-Y) plane of this closed curve whose local geometry
is a torus inside the plasma. Numerical calculations have been carried out for this curve with the
characteristic value L/27T = 2:8455 and resonance index £, = 3 (The integer resonance index &,
was chosen as near as possible to L/2#T), and it was found that the non-circular cross section with
the principal normal to the magnetic axis as characterized by the unit vector n = (n, n,, 1) in the
image system (p, ¢ = @, + 0 4 2wkos/L) rotates —ko(= —3) times in the real system (p, 6, = 6 --
s/T, s) along the plasma ring.

Figure (A-2) shows the projection of both the non-planar closed curve of Lj2#T = 2-84549 with
1/T = 1, and its principle normal (represented by the broken curve) in the (X-Y) plane.

Figure (A-3) gives a plot of @ (= tan=!n,/V'n,? -+ 1,9 the angle between the principle normal n
and its projection in the (X-Y) plane, vs the curvilinear distance ‘s’ and shows that the principle
normal rotates three times around both the central and magnetic axes. For this particular non-planar
closed curve the following integrals which enter in the calculations of both the magnetic well function
V," and SoLOV’EV’s necessary and sufficient criteria of stability 1968 and 1969 near the magnetic axis
have been numerically obtained:

1 1 Ld 1 +o y
<R2(S)>_Zf0 R, _q!) X2 = 0-30885

‘cos d(s) 1 L cosd(s) i
< RG) =7l ds -_R%— = 2 AkAzko—k c0s (pr — barg—x — 24p) = 0-1526

h=—
2 11z
X6/ = Lh SR = 4 =03
. d(s) . d(s)
sm —— sin —5—

2
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Fra. A-1.—Local geometry of the non-planar closed curve of characteristic Z{2x T =
2-84549 with 1/T = 1.
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F1G. A-2.—Projection of both the closed non-planar curve of characteristic L/27 T =
2-8455 with 1/T = 1 and its principal normal in the (X-Y) plane.
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FiG. A-3.—.Plot of the angle (= tan= n,/ Vg + n,?) between the principal normal n
and its projection in the (X-Y) plane versus the curvilinear coordinate s.



