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Abstract. The Wilkinson microwave anisotropy probe microwave background
data suggest that the primordial spectrum of scalar curvature fluctuations is
suppressed at small wavenumbers. We propose a UV/IR mixing effect in small
field inflationary models that can explain the observable deviation in WMAP
data from the concordance model. Specifically, in inflationary models where the
inflaton couples to an asymptotically free gauge theory, the radiative corrections
to the effective inflaton potential can be anomalously large. This occurs for small
values of the inflaton field which are of the order of the gauge theory strong
coupling scale. Radiative corrections cause the inflaton potential to blow up at
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Radiative corrections to the inflaton potential

small values of the inflaton field. As a result, these corrections can violate the
slow roll condition at the initial stage of the inflation and suppress the production
of scalar density perturbations.
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1. Introduction

High precision observational cosmology places tight constraints on the cosmological
parameters of our universe. The Wilkinson microwave anisotropy probe (WMAP) results
measuring anisotropies in the cosmic background radiation (CBR) [1,2], when combined
with data on high redshift supernovae and large scale structure, strongly support the
‘concordance model” for our universe®. One of the intriguing observations of the CBR
anisotropy spectrum is the suppression of its low ¢ multipoles compared to the predictions
of ACDM model. The low ¢ multipoles of the temperature-temperature (TT) angular
power spectrum correspond to large angular scales—they encode the information about
the small wavenumbers in the spectrum of primordial density perturbations. Consequently
they provide a window on the detailed features of the inflaton potential during the part
of inflation [3] that gives rise to observables in structure formation and the microwave
background, produced roughly 60-50 e-foldings before the end of inflation. Unfortunately,
it is not possible to disentangle the suppression of low ¢ modes from cosmic variance
limitations. In this paper we assume that the suppression is a physical effect.

Not surprisingly, this suppression of low [ multipoles (along with the possibility of a
running spectral index) was the focus of much recent discussion [4]-[20]. Most previous
work attempted to identify a new ultraviolet (UV) physics responsible for the suppression
of the primordial power spectrum at small wavenumbers. In this paper we point out a
simple low energy (albeit strongly coupled) field-theoretic phenomenon that produces a
‘feature’ in the inflaton potential that serves to explain the suppression of low ¢ CBR
anisotropies’. The observed effect is specific to small field inflationary models [22,23].

5 The concordance model is a spatially flat Universe with an adiabatic, nearly scale invariant spectrum of initial
fluctuations. In what follows we assume a ACDM model as a realization of the concordance model.
" Effects of strongly coupled gauge theory dynamics on inflation were also studied in [21].
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Here, small field models are defined to be those models of inflation in which the initial
value of the scalar field is small (e.g. near zero) as it starts rolling down the potential.

We find a phenomenon that modifies the usual power spectrum of density fluctuations
from inflation,

(3))? o (g)nl (1.1)
’ =02 (1), (12)

where the superscript 0 refers to the unmodified spectrum, and the form factor f(¢) has
the following behaviour:

f(k)—0 (small k) (1.3)
f(k) —1 (large k). (1.4)

Here kg corresponds to the scale of perturbations produced 60 e-foldings before the end
of inflation, which corresponds to the present horizon size, ks ~ (4000 Mpc) ™.

The suppression of large scale power arises because the potential blows up (becomes
infinite) at small values of the field, so that the field is not slowly rolling at all and
production of density fluctuations is suppressed; see figure 1. This blow-up of the potential
is sharply localized at 60 e-foldings before the end of inflation, so that ordinary density
fluctuations and structure formation ensue just afterwards (at 60-50 e-foldings before the
end). While the sharpness of the feature is generic to our mechanism, its location at
exactly 60 e-folds before the end requires fine tuning®. The origin of the blow-up of the
potential is due to the radiative corrections for an inflaton coupled to an asymptotically
free gauge theory (analogous to QCD).

Thirty years ago Coleman and Weinberg computed the one-loop effective potential
for (classically) conformally invariant SU(2) x U(1) gauge theory with no quadratic mass
term. However, due to the massive top quark, the contributions due to the t-quark’s
Yukawa coupling constant have subsequently been found to dominate over those of the
SU(2) xU(1) gauge coupling constants. Moreover, when there is a large Yukawa coupling,
subsequent leading logarithm terms in the one-loop effective potential are too large to
neglect. In the next section we review a technique developed in [25,26] for all-order
summation of leading logarithm terms for the effective potential, including coupling to
asymptotically free theory (QCD). Radiative symmetry breaking as an explanation for
the Higgs mass is revived in this context, since a prediction for the Higgs mass above
200 GeV can now be accommodated [25].

The physics characterizing this model extends to more general scalar potentials, in-
cluding that of any inflaton coupled to an asymptotically free gauge theory. We explicitly
compute the leading contribution to the effective inflaton (Higgs) potential and show that
radiative corrections become anomalously large for small vacuum expectation values of
the inflaton. This is a reflection of a new UV /IR mixing effect in the model: even though

8 The same fine-tuning problem is acknowledged in all previous work on the small ¢ suppression of CBR power
spectrum we are aware of [4]-[20]. Unfortunately, neither of the proposed models provided the solution to it. It
would be very interesting to identify physical phenomena that alleviates the latter fine-tuning problem.
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Figure 1. Effective inflaton potential (solid line) in small field inflationary models
with the inflaton coupled to asymptotically free gauge theory. The slow roll
tree level potential (dashed line) receives large radiative corrections whenever
the inflaton expectation value is close to the gauge theory strong coupling scale
¢ ~ A < v. In the sharply localized regime |¢p — A| < v the field is not slowly
rolling, and production of density fluctuations is strongly suppressed.

the inflationary potential has a typical GUT scale height, the effective QCD coupling in
radiative corrections to the inflaton potential is evaluated at the field value of the inflaton.
The effect is thus most profound if the inflaton value at the beginning of inflation is close
to the gauge theory’s strong coupling scale. Thus, for a sufficiently small initial inflaton
value, the QCD coupling develops a perturbative Landau pole that strongly enhances
radiative corrections.

In section 3 we model these radiative corrections in small field inflationary scenarios
and demonstrate that they suppress the primordial power spectrum of scalar density
fluctuations for small wavenumbers. We use the CMBEASY package [27] to relate the
latter suppression to the small multipole suppression in the CBR spectrum of anisotropies
as observed by WMAP. We summarize our results in section 4.

2. QCD contributions to radiative Higgs potential

A technique for all-order summation of leading logarithm terms for the effective potential
in radiative electroweak symmetry breaking, including coupling to asymptotically free
theory (QCD), has been developed in [25,26]. In this section we review this analysis.
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Though our discussion is in the context of radiative symmetry breaking of the
Higgs potential in the Standard Model, the physics of the ultraviolet-infrared mixing
characterizing this model extends to more general scalar (inflaton) potentials: all that
is required is the coupling of the inflaton to an asymptotically free gauge theory.
We emphasize the latter genericity, as from the inflationary perspective the radiative
symmetry breaking potential discussed in this section is not suitable for inflation: it
predicts unacceptably large amplitude of density fluctuations. In the case of the effective
radiative symmetry breaking Higgs potential in the Standard Model the dominant QCD
contribution is given by (2.19), which is the main result of the section. We expect
perturbatively divergent contributions of precisely this kind to be present in all small
field inflationary models with inflaton coupling to a QCD-like gauge theory. Hence, in
the next section we consider an exponential potential for inflation (different from what is
considered in this section), but with the same physical behaviour due to coupling to an
asymptotically free theory.

In the absence of an explicit scalar mass term, the one-loop effective potential for
SU(2) x U(1) gauge theory was computed in 1973 in the seminal paper by Coleman and
Weinberg [28]:

vlfloop _ )‘¢4
eff 4

+¢

o[ 33 3695 +2936" + 9] (| . o 25 (2.1)
1672 102472 w6 '
where the —25/6 constant is chosen to ensure that

d4‘/17100 d4‘/tree
= e =0 (2.2)

and {gs, ¢'} are the SU(2) and U(1) coupling constants respectively.

The above one-loop computation neglects quark Yukawa couplings. As there is a
heavy t-quark, this is no longer justifiable’. In fact [26], the Yukawa coupling of the ¢-
quark makes contributions to the scalar effective potential V.g which dominate over those
of the SU(2) x U(1) gauge coupling constants. As in [26], we neglect the SU(2) x U(1)
gauge couplings, and all quark Yukawa couplings except for that of the t-quark. Thus,
the effective potential takes the form

V:aff = V:gff()\(,u),gt(,u),gg(ﬂ),¢2(M),M), (23)

where A is the quartic scalar field self-interaction coupling constant appearing in the tree
level scalar potential

A A
Viree = Z¢4 + const = Z¢4 + VO, (2.4)

g; is the Yukawa coupling of the t-quark, g3 is the QCD coupling, and g is
the renormalization mass scale. The requirement that V.s is independent of the

% When there is a large Yukawa coupling, it is also inconsistent to neglect higher loop contributions to the effective
potential.

Journal of Cosmology and Astroparticle Physics 03 (2005) 003 (stacks.iop.org/JCAP/2005/i=03/a=003) 5


http://stacks.iop.org/JCAP/2005/i=03/a=003

Radiative corrections to the inflaton potential

renormalization scale p gives rise to the familiar renormalization group equation for the
effective potential

0= 1 % VI, g1 (1), g5(2), 62 (1), 4]

0 0 0 0 0
= (Ma + ﬁ)\a + ﬁta—gt + ﬁga—gg - 27¢2@) V()‘agtag?n ¢27 N)a (2-5)
where, to one-loop order in A, g; and g3,
dh 48)Mg2 120 3gf K 6ok
By = i s POV
dge _ (9/2)g/ — 89:95 _
o= = O RIGE oy
2.6
5:%:_7gg+@(5) 20
3 =N d,u ]_67T2 g3,t )
_ pde 397 k_4—2k
— _H9e_ A :
fy ¢d/l ].67T2 + O( g3,t )

For small coupling constants {x,y, z} defined at a scale y = 2*1/4G;1/2 =,

x = gi(v)/4n°,
y = \/4n?, (2.7)
z = g§(v)/47r2,

the summation-of-leading-logarithms effective Higgs potential can be written as [26]
%IFfL = 71°¢S1r, = 772¢4{Z z" Z ykzlcmk,lekH_l}, (Co,0,0 = 0), (2.8)
n=0 k=0

where the series Sy, is the sum of all contributions involving a power of the logarithm
L =1n(¢*/?) (2.9)

that is only one degree lower than the aggregate power of the couplings {z,y, z}. In this
approximation the RGE (2.5) takes the following form:

8 9 9 8 2 3 2 a 7 2 8 —
[—ZaL + <4:p —4xz) I + <6y + 3y — 2x ) — — 3z SLL(ffay,Z, L) =0.

dy 2° 92
(2.10)
Remarkably a closed-form solution to (2.10) can be written down [26]:
B L/2
Vi = w23 L/ = Paeeter| -3 [ el @
0

where {z(t),y(t),z(t)} are characteristic functions defined by the differential equations
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and initial conditions

% - —522, 2(0) = 2, (2.12)
dz. 9 ,
722 Azs = — 2.1
7 =10 zz, z(0) =z, (2.13)
dy o 0 3 _
A _Z = 2.14
o =0ty —gr, y0) =y, (2.14)
dp 3 _- -
— = ——T7 = . 2.1
0_ 2 s0=0 (215
Equation (2.12) describes the running of the QCD coupling
2z
Z(t) = . 2.1
2() 2+ 7zt (2.16)
For
2
t=ty=—— 2.1
° 72’ (2.17)

the QCD coupling blows up—this is the standard IR Landau pole of the asymptotically
free gauge theories. It is straightforward to evaluate VX in the vicinity of the pole, i.e.,
|L/2 —ts] — 0. Given that

4z
F(t) = —— [1+4-.--
W= gagrpltt b
(2.18)
)= - g o YOI
M= o ’ 36
where - - - indicates terms vanishing in the limit (¢t — ¢5) — 0, we find
42 4/3 —25/21
L W g (9 7 7
= — — 1+ 2L 1 1+ 2L 2.1
Vg 5 e (22 + 1% +0 + 17 (2.19)

as (L/2 —ts) — 0, i.e., in the vicinity of the pole. Notice that the dominant contribution
near the perturbative QCD pole in (2.18) is insensitive to the small UV values of the
top quark Yukawa coupling (z) and Higgs self-coupling (y), (2.12)—(2.14). On the other
hand, the residue of the branch cut in the effective potential (2.19) does depend on the
UV top quark Yukawa coupling!® as this singularity arises only when this coupling is
non-vanishing. Leading singular behaviour of (2.18), (2.19) reflects the fact that an exact
solution of (2.12)—(2.14):

2z
() = 2%
(1) 24 Tz2t’
4z
sy o 4
Z(t) 92+ 720) (2.20)
~ £z
t) ="
y(t) 2+ Tzt

19 Such dependence arises from the subdominant terms in z, (2.18).
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with initial conditions

0)=5  #0)=7

is an attractor of the physical’® renormalization group flow. Finally, the radiative
contribution dominance over the tree level Higgs potential in the full effective
potential (2.19) is sharply localized near the QCD strong coupling scale.

The existence of this perturbative singularity is generic for all asymptotically free
gauge theories coupled to an inflaton (Higgs) field (note that the order of the branch
cut and its residue in the leading-logarithms effective potential (2.19) is specific to the
Standard Model matter content). The point is simply that radiative corrections to the tree
level classical inflaton potential become anomalously large when evaluated for small values
of the inflaton field, a consequence of the perturbative IR pole of the asymptotically free
gauge theory. In the framework of the effective quantum field theory, the above conclusion
is independent of the scale of the tree level inflaton potential, the constant term in (2.4).
In fact, both V® and v (see (2.7)) can be of order the GUT scale, and Vg would still
have a perturbative singularity for sufficiently small ¢. Hence in the next section we will
turn to inflation.

_ &

9(0) =% (2.21)

111

3. UV/IR mixing in small field inflationary models

In the previous section we argued that radiative corrections to the tree level effective
inflaton potential are important, provided the value of the inflaton is of the same order
as the strong coupling scale of the asymptotically free gauge theory to which it couples.
In what follows we study a simple model of small field inflation that illustrates observed
effects on the spectrum of CBR anisotropies. Here, small field models are defined to be
those models of inflation in which the initial value of the scalar field is small (e.g. near
zero) as it starts rolling down the potential. Examples of small field models include models
based on spontaneous symmetry breaking phase transitions where the field rolls away from
an unstable equilibrium such as natural inflation [24]. In this paper, as a simple example,
we will consider an exponential potential.
We work with the tree level inflaton potential [29]-[31]

‘/tree - ‘/OeiAdz (31)

where ¢ = ®/m,, is the inflaton field in Planck units. We assume that the inflaton couples
to some asymptotically free gauge GUT. As a result, the tree level inflaton potential will
receive radiative corrections. We model radiative corrections to (3.1) as
Vo
‘/eff - ‘/tree + ‘/I"adiative = %eiAd) + X, (32)
In(¢/A)

where « is proportional to the coupling constant of the GUT asymptotically free gauge
theory at the GUT scale; thus 0 < a < 1. The quantity A is the strong coupling scale
of the gauge theory in Planck units, A < 1. The form of the potential is similar to that
of figure 1; the potential becomes infinite at ¢ — A. The starting point for inflation then
clearly has to be at ¢ = ¢; > A.

11 Subject to the constraints {Z(t),%(t), 2(t)} > 0.
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The effective potential Vg has the required features for explaining the suppression of
the observed CBR anisotropy spectrum at small /. Indeed, if the beginning of inflation!?
¢; is close to A, ie., (¢; — A) < A, the radiative contribution in (3.2) is dominant.
The inflaton then rolls too fast to effectively generate primordial density perturbations at
small wavenumbers. This will further translate into the suppression of the CBR anisotropy
spectrum at large angles (or small [). This suppression is rather sharply localized: for
¢ ~ 2\ or larger, the radiative contribution does not exceed Viyee:

‘/radiative X OA/O < VE] ~ ‘/tree- (33>

We now turn to the quantitative analysis of inflation with (3.2). First, to determine
the scales and parameters we set @ = 0; thus Vig = V. The standard slow roll
parameters are'3

(3.4)
o (Ver 2
n= mpl <@) = A ;
producing scalar density fluctuations with power spectrum
]{Z ng—1
Rloo= O o (1) 35)
with spectral index
ng — 1 = —6e+2n = —\° (3.6)

In (3.5) ks corresponds to the scale of perturbations that are produced 60 e-foldings before
the end of inflation, which corresponds to the present horizon size, ks ~ (4000 Mpc)~t.
Within the slow roll approximation, adiabatic density perturbations are given by

3/2 1/2
5O 1 Veff/ _ Vo/ o N/2.
H \/%Wmil Vi \/%ﬂmfﬂ)\
This quantity should equal 1.91 x 1075 at about N, ~ 60 e-foldings before the end of
inflation. Assuming A\¢; < 1 and my, = 2.4 x 10" GeV, for A ~ 0.1 we find that
V01/4 ~ 10'% GeV from (3.7). If inflation ends at ¢ = ¢, the number of e-foldings N, is

1 (Vg 1! Ag
Ne:——2 / dq):—/ d(b:T (38)

mpl 7 eff A

(3.7)

Thus to get sufficient inflation, A¢ ~ 10. Since derivatives with respect to ¢ can be
expressed with respect to wavenumber £ as

d d
Veas = -9 g

pt
2

(3.9)

12 By the ‘beginning’ we mean the very outset of the ~60 e-foldings characterizing inflation.

13 A prime denotes the derivative with respect to ®.
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or
A d d

Aoa 4 1
22 d¢  dlnk’ (3.10)

we can relate the expectation value of the inflaton and the scale of perturbations k leaving
the horizon at the corresponding instant during inflation:

A k

O(k) ~ 01 + gy In o~ (3.11)

Upon inclusion of the radiative correction to the tree level potential (3.1), the
primordial spectrum of density perturbations (3.5) will be modified according to

0 = (5§?))2f<k—s), (3.12)

where
1 V3

SN2 e 3.13

O e, Vi 1

and the form factor f(¢) can be estimated using the slow roll approximation in

equations (3.7) and (3.2),

f ~ (1 + (‘/radiative/‘/Ytr43e))3 _ (1 + (1/1n(gb/A))ae)‘¢)3 .
(1 + (Vagiative/ Viree))* (14 (1/(9/1) In*(¢/A)) (ae*?/AA))?

For inflaton expectation values ¢ close to the gauge theory strong coupling scale A (where
Viadiative > ‘/tree)7 we find that

(3.14)

¢
A’
As ¢/ ~ O(1), f(¢) rapidly approaches zero. More precisely, assuming «/AA > 1, the
transition between the small ¢ regime (3.15) and f(¢) = 14+ O(1) occurs within

A(%) ~ % = (3.16)

or, equivalently, using (3.11),

k 23/2CA 23/2¢
A(k—s)wézexp( 3 ):exp( 2 ) (3.17)

With ¢; ~ A, and using (3.11), we can approximate

f(¢) ~ aX*A*In (¢ —A) < A. (3.15)

0, k/ks <1,
k In(k/ks)
— | = 5 < < 3.18
() = MR <k < 3.9
1, k/ks > 6.

Equivalently, using equation (3.11), the form factor in the nontrivial region of (3.18) can
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be approximated as having a linear dependence on ¢,

—A
o) =25

Given the modified primordial power spectrum (3.12) (with (3.5), (3.6) and the form
factor (3.18)), the present day power spectrum P(k) is obtained as

0< (- A) <AC (3.19)

gP(k) - <aiHo) T2(k)8% (k). (3.20)

where T'(k) is a transfer function as in [29], and Hy is the present Hubble value.

In figure 2 we show the result generated with the CMBEASY program [27], which
provides the power spectra conversion (3.20). In the latter analysis we take A = 0.2 and
adjust cosmological parameters as given by the best fit model of the WMAP collaboration.
The two solid lines correspond to a choice of 6 = {2,4} in (3.18). The dashed line
corresponds to turning off the radiative correction, i.e., setting a = 0. For § = 4 we find
from (3.18) a ~ 0.02. Thus consistency of above approximations, i.e., £ > 1, requires
A < 107!, The latter is consistent with the assumption that the strong coupling scale of
the GUT gauge theory is below the Planck scale.

We comment here on the validity of our approximation. Small £ suppression form
factor (3.18) has been obtained in the slow roll approximation, which, strictly speaking,
is violated at the initial stages of inflation. Alternatively, one can argue that the initial
stage of inflation can be described as a ‘kinetic regime’'*, where the suppression form
factor was found (numerically) to be

()2

where a =~ 3.35 [9]. Though result (3.21) was obtained in the context of chaotic (large
field) inflation, it is straightforward to see that it is universal as long as the inflaton energy
is predominantly kinetic. Indeed, the primordial power spectrum is

St o~ (ﬂ) (3.22)
P+P)k—an

where in the kinetic regime (assuming ¢ = (d/dt)d¢)
~ >~ p—. 2
§p = 366~ 0 (323)
Using p + p = —Hm? /(47), we find

Sy _i2 (3.24)

Mol | k=aH

where the cosmic time dependence in ¢ = (d/dt)é(t) is assumed to be eliminated through
the horizon crossing condition for the comoving momentum k as k = a(t)H. In the kinetic

regime ¢? > V(¢); thus expansion of the Universe is well approximated by a fluid with

14 This is inflationary stage where the dominant contribution to the inflaton energy comes from its kinetic energy.
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Figure 2. CBR spectrum of anisotropies with the primordial spectrum of scalar
density fluctuations for the effective inflaton potential (2.3). We set A = 0.2,
ks = 0.00025 Mpc~!. The scale of the tree level potential is Vol/4 ~ 106 GeV.
Two solid lines correspond to 6 = {2,4} in the form factor (3.18), with larger ¢
corresponding to stronger suppression at small £. The dashed line corresponds
to the anisotropy spectrum from a tree level approximation in the effective
potential (2.3), i.e., setting o = 0. Cosmological parameters are as given by

the best fit of the WMAP collaboration.

equation of state p = p. For such an expansion we have p ~ %ng x a % and a o t/3,
which in turn implies that ¢ o« —¢~'. From the Friedmann equation we conclude that
H o p'/? o t7', and thus the comoving scale k crossing the horizon at cosmic time ¢ is
k = a(t)H o t~%3. Comparing the latter scale with the ¢ time evolution we conclude
that

¢ oc —k%/? (3.25)
leading to
k 3
65 o (k—) (3.26)

which approximately reproduces numerical analysis of [9]. Even though the suppression
form factor in the primordial power spectrum (3.26) has power-law rather than logarithmic
behaviour (as in (3.18)), we find that the corresponding CBR spectrum of anisotropies is
very similar to the one presented in figure 2 (also compare with [13]).

4. Summary

WMAP data indicate the suppression of small ¢ multipoles in the anisotropy power
spectrum of the CBR. It is difficult to isolate this suppression from the cosmic variance
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limitations. However, when taken seriously, such suppression can be due to a suppression
of power in the spectrum of primordial scalar density fluctuations during inflation. As the
generation of quantum fluctuations during inflation is most efficient in the slow roll regime,
the CBR anisotropy measurements provide a signature for the breakdown of the slow roll
conditions during the first few e-foldings of the single-field inflationary models. In this
paper we have identified a low energy field-theoretic phenomenon that arises generically
in small field inflationary models in which the inflaton is coupled to an asymptotically free
GUT-like gauge theory. Here, the small vacuum expectation values of the inflaton field
probe the strongly coupled dynamics of this gauge theory. This produces large radiative
corrections to the tree level inflaton potential which break its slow roll conditions. The
effect is most profound if the inflaton scale at the beginning of inflation is close to the
gauge theory’s strong coupling scale.

In this paper we have used summation of leading logarithms in the perturbation theory
as a model of a strongly coupled dynamics of an inflaton and asymptotically free gauge
theory. It would be very interesting to explore nonperturbative effects of the quantum
field theory in this setting, particularly space-time curvature corrections.
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