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Abstract. This paper is the first of a series addressing the macroscopic surface properties of
the simple metals (the alkalis, Mg, Zn, Al, Pb) using pseudopotential perturbation theory
to include the effects of discrete ions beyond the first-order Lang-Kohn jellium calculation.
Here we give explicit formulae for the self-consistently screened inhomogeneous electron
susceptibility x(gi, z, z") calculated around the jellium surface results of Lang and Kohn. In
terms of y we then give explicit formulae, up to second order in the ionic pseudopotentials,
for: (i) the energy of a bounded metal; (ii) the effective ion and ion-ion potentials near a
surface; (iii) the unreconstructed surface formation energy o at T = 0K; (iv) the surface
dynamical matrix; (v) the relaxation of ionic layer positions due to the surface; (vi) approx-
imate T # 0K contributions to the surface free energy in the solid phase.

As tested on face-dependent surface energies, our second-order method is a decided
improvement on first-order theories, and on one-dimensional variational theories. It has a
further advantage over variational approaches in that expressions for (iv), (v) and (vi) can
be given in analytic form.

1. Introduction

Many properties of simple-metal surfaces are strongly influenced by electronic screening
of the ion cores. Such properties include the surface free energy (especially its face and
temperature dependence), surface relaxation and reconstruction, surface vibrational
frequencies, the energy (and existence) of surface electronic states, and chemisorption
bonding energies.

In this series of papers we calculate some of these surface quantities, assuming that
the conduction-electron-ion interactions are adequately represented by a weak pseu-
dopotential which drives a screened linear response of the electron density. The linear
response function is then used to compute the energy of the system up to second order
in the pseudopotential. (Strictly, up to second order in the difference between the total
pseudopotential and the potential due to a locally uniform jellium background.)

This pseudopotential perturbation approach has been widely used in the context of
bulk simple metals, for which the linear response function (i.e. the screened bulk
electron susceptibility y**(r — 7)) is wellknown from the theory of the uniformelectron
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gas: see for example Ashcroft and Langreth (1967), Hammerberg and Ashcroft (1974)
and Finnis (1974). In the case of a metal surface of the zeroth-order problem, about
which the linear response is calculated, is spatially non-uniform, necessitating a trans-
lationally non-invariant response function x*“"*(r, ). (Finnis (1975) has shown that a
bulk y is inadequate.) Our theory takes the broken symmetry explicitly into account,
using Kohn-Sham density functional theory to provide the self-consistently screened
electronic susceptibility y**"**. The Kohn-Sham approach to linear response in inhomo-
geneous systems was first used by Stott and Zaremba (1980) in the context of atomic
polarisabilities, with Kohn-Sham atomic wavefunctions describing the zeroth-order
system.

For the surface susceptibility problem which we solve, the zeroth-order wavefunc-
tions are the Lang—Kohn (1970) self-consistent wavefunctions for a one-dimensional
‘jellium’ surface (i.e. one without discrete ions). Our expression for y**"** is derived in
the Appendix, and appears to be computationally tractable, while being more realistic
than previous calculations.

An important advantage of our pseudopotential perturbation approach over direct
electronic variational schemes (e.g. those of Monnier and Perdew (1978) and Bohnen
and Ying (1979, 1980)) is that closed expressions in terms of y can be obtained for
quantities involving the displacements of the ions from the perfect surface configuration.

In the first paper (I) we develop a detailed theory of the energetics of simple-metal
surfaces, including zero-temperature surface energies, relaxation of ionic positions,
surface dynamical matrix, and thermal vibrational free energy. We do not at this stage
discuss the surface electron states or chemisorption energies mentioned in the first
paragraph, since these presumably require a non-perturbative treatment of the discrete
ion effects.

In paper II of this series we will report in detail our numerical results for the face-
dependent T = 0K surface energies of Li, Na, K, Rb, Cs, Mg, Zn, Pb and Al. A brief
report has already been published (Rose and Dobson 1981). Despite our use, so far, of
a simple (but non-trivial) ansatz for ™™, our numbers appear to be the best obtained
to date for the dependence of surface energy on exposed crystallographic face, for the
range of metals considered.

In further papers of the series we intend to give numerical results for the full
Kohn-Sham surface susceptibility ¥, and for the other surface quantities whose
formulae are derived in the present paper in terms of ™,

The present paper, I, is organised as follows:

Section 2 introduces the linear response theory of strongly non-uniform electron
systems up to second order in AV, the difference between the total pseudopotential
and the potentialV¥(r) due to an appropriate jellium background. We obtain an expres-
sion for the total energy and show that the changes in energy up to second order due to
displacements of the ions can be expressed in terms of effective one-ion potentials w(X)
and self-consistently screened ion-ion pair potentials ¢*"(X, X'). The latter are not
merely functions of the displacement X — X', for ions near the surface. We give detailed
microscopic expressions for w and ¢* which provide an ab initio basis for force-constant
models of metal surfaces.

Section 3 sets up the T = 0 K surface energy problem in a consistent fashion, starting
from the electronically relaxed second-order bulk metal and computing energy changes
step-by-step until the electronically relaxed second-order surface system is attained.
The first-order Lang-Kohn (1970) surface energy o™X appears as the energy involved in
one of our steps. The problem of numerically subtracting large surface and bulk terms
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to obtain a small surface energy is avoided by a careful analytical combination of our
terms.

Section 4 considers relaxation of ionic layer positions in a direction perpendicular to
the surface. Any number of layers can be relaxed analytically within our lattice statics
formulation. We do not consider intralayer reconstruction in this section.

In § 5 we obtain expression for the layer dynamical matrix D,s(q), [, I') appropriate
to phonon calculations for metal surfaces. This can be used to study surface reconstruc-
tion, and in principle also to calculate surface thermodynamic properties.

Section 6 discusses Einstein and self-consistent Einstein approximations which
promise to simplify the calculation of integrated phonon properties such as
temperature-dependent surface free energies and thermal expansion. A first-principles
study of temperature-dependent reconstruction appears possible by combining the
results of this section with those of § 5.

The Appendix contains a discussion of self-consistently screened surface response
functions y(qy, z, z').

2. Energy of bounded metal: linear pseudopotential response

Itis convenient to refer the energy of the bounded metal to that of a comparable ‘jellium’
system. In jellium, the positive ions are replaced by a half-space of uniform charge, with
charge density

le|nil(r) = le|no&(—2), (2.1)

and the total unscreened ionic pseudopotential Vi, (r) is replaced by the potential
() due to the density (2.1). When the discrete ions are put back in, the electrons feel
a change in unscreened, external potential equal to

AV(r) = Vo(r) = VIEY(p). (2.2)

We define the (self-consistently screened) linear electronic susceptibility, x(r, '), of
the bounded jellium system in terms of the linear change in electronic number density,

An_(r) = n_(r) — n<(r), (2.3)
which is induced by an arbitrary perturbation AV (r): thus
An_(r) = fx(r, rAV(r) &r' + O((AV,9)?). (2.4)

We stress that yincludes self-consistent screening. The symbol y will refer to the bounded
metal except as noted.

We now perform a Feynman integration with respect to the electronic part of the
Hamiltonian. (That is, we replace AV, by AAV and use the Feynman-Hellman theo-
rem to compute the change in total energy as A varies from O to 1.) This gives the
following expression for the fotal energy of a set of discrete stationary ions at positions
{X(D)}, plus interacting conduction electrons:

E=E" - Bl + %IEI v (XD — X(I)) + f AV (P &r
?

+ %f AV(Dx(r, )AV(r) &r & + O((AV 7). (2.5)
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Here v%™ is the bare ion—ion potential energy, and %", is the Coulomb self-energy
of the positive jellium background. Note that all effects of AV, on the electron kinetic
as well as potential energy are included via the factor 4(=f{ AdA) in the last term of
(2.5). Equation (2.5) is a real-space equivalent of the well known k-space pseudopoten-
tial (or ‘structural’) expansion of bulk simple metal energies (see Hammerberg and
Ashcroft (1974) and references therein). An equation of the form (2.5) has been
discussed by Inglesfield (1979), though his AV is due to displacement of ions already
present in the zeroth-order system; no jellium is involved.

We will assume, as have most authors (e.g. Lang and Kohn 1970), that the unscreened
pseudopotential vP* appropriate for a single ion near the surface is the same as for an ion
in the bulk. We can then write the total unscreened pseudopotential perturbation as the
sum of terms due to charge-neutral entities:

AV(r) = ; AvP(r, X(D) (2.6)

where
AvP(r, X(D)) = vP(r — X(I)) = v®°*(r — RYD)). (2.7)

Here v™(r) is the potential energy of an electron at r, due to a pseudo-ion at the origin.
Av®°k(r — R%()) is the potential energy of an electron at r, due to a block of uniform
jellium background centred at a perfect lattice site R°(J). The blocks fit together without
spaces to make the jellium background. For crystalline surface problems the blocks can
conveniently be chosen to have a surface direct lattice cell as base, and a perpendicular
height equal to the ionic layer spacing d. Then (2.5) can be written

E(X(D}) = Eo + 2 w(X(D) +1 2 ¢ (XD, X1) (2:8)
where

w(X(D) = fnff”(r)Aups(r, x() d¥ (2.9)

is an effective one-ion potential, and

FUXD, X)) = f o, ) ADP(r, X(D) AvP(r, X(I') & d¥'
+ Udi’w(X(l), X(l')) (2.10)

is an effective screened ion-ion potential.

The constant Eg is E! —E¥%; it depends on volume and shape. Note that (2.8)
explicitly allows the ion [ to interact with itself via @*"(X(), X(I)). This is a real effect:
the polarisation cloud induced by an ion does interact with the ion, as expressed in the
first term of (2.10). This self-interaction can be position-dependent (e.g. near a surface).
Of course the direct term in (2.10) is spurious when I = I, if we take v%™ to be the
ion-ion Coulomb interaction. We can take v®*{(X(I), X(1)) to be any finite constant,
however, and this only changes the constant Ejin (2.8); the variation of the energy with
changesin {X()}is unaffected, and itis convenient nor to have arestriction? # I’ in (2.8).
We note also that other choices are possible for ¢*" and w. For example, we could use
v instead of AvP in (2.10) and (2.9) (see for example Finnis 1974). This would change
the constant Ey in (2.8) and also shift some terms from ¢*" into w: this is not a paradox
asthereisnosharp distinction between one- and two-body terms when we are considering
self-interactions (I = 1').
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We intend to make quantitative use of equations (2.5) and (2.8)-(2.10), and thus we
require accurate values of the surface susceptibility y(r, #'), or more conveniently its
surface Fourier transform x(gj, z, z'). In the Appendix (equations (A31), (A37), (A38))
we give fully detailed expressions for x, as derived from Kohn-Sham local density
functional theory, using Lang—Kohn (1970) jellium surface wavefunctions as input. Cur
expression:

(i) treats electron kinetic energy exactly;

(ii) includes electron exchange and correlation;

(iii) is self-consistently screened; and

(iv) employs a realistic smooth surface density profile.

Our method is equivalent to that of Stott and Zaremba (1980) who performed a
similar calculation to obtain atomic polarisabilities. Previous detailed calculations of the
surface susceptibility have either treated the kinetic energy inexactly (e.g. Ying et a/
1972) or have used unrealistic step or barrier models of the surface profile (e.g. Lert and
Weare 1978, Garrido et al 1979) or have omitted electron correlations or lacked self-
consistency. Inglesfield (1979) has formally introduced a quantity F(r, ') which is our
x(r, r') except that his zeroth-order system (a transition metal) contains ions so that
non-trivial three-dimensional zeroth-order wavefunctions are required, rendering accu-
rate numerical computation of y a formidable task indeed.

One of us (JED) is currently evaluating our y for simple metals: the numerics appear
to be tractable. Pending the outcome of these computations, we would like to offer a
simple ansatz for y, to add to the above-mentioned simplified treatments. It is

xansam(r’ r/) — Xbulk(]r —_ ‘l’ n-(r’ r’)) (211)
where
A(r, ) = 4((2) + ) (.12

is an ‘average zeroth-order density’ formed from the Lang-Kohn (1970) jellium values.
¥®*(/r = r'|, n) is the three-dimensional Fourier transform of the bulk (screened)
Kohn-Sham susceptibility

bulk(k n) = OL(k)/[ (k;r 9 (a’if"C)) OL(k)] (2.13)

where x*(k) is the unscreened Lindhard (1954) susceptibility of a uniform gas of density
n.

We have used x*“* so far in surface energy calculations (Rose and Dobson 1981),
and find our results to be a qualitative improvement over previous work. Our only real
justification for the average-density ansatz (2.11), however, is its success (Chakravarty
et al 1981) when tested on H; molecule calculations. It is certainly inaccurate to use the
bulk density for 7i in equation (2.11), as shown by the work of Finnis (1975).

3. The surface energy up to second order

Several calculations of the surface energy of simple metals have been published to date;
see, for example, Paasch and Hietschold (1977), Lang and Kohn (1970), Monnier and
Perdew (1978). None of these produced satisfactory face-dependent surface energies
for the whole range of simple metals (see Rose and Dobson 1981). In a recent paper, of

Cie—L
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which we received a preprint when the present work was substantially complete, Bohnen
and Ying (1980) have used a density matrix variational method to obtain good results
for the 110 and 100 faces of Na, K, Rb and Cs. The method we describe here gives good
face-dependent results across the whole range of simple metals with the possible excep-
tion of Zn, agreeing with Bohnen and Ying’s numbers for the metals they considered.
We are also able to compute surface lattice statics and dynamics in a simple fashion using
our method (see § § 4, 5 and 6 of the present paper).

In a previous publication (Rose and Dobson 1981) we asserted that our second-order
corrections for the surface and bulk systems could simply be added to and subtracted
from the Lang-Kohn results, respectively. We now justify this assertion systematically.
(Computational details are left to paper II of this series, however. Some preliminary
numerical results, based on a simplified susceptibility y, have already been reported in
Rose and Dobson (1981).)

n%rir) a°
-/\/\/’\:/\/\/“\. E., ¥ ,: -
O0000O0 — 000000
State 1 State 2
ifn
I/‘If“”(l‘) n_Je”(z)
I 1 ¥ 1 ]
: L ©oE T . -
State 4 State 3

Figure 1. The steps involved in computing the formation energy of an ionically unrelaxed
surface.

We start from the bulk metal and change it, in three steps, into a pair of semi-infinite
metal slabs, each with area A. We keep track of the total energy of each step, carefully
choosing our intermediate quantum states ‘2’ and ‘3’ so that their energy difference Ez;
per unit area is exactly twice the total surface energy 0¥ which Lang and Kohn (1970)
computed up to first order in AV),. Figure 1 illustrates our procedure. The open circles
represent static ions at perfect lattice sites. We cleave between planes separated by a
spacing d. Broken lines represent the cleavage plane, which is distant d/2 from the
adjacent ion planes. The cleavage plane is drawn even in the cleaved states 3 and 4,
since we will later use it as a reference plane for ionic coordinates of a half-space. The
full curve represents schematically the electron density profile n(r) for each particular
state. The arrows indicate the order of our steps, and each is labelled with an energy E
required to perform the step.

State I is the bulk metal. The electron densityn®*(r) is not uniform, a fact which has
sometimes been neglected in previous work where the small non-uniform contribution
to the bulk energy has been taken to imply only a small contribution to the surface
energy, leading to erroneous results. Using second-order pseudopotential perturbation
theory around the bulk jellium problem, we write the energy of state 1 according to
equation (2.5) as

E, = E*" (bulk) — E' (bulk) + %IEI v¥(RY) — RUI')) + n° f AVRNr) dr
<,

+ %fxb““‘(r, rYAVSE ) AV () & dF. (3.1)
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The terms have the same meaning as in equation (2.5). In particular, AV3¥(r) is the
pseudopotential perturbation due to discrete ions at the perfect bulk lattice positions
RY(I); n° is the average bulk electron number density.

State 2 has a uniform electron density equal to n°. The electron gas is in the many-
body state of bulk jellium, despite the presence of the ions. This is not of course the
ground state of the pseudo-Hamiltoniant % but it is a well defined quantum state and its
expectation energy (2|%|2) is exactly

E, = E*li(bulk) — m%mmy+anwwm
+ 1 3 1#21 Uduect(RO(l) RO(I )) (32)

We note that (3.2) can be regarded in two ways:

(1) it is the exact expectation energy of state 2;
(ii) it is also the energy up to first order of the bulk metal, which is the starting point
of Lang and Kohn’s first-order surface energy calculation (see figure 5 of their paper).

In state 3 the system has been cleaved and the electron density in each half is
n'*Y(z), the density obtained by solving the Kohn-Sham equations with a jellium haif-
space background (Lang and Kohn 1970). Note that n'’(z) is not relaxed to the ion
cores. To specify a definite quantum state we invoke the theorem of Hohenberg and
Kohn (1964} which asserts that there is only one ground state of Coulomb-interacting
electrons (requiring some external potential) which yields this density. The expectation
energy E; =(3|%|3) is given exactly within density functional theory by

3E; = E®(surf) — E¥ (surf) + Ey(surf) + fnlen(z)AVs‘”f(r) d¥» (3.3)

where

Eisurf) =4 2 "R - RU(I")) (3.4)

13,03<0

and the other terms are defined as in equation (2.5), with all quantities now referring to
ahalf-space problem. The pseudo-ion positions {R%(!)} are spaced asin the bulk, however
(i.e. we omit any ionic layer relaxation or reconstruction at this stage). Equation (3.3)
is the exact energy of the artificial state 3 within local density functional theory. It can
also be regarded, however, as the energy of the true metallic surface system within
first-order pseudopotential perturbation theory: thus it is the energy used by Lang and
Kohn (1970) for their final state when calculating their surface energy o-*.

State 4 consists of the two semi-infinite metals with the electron densityn™(r) relaxed
in three dimensions to accommodate the equally spaced ions. From equation (2.5) the
energy of each half-space up to second orderin AVEy; is

1E, = E®¥'(surf) — E¥L(surf) + Ej(surf) + fnJeIKZ)AVSU’Yr) d*
+ ljxsurf(r r )Avsurf(r)Avsurf(r) d3 d3 ’ (35)

It is now simple to obtain the energy differences indicated in figure 1. From (3.1) and
(3.2),
E,=E,~E = be““‘(r PIAVEMPAVEN) & &' (3.6)

¥ 9= [ Y (D YRVeslr) & + Heel + Eroneion:
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By explicit construction of the states 2 and 3 (see above) they have the initial and final
energies of Lang and Kohn'’s (1970) first-order surface energy calculationt. Thus

Eyy=E; - E;=2A0" (3.7)
From (3.5) and (3.3),
Euw=E,—-E;=1" fxs‘“f(r, AV DAV S r) & &' (3.8)
The surface energy o is the energy, per unit surface area created, required to go
from state 1 to state 4. Thus up to second order
0= (Es= E1)2A = (Ex + Eps + Eng)2A = 0¥ + (Ez + E30)2A. (3.9)

Unsurprisingly, our result (3.9) differs from Lang and Kohn’s first-order estimate ¥
by two terms (3.8) and (3.6) which are of second order in the pseudopotential pertur-
bation AV,

Equation (3.9) is not suitable for numerical calculation as it stands because E;; and
Es, are both bulk terms which almost cancel to yield a surface term. To combine these
terms it is convenient once again to introduce the pseudopotential perturbation AvP(r)
due to a single ion at the origin, minus a block of jellium background of equal charge
(see equation (2.7)). Then for the case of equally spaced ions we are considering here,

AVEX(p) = ; AvP(r — R(D) (3.10)
and, for the left-hand semi-infinite metal slab,

AVE() =, 2 AvP(r—RUD). (3.1)

In (3.10) and (3.11) we have placed our origin at the cleavage plane (see broken vertical
lines in figure 1) so that the z coordinates of the layers of ions are

R3(l) = I, Ii=x3, 23,28, .. (3.12)
for the bulk, with /s =— 4, —3, —$ . . . for the left-hand surface. Using the identity

2= 22 4+ 2> (3.13)

Lr LUl == -4, .. LPdy=+4, +4. la= -4, -1

which is valid for summands with inversion symmetry about the origini, we decompose
(3.6) and combine it with (3.8) using (3.10) and (3.11). Then (3.9) becomes

o=d"®+ g, + 05, (3.14)
where
1
= —— d3 d3 1o bulke .
%4 2A 1:13=EL%,.41':13=—29,—%,...J rdr i r=r)
X AvP(r — RY(D)Av™(r' — R'(I')) (3.15)

is the negative of the second-order interaction between two half-lattices of ions in the

+ Inobtaining the energy 0¥, Lang and Kohn actually used two steps (see their figure 5) whose details are not
relevant to our argument.
+ This symmetry exists for all metals and faces we consider, with our choice of origin in the cleavage plane.



Metal surfaces and inhomogeneous linear response 7437

bulk, and
1
d3r 43 surf bulk
%= 2A111313-—¢a f rdr' (¢, r) = N r = 1))

X AvP(r — R°(D)AvP(r — RY1')) (3.16)

represents the difference in second-order energy due to having surface rather than bulk
electron response in each semi-infinite surface system.

Numerical evaluation of (3.15) is facilitated by Fourier-transforming all quantities
in three dimensions. This gives, for a primitive surface lattice,

0 = 4nA812j dg: 2 1™ (g)

>0
X Av™(—g)AvP(g) explig - (R(0,0, 13 — R0.0,1)] (3.17)

where {G)} are the reciprocal-lattice vectors of the surface lattice structure, and g =
G| + q.%; Ao is the area of the primitive surface direct cell. The sums over /3 and /3 in
(3.17) can be performed analytically as convergent geometric series provided that the
dq. integration is performed as a numerical contour integration above the real axis.
Details are given in paper II.

The expression (3.16) only has rwo-dimensional translational symmetry because of
the surface. We therefore Fourier transform all quantities in the surface dimensions
using the definition f(gy, z) =/ d°n f(r) exp(—ig - r). This yields

ps _
T = 2A81313<oj_x dzdz’ EaX(G”’Z 2')Av™(=Gy, z — R3()

X AvP(G), z' = RYI')) exp[iG; - (R0, 0, 13) — RY0, 0,1%)] (3.18)

where 6X = Xsurface - Xbulk_

4. Static relaxation of ionic layer spacings

We have derived our expressions (3.14)—(3.18) for the surface energy assuming that the
ionic layers in each half-space maintain their bulk spacing d when the surface is formed.
We now relax the positions of the ionic layers, allowing ions in the /sth layer (/3 = —%
-3, —%...)to change their z coordinate from RY(l) = hd to

Ry(D) = Iid + £(l5) = z(Iy). (4.1)

This layer relaxation is shown schematically in figure 2; see also figure 3. We do not
consider intralayer reconstruction in this section.

The expression (3.5) for the energy $E, of a half-space is now modified by replacing
R%D) by R(D) + £(I)% in the relevant definitions (3.4) and (3.11). It is convenient once
again to introduce compensating blocks of background which fit together to make the
jellium background, as was done in § 2. Thus we write (3.11) in the form

AVE(D = 2 (0P(r=RO) = VEin() = 2 AP RO)  (42)

s

where the compensating block is still centred at R%(f) even though the ion has relaxed
to position R(l). Applying a surface Fourier transformation to (3.5) and using (4.2) we
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Figure 2. Relaxation of ionic layer positions due to the surface. Note that the ‘origin’ ion in
the lsthplane (l; = —4, —%, =% . . .)hasapositionvectorR(0, 0, /) whose x and y components
are not in general zero (i.e. successive planes appear relatively displaced when viewed from
the vacuum along the —z axis).

] (3d+3 (15)

Figure 3. Unrelaxed position R(J), statically relaxed position R(J) and instantaneous non-
equilibrium position X(/) are shown for the Ith ion. {(/5)zis the relaxation of the /sth plane of
ions. u(l) is the dynamic excursion of the /th ion.

find the energy of the half-space with displaced layers is
A 2nZ°%*
2A013[3<OG #0 G}

[31‘-[3

X exp[iGH - (R(0,0,13) — R(0,0,1)]

E({z(l5)}) = Up + ——exp[~Gi|z(l5) — z(1Y) ]

o2 J dz n'(2)AvP(G = 0, z, z(I3))

A
2A3 i 13<0 G

x exp[iG) - (R(0, 0, 13) = R(0, 0, [3))]
X AvP(=Gy, z, 2(13)) AvP(Gy, 2, z(13)). (4.3)

fdz dz' ¥4G, 2z, 2")
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Here the constant U, does not depend on the {z(/;)}: it contains jellium terms and the
Coulomb interaction of layers with themselves. Ze is the ionic core charge. The surface
lattice is assumed primitive.

To obtain the equilibrium layer positions {z(/3)} we demand that the ‘Kanzaki force’
F(/) on each layer [ be zero:

1 oE

Fh=-250=%

l="§, 2, %. (44)

Differentiating (4.3) we obtain
) = — f ") L (G = 0,2 - 2() dz
Ao —x dz ‘ ’
1 .
+ 52 2, [expiG)(R(0,0,1) = R(O,0,13)]

(2227 sgn(z() - 2(19) exp(=Gi z() - 2

X (1= 8y,)(1 — dgp) + ff dz dz’ "G, z, 2")

X AvP(=Gy, z, 2(13)) %vPS(G;, z' - z(l))), (4.5)

where

#G,z,2") =8(Gy z,2") + MG}, 2/, 2)). (4.5q)

Note that, even though }°(k), z, z') = x°(k;, z’, z), the inhomogeneous screening causes
the corresponding screened susceptibilities to be unequal.

Evaluating (4.5) is a computational task of the same order as obtaining the surface
energy from (3.18). If we wish to relax only a few layers it is possible to solve the non-
linear equations (4.4) iteratively, using (4.5) at each step. A similar procedure was
carried out by Landman et al (1980) who used only the first two terms of (4.5): that is,
they neglected screening of the ions and the associated electron-gas compressional
kinetic energy effects which we include by the y*™ term in (4.5). These screening
effects substantially weaken the Coulomb interaction (Perdew and Monnier 1980).
Landman et al obtained a large (§/d =~ 20%) relaxation of the first layer at the (110) face
of Al, but for the most densely packed faces of Al and Na even the first layer only relaxed
by 1%. We feel the proper inclusion of screening, as in equation (4.5), will reduce the
relaxations further and we propose that a linearised lattice statics relaxation scheme will
be sufficient for all layers except possibly the first. Thus we Taylor-expand the energy
(4.3) to second order in the layer displacements £(/):

= E((z(0}) = 5 EGRYDN — S, FOL0) +1 T DU ED L) (4.6)

where F(/) is evaluated at the bulk spacing (i.e. z(/) =R}(/)) and the one-dimensional
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stiffness matrix D is obtained by differentiating (4.5):

DI =~ @ﬂ[ @hh%UWG=OJ—Zw)@
Y g 1;0 cos[G| - (R(0,0,1) — R(0,0, 5))]

X [(511' = 81)Gy exp(—Gy|z(]) — z(ly) ‘)2nz2e2 * J.J’_xx

X dz dz' Gy, z, z )<611 & s0P(=Gj, z — z(1)) - Av™(Gy, 2" = (1))

# O3t (=612 = 20) 150762 = 209) ) | (4.7)

To determine the layer displacements we minimise (4.6) with respect to the {{(])}.
This is solved by a matrix inversion

&) = (D HuFA) (4.8)
and the resultant lowering of energy is
AE(layer) = —%2 F(heW). (4.9)

Thus if we choose to allow relaxation of the first M layers of the metal surface, we
have an M X M matrix inversion to perform. Note that if we relaxed a/l layers our matrix
D would be singular since an equal displacement of all layers does not change the energy.
This well known difficulty of lattice statics is not encountered here as the system is
stabilised by layers M + 1, M + 2, . . . which are not relaxed.

When relaxing multiple layers as above it is important to work with a correctly chosen
pseudopotential v™ such that the true density is obtained for the bulk metal at zero
pressure, as determined from equation (2.5). If this is not done, we expect the layer
relaxations {(/) from equation (4.8) to increase as the number of relaxed layers, M,
increases. This is due to the system relaxing toward bulk density. Even if this occurs,
however, we might hope the differences £(I) — {(/ + 1) will correctly represent true
surface effects for the first few layers.

We should mention the approximate calculations of Al surface layer relaxation by
Perdew and Monnier (1980) which agree with some measurements. As they note,
however, their method is not quantitatively reliable for the less densely packed faces
(see also Perdew 1982). We expect ours to be a substantial improvement.

5. Harmonic lattice dynamics

Assuming that we have found the relaxed static equilibrium positions R(I) =
R%() + ()2 for the metal surface problem, we can use the energy expression (2.5) to
investigate harmonic motion of the lattice in the Born-Oppenheimer approximation.
Writing the instantaneous positions of the ions (see figure 3) as

X(0) =R{) + u(l, 1) (5.1)

we obtain the harmonic equations of motion in the usual fashion by expanding (2.5) to
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second order in the displacements u:

M_C_ii == O°E ,
gl n) = [ﬂm’(—l—)uﬁ(z ) (5.2)

Here u, denotes the ath Cartesian component of displacement and M is the ionic mass.
The derivatives of E dare to be evaluated at the equilibrium positions X(I) = R(l). Assum-
ing that the bulk crystal structure is preserved in the surface directions (& = 1, 2), we
can solve (5.2) with the ansatz

uall, 1) = udgy, I3) exp(iq) - R°(D)) exp(—iw?), (5.3)
thus obtaining (Maradudin er a/ 1971, Trullinger et al 1973)

wuq(gp, ) = Eﬂ Dop(g I, 19up(gy 13) (5.4)

where the dynamical matrix D, for a primitive surface lattice, is

x

1 . )
Das(qr. 5. 1) = - 12 exp[—ig, - (R(11313) — R(0013))]
h=-=
N &’E
0X (lilh13)0XK0,0,13)
Equation (5.5) is to be evaluated at X(I) = R(J).

Inserting (5.5) into the expression (2.8) for the energy variation in terms of effective
one- and two-ion potentials, and Fourier-expanding in the surface direction, we obtain

(5.5)

Doiqy, 13, 13) = D5 (g, 13, 13 + D3 qp, 15, 13) (5.6)
where
DM (g, 1y, 1) = -;—laaﬁmaw f ) ni(z) = & SoP(k = 0,2 - Ri(1) &z 5.7)
and
D23(qy, Is, 1§) = MA(E EO exp[iG: - (R(0, 0,15 — R(0,0, 19)]

X (8 s @155 @ + G, Ry(l3), Ry(13)) = O, 591551 (Gi, Ri(l3), Ry(1%)].
(5.8)

Here the derivatives ¢ and {3z of the two-dimensionally Fourier-transformed
effective ion—-ion potential can be expressed so that the derivatives appear explicitly only
on the pseudopotential v and on the Coulomb interaction v®*®, both of which are
usually known analytically:

@5 gk, X3, X3) = — vk, Xy — X3) +f dz dz' 7k, z, 2")

X vBy (—ki,z — X3) vB(k, 2" — X3 (5.9)
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@i (K, X3, X5) = —v{as(k, X5 — X5 - f dz dz' 7"(ky, z, 2")

X VB (—ki, 2 = X3) AvP(ks, 2’ — X3). (5.10)

In (5.9) and (5.10) we have used the abbreviations

2 [k f R, 2) =12
f(ky, 2) {af(k“ o)z I (5.11)
fep(k, 2) = (f) p(k)s 2) (5.12)

for an arbitrary function f(kj, z) in two-dimensional Fourier space. Also, " is the
symmetrised screened susceptibility defined in equation (4.5q).

By comparing (5.8)-(5.10) with (3.18) we find that evaluation of any one element of
the dynamical matrix is a computational task similar in magnitude to that of evaluating
the surface energy. (The sum over /5in (5.8) is rapidly convergent except for G = 0.)

6. Temperature-dependent surface free energy: Einstein and self-consistent Einstein
models

A major goal of this development is to estimate the temperature-dependent lattice
dynamical contribution to the surface free energy of solid metals. We recall that the
most reliable surface energy determinations come from liquid surface tension measure-
ments (Tyson and Miller 1977). It is necessary to extrapolate though freezing and down
toT = 0K, inorder to make contact with existing microscopicsurface energy calculations
(Wawra 1975a, b). We concern ourselves here with the solid phase extrapolation.

Inprinciple itis possible to obtain integrated quantities such as the surface vibrational
free energy by calculating the frequencies from the dynamical matrix (5.7), (5.8), then
performing a suitable layer summation and surface zone integration (see, e.g., Mara-
dudin eral 1971, Allen and de Wette 1969). This is a formidable task, however, because
of the complicated form of the effective ionic potentials (2.9), (2.10).

Furthermore, such an approach only yields results in the strictly harmonic regime.
In the face of these difficulties we resort to simpler lattice dynamical schemes, the
Einstein and self-consistent Einstein models. The latter is capable of describing a degree
of anharmonicity which is an advantage at temperatures near to, but below, the melting
temperature.

6.1. Non-self-consistent Einstein model

The ‘standard’ or ‘non-self-consistent’ Einstein model postulates that each ion (labelled
I) moves in its own independent potential VFwhich is harmonic in the excursion u(l):

3
VEu@) =M 20 (@) e Dug(D) (6.1)

Here the Einstein frequency matrix w is obtained from an expansion of the total
energy E (equation (2.8)) up tosecond order in the excursion u(l) = X(I) — R(J), holding
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all other ionic positions {X(I'), I' # I} constant at their equilibrium values {R(I')}:
3*E
X ANIXAL) ixiy=rey

Putting (6.2) into (2.8) and Fourier-expanding all quantities in the directions parallel to
the surface we obtain one-ion and ion—ion contributions:

WD) = (D)™ + (20 (6.30)
$M(RD)F = Sugbps |

M (D) op = (6.2)

=0,z - Ry(])) (6.3b)

M) g = (—21;)—2 J atak, RO, RAD) &%
-+ 2 3 expliG - (RY) - R)

X @{%4(Gy, Ra(libls), Ra(Llal3)). (6.3¢)

Here the notation is as in equations (5.8)~(5.12).

Each symmetric frequency matrix w?() has three real eigenvalues w%(l), u = 1,2, 3,
characterising decoupled vibrations in three orthogonal directions. The vibrational
contribution to the crystal free energy is the sum of harmonic oscillator free energies,
three for each ion (see Dobson and Ashcroft 1977):

3

Frib = 2 21 ks T In[2 sinh(w,(I)/2ksT)]. (6.4)

Equations (6.3) are written in a mathematical form suitable for metal surfaces, with
crystal translational invariance brokenin the z or ‘3" direction. Nevertheless for purposes
of comparison we can also use (6.3) to express the bulk Einstein frequencies w,(bulk),
provided that n**" in (6.3b) is interpreted as the zeroth-order uniform bulk electron
density instead of the Lang-Kohn density, while ¢** appearing in (6.3c) is defined as in
(5.9), (5.10), but with the bulk susceptiblity ¥*** in place of y***,

The vibrational contribution to the surface free energy (per unit surface area formed)
is

o¥ib = % (2F¥®(3-space) — F*(bulk))

_kls s {In[2 sinh(w,(0, 0, 3)/2ksT)]

AO Lh<Qu=1
— In[2 sinh(w,(bulk )/2k5T)]} (6.5)

where Aq is the primitive direct surface cell area.

In practice we expect only the first layer or two into the surface to have Einstein
frequencies very different from the bulk. In particular we expect the surface layer to
have a somewhat altered frequency w; for motion perpendicular to the surface. As a
first approximation, then, only one or two terms in the sum (6.5) will be large. Smaller
contributions from deeper layers, if significant, can be treated linearly in the difference
A(w?) between frequency matrices (6.3) for surface and bulk systems. Like the static
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surface energy (3.14), layer sums over such differences can presumably be expressed
usefully in terms of a ‘3%’ bulk contribution and a ‘8y’ part due to surface effects on the
electronic screening.

6.2. Self-consistent Einstein model

The scheme just described does not allow for anharmonic effects at high temperature.
Such effects can be partly included by variational schemes of the self-consistent phonon
type. The simplest variational scheme of this type is the self-consistent Einstein model,
which is well suited to situations of broken crystal symmetry such as surfaces: see
Matsubara and Kamiya (1977) and Dobson and Ashcroft (1977). It gives a rigorous
upper bound on the free energy of alattice dynamical system, and reduces to the standard
Einstein model in the limit of small excursions.

We choose a reference Hamiltonian %, describing a fictitious set of independent,
possibly anisotropic, harmonic oscillators:

St = %Z (BOYM + Mu(l) - (1) - u(l) (6-6)

where u(l) is the excursion of the Ith lattice ion about its mean position R(f). We consider
{R(D} and the frequency matrices {&(!)} to be a set of variational parameters chosen to
minimise a trial free energy, and capable of describing temperature-dependent changes
in layer relaxation and thermal motion. This approach differs from the non-self-con-
sistent Einstein model because, in the latter, o’ is fixed as a second derivative calculated
at static equilibrium.

We use (6.6) in conjunction with the Gibbs—Bogoliubov variational principle for the
exact Helmholtz free energy F. This states that

F < Fyia = Fo = Tr{exp(- o) (V = Vo)l/ Tr[exp(— B%o)] (6.7)
=Fy+ (V= Vo).

A proof of this result is given in Feynman (1972), p. 67. In (6.7),
Fy= —kgT In Tr exp(— %) (6.8)

is the exact free energy corresponding to the fictitious Hamiltonian (6.6) at temperature
T = (kgfB)~'; V, is the potential part of (6.6) and V is the true lattice potential energy
which we take as the linear response expression (2.8)—-(2.10):

VHX(D}) = EQX(D}). (6.9)

Because (6.6) describes decoupled harmonic oscillators, the traces prescribed in (6.7)
are easily performed quantally at arbitrary temperature (Messiah 1965):

Fo= kBTFT Tr In[2 sin(3%48w(0))] (6.10)
(—Vodo = —Z Tr[3hw(l) coth(3phw(l))]. (6.11)

The expectation value of the true potential Vis

(Vo= Eq + 2 #(R(D) +1 2 ¢ (RO, RA)) (6.12)

where the thermally smeared ion and ion—ion potentials w and ¢* can be written so that
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the smearing only enters via modification of the bare pseudopotential and direct ion
interaction:

Ww(R(D) = f nY(r) AvP(r, R(1)), (6.13)
@RWM),RI)) = f dr &' y(r, ¥ YAvP(r, R(D) AvP(r', R(I))

+ pYe(R(D) — R(I')). (6.14)
Here,
AvP(r,R(D) = (2;)3 f d*kvP(k) exp[—3k - AI) - k] exp[ik - (r — R(]))]

—~ pblock(y — RO(1)) (6.15)

is the potential due to a thermally smeared pseudo-ion, minus a block of positive
background, and

SR - RW)) = s | Sk oH6) expl—bk - (D) + (1) K
x explik - (R(D) = R(I'))] (6.16)

is the thermally smeared direct ion—-ion potential.
In (6.15) and (6.16), the mean-square excursion matrix y has elements y,g(l) =
(ul) ug(l)) and can be evaluated as follows:

A = (2m)w(D) ™! coth(3BAw (D). (6.17)

(In (6.10)-(6.17), a function f(w) of a matrix is defined as a matrix with the same
eigenvectors as w but with eigenvalues {f(w,), u=1, 2, 3}. Thus in particular
Tr f(w) =Z5- 1 f(w,) .) If v is the Coulomb potential, isotropic thermal smearing has
essentially no effect on ¥R — R’) when |R — R'| = ugys, because of Gauss’s theo-
rem. For anisotropic smearing, however, multipole terms are present in pdirect,

In principle one could obtain the optimal bound on the vibrational free energy
directly from (6.7) by varying {w({)} and {R(J)} numerically until the trial free energy
(the sum of (6.10), (6.11) and (6.12)) is minimised. In practice it may be preferable to
obtain the frequencies from an equation similar to (6.3). By taking the derivative of
(6.10)-(6.17) with respect to the elements of w(f), one can formally obtain the minimi-
sation equation for the trial free energy in the form of an equation for «’ similar to the
non-self-consistent equation (6.3):

[
w? = <as in equation (6.3) with { w — W ) (6.18)
(pSCI_) ¢SC1’
That is, w? has been expressed as a second derivative of a self-consistent potential (which
involves ? itself via the smearing implicit in the potentials w and ¢).
Varying the free energy with respect to the {R(/)} one also obtains a condition that

the self-consistent ‘Kanzaki forces’ are zero (see for example Matsubara and Kamiya
1977):

0=Fl) = —3aF "R (I). (6.19)

This equation will govern thermal expansion of the lattice.
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Putting the self-consistent solutions {@(/)} and {R(I)} into (6.7) using (6.10)-(6.17)
we obtain the optimal Einstein bound F'™2-%' on the free energy of a simple metal
system, be it a bulk or a surface configuration. This bound is rigorous to the extent that
the effective potentials w and ¢ of equations (2.8)~(2.10) are an adequate description
of the lattice dynamical potential. The vibrational part of the free energy is given by
subtracting the static energy (2.8) from the sum of (6.12), (6.11) and (6.10):

FY®(self-consistent) = Tr Z {In[sinh(3£Bax]))] — () coth(3%Buxl))}

+ 2 [#(R(M) = wRD)]
12 (@ (RO, RW)) ~ ¢*(R(D, RW))) (6.20)

To obtain the vibrational contribution to the surface free energy, we subtract the
bulk energy from that of two surface systems. This unfortunately means we have lost the
rigorous variational character of the solution, if we treat both bulk and surface systems
via (6.20). Nevertheless, such a model is sensible for two reasons:

(i) Because the trial free energy F ™ is an extremum in the true thermal ensemble,
it is relatively insensitive to departures from the correct ensemble. Thus our Einstein
model gives not only a bound on the free energy, but also a reasonable approximation.
(The approximation is worse for, say, the mean square excursion, which is not the
extremised quantity.)

(ii) At very low temperatures where low-lying long-wavelength modes presumably
invalidate the Einstein model, the vibrational free energy is only a small part of the total
surface energy.

Thus finally we arrive at our self-consistent Einstein result for the total
temperature-dependent surface free energy including some anharmonic effects:

o(T) = o™ + (1/24) [2F"®(surf) — F*(bulk)] (6.21)

where o**™ is given by (3.14), and F®(surf) and F"°(bulk) are the self-consistent
solutions (6.20).

7. Summary and discussion

We have obtained explicit ab initio expressions for a number of quantities relating to
simple metal surfaces, within electron density functional theory:

(i) We give the unscreened inhomogeneous surface electronic susceptibility
#(q1, z,2’) as an integral over real solutions y; (z), y5(z) of the one-dimensional
Lang-Kohn Schrddinger equation for a jellium surface. (i° is defined by equations (A7)
and (A19) of the Appendix, and is evaluated in equations (A31).)

(i) The self-consistently screened surface electronic susceptibility x(g;, z,z') is
defined by equations (A32) and (A33), and can be obtained numerically by solving the
integral equation {A38).

(iii) The g — > limiting behaviour of both ¥* (g, z,z’) (equation A50) and
%(q:, z, z') (equations (A46) and (A48)) has been found.

(iv) We have proposed a simple ansatz

xq,z.2") ~ Mg, z = 217 = H(n(2) + n(2"))]
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for the self-consistently screened surface response in terms of the equivalent bulk quantity
at an average electron density 7 determined from the zeroth-order densities at z and z'.
We do not propose such an ansatz for the unscreened susceptibility, however. We have
found that such an ansatrz seems to work quite well, as tested so far on calculations of the
total energy of systems containing discrete ions (see Chakravarty ez a/ 1981, Rose and
Dobson 1981). We do not, however, know at present how well the ansazz works when
compared point-by-point with exact numerical values referred to in item (ii) above.

(v) We have expressed the total energy of an inhomogeneous metal (up to second
order in the ion pseudopotentials) in terms of x(r, ') and the ionic positions {X(/)}
(equation (2.8)).

(iv) We have used (v) to obtain an expression for the static (7 = 0 K) surface energy
of any perfect face of a simple metal (equations (3.14)-(3.18)). We have evaluated this
expression elsewhere (Rose and Dobson 1981), and find agreement with available
experimental data across a range of simple metals and faces (see also paper II of this
series).

(vii)) We have obtained an expression for the linear static relaxation of ionic layer
spacings near a simple metal surface (equations (4.8), (4.9) with (4.5) and (4.7)).

(viii) The surface dynamical matrix D,g(gq,, [, /') is given by equations (5.6)—(5.12).
These results are similar to those of Inglesfield (1979), but refer to simple metals so that
a much simpler susceptibility y can be used.

(ix) The temperature-dependent harmonic vibrational contribution to the surface
free energy is given approximately by equation (6.5) with the definitions (6.3). An
anharmonic (self-consistent Einstein) result, which should yield improved results near
melting, is given by (6.21) together with (6.20) and (6.12)—(6.15).

We defer discussion of our results (i)—(viii) to later papers in this series. We would,
however, like to comment at this stage on a possible further use of the self-consistent
Einstein lattice vibration calculation developed in § 6 of the present paper.

In a previous publication (Dobson 1977) one of us noted that the smeared+ pair
potential from the self-consistent Einstein approach can be substituted into the usual
expression for the harmonic dynamical matrix, giving a modified matrix D*, The result-
ant phonon frequencies were shown, for the case of the soft modes of the quantum
crystal metallic hydrogen, to agree quite well with the results of a full self-consistent
phonon calculation incorporating anharmonic zero-point motion.

The relevance of this to the present work is that some metal surfaces may have
temperature-dependent structural instabilities which will presumably be heralded by a
softening of the surface phonon frequencies obtained from the self-consistent surface
dynamical matrix D53 (qi, /, "). See Trullinger and Cunningham (1973a, b) and Trullin-
geretal (1973). A good approximation to D* in the case of large surface thermal motion
may well be obtained by using our thermally smeared surface potentials (6.13) and (6.14)
in our expressions (5.6) and (5.8) for the harmonic surface dynamical matrix. We believe
this would be the first truly ab initio theory of temperature-dependent surface
reconstruction.

Appendix. Formulae for self-consistently screened surface response function

We consider electrons moving in an external potential V¥'(z) due to a half-space of

+ ‘Smearing’ due to lattice motion should not be confused with ‘screening’ due to electron polarisation. All
our ion-ion potentials are ‘screened’ via the screened electronic susceptibility x.
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uniform jellium background, plus an external three-dimensional perturbation AV(r)
due to replacement of the jellium background by discrete pseudopotential ions. The
self-consistent Kohn-Sham equation (Kohn and Sham 1965) is

(— % V24 VEK(Z) + AV‘C(r)) Wyr) = eWi(r). (A1)

Here the total self-consistent potential energy is composed of external, exchange-
correlation and self-consistent Coulomb terms;

VEK(2) + AVS(r) = VIE(2) + AV (r) + udnik(z) + An(P)

]

(A2)

where u,.(n) is the exchange-correlation contribution to the chemical potential of a
uniform gas of density ».
The total self-consistent electron density is

nix(z) + An(r) =2 g Wi(r) Wr) (A3)

where & is the Fermi energy and the factor 2 accounts for spin orientations.

The zeroth-order problem is the one-dimensional jellium problem solved by Lang
and Kohn (1970). It is characterised by the conditions AV, = 0 = AV*, An = 0, with
normalised wavefunctions

Wi(r) = (/)" explikex + k)] yi(2) (A4)
and eigenvalues
& = 12 1k|52m + (7)) + (= =) = 1 [k[}2m + VEK(- ). (AS)

The total zeroth-order self-consistent potential is V5¥(z). (Lang and Kohn (1970) des-
ignate it by Vx(n, z).) The wavefunction W] in (A4) has been box-normalised in a large
volume Q = A X L, and the real one-dimensional Lang-Kohn wavefunctions have the
following asymptotic behaviour deep inside the metal:

wil(z) ~ sinfkz = v{k)]. (A6)

y(k) is a phaseshift introduced by Lang and Kohn (1970), u.(#) is the exchange-
correlation potential at z— — = where the density has the bulk value 72, and ¢(—=) is
the electrostatic potential there.

A.l. The unscreened response function

We temporarily assume the self-consistent potential perturbation to be known, and to
have a sinusoidal variation parallel to the metal surface:

AV¥(r) = AV*(z) cos(q, " r), g =q.x+qy. (A7)
The Schrédinger equation for the perturbed Kohn—-Sham eigenfunctions is

[—(#2m)V? + VEX(z) + AV*(z) cos(g - N]W¥ = V. (A8)
The first-order correction, ¥, to the zeroth-order Lang-Kohn solution W{(r) satisfies

[=(h¥2m)V? + VER(z) = ]6Wdr) = —AV(z) cos(g, - PWUrN. (A9)
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The right-hand side of (A9) can be written
- (2/Q)A V()i (2)explilk; + g) - r] + expli(k; — g)) - )]},
Thus the wavefunction correction is
8Wi(r) = (2/Q)VAH{ fiol2) explilk + g - I} + {g,— —q)}] (A10)

where fj, satisfies a one-dimensional Schrdinger equation:

A2 d?

[ (=32 i+ @) + VE) = ] ua() =~V o). (A1)
The solution of (A11) is

ful@) = |2 Gz’ Eig) V) i) (AL2)
where

Ex = & — (#2m) (k + ) (A13)
and G is the one-dimensional Green function satisfying

a2 d? K , ,
(—-2—%&—2—2—{»%% (z)-—E> G(z,z',E) = —8(z — ). (A14)

The boundary conditions for (A14) must be specified. If we assume the perturbation
to be switched on adiabatically from time 7 = — 2, then causality demands that (A10)
must represent waves travelling outward along the z axisas |z| — %, wherever the kinetic
energy

(#*/2m) p*(z) = E = V§(z) (A15)

is positive. Where p*(z) is negative, the solution must decay as |z| — «. The boundary
conditions for (A14) are therefore

constant X exp(—i|p(—«)|z) pH—%)>0 (Al6a)

G(z,z: E) ~
7>~* | constant X exp(+ |p(—=)|z) pH(—=) <0, (A16b)
G(z,z',E) ~ constant X exp(—|p(+®)|z). (A17)

It should be noted that the energy (A13) can take on ‘unphysical’ values below the
minimum value of the potential V§¥(z). In such cases the Green function is damped as
z— —o though it is oscillatory there for the ‘physical’ range of energies. On the other
hand, (A13) is always less than & which ensures that the Green function is always
damped as z — + <, corresponding to the classically forbidden region outside the metal.

A linear expansion of (A3) gives the perturbation to the electronic number density
as

An(r) = 4 Re(ikgk Wi (r) 6‘Pk(r)>. (A18)
Using (A10) and (A12) we then obtain
An(r) = cos(q; - r) fdz’)(o(qu, 2,2y AVSYz") (A19)
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where the unscreened surface susceptibility is
8 , ) A2
2a.n2) =G| v ReG(z s =Tkt q))  (a2)
F

There are two possible approaches when evaluating the one-dimensional Green
function G. The first approach employs the eigenfunction expansion, with causality built
in:

.2 .
G(z.2', ) = lim ZkE Vi(2) yi(z') (B — e + i)~ (A21)
n—= T z

Here L is the length of the normalisation ‘box’, and the prefactor (2/L) arises because
of the normalisation condition (A4). Using (A21) in (A20) we have

1 3 sz(Z)Wk,(Z )V iz
Lg,z,2) = (2 )3 hm ReLkzszdek e

(A22)

Here
&+ qui, = (BY2m) [(ky + q))* + k7).

The expression (A22) can also be derived directly from (A8) with the aid of time-
dependent first-order perturbation theory which naturally gives the imaginary term, iz,
as aresult of switching on the perturbation adiabatically. The &) integration in (A22) can
be done analytically, yielding

#@.2.2) = g 3 | ey Dy v vet) (181~ s (a230)
qL i, /-=
where
a=qt+ k- ki, S = sgn(a) (A23b)
and
f = max(0, o ~ 4gj(kt — k2)]. (A23c)

There are two difficulties with this approach. Firstly, the zeroth-order eigenfunctions
Yy, are required for arbitrarily large energies. One can presumably avoid solving the
Schrédinger equation numerically for very large energies, however, since the WKB
approximation will be adequate when the kinetic energy is sufficiently dominant over
the potential energy, so that the wavelength is very short. Secondly, the convergence of
(A23a) does not appear to be very rapid.

The second approach to numerical evaluation of (A20), which was suggested to us
by E Zaremba, proceeds by construction of the one-dimensional Green function
G(z, z'; E) out of ‘left’ and ‘right’ solutions ;, (), y, (z)satisfying

B & 3
(— S+ Vi) - E) Yi(2) = 0. (A24a)

Like the Lang-Kohn eigenfunctions (A6), these solutions are labelled by their wave-
number deep inside the metal:

p=p(==)= 2m)VAYE - VEX(-»)) 2 (A24b)
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Here, however, p may be imaginary since (A20) calls for the Green function at a range
of energies E including ‘unphysical’ values below the minimum value of the potential
VE*(2).

The ‘right’ solution has the same boundary condition (A17) as the Green function,
forz— oo:

~ constant X e %2 (A25q)

-

Vi)

where
K=(02m) 8 (VE(+ ) ~E)¥?>0 (A25b)

is the decay constant outside the metal. The ‘constant’ in (A25a) is chosen to make ¢~
agree with the Lang-Kohn eigenfunction, for real p and z— —, while the choice is

made for later convenience in the case p? < 0:
sin(pz — >0
v (2) ~ { ) (pz = v) = (A25¢)
~-= L=}exp(—|p|z) p imaginary.

The ‘left’ solution i, has the same boundary condition (A16) as the Green function, for
z— —=; we choose the following normalisation, involving the phaseshift y, specified in
(A6):

exp[—i(pz — >0
v ~ {oPeE Tl et (A260)
:—-= lexp(+|p|z) p imaginary.
The behaviour as z — + is then a growing exponential:
Y, (z) ~ constant e ke (A26b)

I+
with K as in (A25b).
The Green function with the correct discontinuity in slope at z =z’ can now be
constructed in the usual fashion:

2m Y5 (25) Y5 (2<)
R Wy, y,)

Here z> = max(z, z'), z< = min(z, z') and W({, g) = f dg/dz — g df/dz isthe Wronskian
of two functions. From the Schrodinger equation (A24a) it is easily shown that
W(y", w7) is independent of z, for two solutions ¢~ of the same energy. Thus we may
evaluate W from the z — — forms of " and y™:

Wy, ) = —Ipl. (A28)

The fact that W has the same form for real and imaginary p is not automatic, but was
ensured by careful choice of the asymptotic forms (A25¢) and (A26a). In evaluating the
response function (A20) we require the real part of G which, from (A27) and (A28) is

G(z,z',E) = (A27)

Re G(z,2', E) = 2m/t’|p|) w;(z>) iz ). (A29)
Here y#(z) is the real part of y, (2). It satisfies (A24a) with the boundary condition
cos(pz — ¥,) p>0
v ~ | SN (A30)
:—-= lexp(|p|z) p imaginary.

Note that, for ‘physical’ energies & >E > V§¥(— =) corresponding to real values of p,
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Y4 is the ‘cosine’ solution complementary to the Lang-Kohn eigenfunction y; (the ‘sine’
solution).

The unscreened surface response function is now found from (A29), (A24b) and
(A20):

16m RN/ 64917164
Panas) =5 | kv @) EEIEED (A310)
<Kf
- (23;)?7‘12 f K+ ki< i Ak dkalk - k= ki Bl T‘:}{p e UE (A31b)
where
pP=pi(—*) =ki-2kyq —q (A31c)

(see equation (A20)), and v and 5 are solutions of the Schrédinger equation (A24)
with energy

E = VE¥(— ) + (h2m)k?

and boundary conditions (A25) and (A30); these solutions must, in general, be obtained
numerically.

A.2. The self-consistent screening equation

The unscreened susceptibility ¥’ was defined as the density response to the fotal (screened)

potential AV*. We now define the self-consistent (screened) susceptibility x(q),z,2’) in

terms of the linear electron density perturbation resulting from an external (unscreened)

potential AV, localised at z’ on the z axis and varying sinusoidally in the xy plane.
Thus if

AVy(r) = ad(z — 2') cos(g; ' r) a—0 (A32)
then
An(r) = ay(qy, z, z') cos(gy - ) + O(a?). (A33)
To find an expression for x(g, z, z') we linearise the self-consistency equation (A2),
obtaining

AVE(r) = AVplr) + il Bn(r) + ¢ [ oy 27 (439)

"1 - "2|
where

\
pie(z) = L)

- (A35)

n=nik(z) '

Substituting (A33) and (A32) into (A34) and performing the surface part, [dx,dy,, of
the r; integral, we find

AV*(ry) = acos(q) - r1) (5(21 —2') + wdz1) X(q), 21, 2')

+ 2me? f e"p(_q“(‘; —2 g 2,2 d22>. (A36)
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We now multiply throughout by ¥’(qy, z, z;) and integrate with respect to z;. Then, after
using (A19)and (A33), wecancancel & cos(g - r) throughout to give the integral equation
for the screened susceptibility:

X(Q»{, z, Z’) = XO(Qi}, z, Z’) + f d21 Q(q\,’ z, Zl) X(q" 2y Z,) (A37)
where
0ar 2,20 = il a1 2,20 + 276 [ dra g 2,29 SREAEZ2) - (ag

Equation (A37) must be solved numerically (e.g. by discretising it and using matrix
inversion). Analytic solution is not possible because »° lacks translational invariance.
(Note that in (A36) and (A38) the quantity exp(—gj|z; — z2|)/g, is to be replaced by
_121 - Zzl lfQH = 0)

A.3. Tests and limiting cases

To see the kind of behaviour embodied in the unscreened response formula (A31) we
consider the artificial case of non-interacting electrons confined to the half-space z < 0.
Thus we fix the zeroth-order potential as

wie={ ° A39
3= 1o z<0. (A39a)
Then, forz <0,
“(2) = {sin(kz) k>0 A395
vilz) = sinh(|k|z) k imaginary ( )
cos(kz) k>0
i) = { - (A390)
exp(lkiz) k imaginary.

Using product-to-sum trigonometric identities in (A31) we obtain a particularly simple
result when gy = O:

xg=0,2,2") = " |z = 2')) + X*P(Jz + z'))

(A40)
= 2"V ((Jz = 2’| + |z + 2'])/2).
Here

is readily shown to be the one-dimensional Fourier transform of the Lindhard function
£"“)(g) (Lindhard 1954):

#0@) =5 dgewptig) (A%20)
8m 1
200 = G, e (ad20)

The first term in (A40) represents bulk-style response due to electrons moving directly
from disturbance z’ to reception at z; the second term represents electrons reflected off
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the infinite potential barrier before reception. The third term ensures that y = 0 if z or
z' = 0, a necessary property since the unperturbed eigenfunctions vanish there. This
third term is the ‘interference’ term of Garrido et a/ (1979). After some algebra it can
also be related to the ‘non-diagonal response’ Ag . ,(w = 0) of Newns (1970). For
q; # 0 the result is not so simple, but the same basic physics emerges.

With the more realistic smooth self-consistent jellium potential V¥¥(z), there is no
one place (such as z = 0, as above) where electrons all suffer reflection, so the type of
behaviour described above for the infinite-barrier problem could be smeared. By per-
forming an asymptotic expansion of (A31) using (A25c) and (A30) we have shown,
however, that ‘reflected Friedel oscillations’ persist in ¥%(gq;, z, z') for values of z well
inside the bulk, even though V{x(z) is smooth. This is due to reflection of Fermi surface
electrons at a well defined location.

Although the response formula (A31) and the screening equation (A37)-(A38) must
be treated numerically in general, an approximate analytic solution is available when
g, > 2kg. In this case the ‘right’ and ‘left’ solutions y; , Y4 appearing in (A31) may be
evaluated in the WKB approximation, because the wavelength’ Ip(z)|"! (equation
(A15)) is always much shorter than the scale lengthks! of the potential V5* (see also
equation (A31c)). The WKB wavefunctions satisfying (A25¢) and (A30), for the imag-
inary values of p which are relevant here, are

12

W)= ~bexp(=lplz0) | exp(~ [ p()) ) (A1)
| 12 z

@) = explpzo) |E5) enp(+ [ e e (A43D)

where 2 is a point well inside the metal so that VF¥(zg) ~VE¥(— ). The quantity p(z)
is defined in equation (A15). Thus

V() ¥ __ exp(=f3 Ip(z)] dz')
1 20p(z) pz )7 (A44)

Since yx,(z) in (A31) is an occupied physical orbital, it cannot vary on a spatial scale
smaller than about k. (The decay constant outside the metal does not greatly exceed
kg so the above statement holds for all z.) For g, 3 2kg, the exponential in (A44) cuts off
on a much smaller scale and accordingly, for purposes of evaluating (A31), we approx-
imate it by a delta-function:

¥y (25) %(Z<)/ip| . >~2kp = 4p(z5)| "t exp[—Ip(z5) (2> — 24)]

~ =8(z> = 2<)/IpA(z>)| ~ = (2> — z<)/qt. (A45)

Thus the response function (A31a) becomes local and depends on the wavefunctions
only through the density:

16mé(z — z') .
0 ' btk Sud i d3k 2
X (qld 25 Z ) ¢ > 2kr (2.7.’:)3ﬁ2qH <k wkz (Z)
= nLK(z) 8z - 2'). (A46)

hZZ
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This will be an adequate approximation when one integrates x” with a slowly varying
(A= kg') function of z.

In the same limit g, > 2k, the screening kernel Q of equation (A38) becomes

dmng 2 et
02,2 - T (o) 8 - 20+ Zoexpl-giz =) (a40)

»2kp
Replacing the exponential in (A47) by a delta-function as before, we have a local kernel
and so (A37) can be solved giving
Alg), 2)

M52 e T+ () +anl) Alg ) ¢ ) (A

where
A(g), z) = 4mnix(z)/A%gf.

We stress that (A48) is valid in the context of integration with functions of z whose scale
length is kg or longer. It is also apparent that the screening becomes ineffective at very
large g.
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