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Abstract. Motivated by electromagnetic wave propagation in media where permittivity varies

in two dimensions, we address the problem of wave scattering for two-dimensional (2D) media
having variable speed. Wave speed variations are shown to produce scattering which can be
represented in terms of a Sékinger scattering potential. The wave equation problem is thus
reformulated as a Scbdinger equation inverse potential problem, with a variable wave speed.
Throughout it is assumed that wave speed varies smoothly and slowly such that a finite-difference
approximation is valid, defining a discrete inverse scattering problem. For this discrete problem,
we define an equivalent medium on a variable-mesh grid for which the wave speed is constant
throughout, yet the equivalent medium has the same scattering response as the actual variable
wave speed medium. Going from actual to equivalent medium entails spatially warping the
medium, while going from equivalent to actual entails spatial dewarping. The discrete-time
forward and inverse scattering problems are then formulated and solved using the equivalent
medium. A numerical example illustrating the introduced concepts is presented.

1. Introduction

Inhomogeneous media are characterized by parameters which vary spatially. Waves
propagating through such media are affected by these parameter changes. In this paper
we investigate the wave scattering in 2D media inspace for which the wave speeds a
function of position{c(x, z)} and is slowly and smoothly varying. For brevity we will refer

to the vertical directionz coordinate) as depth and to the horizontal directiondordinate)

as breadth.

Our moativation for considering this problem is that fast layer stripping algorithms can
be easily implemented for the constant wave speed problem, but for the variable wave
speed problem implementation is presently difficult in the 1D case and impossible for
higher dimensions. Our goal is to show that the scattering problem for variable wave speed
media can be solved using equivalent constant wave spaegoed media. The scattering
of the warped medium is identical to that of the actual mediurtinre, but in spacethe
reconstructed warped medium has the right effective index values at the wrong places. Since
our warping and dewarping process is dependent only on the effective index values of the
actual and equivalent media, respectively, one can be found easily from the other.

Our approach differs threefold from other numerical methods such as finite-difference
time domain (FDTD) [3] and transmission line matrix (TLM) methods [6]. First, FDTD
and TLM methods are recursive methods for the forward problem only. Our approach
implements fast algorithms for both the forward and inverse problems. Second, FDTD
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and TLM methods are based on discretized Maxwell curl equations. We develop a new
finite-difference approximation of the Sdulinger equation applicable to variable wave
speed media. Finally, FDTD and TLM discretizations use a uniform spatial mesh, whereas
our approach uses a conformal variable spatial mesh which is equivalent to uniformly
discretizing the actual medium temporally. In addition, we approximate a continuous
medium as piecewise constant over a disctiebe interval versus piecewise constant over

a discrete spatial interval. We assume the wavelength of the propagating wave is much
longer than the discretization interval so that surface roughness can be ignored. Recent
work in FDTD has considered a non-uniform spatial mesh for determining fields around
small features; however the lattice is still rectangular and is boundary driven, not medium
driven [3].

Our discrete Sclidinger equation for the variable wave speed problem (28) can be
viewed as a variable-mesh finite-difference approximation. Our work to date has started off
with such discrete equations as the formulation of the actual problem to be solved [1, 2, 7].
In this previous work the discrete equations have clear finite-difference interpretations and
therefore applications. In this paper, we are solving a discretized problem, which is an
approximation to another continuous problem.

Specifically the contributions of this paper are fourfold. First, the concept of an
equivalent constant wave speed medium having identical scattering characteristics to the
actual variable wave speed medium is introduced. Second, methodology for finding the
equivalent medium from the actual, wice versaconsisting of spatially warping the medium
is developed. Third, a new variable-mesh finite-difference approximation of thé@eber
equation applicable to variable wave speed media was developed. Finally, new discrete-
time 2D formulations of the forward and inverse problem for variable wave speed media
which use the interim equivalent warped medium are presented. With these equivalent
representations and the results discussed in [1], layer stripping algorithms can be used on a
variable speed medium. The important point to note is that when layer stripping algorithms
are applied to scattering data from a variable wave speed medium it is the warped constant
speed medium that is being reconstructed. By understanding the relationship between the
actual and warped media the former can be found from the latter.

This paper is organized as follows. In section 2, we recast the general wave equation in
terms of travel time and energy normalized field components to obtain thédaher
equations. In section 3, the concept of the equivalent warped medium is introduced.
The equivalent warped medium has the same scattering response as the actual variable
wave speed medium, but has uniform wave speed. We develop warping methodology for
1D media using an intuitive example and extend these results to the 2D case. In section 4,
we begin with the most general discretization of the 8dhrger equation using the central
difference approximation. In the subsequent subsections, variable-mesh finite-difference
approximations are used to find a constant wave speed@alger equation equivalent to
the variable wave speed Sédinger equation. Layer stripping algorithms for the forward
and inverse problem developed in [1] are quickly reviewed in section 5 and section 6,
respectively. To illustrate the introduced methodology, we present in sectionumerical
example of scattering from a 2D inhomogeneous wave speed media. Section 8 concludes
with a summary and suggestions for future research.

2. The Schibdinger equation for 2D variable wave speed media

The main results of this paper are obtained by discretizing the variable-velocitydiuter
equation using a variable-mesh grid to incorporate the effects of varying wave speed. In this
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section, we present the continuous analogues of our discrete results. In doing so, we illustrate
how some second-order effects are neglected in finite-difference approximations and thus
do not appear subsequently. Nonetheless, the discrete results are valid if the discretization
lengths are sufficiently small to make the finite-difference approximation (which must be
used in any case) valid. In this paper, we start with finite differences, rather than end with
them.

We begin by recasting the general wave equation in terms of travel time and energy
normalized field components. Using this formulation allows us to cancel out first-order
partial derivative terms due to the spatial variation of wave speed. The result of this
reformulation is the Sckdinger equation. Motivated by the problem of electromagnetic
wave propagation in inhomogeneous dielectrics, we begin with Maxwell’s curl equations

H
oFE
VxH= EW (2.1b)

whereE = E(x, z,t) andH = H (x, z, t) are the electric and magnetic fields, respectively,
ande and u are the permittivity and permeability of the medium, respectively. Assuming
a non-magnetic mediuny will be constant(u(x, z) = po). The electromagnetic wave
equation for the electric field (2.2) is obtained by taking the curl ofgRahd substituting

in (2.1b) to give

82
(vz - “Ogazz> E=0. (2.2)

Noting thatc(x,z) = 1/ uoe(x, z) is the wave speed at spatial coordinate z(), we
see that variable permittivity is equivalent to variable wave speed. For our purposes, we
consider the scalar wave equation (2.3) noting that (2.2) is its electromagnetic form

192y

V- - =0. 2.3
U] 2 a2 (2.3)

2.1. 1D case

For ease of notation, we derive the 1D Satinger equation in this section and extend the
result to 2D in the following section. For the 1D case, (2.3) becomes
9@ 1 Pen _
dz2 ()2 a2

Defining the energy-normalized wave field = /./c and changing variables from
depth{z} to travel time{z} using

(2.4)

21 de 1
) = d7’ & — =~ 25
v(@) /0 c(z)) ‘e dz ¢ 29
yields the well known Scliidinger equation in the time domain:
RV 3% 1
_ — = | w. 2.
0tz 912 \/5(81:2 \/E) (2:6)

The scattering potential in (2.6) is given by = ./c(3%(1/+/c)/d7t%) which can be defined
in terms of a reflectivity-
or

V=ri- (2.7a)
T
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r=JJe (a‘i \2) . (2.7)

2.2. 2D case

We extend the 1D derivation of the previous section by first defining two different spatial
warping parameters: one as a function of defpth and one as a function of breadgh,}
(compare with the single travel time variableused in the 1D case (2.5)):

© 1 . 1

7,(z,x) = / dz’ < or. _ 1 (2.8a)
o c(z/,x) 0z c
A v 1

(2, %) =/ VDR (2.80)
o c(z,x)) ox c

Equations (2.8) and (2.&) are justz and x transformations, respectively, by the local
wave speedc(z,x). Note that the transformations given in (2.8) have a second-order
dependency on each other. Assuming that the wave speed variations are locally isotropic,
this dependency will thus not appear in the finite-difference approximations of section 4,
and we therefore neglect it in the following. Hence, the spatial warping can be performed
in either order (e.gx thenz or z thenx).

Beginning with the general wave equation (2.3) and proceeding as in the 1D case
using the 2D spatial warping transformations given in (2.8), we obtain the 2 &okyer
equation in the time domain,

RV N R R
otz 9tZ  9r?
where the 2D scattering potentigl'} is now described in terms of the local reflectivities

{r, andr,} (compare with their discrete 2D versions (4.3) and their continuous 1D version
(2.7))

v:ﬁ<82 1)_}_\/5(32 1):ﬁ<vfjg):r3+r3_8rz_8rx (2.100)

=VWV (2.9)

2 Ve 2 Ve i " on
o 1

= (e ) e
o 1

3. Formulating the equivalent constant wave speed medium

Consider an actual 1D lossless medium consisting of a stack of layers in direction,

each having the same length= 1 (figure 18)). We assume that the wave speed in each
layer is quantized to a rational number (this is inevitable in a finite-precision computing
environment anyway). This is equivalent to assuming that the slowness (reciprocal wave
speed) in each layer is rational. Lef be the least common denominator of the rational
slownesses. Then the slowness in layean be written av(i)/co for some integev (i)

which can be different in each layer. This means that the wave speed in lsyey/ N (i).

The scattering of the actual medium is identicatime to the scattering of a medium
constant wave speed), but with layers having thicknes¥ (i)A (figure 1p)). That is,
slower wave speed layers are equivalent to thicker layers in the constant wave speed medium,
as was shown in the numerical example of [2]. Since the medium we are considering is
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lossless, scattering magnitude effects are a function of the interface discontinuities only,
not of layer thickness (there is no attenuation with distance). Indeed, there is no way of
distinguishing between the responses of the actual and warped media. Note that interfaces
of the actual and warped media are identical in magnitude and occur at the identical places
in time, but different places irspace This is the basic idea behind a Goupillaud (equal
travel time in each layer) layered medium, an assumption that was used extensively in the
seismic exploration literature in the 1960s.

< &2 Cf3 €y
o C T
i=0 1 2 3 4 5 6 7
(b) AARARAY
S c, c, c, ¢, ¢ c,

Figure 1. Actual and warped 1D medium examplea) (Variable wave speed (actual) medium;
(b) constant wave speed (warped) medium.

The termwarped medium is used because, as described above, we are warping the
spatial dimensions of the actual medium, since the warped medium has constant wave
speed and therefore the spatial and temporal discretizations are uniform throughout the
medium (see section 4).

The warped medium can be reconstructed from the measured reflection response using
layer stripping algorithms (e.g., Levinson and/or Schur algorithms [8]). The equivalent
media cannot be distinguished withaupriori knowledge that the reflections are caused not
by density p(i) or wu(i)) variations, but by wave speed variationsi{ = (u(i)e(i))~Y?).

For electromagnetic scattering problems, this condition is equivalent to assuming the
medium is non-magnetic, i.@.(i) = uo.

3.1. 1D media

In figure 1 we presented an intuitive explanation of the relationship between the actual and
warped media. In this section, a more rigorous development of the 1D case is presented.
We warp the medium by means of a two-step process. First, divide the existing medium
into equal time steps by ‘sub-indexing’

N n 1 3 l

i1 =0+ (3.1)

i

Note that the slow layers (given hy; # 1) are subdivided so that all divisions are the
same length inime. Second, the new indexingis used to map the original effective index
profile {N} onto the indexing defined bygiving the effective index profile of the warped
medium{N} (~ denotes a warped medium parameter throughout):

N, = N,. (3.2)

To help illustrate the warping procedure, an example follows using the medium shown
in figure 1. Note that the index profile of the warped medindindoes not affect wave
speed as did the profil®y; of the actual medium; the whole point of warping the medium
was to obtain an equivalent constant wave speed medium.
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Actual medium:
No=1LN1=1,N,=2,N3=3,N,=1,....
Sub-indexed medium:
io=0i1=10=1}i3=2is=2%is=2%is=3,i7=4

No=1 N, =1,N1=2,N,=2,N1=3N2=3, N3=3, Ns=1,....
15 23 23

Warped medium:
No=1N,=1,N,=2 N3=2,N;=3,Ns=3 Ns=3,N;=1,....

If the continuous medium has a continuous effective index profile, we note that the
warped medium is a piecewise constant approximation over uniform intervals in space and
time. Its variable wave speed equivalent, the sub-indexed medium, is a piecewise constant
approximation over uniform intervals in time but variable intervdlgN} in space.

3.2. 2D media

In this section, the 1D warping technique of section 3.1 is extended to the 2D case. Once
again, we assume that the local wave speed is quantized to a rational number, which can
be written as before a&/N (i, j) for some integergy and N (i, j).

Consider two media, both with varying effective index profiles. In the first medium
(actual), the effective index variation&/ (i, j) cause the wave speed in the medium to vary
(i.e. ¢(i, j) = co/N(, j)). In the other mediumwarped denoted by~), the effective
index N (I, m) does not affect wave speed (i€, j) = co). The warped medium does
not physically exist; we are merely using it to develop a discrete-time scattering model as
will be shown shortly. In order for the warped medium to have the same time sampled
wave field as that of the actual medium, the warped medium must be a distorted or warped
form of the actual medium. As with the 1D case we warp the actual medium in a two-step
process using the medium’s effective index profilé, ;).

Assuming the effective indeV} profile to be locally isotropic, the distance that waves
travel {A,, A.} during each time steg\, = 1 is A, = A, = 1/N(i, j) (compare with
(3.1)). As in the 1D case, the first step is to sub-index the grid.

1

NCGim, Jim)
1
N(il,mv jl,m)
Note that the slower the region is, the more that it is sub-indexed (i.e. more grid squares are

created). In the warped mediux, = A, = 1 (sincec(i, j) = ¢g). That is, in the warped
medium the waves traveé¥ (i, j) times the distance they do in the actual medium. We find

the warped mediuniV (I, m) by using the appropriate warped grid 1) onto which the
actual effective index profil&v (i, j) is mapped.

Nl,m = NGZ,m» ]A.l,m)~ (34)

(3.39)

i1+1,m = il,m +

(3.30)

Jim+1 = Jim +

4. New variable-mesh finite-difference approximation of the Schidinger equation

In this section, we begin with the Sd@tinger equation and, using the central difference
approximation, find the most general discretization. In the subsequent subsections,
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different temporal and spatial discretization constraints are used to find a constant wave

speed equivalent of the variable wave speed medium. These latter discretizations of the

Schibdinger equations can be viewed as a variable-mesh finite-difference approximation.
The Schédinger equation in the time domain for a 2D variable wave speed medium

can be represented in terms of a scattering potefiiak, z)} as follows (see section 2.2

for a derivation)

1 92W(x,z,1)

VW (x,z,1) —
&= G e

—Vix,2)¥(x,z,t) =0. (4.1)

Y (x, z,t) is the wave field, whera denotes breadth; denotes depth and denotes
time. c(x, z) is the wave speed and is a function of the effective inf€xx, z) > 1}; i.e.
c(x,z) = co/N(x, z), Wherecg is the least common denominator of the rational slowness
at all points. The scattering potenti@V (x, z)} is a function of the local reflectivities
{ry(x, z), r,(x, z)} of the medium which are themselves a first derivative function of the
effective index profile{N (x, z)} (again see section 2).

4.1. The general discrete Sduinger equation
Using the central difference approximation, we discretize (4.1) to find

n n n n n n
TN N R NI o N i
A2 A2
2 n+A, n—A, n
NEju ;™ u o —2u);
2 2
o Aj

— Vijul, =0, (4.2)

ij
To emphasize the discrete 2D nature of (4.2), note that the following change of variables
has been made¥ (x, z, 1) — uj; (wave field),r — n (time),z — i (space: depth) and

x — j (space: breadth). In addition, we denote the discrete space and time increments
by the changest, — A, dr;, > A anddr — A,. We assumeN(x, z) is slowly

and smoothly varying oven, so that (4.2) is a valid approximation of the continuous
Schibdinger equation (4.1). Throughout we consider (4.2) as the starting point for our
problem, which is therefore explicitly discrete. Define the following discrete quantitis (
defined from (2.10), but discretely analogous to (2.10)):

i ’”~x~—r?",1 r.z,—ril ,
Vij= rl.’fjrjfj_l + rfjr;_l,j - A"j S Al & (4.33)
P = _ 2 Nijr1 = Nij (4.30)
o A Njjy1+ Nij
: _ _2Niy1;—Nij (4.%)

ris=— .
o A Niy1,j+ Nij
Substituting equations (4P and (4.8) into (4.33) yields the 2D scattering potentit ;:
V. 4 Nij+aNij = 2N;j1Nij-1+ NijNij-1
7T A2 Ni?j + N; j+aNij + N; jN; j—1+ N; j1aN; j_1

+i Nit1,jNij —2Niy1jNi-1j + Ni jNi-1;
AZNZ + Nit1jNij+ NijNicaj+ NijajNiaj

(4.4)
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4.2. The sub-indexed discrete Safliriger equation

Using the sub-indexing concept developed in section 8:2(i, j — j), we proceed to
provide an alternative discretization of (4.1). By noting that the distance a wave travels
during time increment\, depends on the local wave speeg, we have

C;JA.A, = A;]A (4.5)
By defining the temporal discretization to be uniformdy, = A/co, the spatially-
varying discretization is thus given b¥; ; = A/N; ;. In the following, for convenience
of notation, we omit the facton in all |nd|ces We assume that is sufficiently small
thatA; : = A/N; ; is also sufficiently small for the variable-discretization finite-difference
apprOX|mat|on to be valid. This leads to
n n n n
[”?,f+1/1v; turs YN, - [uz+l/N Tt Yiyn.;i T 2u; ;]
[jjl+ o2 ] =Vl =0, (4.6)
The sub-indexed scattering potentlél\]; in (4.6) is given by
N sy ;Nij = 2N; jon Njoyng, + NNy

V=4
94 2 i.j
i,j N + N J+1/N N + N N - UN; ; + Nz j+l/N vajfl/Nf.}

N;H/N,i;, PN = 2Ny Ny N Ny

2
NEot Nipyn, i+ NNy, 5+ Ny i Nicy i,

x/]

+4 4.7)

Recall from section 3 that what we have represented in (4.6) and (4.7) is a discretization
on a conformal variable spatial mesh and a uniform temporal mesh. In the following section
we warp the spatial indices resulting in a discretization on an equivalent constant wave speed
medium that is uniform in timand space.

4.3. The equivalent constant wave speed discretec8oigér equation

Using the second warping step discussed in section 3.2, we now find the discreidiSgpéir
equation that is the constant wave speed equivalent of (4.6). The relationship between the
sub-indexed and warped media is

PN 1
i—»ixt—=l—->1+£1
ij ij
It is evident from the indexing strategy of (4.8) that the sub-indexed medium is
discretized on a uniform temporal mesh aratiable spatial mesh, whereas the equivalent
constant wave speed medium is discretized on a uniform temporal andam (in the
warped coordinates) spatial mesh. The discrete@ithger equation for the warped medium
is

(4.8)

(] a0 g — 207 ]+ [y + 8]y — 2007,
—[ay i+t - 2a) ] = Vi, = 0. (4.9)
The warped scattering potenti#],,, in (4.9) is
Nims1Nim — 2Nt Npm—1 + Ny Nim—1
le,m + NimiaNiw + NiwNim—1 + NimsaNim—1
Nzt Niw = 2Nii1mNicm + Ny Ni—m

o S = SR A AT (4.10)
I,m + NH—l,le,m + Nl,le—l,m + Nl+l,le—l,m

4.4
4
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With (4.9) and (4.10), we now have an equivalent constant wave speed formulation of
the discrete Sckdinger equation for a variable wave speed medium.

4.4. Laterally transformed discrete Sciginger equation

In this section we quickly review the Sdidinger equation formulation discussed in [1].
We redefine the discrete 2D Sdékinger equation scattering problem from (4.9) as follows.
A wave field a7, , wherel is depth,m is lateral position and: is time, satisfies the 2D
discrete Sclirdinger equation

] 4 0]t g1 0 g g — 2], — G = 0= Vi), (4.11)

It is clear that since the indices in (4.11) are actually multiplea othen (4.11) becomes
the time domain form of the continuous Sétimger equation (4.1) aa — 0. Note
that the differences corresponding 8/9x2 are shifted in depthy from the differences
corresponding to9?/dz% and 9%/dr* as given in (4.9) & ,,, ., + i} ;,_, instead of
Uf 1 +u},,_1). This is necessary to obtain the multichannel two-component wave system
below.

A discrete-time Fourier transform of (4.1) takinginto k, gives

o0
n n n+1 n—1 __ ik —ikyy,, 7 n n
Wi g, gy, — Ul tul = Q2—€eY —e Ml g + 2 : Viiik-mti—1, (4.122)
m=—0oQ
o0

) 1 oI .
W=y ey Vik, = o > Ve (4.1%)

m=—0oQ m=—oo

Note that 2— €k — e = 2(1 — cosk,) ~ k? ask, — 0. This also shows how the
discrete 2D Sclidinger equation reduces to the continuous 2D &dinger equation in
the limit asA — 0. Note that the ill-conditioned lateral derivatiwé/dx?, which makes
downward continuation ill-posed, is regularized to the smoothed wavenumber response
2(1 — cosk,). The boundary conditions for (4.12) are

) 8(n—1)8(ky —K.) + R(n + 1, ky; k.) if 1 <0

= _ 4.13
Uk TN 70— 1k ) >0 I

where R(n, ky; k) is the reflection response afftln, k,; k) is the transmission response
to an impulsive plane wave that excites the lateral wavenurkipenly.

5. The forward scattering problem

In the next two sections, we use (4.12) as a basis for the forward and inverse scattering
problems which are solved using layer stripping algorithms as discussed in [1]. The discrete
2D forward scattering problem is to reconstruttr, k,; k) from V;, . We discretizek,

into integer multiples ofA. Equation (4.12) can then be rewritten as
L Ve e /At T (5.1)

wherew] is a matrix whose, o)th element isuy,., andV; is a Toeplitz-plus-diagonal
matrix with (n, o)th element §(m — o) is now a Kronecker delta)

Vimo = 2(1 —cogmA))s(m — o)+ V(, (im —0o)A)A. (5.2)
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The indices in (5.2) run from-M to M, where M is an arbitrarily large integer, and
V is Hermitian, sinceV, ,, is real. Given the matrix potential; (5.2), define the matrix
reflectivity r; recursively from the transform [9]

r=T'0-V)T( —r )t =1 (5.39)
-1

T, = 1_[(1 — rﬁ)l/z (5.30)
p=1

uf =Ti(I —r_0) (D} +U}). (5.3)

Then the matrix discrete Sdbtinger equation (5.1) is equivalent to the discrete
multichannel two-component wave system [9]

1
D;’H] I—-r)"2 0 [ I —rl] [Df‘l}
41| = Lol 5.4
[ Ul 0 (I — ,,,12)—% -r 1 Ut (5.4)

For each of the matrices (the bold quantities), different columns correspond to different
experiments, while different rows correspond to different channels for a given experiment.
Now suppose that the top interface is a free surface (perfect reflector), and that the
probing impulse in (4.13) is introduced just below this surface; fi.e- R(n) = Dg and
R(n) = U}. The forward scattering problem is to find the respoRs&om the reflectivity
r and is solved using (5.4) and the multichannel form of the Schur algorithrbackwards
The multichannel Schur algorithm should be expected to work well, since it solves exactly
an explicitly discrete 2D scattering problem. The discrete matrix two-component system
(5.4) is lossless and well behaved numerically as long as the maximum singular vaiue of
is less than unity.

6. The inverse scattering problem

The discrete 2D inverse scattering problem is to reconstWu€tk,) from R(n, k,; k).

The 2D discrete inverse scattering problem defined by (4.12) and (4.13), or equivalently
(5.4), can be solved very easily using the multichannel form [9] of the Schur algorithm
when incorporating the factad — r(i)?)~/2, which produces additional coupling between
channels.

6.1. Reflectivity from impulse reflection response

The Schur algorithm computes the reflection coefficients associated with the block-Toeplitz
system of equations [8]:

I R1) - R 0_ (m 0
R(1) I -« R(n—1) Ei=G 0
: : - : ; = : (6.13)
: : . : w0
R(n) Rn-1) --. 1 L T(n)
R®) gm0y = R(n,mA; 0A). (6.1b)

Note that the R(n) are themselves matrices defined from the reflection response
R(n, ky; k) defined in (4.13). F! and G’ are elements of the matrix Green’s function

of (5.4). The matrix reflectivityr, can be recovered using, = G° — F"". Equation (6.1)

can thus be viewed as a discrete analogue of an integral equation, and the Schur algorithm

as a fast algorithm alternative to solving this discrete integral equation analogue.
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6.2. Warped scattering potential from reflectivity

Reformulating the transform given in (5.3) enables us to directly calculate the laterally
transformed scattering potential corresponding to the equivalent warped medium as

Vi=I1-Td+r)U —r )T (6.20)

-1
T =[Ju - (6.2b)
p=1

6.3. Warped effective index profile from warped scattering potential

From equation (4.9) we clearly see that the scattering poteWitjalof the warped medium

can be found when the warped effective index profilg, is known. For the inverse
problem we wish to find a recursive relationship in which to fiNg,, from V,,. We
assume that the probing layer is known and that we reconstruct the profile layer by layer.
That is, in addition to knowing71,,,,, we know1\7,r,mf, VI’ <1 andVvVm’. For ease of notation,

let

Nims1Nim = 2N i Nim—1 + N Nim—1
N[%m + Nim+aiNim + NimraNim—1+ Ny Nim—1

Lin= (6.3)

Sincef/,,m, Zlym and the appropriaté/,«,m/, are all known, we have the simple recursion

. (Vi /® = L) (NE, = NimNieam) = NpnNicam
Nisim = — . L — . : (6.4)
Nl.m - 2Nl—l,m - ((Vlm/4) - Ll.m)(Nl,m + Nl—l,m)

6.4. Variable wave speed effective index profile from warped profile

The final step of the inverse problem is to determine the actual medium from the
reconstructed warped medium. That is, one must determine the actual index f¥pfile
from the warped medium’s index profilgV;}. We call this process dewarping of the
reconstructed medium, since it is essentially performing the methodology of section 3
backwards

As with the warping of the actual medium, dewarping of the equivalent is a two-step
process. First, we form the sub-indexed gfid /) on which we map the warped index
profile N;

2 2 1

Utim = lm+ =— (65a)
l,m

2 A 1

Jlom+1 = Ji,m + = (653)
l,m

N(/i\l.ma ]Alm) = Nl,m~ (6&)

From (6.5), note that the slower the region is, the more the grid is compressed. Note also
that there is a one-to-one relationship between the wapeg) and sub-indexed\(i, j))
effective index profile as given by (&p Finally, the original effective index profil® (i, ;)

can be found bynterpolating N (i, j) onto a uniform spatial mesi, ;).
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Figure 2. Actual medium. &) Effective index profile; If) uniform spatial discretization.

7. Numerical example

In this section we present a numerical example to illustrate the methodology presented
in this paper. We begin with a variable wave speed medium on a uniform spatial grid,

then determine the corresponding sub-indexed medium, which we then warp to find our
equivalent constant wave speed medium. The scattering potential of the constant wave
speed medium is found from the warped index profile. The impulse reflection response of
the medium can be found from this warped scattering potential by running the Schur layer
stripping algorithm backwards. The inverse scattering problem can be solved by running
the Schur layer stripping algorithm, and then dewarping as discussed in section 6. The
effects of noise in the data on reconstruction and data feasibility criteria were addressed in

[1].

7.1. Original medium

We consider a 2D variable wave speed medium in which there exists a graded effective
index inclusion having a Gaussian profile as shown figusg. 2Qumerical methods, such as
FDTD and TLM, model the medium using a uniform spatial mesh as shown in fighjye 2(
Note that this amounts to a low wave speed inclusion in the medium.
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7.2. Sub-indexed medium

Using the methodology of section 3, we sub-index the actual medium (figure 2) creating
the sub-indexed contour shown in figure 3. Note that the sub-indexed contour (figure 3) has
approximately the same shape as the original contour (figl@ Bgt with more grid points

in regions of higher effective index. Increasing the number of grid points (i.e. sub-indexing

at a higher rate) would improve the contour approximation. Note also that all squares in
figure 3 represent equal time increments.

30

-01 S -10 -5 0 S 10 15
breadth

Figure 3. Variable spatial mesh of sub-indexed medium.

7.3. Equivalent constant wave speed medium

By warping (i.e. re-indexing), the sub-indexed medium (figure 3), we have our desired
equivalent constant wave speed medium (figure 4) which is discretized on a uniform spatial
mesh corresponding to a uniform temporal mesh. Note that the contour of the warped
medium no longer approximates that of the actual medium (figua®).2(The warped

medium is distorted both in depth (vertical axis) and breadth (horizontal axis) as is prescribed
by the methodology of section 3 and, in particular, the 2D warping equations (3.3) and (3.4).

7.4. The forward scattering problem

The reflection responsg, ,, is found from \7,,,,1 by first finding the matrix reflectivityr

using (5.3) and then running the multichannel Schur algorithm backwards. Recall that

is the free-surface impulse reflection response as measured at the surface boundary of the
medium (figure 5).

To better appreciate the effects of wave speed variation, we show in figure 6 snap shots
of the probing wave and scattered field as they propagate through the medium. Note that
the wave travels further in the faster sections of the medium as time progresses and the
scattering that occurs as the wave speed changes.
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Figure 4. Uniform temporal and spatial mesh of warped medium.

Figure 5. Reflection response for medium.

8. The inverse scattering problem

The inverse scattering problem is to reconstruct the wave speed profile from observations
of the scattered field at the surfage= 0 (shown in figure 5). To do this we proceed as
follows.

1. Run the Schur layer stripping algorithm on the observed reflected scattered field
data. This incorrectly assumes uniform wave speed, but generates the valvestof the
scattered field and reflectivity functidi(l, m)}, but at the wrondocations

2. Compute the warped medium index proffl€(/, m)} from the potential function
{V(,m)} (6.3) and (6.4). The potential function is computed directly from the reflectivity
function (6.2).

3. Dewarp the medium using (6.5). This yields the sub-indexed medif, ;)}
shown in figure 3.

4. Interpolate the sub-indexed medium onto a uniform spatial grid. This yields the
effective index on a uniform spatial grigv (i, j)}, which in turn interpolates uniformly to
N(x,z).
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Figure 6. Propagating and scattering waves.

5. Compute the wave speed profile from the effective index profile usingz) =
co/N(x, 2).

Following this procedure correctly reconstructed the wave speed profile corresponding
to the effective index profile shown in figure 2. The effects of noise on 2D Schur layer
stripping algorithms were discussed in detail in [1]. In summary, as long as the data are
feasible, a stable but noisy reconstruction will result. In [1] we propose a procedure for
correcting noisy and unfeasible data to feasible data. Since the point of this paper is that
the variable wave speed problem can be recast as the problem considered in [1], there is no
need to repeat the results of [1] for noisy data here.

9. Conclusion

In this paper we have shown that the Sidinger equation for 2D media with variable wave
speed may be discretized in one of two equivalent manners: (1) using a fixed square temporal
lattice and varying the spatial discretization due to the varying wave speed or (2) fixing the
temporal discretization and assuming a constant wave speed, and then warping the medium
so that the spatial discretization is also a uniform square lattice. The latter's scattered field
is equivalent to the former’s scattered field in time but occurs at different places spatially.
This formulation can be viewed as a variable-mesh finite-difference approximation which
allows for the use of fast algorithms to solve the forward and inverse problems where the
scattering is due to the effective index profile of the warped medium. The wave speed
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profile of the warped medium is then used to dewarp the medium to find the desired actual
medium.

Future topics of research include applying these formulations to the problem of
inclusions having rough interfaces. This application is non-trivial as in this paper we
have assumed our inclusion to be smoothly varying and thus the warping of the medium
also occurred smoothly. By definition, a rough interface does not have a smooth effective
index transition. A possible solution to this problem is to divide the medium into regions
according to ranges of effective index and apply the discussed methodology to each region.
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