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ABSTRACT: We review and compare theoretically and phenomenologically a number of
possible family symmetries, which when combined with unification, could be important
in explaining quark, lepton and neutrino masses and mixings, providing new results in
several cases. Theoretical possibilities include abelian or non-abelian, symmetric or non
symmetric Yukawa matrices, Grand Unification or not. Our main focus is on anomaly-
free U(1) family symmetry combined with SU(5) unification, although we also discuss
other possibilities. We provide a detailed phenomenological fit of the fermion masses and
mixings for several examples, and discuss the supersymmetric flavour issues in such theories,
including a detailed analysis of lepton flavour violation. We show that it is not possible to
quantitatively and decisively discriminate between these different theoretical possibilities
at the present time.
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1. Introduction

The hierarchy of quark and charged lepton masses and the small quark mixing angles has
been one of the most puzzling aspects left unresolved by the Standard Model. The recent
discovery of neutrino masses and mixings has provided further clues in the search for the
new physics Beyond the Standard Model which must be responsible for the pattern of
fermion masses and mixing angles. One promising approach to understanding the fermion
spectrum is the idea of family symmetry, and in particular the idea of a U(1) family
symmetry as originally proposed by Froggatt and Nielsen [[]. Such an approach was given
considerable impetus by the observation that in many string constructions additional U(1)
symmetries are ubiquitous, and furthermore such a gauged broken U(1) could provide a
phenomenologically viable candidate family symmetry by virtue of the Green-Schwartz
anomaly cancellation mechanism [[J] which provides a string solution to the no-go theorem
that anomaly freedom requires such symmetries to be family independent [B]. As a result
of this a considerable literature has developed in recent years based on string-inspired U(1)
family symmetries [f, [



Many non-abelian family symmetries have also been considered, for example based on
SU(3) family symmetry [f], and also textures and analyses of fermion masses have been
done not using any family symmetry. At the present time some very successful approaches
exist, and others that may with modification also be effective. Family symmetries can
be abelian or non-abelian, they can require symmetric Yukawa matrices or not, they can
be imposed with or without an associated grand unified theory, and so on. Criteria that
could be used to choose among possible approaches include not only describing the quark
masses and mixings, and the charged lepton masses, but also neutrino masses and mixings,
supersymmetry soft breaking effects (since particularly the trilinear couplings are affected
by the Yukawa couplings), how many parameters are used to describe the data, whether
some results such as the Cabibbo angle are generic or fitted, and more. One of our main
goals here is to look at the various possibilities systematically and see if some seem to be
favoured by how well they do on a set of criteria such as the above listed ones. Presumably
family symmetries originate in string theories, and are different for different string con-
structions that lead to a description of nature, so identifying a unique family symmetry (or
a subset of possible ones) could point strongly toward a class of string theories and away
from other classes. At the present time this approach is not very powerful, though it gives
some interesting insights, but better analyses and additional data may improve it.

In this paper we shall consider U(1) family symmetries and unification as a viable
framework for quark and lepton masses and mixing angles in the light of neutrino mass
and mixing data [[]], using sequential right-hand neutrino dominance [f] as a guide to con-
structing hierarchical neutrino mass models with bi-large mixing. As has been pointed
earlier [fl], models which satisfy the Gatto-Sartori-Tonin relations (GST [[Ld])! require the
presence of both positive and negative abelian charges. As we will discuss, the sequen-
tial dominance conditions require also the presence of both positive and negative abelian
charges, and hence at least two flavon fields of equal and opposite charges. These models
however result in complicated U(1) charges, on the other hand Non-GST models have a
simpler charge structure and may be possible to realize in a more general context. In this
work we also consider non GST cases.

We shall consider U(1) family symmetry combined with unified gauge groups based
on SU(5) and SO(10), assuming a Georgi-Jarlskog relation, and also consider non-unified
models without such a relation. We will present new classes of solutions to the anomaly
cancellation conditions and perform phenomenological fits, and we will compare the dif-
ferent classes of U(1) to each other and to non-abelian family symmetry models based on
SU(3) [A], by performing specific phenomenological fits to the undetermined coefficients of
the operators. Finally we will consider the implications of such an approach on flavour-
changing processes in the framework of supersymmetry, leaving a detailed analysis for a
future reference.

The layout of the paper is as follows. In section P we consider the general conditions
for Green-Schwartz anomaly cancellation, and move on to describe the classes of solutions,
by whether they are consistent with SU(5), SO(10), Pati-Salam unification of representa-
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tions, generalized non-unified relations, or not at all consistent with unification. Having
found these solutions, we move on in section f to re-parametrize in terms of differences
in U(1)p charges. In section f| we consider the constraints on the Yukawa textures from
requiring acceptable quark mixings and quark and lepton masses. Then in section [, the
constraints from getting acceptable neutrino masses and mixings from single right-handed
neutrino dominance (SRHND) models, which are a class of see-saw models. In section fj
we construct solutions which are consistent with SU(5) unification, the Gatto-Satori-Tonin
(GST) relation [[I{], and correct fermion masses and mixings. In section [{ we construct
solutions which are consistent with SU(5) unification, correct fermion masses and mixing
angles but which are not consistent with the GST relation. In section § we construct
solutions which are not consistent with SU(5) unification. In section P, we take some of
the solutions constructed in section fj and section [] and fit the arbitrary O(1) parameters
to try to closely predict the observed fermion masses and mixing angles. Then in sec-
tion [[(] we briefly consider whether flavour changing processes will be dangerously high
in these models, presenting two specific scenarios: a non minimal sugra possibility and a
string-inspired mSUGRA-like scenario which is expected to be (or be close to) the best-case
scenario for flavour-changing and for which we check explicitly u — ey Finally, we conclude

in section [L1].

2. Anomaly Constraints on U(1) Family symmetries

2.1 Green-Schwartz anomaly cancellation

Consider an arbitrary U(1) symmetry which extends the Standard Model gauge group. If
we were to insist that it does not contribute to mixed anomalies with the Standard Model,
we would find that the generators of U(1) would be a linear combination of Weak hyper-
charge and B — L [B. This clearly is not useful for family symmetries, so we need to use
a more sophisticated way of removing the anomalies, Green-Schwartz anomaly cancella-
tion [{]. In this case, we can cancel the mixed U(1) —SU(3) —SU(3), U(1) —SU(2) — SU(2)
and U(1) — U(1)y — U(1)y anomalies, Ag, Ao, and A; if they appear in the ratio:

A3 : A2 . Al . AU(l) : AG = k‘g . k‘Q . kil : 3kU(1) : 24, (21)

where we have included the relations to the anomalies of the anomalous flavour groups
Ay(1) and the gravitational anomaly; k; are the Kac-Moody levels of the gauge groups,
defined by the GUT-scale relation:

giks = gaka = gikr . (2:2)
If we work with a GUT that has the canonical GUT normalization, we find:
A3 = Ay = gAl. (2.3)

But we still require that the U(1)—U(1)—U(1)y anomaly, A} vanishes. Now, the anomalies
are given by:
1 N
A= STr [{Tp,Tgw} Tc’} . (2.4)



Charge | ¢ w; d; I;

Table 1: Fields and family charges.

We then use the fact that {T,,T,} = dg1 for SU(N) and {Y,Y} = 2Y? for U(1)y to

obtain:

M3
1
Az = 3 ;(2q@-+u¢+d@-) (2.5)
1 3
Ay =3 T b 2.
3
3 1 qi Su; 2 3l; 6e; 3
=3 Tt dit — = (hy +h 2.7
51 2;<5+5+5+5+5>+5(+d) (2.7)
3
Ay =) (—a] +2uf = dF 17— €f) + (hg — hy) = 0. (2.8)
=1

Since in the mixed anomalies of the U(1) group with the SM gauge group that cancel
via the Green-Schwartz mechanism wherever a charge appears, it appears in a sum, we
parameterize the sums as follows [[J]:

3 3
Zqizx—ku, Zuizx—i—Zu, (2.9)
i=1 i=1
3 3
Nodi=yt+v, D> L=y, (2.10)
i=1 i=1
3
e =, (2.11)
i=1
hy = —z, hg = z4+ (u+v). (2.12)

Substituting eq. (£.9)—eq. (B.19) into eq. (R.5)-eq. (B.§) we find that they satisfy eq. (R.3):
3 1
A3:A2:3A1:§[3x+4u+y+v], (2.13)

which shows that the parameterization is consistent. However we need to find those
solutions which also satisfy A} = 0. We will see how we can achieve this for different
cases. Since the proposal of the GS anomaly mechanism it has been known that the easiest
solution, u = v = 0, leads to a SU(5) or Pati-Salam group realization of mass matrices.
Another possible solution is to have u = —v # 0. Both these forms admit a SUSY u
term in the tree level superpotential at the gravitational scale. However given the form
of eq. (2.9)eq. (B.12) one can try to use the flavour symmetry in order to forbid this
term, allowing it just in the Kéhler potential and thus invoking the Giudice-Masiero [[L]
mechanism in order to generate the p of the desired phenomenological order. Therefore



apart from the cases u + v = 0 we examine plausible cases for u # —v # 0. Of course in
the cases u = v = 0,u = —v # 0 one can use another symmetry to forbid the p term in
the superpotential, however it is appealing if the flavour symmetry forbids the p term at
high scales.

2.2 Anomaly free A} with v = v = 0 solutions

In this case the parameterization simplifies and in fact we can decompose the U(1) charges

in flavour independent and flavour dependent parts

1
fi=3f+ fi (2.14)
The first term is flavour independent because it just depends on the total sum of the
individual charges and the f/ are flavour dependent charges. We can always find « and y

which satisfy
> fi=o0. (2.15)
In this way A} can be expressed in flavour independent plus flavour dependent terms
Ay = Alp + Alpp - (2.16)

Following this, with the unfortunate notation that we have a new u, completely unrelated
to the u that we have already set to zero, we then have:

Ay = Alpr + Alpp
3
1 2 2 2,92 2 2 2 2 2 2
=3 [—¢° +2u" —d* +1° — &7 +Z(—q§ +2ui® —di 1% —el?). (2.17)
i=1
Now it is clear that the terms in the square bracket in eq. (R.17) are family independent.
It turns out that the square bracket term is automatically zero in this case, since from
eqs. (R.9)-(R.11]), we have: ¢ =u = e =z and | = d = y. Then we have to make the family
dependent part (the second term in eq. (R.17)) vanish.

2.2.1 SU(5) and SO(10) type cases

One way to make the family dependent part vanish, A}, = 0, is to set l; = d; and
¢; = u; = e;.> This condition would be automatic in SU(5), but in general such a condition
on the charges does not necessarily imply a field theory SU(5) GUT to actually be present,
although it may be.

Since the generic Yukawa structure is of the form:

elfitaithsl dfetar+hysl (|fa+a+hyl
VI a | elfstathsl (lfataathysl ([fst+azthyl (2.18)
elfitasthyl f2tasthy| o|fs+as+hyl

it is clear that the SU(5) relations d; = l;, ¢; = u; = e; lead to Yukawa textures of the

2The reason that the charges are unprimed here is that if it is true for the primed charges, it is also true
for the unprimed charges



form:

B 6‘2617263| 6|61+627263| 6|61763‘
YU n | lertea—2es|  [2ea—2e3| |ea—es] , (2.19)
cler—es clez—esl lol
_€\l1+61+hd| ellatei+hal (llztei+hal
Ve o | liteathal (llateathal (list+eat+hal , (2.20)
ellitesthal cllatestha| (llstes+hyl
vemyedT, (2.21)

Note that the up matrix is approximately symmetric, due to the assumed SU(5) relation
of charges. The reason why the textures above are approximate is that each entry in each
matrix contains an undetermined order unity flavour dependent coefficient, generically
denoted as alfj = O(1). We shall continue to suppress such coefficients in order to make the
discussion less cumbersome, but will return to this question when we discuss the numerical
fits later in the paper. We have also assumed that the up and down Yukawa matrices
are described by a single expansion parameter €. The possibility of having two different
expansion parameters, one for the up sector and one for the down sector, will also be
discussed later in the paper. In order to have an acceptable top quark mass, we have
required that h, + 2e3 = 0, in which case the smallness of the bottom quark mass can be
due to hg + es + 13 # 0, and we are free to have a small tan 3, because we don’t need large
tan (8 to explain the ratio :II—Z on its own.

Also note that, as expected from the SU(5) relation of charges, the down and electron
textures are the approximate transposes of each other, Y% ~ (Y¢)T. Such a relation
implies bad mass relations for between the down type quarks and charged leptons, but
may be remedied by using Clebsch factors such as a Georgi-Jarlskog factor of 3 in the (2,2)
position of the charged lepton Yukawa matrix.

If we were to look at the case x = y, then we would have a solution suggestive of
unified SO(10) GUT symmetry, for which l; = ¢; = u; = d; = e;. The same comments
above also apply here, namely that such a condition on the charges, though consistent with
an SO(10) GUT does not necessarily imply a field theory realization of it. The matrices
eq. (B-19)-eq. (B-20) would all become equal to the same symmetric texture in eq. (2.19),
in the SO(10) case that z = y.

2.2.2 Pati-Salam type cases

In this case, applying the Pati-Salam constraints on the charges,

qi:liEqiL, ui:di:ei:niEqZ-R, (222)
so we can immediately see that also for this choice of charges both the the flavour indepen-
dent and dependent parts in eq. (R.17) vanishes. We have also included the right-handed
neutrino charges, which do not enter into the anomaly cancellation conditions, eq. (2.5)-

eq. (R.§), but with a Pati-Salam group should obey the relation of eq. (R.22). Thus in this



case all the mass matrices have the form

elhteithyl |liteathy| c[lit+es+hy]
v = | elleteithy| cllateathy| latesthy] (2.23)
ellsterthy| c|ls+eathy| clls+es+hyl

for hy = hy, hq. In this case we always need to satisfy # = y, in contrast with the generic
case of SU(5) where it is not necessary z = y. So we can put one of the charges in terms
of the other two and the parameters x = y

elzx—(62—|—€3), llzx—(lg—{—lg), =et+tetes=10+1+13. (224)

We have already noted that the Pati-Salam constraints on the charges imply that the
anomaly A automatically vanishes. It is also a remarkable fact that the constraints in
eq. (.24) do not in practice lead to any physical constraints on the form of the Yukawa
texture in eq. (2.23). In practice, assuming only that u + v = 0, one can start with any
set of charges [;, e; which lead to any desired Yukawa texture, where the charges do not
satisfy the anomaly free constraint in eq. (R.24). Then from any set of non-anomaly-free
charges one can construct a set of anomaly-free charges which do satisfy eq. (2:24), but do
not change the form of the Yukawa matrix in eq. (B.23), by simply making an equal and
opposite flavour-independent shift on the charges as follows [B(): e; — e; + A, l; — ; — A.
In this paper we shall not consider the Pati-Salam approach in detail.

2.3 Solutions with anomaly free A} with u+v =0 (u,v # 0)

In this case, we can repeat the analysis of the previous subsection, but with the general
constraints. Note however, that since u +v =0, hy, = —z and hg = +z.
Then we are left with the result that

3

1
Al = 3 [6u® + 6zu + 2yu] — Z (qj® —2u® +di* —1[° + €}?). (2.25)
i=1

Note that the family independent part will vanish if

u:—v:—<x+%). (2.26)

Having done this, we may substitute eq. (B.26) into egs. (R.9)-(R.1J) Then we find
that:

& Yy 2 2y
Z%’:—g, Zuz‘z—(ﬂH-?),

Zei =z. (2.27)

7

=1 =1
3 4y 3
i=1 i=1
3



2.3.1 Yukawa textures for a sample solution

At this point, we note that there will be a large number of solutions. However, one class
of solutions that will easily be satisfied will be:

l; 2l; 41;
qi:—é, ui:—<?l+ei>, di:?z—i-ei. (2.28)
The same equation will hold for the primed charges:
I 21! Al!
=5 = (Frd). d=Fed (2.29)

We can now put eq. (B-29) into the anomaly, eq. (2.25). In this case we find that:

L= [0 0+ S -y vy -2 -

3
1
—Z(l;zg(—1+8—16+9)—1—6;2(2—1—1)):O. (2.30)
=1

So we see that for this particular relation of leptonic and quark charges, we are automati-
cally anomaly-free.

Again, we see that, just as for the u = v = 0 case, we can specify everything by
the leptonic charges I; and e;. However, in this case we will get three different textures.
Specifically, we will get:

€\l1+61+hu\ 6|%(l2-|-2l1)-|—€1-i-hu\ 6‘%(13+211)+51+hu|
YU ~ €\§(l1+2lz)+ez+hu| ellateathul 6\%(13+212)+62+hu| (2.31)
l3tir2h)festhul Jg(la+2ls)testhul  |lates+hal
lliter—hul 6‘%(7l1+4l2)+627hu‘ 6\%(7l1+4l3)+637hu\
Ve a0 | l5(—latdl)ter—ha| ellzte2—hul el (~la+dls)+ea—hul (2.32)
el3(—litdls)tes—hul| [5(—la+4l3)+es—hul elistes—hal
_€\l1+€1—hu\ elhtea—hul| c[li+es—hul
Y a | elletei—hul (llatea—hul| cllates—hul | (2_33)
6\13+61*hu\ 6\13+62*hu\ 6\13+63*hu\

We note that this is a rather predictive scheme; we require that the diagonal elements are
of the same order in the between the down and electron Yukawa matrices constrained by
the anomalies. Also, we require (at the very least) I3 + es + h, = 0 to get a correct top
quark mass.

2.4 Anomaly free A} with u+ v # 0 solutions

In this case we can not decompose the expression of A} into flavour independent and flavour
dependent parts, but we can use for example the relation (> fi)2 =S f2H2(fi(fa+ f3) +
faf3) such that we have

Ap = =204 +u(v +3x 4 2) +v(z =) 2> g(filfo + f3) + fofs), (2.34)
f=u,dle,q



where gy = 1, 2,1, —1,1 respectively for f = q,u,d,l,e. However it is difficult to depart
from here in order to find some ansatz which cancels the A} anomaly. Instead we can
generalize the kind of relations which in the limit of u = v = 0 would give the SU(5) cases
or the Pati-Salam cases.

2.4.1 An extended SU(5) case

Here a non-GUT case is considered, taken by generalizing the SU(5) relation between the
charges. In the SU(5) case, we had ¢; = u; = ¢; and d; = [;. If instead we have the linear
relations:

qG =Uu;+o=e¢ +, d;i=1;+ 3. (2.35)

From the parameterization of eqs. (B.§)—(R.§), we see that in the limit of the u = v = 0 we
recover the SU(5) case. In agreement with the cancellation of anomalies then one should
have

C]z‘:Ui—%:@H'g, di:li—i—g. (2.36)
In the expression of the A] anomaly, as given in eq. (B.§), the sums of squared charges
cancel and we can write it just in terms of sum of charges, which we have parameterized
in terms of w,v,x,y,

2
2
Al = —10% - S0 2ue 4 ) + 2y§ — 22(u+v) =0. (2.37)
Thus we need to satisfy this equation in order to have anomaly free solutions. Requiring

the condition of O(1) top coupling we have
hy, = —z = —2e3 —u,
hd = 2u+v—|—2eg,

C(Y:;) = \ei +e; — 263‘ ,

Tuw 4o
C(Y5) = [li +ej + 2e3 + 2u + 0], (2.38)

where C(Y}7) denotes the power of € for the (i,;j) element of the correspondent Yukawa
matrix. Note that although we did not begin with an a priori condition of having Y*
symmetric, the requirement of the O(1) top coupling cancels the parameter u in all the
entries of Y and so we end up with a symmetric matrix.

2.4.2 An extended Pati-Salam case

Following the extended SU(5) case, we look for solutions which in the v = v = 0 limit
reproduce the Pati-Salam case, so we should have the relations

Also e; and n; need to be related to u; by a constant, as in eq. (2.39). In these case in
order to satisfy the G-S anomaly conditions we need

— 2 —
Qi:li‘i‘w’ ui:ei—i-?u, dz‘:ez“i‘W- (2_40)

,10,



Thus the expression for the A} anomaly is

2
1= —3 [8u2 + 4v% + w(9v + 11z — 2y) + 2(z — y)* — v(2z + y)| —
—2z(u +v), (2.41)

and finally requiring the condition of O(1) top Yukawa coupling we have

huz—Z:—<l3+€3+u+—x; >,

x_
hd=lg+€3+2u+v+—y,

C(YZ?) = ’li — 3+ e; — 63‘ ,

v+ Tu+ (z —vy) +4_v
3 3

C(Ylj) = ’li +e;+ 2e3 + 2u + 1)’ . (2.42)

ey =

li+€j+l3+€3+

)

3. A useful phenomenological parameterization

So far we have discussed the anomaly cancellation conditions in U(1) family symmetry
models, and some of the possible solutions to these conditions, including some new solu-
tions not previously discussed in the literature. It turns out however that the anomaly
free charges themselves do not provide the most convenient parameters for discussing the
phenomenological constraints on the Yukawa matrices arising from the quark and lepton
spectrum. It is more convenient to introduce a new parameterization for the Yukawa
matrices as follows:
e\s}+r}+kf\ 6\5}+rf+kf\ 6\5}+kf|
Y mo | elsrtrithel clsptrpthpl elsptksl | (3.1)
P B L A ]

where f = u,d,e,v, and we have introduced the parameters ’I“f,’l“},Sf,S/f,k‘f which are
defined in terms of the charges in table [ as:

rf=fo—fs rr=hHh—1fs ku = g3+ uz + Iy,
Sud = G2 — q3 Sud = @ — 3 ki = q3+d3+ hg
Sev = lg—lg S/e,y = ll—l3 k?e == l3—|—€3+hd
k, =l3+n3+h,. (3.2)

In order to get an acceptable top quark mass, we require that k, = 0. Note that the
parametrization above is completely general, there is no information loss from the form of
eq. (R.1§), and thus far we have not imposed any constraints on the charges arising from
either anomaly cancellation or from GUTs. We now consider the simplifications which
arise in the new parametrization when the charges are constrained by considerations of
anomaly cancellation and GUTs, as discussed in the previous section.

— 11 —



Simplification in SU(5) type case. Consider the case where the family charges are

consistent with the representations in an SU(5) GUT, d; = [;, and ¢; = u; = e;:

ke = kq Sud = Tue Syad =T

Sey = T4 s,, =1. (3.3)

e,V
In this case, all of the parameters can be expressed purely in terms of the lepton charges:

_ _ _ / 2 _ _
Su,d = Tu,e = €2 — €3 Su,d = Tue = €1 — €3
/

Se,,/:’l“d:lg—lgg S :T‘Zl:ll—lg. (34)

e,V

Note that this leads directly to the fact that Y¢ ~ (Y9). The equality is broken by
the arbitrary O(1) coefficients. As discussed, the SU(5) charge conditions are sufficient to
guarantee anomaly cancellation for the case u = v = 0.

Simplification in the extended SU(5) case. In the case u + v # 0, anomalies can
again be cancelled by assuming the charge conditions in eq. (R.3H). If we take eq. (2.39),
we can again simplify eq. (B.9). In this case we find:

_ / _ 2
Su,d = Tu,e Su,d = Tue

Sey = Tq s, =Tl (3.5)

) e,V

In this case we have that the texture of Y¢ can be attained from Y¢ by replacing kg
with k. and then transposing.

Simplification in the Pati-Salam case. In the case of having charge relations consis-
tent with a Pati-Salam theory, ¢; = [; and u; = d; = ¢; = n;, we can simplify:

/ /
ke = ka Su,d = Sev Sud = Sew
/
k, =k, Ty =Tq=Te=Ty Ty =Ty =T, =T,. (3.6)

4. Quark masses and mixings in SU(5)

In this section we shall provide some constraints on the phenomenological parameters
introduced in the last section, arising from the quark masses and mixings, assuming the
simplification in the SU(5) type case mentioned above. In SU(5) eqgs. (B.1)), (B.3) imply the
quark Yukawa matrices are explicitly of the form:

28] s+l 9| s rtkal ol Fratkal ols'+kal
Yu ~ €‘S/+S| €|2S| 5'5‘ , Yd ~ €‘S+T(Ii+kd| g‘s‘f’rd‘i’kd‘ €|s+kd| s (41)
g‘s/| 5'5‘ 1 €|r&+kd| g‘rd‘i’kd‘ €|kd‘

where we have written s = s, g = rye, 8 = ng = T;,e-B Note that we are assuming a
single expansion parameter ¢, and are suppressing O(1) coefficients. Clebsch factors are
also not considered, and only leading order operators are discussed.

$Note that the extended SU(5) anomaly free solutions examined in section leave the parameters
8,8, 1,7}, kq invariant, as is clear by comparing eqs.(@) and (E) Hence the results in this section for
the quark sector apply not only to the SU(5) type case but also the extended SU(5) anomaly free cases.
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In order to determine the possible solutions for s, s, 74, r; and kq which successfully
reproduce quark masses and mixings one can numerically diagonalize Yukawa matrices and
obtain the CKM matrix. However, in order to understand the behaivour of this structure
it is quite useful to use the technique of diagonalization by blocks in the (2,3), (1, 3) and
(1,2) sectors.* The results are presented in the next subsections.

4.1 Quark Masses

Barring accidental cancellations the down quark Yukawa matrix Y% may be diagonalized,
leading to the following eigenvalues:

’ ’ (RL L
clr’+k| + a23a21€|s+k\+|s+r +k|—[k| o2i(83 —B1 ))
_9;,(RR_3R
C%(EW 4 a§2€2|r+k|f\k|e 2i(BE—pi ))

Irtkl+|s" 4k |kl —2i(85 A1)y _

|s'+r'+k| (a31

Y1 = aile X
"tk
X (a13€‘5 + |+ a23a12€

_(a12€|s’+r+k|_ €\r+k\+|s’+k\f|k\)(a21€\s+r’+k|_ €|s+k\+|r’+k|f\k|)

a32a13 (93031
(3L R
(a226|s+r+k| — a23a326‘3+k|+‘TJFM*“?‘)@_Z(Q:& —B3

|r+k|+\s+k|—vc|> e2i(BE =85

)

~ R k
Yo ~ 023 <a22€‘5+7"+ ‘ — ag3a32¢€

ys ~ cll <€\k| i a§2€2|r+k|*\kle2i(6{tﬁ§)> RGN (4.2)

where we have suppressed the index d in order to make clearer the notation and re-scaled
all the (complex) coefficients by 1/ass, so that instead of having ass we have 1. Note that
the down quark masses are given by: m‘j = yzdvd /v/2. Analogous results also apply to the
up quark sector, with the replacements r — s, v’ — s’, k — 0. The phases BZL correspond to
the diagonalization matrices of the Yukawa matrices, whose notation is given in appendix [A].
It is important to remark that in the case of positive charges all the elements of the first
row of the Yukawa matrix contribute at the same order, s’ + 7'+ k, to their correspondent
lightest eigenvalue, so in these cases it is not possible to have the Gatto-Sartori-Tonin
(GST) relation. However in the cases of having s and s’ (analogous for r and ) with
different sign, as in the example of eq. ({1.9), we can have a cancellation in powers of &
to the contribution to y; coming from the diagonalization in the (1,2) sector, which is
the third term in the expression for y; in eq. (.2). On the other hand we can have an
enhancement in the power of ¢ of the contributions from the (1, 1) entry and the rotation
in the (1, 3) sectors, which correspond to the first and second term of y;, respectively, in
eq. ((.2). This together with the condition C(Y2;1) = C(Y12) are the requirements to achieve
the GST relation. We will present examples satisfying and not satisfying the GST relation.
We remark here the constraints from the bottom mass are

my tan 3 = elkdlm, | kqg=q3+d3+ hyg (4.3)

since my = O((H,)) and tanf = (H,)/(Hg). Thus in terms of charges we have h, =
—(q3 +u3) and hg = g3 + us, for u=v =0, k = 2¢g3 + d3 + us.

4This only works if there is an appropriate hierarchy among the elements
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4.2 Quark mixings

We can also obtain the mixing angles in this approximation and compare to the required ex-
perimental values (see appendix [B]). The mixing angles in the down sector, again dropping
flavour indices, are as follows:

a23€|s+k\f|k\ + a23a226\s+r+k\+|s+k\72\k|ez£L

th = elB2 =BT gan el HRI=IFl | goaqopelstrthlHlsthl =21kl gitr

a13€\s’+k| + a32a12€|r+k|+\s’+r+k\f|k\67i2(ﬁ§fﬁf)

ty =
(gw n a§252\r+k\flk\e%(ﬁfzfﬁrf‘)) (iBF

| +k| |s+k|+[s+r+k|—|k| ,2i(5F —B)
t% _ 431 + ag3an€ e~* P2 —h \/1+‘a§2‘82|r+k|—2|k\
(el41 + aBy2ir i IH 20 =50 ) il

<a12€\s’+r+k\ _ a32a13€\r+k\+|s’+k\—|k\) o—i(B5+5%)

L

t =

12 (agoels*m+Hkl — agzaggelstrl+ir+ki—Ik])
(amelo7+H — angagyclethI+ oH =) i34 55

tR —

12 —

(agaelst7+El — agzaggelsHhl+Ir+kI=Ikl)
Er=(BF — BL) =288 — B ¢rn=— (B - B —2(8F - B),. (4.4)

Analogous results also apply to the up quark sector, with the replacements rq — s, 7/, — ¢/,
kg — 0. Note that in the case of positive s,s’,r,7" and k, the angles t1L2 and tég, of the
left sector do not depend on 74,7}, so they are equal, at first approximation, for the up
and down sectors. Having the tangent of the angles expressed in terms of the Yukawa
elements we can see directly their contributions to the CKM elements (Voxm = LvLA in
the notation of appendix [A])

Vsl _ Istysh = s~ 000 2 )
Vo 53| | |
Vial _ |sfys% — sthe’®)]
|Vis| B
[Vis| = |58 — s%9e™®1| = X = 0.224
Im{J} = s5(s%ss% sin(®1) — s (sdy sin(®y)) — st sin(Py — 1)), (4.5)

@i si;|. The phases ®1, ¢ and Px,; depending on the contributions
that the mixing angles receive from the different elements of the Yukawa matrix and have
a different expression in terms of the phases of the Yukaw matrix for different cases. For
example when the elements (1,2) and (1,3) are of the same order and the right handed
mixing angle in the (2, 3) sector is large, the ®3 phase will be
Y + Yf?zt%}

Yk + Yitlh

; Q _ |4
with s;5 = [sf; —e

By = Arg [ (4.6)

As we can see from the expressions in eq. (f.5) involving @1, this can be associated to the
U sector. When all the signalization angles in this sector are small, then this phase takes

- 14 —



U(1) relations Constraint | Reason|| U(1) relations Constraint | Reason
g‘s‘i’kd‘*'kd' ~ )\2 SZQS €|3Q3+d3| ~ (17)\3) my
6‘5’+kd|_‘kd‘ 2 )\3 S% €|8+7’d+kd|—‘kd‘ ~ ()\2, A3) m_i
8‘3’+Td+kd‘*|s+7‘d+kd| ~ )\ 3?2 €|s'+7‘&+kd|*‘kd‘ ~ ()\47 )\5) %
€|2s+kd|f\kd\ ~ 2\ me
/ me
l2s"+kal =kl > )\6 My
2 e

Table 2: Constraints on the parameters s, s’, rq, r; and kg from quark mixing angles and mass
ratios. For the mixing angles we need to satisfy the conditions for up or down sector, where the
analogous conditions for the up sector are obtained by making the replacements rq — s, 1/, — ',
kq — 0. They do not need to be satisfied for both as long as for the sector in which they are not
satisfied they do not give a bigger contribution than the indicated power.

the form
q)l = (bqlLQ - ¢527 (47)

where ¢12 and ¢oo are the phases of the Y% and Y59 elements. Finally the phases ®;;,
Q

which appear in s; S can be associated either with the U or with the D sector.

With the requirements of table ] and the values of quark masses in appendix [B, we
can identify the viable solutions in the quark sector. One solution which has been widely
explored is the up-down symmetric case for which we have x = y thus, f, = ¢ =u; = ¢; =
d; = l;. In this case hy, = —2e3 = —hg so k, = 0, kg = k; = 4es, but in this case we need
two expansion parameters g, and €4 to reproduce appropriate mass ratios and mixings,
thus we have

|25"+ky]| €|s+s’+kf| g\fsurkf\
v/ — €\s+s/+/€f\ 8\28+kf| €|5+kf| ) (4.8)

g\Jf/ﬂka\ g\Jfﬂka\ i

We can think of fixing s + s/, and then check for which choice of s we have appropriate
phenomenological solutions. For example if we take s + s’ = +3 and e3 = 0 (ky = 0, Vf)

we have
6|}§5*2le 6\Jgil 6|3*f2|
yh=| el RRL R (4.9)

[3—f2  _|f2]
€y €; 1

The viable phenomenological fit for the case of quarks is for fo = —1 and fy =4 or fo =1
and f; = —4 [[[7. In this case we have then x = y = +3 respectively.

5. Neutrino masses and mixings in SRHND

In this section we apply the requirements of getting acceptable neutrino masses and mixings
by using a class seesaw model where lo = 3. These are a subset of a class of seesaw models
called single right-handed neutrino dominance (SRHND) or sequential dominance [§]. This
additional constraint [ = I3 will henceforth be applied in obtaining phenomenological
solutions in the lepton sector.
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Apart from the obvious benefit of considering the neutrino sector, it will turn out that
the neutrino sector will constrain the absolute values of the charges under the U(1) family
symmetry, (not the charge differences,) due to the Majorana nature of neutrinos. This is
due to the relations between the charges imposed by the relevant GUT constraints, or the
extended GUT constraints, eq. (R.3§) for the extended SU(5) solution of section and
eq. (B.4Q) for the extended Pati-Salam solution of section P.4.9. For example the additional
constraint lo = [3 implies immediately

rq=Sey =1lo—13=0, (5.1)

in the SU(5) type cases from eq. (B.4).

Here we would like to study the cases for which large mixing angles in the atmospheric
sector and the neutrino sector can be explained naturally in terms of the parameters of
the U(1) class of symmetries that we have constructed in the previous sections, under the
framework of the type I see-saw mechanism together with the scenario of the single right
handed neutrino dominance (SRHND). We refer the reader for a review of this scenario
to [§. Here we make a brief summary of the results and apply them to the present
cases. In the type I see-saw the mass matrix of the low energy neutrinos is given by
mry ~ viY”MElY”T, where Y is the Dirac matrix for neutrinos and Mpg is the Majorana
matrix for right-handed neutrinos. If we have three right handed neutrinos, My, My and

M3, then for the right handed neutrino mass, in terms of U(1) charges we have:

[ lltnitha| cllitnotha| ([litnzthol
YV = | eletnithal cllatnethul c|la+ns+hal (5.2)
€‘l3+n1+hu‘ €‘l3+n2+hu‘ €‘l3+n3+hu|

[ cl2natol  nitneto| nitnstol

MRR: €|m+n2+o\ 8\2n2+0| €|n2+”3+0\ <E>7 (5.3)
clnitns+o| clnetnz+o|  |2nz+o

where the charges n; are the U(1) charges of the right handed neutrinos, vg; and o is the
U(1) charge of the field ¥ giving Majorana masses to the right handed neutrinos. These
charges are not constrained by the anomaly cancellation conditions eq. (2.9)-eq. (R:12) of
section [, at least in the SU(5) case, which gives some freedom in order to find appropriate
solutions giving two large mixing angles and one small mixing angle for neutrinos. We
expect ¥ to be of order the scale at which the U(1) symmetry is broken, for example at
Mp = Mpjanck, or some other fundamental scale, such as the Grand Unification scale, M,
for the solutions with an underlying GUT theory.

Here we restrict ourselves to the cases in which eq. (5.3) can be considered as diagonal,
Mp ~ diag{M;, Mg, M3}, for which we need in the (2,3) block

|ns + ng + o > min{|2n3 + o, |2n2 + o},
2|ng + no + o| > |2n3 + o| + |2ny + o] . (5.4)

The conditions in the (1,2) block are analogous to the (2,3) and also we need

|n1 + ng + o] > max{|2n2 + 0|, |2n3 + o} . (5.5)
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Now, there are two cases that we can consider here, which correspond to selecting which
of the neutrinos will dominate, M; or Ms. For the later case the SRHND conditions are

|YVY | |YVY | ‘YE’)17 21 7Y217YE’>1’
| M3| | M| | M| !

i,j=1,2,3. (5.6)

For the case in which M; dominates we just have to interchange the indices 1 and 3 in the
neutrino Yukawa terms.

For the case in which M3 dominates, at first order approximation, we have the following
expressions for the neutrino mixings [f],

v
Yos

tys = 30 (5.7)
Y33
v, — Y M3 Y12(323Y22 + ca3Y35) (5.8)
v Vi (Vi5 + Y35) — Y13(Y3I§}%l/2 - YQVQYQ%) ~ Y 5.9
12 = [ AVe Ve v2 V2 w2 Yv — Yl/' ()
(Y3sYay — Y Yo )\ Y35 + Yo + Y5 €23%92 — 523132
In terms of the abelian charges the Yukawa elements are
YZ‘]’ — gllitnjtha] — 5|l§+nj|’ lg =li+hy,=1; — 2e3, (5_10)

where we have defined primed lepton doublet charges which absorb the Higgs charge,
as shown. We can work here in terms of the primed charges, once they are fixed we
can determine the original abelian charges (unprimed). The approximation in eq. (f.9)
corresponds to the case in which we have enough suppression of the second term in the
expression for tv15. In eq. (b.§) the second term can be neglected sometimes, depending
on the ratio M3/Ms. The heaviest low energy neutrino masses are given by

u2€2\l’2+n3\v2 a52€2\l’2+n2\v2

== A1
M3 ) ml/Q ]\4—2 ) (5 )

m,,g -

. / /
where we have written a42e2l2t73l = V22 1 V32 and ay2e?2tm2l = (co3Y — 593Y45)2. Thus
the ratio of the differences of the solar to atmospheric neutrino can be written as

2
My, M3 C23 (Y35 — Y3otuns)

~ gP27P3 5.12
My M, cly  Yi¥ + Y37 ( )
where
pr = 215 +ni| — |2ns + o, for k=2, 3. (5.13)
Note that py is then defined such that
2
v

my, ~ ——€e'*. (5.14)

)
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6. SU(5) solutions satisfying the GST relation

In this section we shall continue to focus on the case of SU(5), where the quark Yukawa
matrices take the form of eq. ({.1]), where, motivated by large atmospheric neutrino mixing,
we shall assume 74 = 0 from eq. (b.1) The purpose of this section is to show how the GST

relation can emerge from SU(5), by imposing additional constraints on the parameters.®

6.1 The quark sector

We have already seen that the GST relation can be achieved in the u sector, mainly by
allowing the parameters s and s’ to have different signs. In the down sector to satisfy GST
we additionally require:

kg + 1y +s| = |ka+ 5|
|ka + 75+ 8’| = |ka| > |ka + 70+ 8|+ |ka + 8’| — |kq + s
Iry + kq| > |kal- (6.1)

The first of these equations ensures the equality of the order of the elements (1,2) and
(2,1) of the Y'? matrix. The second equation ensures that the element (1,1) is suppressed
enough with respect to the contribution from the signalization of the (1,2) block. This last
condition is usually satisfied whenever |kq + 71/, + s'| > |kq + 1/, + s| is satisfied. Finally the
third condition ensures a small right-handed mixing for d-quarks and a small left-handed

mixing for charged leptons. Now in order to satisfy the relations
mq
s = [—L a2, shy = [— ~ X\, 6.2
12 e 12 e (6.2)

we need a structure of matrices, in terms of just one expansion parameter € = O(\), such

as
... e L.e2 b
Y¢=|eb &t 2|, yi=| &b etet], (6.3)
| g2 g2
for which we have
U Y 2 d 2 3
812N€7 812N€7 323N€, 813N€7
me ms my
—C ~ et — e, — e, (6.4)
my my my

in agreement with observed values for quark masses and mixings for ¢ = .

Now we can proceed as in the example of eq. (@) where s’ + s is fixed to be £3.

In this case we see that we can have plausible solutions in the up sector by allowing half
integer solutions

|s" + 5| = 13 6 Ly

27 ’ 2

We will refer to these solutions as Solution 1, 2 and 3 respectively. Note that only the

(6.5)

charge differences are constrained here, the actual charges are not.

®Note that results in section E and in section ﬂapply to both SU(5) type and extended SU(5) models,
as discussed above.
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Here we remark that the power of the expansion parameter e, in units of the flavon
field A, accompanying the Yukawa terms has to be positive and integer. In what follows
we find that we can only have solutions with fractionary charges for the combinations of
charges |f1 + q1 + hy| of fields in the Yukawa terms such that we must allow for 6 to have
a fractionary charge gg and hence the net charge |gg||f1 + q1 + hy| is an integer.

Solution 1, [s+s'| =13/2,

£35/2 13/2 _35/4 £69/4 25/4 _25/4
yu — | g13/2 9/2 9/4 yd — | 225/4 ;19/4 19/4 (6.6)
£35/4 9/4 c17/2 5/2 5/2
for
9 35 5
rg=1h—l3=11, ST S/:Za ka=—5, or
9 35 5
L=l —l3=—11 == = —— kqi= <. :
Tq 1 3 ) S 4’ S 4 d 2 (6 7)
Solution 2, |s'+ s| =6,
£16 6 .8 £31/2 S11/2 [11/2
YU = | 6 42|, yd = | l1/2 972 92 | (6.8)
822 c15/2 5/2 5/2
for
;o _ _ r_ 5
rg =101 — 13 =10, §= -2, s =8, kd——g, or
5
Té=ll—l3:—10, 822, 8/2—8, kd—§- (6.9)
Solution 3, |s+ s'|=11/2,
£29/2 S11/2 29/4 £31/2 221/4 21/4
YU = | ll/2 (/2 JT/4 | yd — | g21/4 S15/4 _15/4 , (6.10)
£29/4 /4 q £33/4 2 2
for
41 7 29
T&:ll—lgzz, 82—17 S/_Z, kd__27 or
41 7 29
Tél:ll_lfi:_Z’ S:Z, S/:—Z, ]’Cd:2 (611)

All the previous solutions eqgs. (B.7)—eqs. (6.11]) lead to small tan 3 (O(1)), due to the choice
of kq. To find solutions such that tan 8 is O(10) is more difficult, due to the requirements
in the up sector, but we have found the following solution

19 15 3
T&:ll—l:;:?, 82—2, 8/27, kd:_§7 or

—19 15 3
T&:ll—l?,:T, 822, S/:_77 ]{?d:§ (612)
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6.2 The neutrino sector

Now we construct solutions for the lepton sector constrained by the requirements from the
quark sector in the previous subsection, where we assumed r4y = Iy —Il3 = 0, and determined
the charge differences 7/, = [; — I3 that agree with the GST relation. Indeed it is convenient
to label the solutions in the previous subsection by the value of 7“& = 11 — ly. Here we
find the charges n;,[l;, and o which satisfy the conditions arising from the neutrino sector,
eqs. (F-7)-(F-9).% In order to satisfy eq. (5-1), the most natural solution to achieve 7, large
is to have

1] + na| = |l5 + nal . (6.13)

The simplest solution is to assume that ny = 0. Since I} and I} are related through
!, =11 — I3 = I} — I} the solutions to this equation are:

), =0 (6.14)
/ T '

Since none of the solutions found in the previous subsection had r/, = 0, we have to work
with the second solution in eq. (p.15). However, we do not need to solve eq. (5.9) exactly,
so we are going to perturb away from it, by keeping ns # 0, but we expect it to be small

in comparison with I{ = —I,. Then we write:
P12 = |l/1 + ng| — |lé + nal. (6.16)

So t/y is O(eP12). The solution eq. (6.13) implies that I} and I}, should have opposite sign,
so we choose the case Ij > 0 (the other case is similar). Since 7/, is large for all three
GST solutions, and ny should be small in order to satisfy eq. (6.16), we can see that
|l + na| = —(I5 + n2), and |l] + na| = I} + ng for all the solutions from the previous
subsection. Putting these relations into eq. (6.16) we get:

So when we choose p12, ng is determined. Now for the ¢35 mixing, which should be at most
O()), from eq. (p.§) we need

‘lll—i-ng’ > \l'2+n3]:>n3>0, (6.18)

hence let us define py3 by:
pi3 = Iy +ng| — (15 +n3|, (6.19)

We assume that the first term in eq. (5.§) dominates. Then /5 ~ £P13/1/2.7 By applying
the same logic that led to eq. (.17), we achieve:

ng = % . (6.20)

5The condition lo = I3 is a requirement of the class of see-saw models that we are looking for, single
right-handed neutrino dominance (SRHND). Note that here we can also have l5 = —I3 which then forces
nz = 0 for 1, # 0, in which case the solutions will be even more restricted.

“We have checked that this is indeed true for the solutions that we find for n2,ns later in this section.
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So fixing p13 > 1 we fix n3. Now we need to impose the conditions under which we can have
an appropriate value of eq. (5.19). First note that in order to achieve m,, = O(1072)eV:
2
for(¥) = Mp, o) ~6x107%eV we need e’ ~ 10*

2
for(¥) = M¢, I5) ~6x107%eV  we need e’ ~ 10, (6.21)
where p3 has been defined in eq. (F.13). In terms of powers of A\, we have A™% — \~7 =
0(10%) — O(10%) for (X) = Mp and A~!,A72 = O(10) for (X) = M. This corresponds to

the following requirements:

<

—~

<

for(¥) = Mp, p3 = (—4,-7) (6.22)
for(¥) = M¢, ps=(—1,-2). (6.23)

We can conclude that for zero ng, from eq. (p.4), since n3 > 0, so must o be positive. Then

we can write the power py — p3 (my, /my, ~ eP27P3) as follows:
P2 —p3 = —2([& + nz) — (277,2 + 0') + (2n3 + O’) F 2([& + ng) . (6.24)

The uncertainty in the final sign comes from whether |I5| > |ngs|. If this is the case then
we get:

p3 —p2 = 4(nz — ng). (6.25)
Otherwise we end up with

p2 —p3 = —4(ly +n2) . (6.26)

The second form is of no use to us, since we know that —I is big for the models we are
considering, and since ng is small we can not get an acceptable mass ratio for m,, to my,.
For the first form, eq. (6.2§), we need ny # 0, because substituting eq. (.20) into eq. (6.25)
we have py — ps = 2p13 — 4no and we need p13 > 1 so for ny = 0 we have py — p3g > 2.

With the above requirements then we can see that the parameters ng and no do not
depend on 7/,. The only parameter which depends on this is o, through eq. (6.24), using
the fact that I, = —r/,/2. This also fixes the scale at which the U(1) should be broken. So,
independently of 7/, we have the following solutions

1 _, 3] 1
P12—47 pbis=1, P2 p3—2 712—87 n3—27
1 1 1

P12 = 3 piz=1, pz—p3=1:>n2=17 ng=g- (6.27)

We can write the approximate expressions of mixings and masses in terms of the above

results and the coefficients ay; of O(1),

v v 2n v 2n
. — Qo3 o= a135| 3| o= ‘1125' 2|
2= " 3= —F/—5——=, ll2= v P
a33 Vaks® + aby? (ca3azy — sa3az,)
v 2 v v 2 2
My 55" (agy — agylas) |4(n3—ngz)| v v 2 v2\ _|p3]
= 57,5 o ¢ s My = = (ags” + abz)eP3l. (6.28)

(X)

My €12 (0532 + 0532)
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Sol. | 7, | ng  ng3 P3 o Ms [GeV]

1 11 % % (—4,—7) (14,16) 0(1018),0(102)

2 (|1 T s ooy ono

2 10 P (—47—7) (13’14) 0(1011)70(109)
1 2 ) ) )

3 4741 % % (_47_7) (%7 %) 0(1010)70(108)

3 | %13 3 |(4-7) (B 0(10),0010%

Table 3: ¥ at Mp for the solutions satisfying the GST relation.

Sol. | 7, | ng  mg3 P3 o Ms [GeV]
1 1 8
L [nl] 10 fow oo
2 10 Lo (—17—2) (10’11) 0(10%),0(10'9)
2 10 Lo (—17—2) (10’ 11) 0(109)’ 0(10%)
4 2 ) ) )
3 44_1 % % (_17_2) (3?7744_1) 0(109)70(108)
3 |4l i 5 1(1-2 (L4 0(0%),0010%

Table 4: ¥ at Mg for the solutions satisfying the GST relation.

As we have seen above, the charges o are constrained by the differences 7/, the requirements
of eq. (p-24) and the solutions to eq. (f-27), which have the same value for ng, so for these
two sets of solutions we have the same value for . We write down these solutions for
(¥) = Mp in table fj and for (X) = Mg in table [.

The solutions presented here satisfy the conditions of the single neutrino right-handed
dominance, eq. (5.4), which relate second and third families. For the first and second
family we need similar conditions, which are safely satisfied whenever 2n; > 2ns > —o for
(2n; + o) positive. Thus ny is not completely determined but we can choose it to be a
negative number between —o /2 and 0.

Now that we have determined the conditions that the charges I/ and n; need to satisfy
in order to produce SRHND solutions we can determine the e; and I; charges, which are
in agreement with the cancellation of anomalies, eqs. (B.5)—(R.§), and that determines the
matrices Y€, Y% and Y¢. In section ] we presented the conditions that the fermion mass
matrices Y%, Y% V¢ and Y” need to satisfy in order to give acceptable predictions for mass
ratios and mixings but without specifying the charges. The charges are then determined
from 7/, and kq. We start by rewriting k4 using the SU(5) charge relations, and the fact
that I = 1; + hy:

ki=qs+ds+hg=-e3+13—hy,=e3+ (I5—hy) — hy. (6.29)

Then we use the fact that k, = 0 = 2e3 + h,, and we can solve for esg in terms of k; and
7!, (using eq. (B.I9):
_ 2k, + Tél

5 (6.30)

€3
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Sol. 7“& kd no ns €1 €9 €3 ll l3 Fit
1 11| =2 [ 1 1 [ =33 3 6r =43 _
2 8 2 20 20 5 10 10
1 111 =3 |1 1 |187 =33 3 61 43| _
25 111 % 20 20 5 %(5] 105
2 |y x)g 2|8 -2 0 & 51
3 |4 | _ 9|1 1|6 9 25 5l 31| _
4 8 2 8 8 8 8 8
3 a0 | o L 1 |6 9 25 51 31| _
4 4 2 8 8 8 8 8

Table 5: Charged lepton charges for the SU(5) type solutions with « = v = 0 satisfying the GST
relation. The fits are discussed in section [

Once we have ez, and 4, we can get I3 since h, = —2e3. From there, we can calculate the
other charges from s, s’,r, 7’ using eq. (B.3) and eq. (B-4).

The charges calculated in this way are laid out in table [

6.3 Solutions for the extended SU(5) case with u+v # 0

For this class of solutions, it is clear from eq. (P-35) and eq. (B.2) that the quark sector
results will be unchanged. This happens since s,s’, 7,7’ are blind to whether the family
charges are related by the SU(5) relation, or the extended SU(5) relation. k, must always be
zero, and the parameterization happens to leave k; unchanged. Since k. is not unchanged,
as discussed in section R.4.1, we need to find k. in order to know the structure of the
electron Yukawa matrix.

It is helpful to rewrite k. and kg, from the form in eq. (R.40) by using eqs. (2.12), (.34)
and k, = 0:

4
kq :l3+363+u—|—§m,

ke = I3+ 3e3 +u+m, (6.31)

where we have written u + v = m, as we will discuss in section m can be determined
such a that the effects of the breaking of U(1) in the p term are of order < mgy/,. But
on the other hand we need to keep the observed relation at low energies my, = O(m.), so
either m has to remain small or be negative to achieve |kg| = O(|k.|). In the present case
the V¢ matrix has exactly the same form as in egs. (2.3§) and Y® has the form

els'+rythke| glstrytke| clrytkel
ye — 6\S/-|—7"d-i-/€e| €\S+7"d+ke| 5\7"d+ke| . (6.32)
6‘5/"’]96‘ 6‘5+k€‘ 5|k€‘

With s = I3, which determines the solutions of the charges e; and l; compatible with
the condition rqy = Iy — I3 = 0, the discussion follows exactly as section [.9 because there
we have not referred to other parameters than to kg4, 7, 7/, s and s’ without specifying their

relations with the charges cancelling the anomalies.
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Sol. | 7! | kq U v | ke| e1 e e3 Ui I3 n9 ng | Fit
=5 13 8 709 49 46 77 —88 1 1

1 U5 |-35 7|3|% & 1 1 1 8 2|-°

1 |11l =8| =3 7|8 | 49 46 T 88 1 1 | _
25 2 27 g 46007 16007 11657 411? 11%3 411 %

S e B e 4 I O B s A

2 |0} 5| -8B 513135 3 3 1B 1 31 32| -

3 |4 | 9| =10 3|7 |33 3 7 63 517 1 1| 3
4 3 6 3 40 40 40 120 120 8 2

3 |4 | _o| Zlo 2|7 |83 3 73 653 517 1 L1 | _
4 3 6 3 40 40 40 120 120 4 2

Table 6: Charged lepton charges for the extended SU(5) solutions with m = u+ v = 1/2 satisfying
the GST relation. The fits are discussed in section fl.

In this case, the analysis that leads to eq. (6.3(]) must be repeated, but accounting for
the fact that instead of the SU(5) relation between the charges, we must instead use the
extended SU(5) relation between the charges. In this case, we find that:

4 10 4
kd:363+l3—i—u—|—§(u—|—v)—2hu:563—|—lg—|—§u—|—§v, (6.33)
where we have used that I} = [;—2e3 —u. I} is defined in such a way that l;+n;+h, = l;+n;.
Using again the fact that Ij =I5 = —2¢, we find that:
1 20 8
=_— 12 L u——=v). .34
es 1O<kd+rd U 3v> (6.34)

Using these results, and the values of s, s, 7y, ’I“}, we can find the charges in table [

7. SU(5) solutions not satisfying the GST relation

7.1 The quark sector

As we can see the GST relation puts a constraint on the opposite signs of s and s’ and
on the difference of 7/, = I; — l3. If we do not impose these requirements, allowing all the
numbers s, s’, r, v’ and k; to have the same sign, positive or negative, we can factorize the
kq factor out of the Y% matrix and so can write the down matrix in the form
els’+li—ls| Zls'| o|s'|
yd :€|kd\ glsthi=lsl cls| sl | (7.1)

elh=tsl 1 1
In this case we do not have the restriction |s 413 — I3| = |s'| so the parameter l; — I3 is not

fixed by these conditions. In these cases kq is not constrained so it can acquire a value in
the range ~ (0,3) for different values of tan 3. In these cases all positive or all negative
charges, the cases which reproduce quark masses and mixings are for
ls| =2, s'l=3 or |s|=2, |s'| = 4. (7.2)
For |s| =2, |s'| = 3 we have
8‘3+l17l3‘ 5|3‘ 8‘3|
Y =elkal | gl2+li-tsl 2| 2] | (7.3)
gh=tsl 1 1
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For |s| =2, |s'| = 4 we have

g‘4+l1_l3‘ 6'4‘ g‘4|
yd — glkal | gl240-1s] gl2| gI2] | | (7.4)
gh=tsl 1 1

From eq. (7-J) and eq. (7-4) we can check if certain differences of leptonic charges can
yield a suitable quark phenomenology. From eq. (.J) we can see that in the cases of
having all charges [; and e; either positive or negative, then all the terms contributing to
the first eigenvalue of Y, 3, will have the same power, as we mentioned earlier. So the
difference r/, here is constrained to reproduce an appropriate ratio mg/ms. Let us take
here for definitiveness the case for positive charges (the negative charges case is completely
analogous). Thus for s = 2, s = 3, we have

!
mg €3+rd

—_—~

My €

~ (A2, \3/2) (7.5)

so in this case we have r/, = 1, 3/2. For the case s = 2, s’ = 4, we have

/
mg €4+rd

—_—~

ms

~ (A2, \3/2) (7.6)

we do not want 7/, = 0 as it will give somewhat large contribution from the (3,1) element
of the Y¢ matrix to the eigenvalues. So for this case !, ~ 1/2. In this case we have the
following matrices for eq. (7.J)

B3 9/2 4 A
Yi=|e e | ehe, Yi=| /2 ¢ 2 | cka, (7.7)
11 211

respectively for 1, =1, 3/2. For eq. (7.4) we have

9/2 4 A
Yi=| /2 2 2 | éba, (7.8)
211

for !, = 1/2. These solutions work for k4 € (0, 3), depending on the value of tan 3, these
matrices yield acceptable phenomenology in both charged the lepton sector and d quark
sector.

7.2 The neutrino sector

As we have seen in section [.I], in these cases 7/, is constrained to be 7/, € (1,3/2) for
(s,8') = (2,3) and rl; = 1/2 for (s,s’) = (2,4) but let us leave it unspecified for the
moment. We consider here the case of all the parameters related to [; and e; positive. In
this case we require that all the neutrino charges, n; to be negative but ¢ positive. We
proceed as in section [.1], in order to identify the charges I}, n; and 0. In principle we need
gllitnzl — gllatn2l hut now we require 1,15 > 0 so now the appropriate solution to this
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would be ,
L=r, =0, nQ:_;d. (7.9)

However in this case, as in the case of section [p.1], we will only be able to produce m,,, / My ~

2. So we work with a solution of the form eq. (f.16). For this case we then have

P12 — 7"&
==
Note that in this case the charges [; are positive because lo = kg — 3eg and here e3 = kg.
For t13 we also make use of the parameterization of eq. (6.19). Assuming that |r/,| > |ns|,

/

=7y, lb=0, mn (7.10)

_ P13 — 7"&
==
In order to achieve an appropriate ratio for m,,/m,, we need now the conditions 2ns+o >
0, 2ny +0 >0, I, +ny < 0, I, + ng < 0, for one of the last two inequalities the equality
can be satisfied, but not for both. For this case, we have also py — p3 = 4(ng — ng) and
using eq. ([.I0) and eq. ([(.1I)) we have ps — p3 = 2(p13 — p12). We can also choose the
parameters py2, p13 and ps — p3 as in eq. (B.27) but now n3 and ny are given by eq. (7.10)
and eq. (F.11)). Thus we have

n3 (7.11)

1 3
p12= 7, piz=1, P2=Dp3 =3
1 7 17
1
P12 =5 pi3 =1, p2—p3 =1
1 7 1 7
— =5 <0, n3:§—5<02>r&21. (7.13)

In section f| we determined the approximate values for r/;. For (s,s’) = (2,3) we can have
!, =1,3/2 while for (s,s") = (2,4) we have r/, ~ 1/2, which however is not in agreement
with the conditions of eq. ([.19) and eq. (f.13). The approximate expressions of mixings
and masses in terms of the above results and the coefficients ay; of O(1) are as in eq. (6.29),
except for 75 and ¢, which now read

v aT36\T&+n3\—|n3| W a526(|7’:1+"2‘_|"2|) (7.14)
P Ve agt P (casaly — sasaly) '
We have listed the possible solutions of table [f for eq. (F.19) at (¥) = Mp and in table
for (¥) = Mg.

7.3 Solutions for the extended SU(5) case with u+v # 0

We do not present any charges for this class of solutions, but here is how the charges would
be calculated. In this case, the analysis is carried out in the same way as in section [p.3.
The only subtlety is that the relation linking l5 to 7/, is different. Instead, we have, from

eq. ([-10) that Iy, =1} = 0. Putting this result into eq. ((.33), we achieve:

1 4 8
=—2 —u—=v . 1
€= 15 < kq + Y 3v> (7.15)
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o ng | ng P3 o M;[GeV]
1 210 (-3,-3) (2.5 0(10%)
322 (LY 54 oao)
I (-6,-7) (6,7)  O(10"), O(10')
5 S F 6. (BLEH o(10M), 0(10")

Table 7: ¥ at Mp for the solutions not satisfying the GST relation.

T, ng | n3 P3 o M3 [GeV]
1210 (0-3) (03) O(10%)
PR CheD o oo,
1 Flo 1 (-1,-2) 0(10'%)
s 213 (12 (LA o@10),0(107)

Table 8: ¥ at Mg for the solutions not satisfying the GST relation.

- :
T’dk‘delezeglllgFlt
17 12 2 9 4
AN A
2125 5 300 50
Ly3 ¥ % 5 10 1| -
3|3 18 13 3 6 =3[ _

2 5 5 5 5 10

Table 9: Charged lepton U(1

)x charges for the solutions u = v = 0 not satisfying the GST relation.

The fits are discussed in section E

From ez and %, the

other charges may be calculated using the known values of

(]

s,8',rq,m, uand v, by using the extended SU(5) charge relations, eq. (£.34) and the sim-

plified parametrization, eq. (B.9).

8. The non-SU(5) cases

8.1 Solutions for ©u = v = 0, in the Pati-Salam case

With Iy = I3, in this case we have s = gg — g3 = [o — I3 = 0 then the charges of the matrices

are

C(ywr) =

C(y*h) =

i —lz3+er—e3ly —l3+e—e3zly =13
€1 — €3 €y — €3 0
€1 — €3 €9 — €3 0

_l1—|—l3+61—|—€3 l1+l3—|—€2+63 l1—|—l3—|-263
2l3 + e1 + e3 2l3 + e + e3 213 + 2e3 (81)
2l3 + e + e3 2l3 4+ eo + e3 203 + 2e3

In this case the U(1)x symmetry does not give an appropriate description of fermion

masses and mixings, however it can be combined with non-renormalizable operators of the

Pati-Salam group, [B{], in order to give a good description of the fermion phenomenology.
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8.2 Solutions for u+v =0

One trivial example of non- SU(5) cases was given in section for the solution u+v = 0.
We proceed as in the section | — in order to analyze the appropriate phenomenology. We
are interested in the cases lo = I3, this together with the condition of O(1) top Yukawa
coupling give us the following matrices of charges, which are derived with the appropriate

substitutions in eq. (R.31))-eq. (2.39),

l1+er M—i—el—egeg—eg
c(y?) = %4-62—63 €2 — €3 e2—es |
l3—l
L 331 0 0
[ li +ep M—Feg—el M—i—eg—el
CYy") = %4-63—63 €3 — e €3 — e )
I3—1
i —331 0 0
-l1+€1 l1+e I +es
C(Ye) = €y — €3 €9 — €3 0
€y — €3 €2 — €3 0

(8.2)

Due to the form of the charges in the up and down quark matrices, first at all we would
need two expansion parameters: e¢* and €. But with this structure alone it is not possible
to account simultaneously for appropriate mass ratios of the second to third family of
quarks and for an appropriate V; mixing. So in this case just with a U(1) it is not possible
to explain fermion masses and mixings in the context of the single neutrino right-handed
dominance, SNRHD.

9. Numerical fits of masses and mixings

9.1 Fitted examples

In this section we present numerical fits to some of the examples detailed in sections [
and we compare the results with a fit of a generic SU(3)-like case [f. The simplest way
to construct the lepton Yukawa matrices from the charges is to first calculate h, 4. We
extract hg from ke, I3 and eg from k. = I3 4+ e3 + hg. In general, we can use Eq. () to
obtain:

hu + hg =m = 3(kq — ke) (9.1)

This is then enough to construct the lepton Yukawas from the appropriate line of the
table [ or  of the lepton and Yukawa family charges. Below we specify the examples that
we have chosen to fit.

Fit 1: SU(5) type solution (u = v = 0): example satisfying the GST relation.
This takes GST solution 2, (eq. (6.§)) in the SU(5) type case, with u = v = 0. The charges
l;, e;, and ng 3 are read off from the fourth line of Table B. In principle, the value of &
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would be read off from either Table [| (for neutrino masses generated at the GUT scale )
or table f§ (for neutrino masses geneated at the Planck scale). However, these tables allow
for a range of o; for this fit, we take o = 21/2 for GUT scale neturino mass generation,
and o = 29/2 for Planck scale neutrino mass generation.

Then, up to o and n1 : —0/2 < ny <0, the Yukawa and Majorana matrices are:

a6 aled alyed L2 qd (1172 gd E11/2
Y= | a%ed ayet alye? |, yd — 11/2 ad, e/ adye 9/2
afe® ae® aly ‘131615/2 g255/2 a§3e5/2
a1 31/2 4 e 11/2 e 15/2 a11116|n1+5/2\ a1112611/4 a’1’3612/4
Ve = | a5 ell/? a22€9/z aSs 65/2 7 YV = | afydm=15/2 g5,¢29/4 a53628/4
a§1611/2 a§269/2 a$ 65/2 a§16|"1_15/2| a§2529/4 a§3628/4

_6|2n1+a\ el/4+nitol| |1/2+n140]

Mpgr = . abhel/Frel (l3/4tel (). (9.2)
elt+ol

Fit 2: Extended SU(5) solution (u + v # 0) satisfying the GST relation. This
takes GST solution 2, (eq. (f.§)), in the extended SU(5) case with u + v # 0. The charges
l;, e; and ng 3 are read off from the third line of table E The values of o taken are o = 19/2,
o = 29/2 for GUT scale and Planck scale neutrino mass generation respectively. Again,
ny is taken to lie in the region —o/2 < n; < 0.8

a11L1616 au266 a 368 31/2 a 611/2 11/2
u _ u 6 4 2 d _ 11/2 9/2 9/2
Y = | agi€” ajye” ajse” |, Yo = a2 ett/ 22 / 23 /
w8 u 2 _u 15/2 ,d 5/2 ,d 5/2
| 4316 a32€" ag33 a3 e's/ a3a€ / a33€ /

-
—

- 41
af €26/3 e e16/3 4 e €22/3 CLV elni+5| allj268 a11/3

ye — a2 616/3 14/3 CL2 68/3 , YV — CL e\nl 5 a2268 a23
16/3 14 3 a 8 3
/ 32 / a33€ /

[MRe] to\co N

| ag€ 31€m1 |a32€8 asse

[ c[2n1+o| J1/8+n1+a| [1/24n1+0]

Mgr = o ahell/Atel (B/8tel iy (9.3)
ell+ol

Fit 3: extended SU(5) solution (u + v # 0), satisfying the GST relation. This
takes GST solution 3, (eq. (6.11])), in the extended SU(5) case with u+v # 0. The charges
li, e; and ngy 3 are read off from the fifth line of table | The values of o taken are o = 39/4,
o = 55/4 for GUT and Planck scale neutrino mass generation respectively. n; lies in the

8The difference between Fit 1 and Fit 2 is that the charges (tables H and H respectively) are determined
in a different way and hence the value of the effective parameter expansion ¢ is different
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region —o /2 < nj; <0.

38/4 22/4 29/4 ac1l1662/4 acll2621/4 ad3621/4
yu — a21622/4 14/4 al 67/4 : yd — a§1621/4 a§2615/4 ad3el5/4
u (29/4 7/4 d 33/4 ,d .8/4 ,d 8/4
as € / 32/ ass ale/ a32€/ a3€/
21 45
‘11 46/3 as, 19/3 asy 97/12 \n1+ jlgl| alyed alyes
Y€ = | a$,e8/12 qf,et7/12 a23613/6 , YV = azle‘ T8 abye® afges
61/12 47/12 13/6 41 5
a3 61/ asy€e / a$se / agle‘”l 8 agg€” agzg€es

6|2nl—|—a\ ell/8+nit+o| ([1/24n1+0]

Mpggr = ) abyell/4tol  (l5/8+al ().
ell+ol

Fit 4: SU(5) (u = v = 0) solution not satisfying the GST relation.
a solution non satisfying the GST relation of the form of eq. (F.9) for Iy

(9.4)

Here we present
— I3 = 1, which

corresponds to the set of charges of the first line of table [JJ. We also fix here the expansion

parameter € = 0.19, using the FI term. The high energy Yukawa and Majorana matrices

are:
aly b alye® atyed ad et alyed adye
Y = agle‘:’ a§264 a12‘362 , yd = agle agQEQ ad €2 | elkdl
u 3 u 2 u d d d
| @31€° G32€" Q33 a31€ azy 433
a$yet aSy€® afqe o ay Mt gl €5/8
e __ e 3 e 2 _e kq v __ v _|n1—3/8| v .3/8
Y© = | a5,€’ aSye” aSs | €7, YY = | a} e‘ /81 abyed/
e 3 e 2 _e |n1\ v 3/8

i el2nitol| |=3/8+ni+o| |In1+o]
— N _|-3/4 —
Mpgrr = ) abhel=3/4Fal l=3/8+el | (31)

(ol

Fit 5: SU(5) (u = v = 0) solution not satisfying the GST relation.

ays€

14

Az | »
14

ass

(9.5)

Here we present

another solution non satisfying the GST relation of the form of eq. ([-3) for Iy — I3 = 3/2,
which corresponds to the set of charges of the second line of table . We also fix here the
expansion parameter £ = 0.185, using the FI term. The high energy Yukawa and Majorana

matrices are:

_aqfle6 aly€® alsed ad, 92 ad e adyed
Y = | a4 e® alyet alye? |, yi= a21e7/2 adye? adye? | elkdl
_agle?’ angQ azs 31 e*/? agQ ag?,
_0613169/2 ‘1?257/2 0613363/2 alf1€|m+1‘ alfQ€5/8 ayze
Ve = | aye® e agy |l YV = | ayemT38 ag,e8 an, |
L a§ €’ afe’  af afe™l afed/S ak

el2nitol| |=5/8+ni+o| |-1/4+n1+0]

Mpr = . aé\g6|—5/4+a\ el=7/8+0] <E> .
l—1/2+0
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9.2 Details of the fitting method

One of the purposes of these fits is to compare which solution fits the data best while
constraining the abritary coefficients to remain at O(1). We therefore choose a minimization
routine to find these O(1) coefficients and compare the numerical values for the different
solutions. In the quark sector we use eight experimental inputs in order to determine the

parameters (coefficients or phases):
My, Me mq ms

Vb Via
— V, Im{J — .
Vva7 Vvtsa us » m{ }7 mc7 mt’ m87 my

(9.7)

We explain in the appendix |B how this fit is performed, the important point is that we
can only fit eight parameters and the rest need to be fixed. The minimization algorithm
has been optimized to fit the solutions satisfying the GST relation because the number of
parameters is close to eight. We also fit examples of the non GST solutions but since there
are more free parameters in this cases (mainly phases) it is un-practical to make a fit by
fixing so many free parameters. So we present particular examples in these cases which do
not necessarily correspond to the best x?.

In the lepton sector we perform two fits, one for the coefficients of the charged lepton
mass matrix and the other for the coefficients of the neutrino mass matrix. We do not
perform a combined fit for the coefficients of Y and Y¢ because the uncertainties in these
sectors are quite different. While the uncertainties in the masses of the charged leptons is
very small, the uncertainties in lepton mixings and quantities related to neutrino masses are
still large, such that we cannot determine the parameters involved to a very good accuracy.

The quantities used for the fit of the coefficients of the charged lepton mass matrix are

Me my,

) ) 9.8
= (9.8)
such that we can just determine two parameters, af, and a$,, but for the cases presented
here this is enough. In order to do the fit for the coefficients of the neutrino mass matrix
we use the observables

Mol
tl23 ’ tl13 ) tl12 ) | = | ) mug ) (99)
|matm|

where we relate t123 to the atmospheric mixing, tl12 to the solar mixing and tll3 to the reactor
mixing. In this case we are going to be able to fit just five parameters. For this reason
and because the uncertainties in the above observables are significantly bigger than the
uncertainties in the quark sector, the fits of the coefficients of the neutrino mass matrix
have large errors and they may leave a room for other solutions once the experimental
uncertainties improve. Since we only have an upper bound for the reactor angle, tllg, we
fit the solutions in the neighborhood of this upper bound.

9.3 Results of the fits
9.3.1 Fit 1: SU(5) (u=v = 0) example satisfying the GST relation

This is a SU(5) type solution, and hence u = v = 0, which satisfies the GST relation. The
textures are as laid out in eq. (0.9).
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Quark sector. We can use the expressions eq. ([.2) and eq. (f.4) adapted to the solution
of eq. (B.9) in order to fit the Yukawa coefficients, along with the appropriate phases entering
into the expressions of mixings. The expansion parameter ¢ is determined with the Fayet-
Iliopoulos term and the appropriate charges cancelling the anomalies, for this case its value
is € = 0.183. The parameters that we fit are the real parameters

u u d d d d d
a12, Qg3, Q22, QA12, A13, QA23, A3y, cos(®2), (9.10)

which enter in the expressions of mixings and masses, eq. (.9)-eq. (JL§). Note that in these
expressions the coefficients alfj can be complex but for the fit we choose them real and write
down explicitly the phases. We are free to choose the parameters to fit. However we need
to check which are the most relevant parameters to test the symmetry. Thus we follow
this as a guideline to choose the parameters to fit and leave other parameters fixed. Due
to the form of eq. (6.9) the mixing angles in the (2,3) sector of both matrices contribute at
the same order in the Voxy matrix mixing, S2Q3 = |ady — ae'®X23]e2| s0 we have decided
to put a phase here. In the s}, diagonalization angle and the second eigenvalue of Y the

D3

combination ag,e'®? — a332 appears, so we have chosen as well to include a phase difference

there. The fixed parameters are then

a12L2 ) (bl ) q)?) ’ q)ng ; (911)

where ®; has the form of eq. (f.7) and the phases ®3 and ®x,, can be written as’

D3 = Py — 2083, Py, = (843 — B53) — (B3 — db3) - (9.12)

The results of the fit in the quark sector appear in the second column of table [[(. Given
these results we can think that the structure of Yukawa matrices has the following form

x  y10et®l ypg * . Y12€'%2 g3
Y = | y12e™®1 yooet®s yog |, yd = [ymel%} Y22 Y23 , (9.13)
Y13 yaz 1 * Y32 1

where y;; denote real elements and we have associated the phases ®; to particular ele-
ments of the matrices. Note that we need three phases to determine the amount of CP
violation experimentally required because in all the fits we found ®x,, = 0. If this phase
was not zero then it could have been associated to the Y5} element. The entries marked
with * cannot be determined because they are not restricted by masses and mixings, due
to the structure of the Yukawa matrices. The value of ygleiq’g is determined indirectly
because we need to satisfy the GST relation so tf, = t&, for both up and quark sec-
tors.

Lepton sector. We have fixed the coefficients of Y in the quark sector and now we can
use the results for the charged lepton matrix Y¢. The masses of the charged lepton are

In terms of the 3; phases appearing in the diagonalization matrices, eq. (EI), we have & = —g8% L,

by = — gLandq)Xzsz( gL* iiL)f(ﬂgL*BiLL)'
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Quark Fitted Parameters
GST sol. 2 GST sol. 2, u,v #0 | GST sol. 3, u,v # 0
Parameter | BFP Value BFP Value BFP Value
afy | 2.74 £0.61 1.04 +£0.19 2.74 +£0.71
ays | 1.68 £0.17 1.34 +£0.13 1.41 +£0.18
agQ 1.08 +0.18 1.05 +0.11 0.70 £0.23
ady | 0.93 +£0.15 0.55 +0.20 0.74 +£0.13
acll?, 0.29 £0.21 0.30 £0.14 0.74 £0.17
ads | 0.79 £0.10 0.70 +0.13 0.66 + 0.35
agQ 0.48 £0.17 1.28 +0.32 1.28 + 0.58
cos(®y) | 0.454 +0.041 || 0.456 4+ 0.041 0.547 +£0.424
Quark Fixed Parameters
e | 0.183 0.217 0.154
ad, | 1 1 1.4
cos(®P3) | 0.8 0.83 0.8
cos(Px,,) | 1 1 1
o) | w/2 /2 /2
%
X2 | 147 | 2.41 4.32

Table 10: Quark fitted parameters for the examples of section E) The second column corresponds
to the Solution 2 in the SU(5) (v = v = 0) case, the third column to the Solution 2 in the u # —v # 0
case. The fourth column presents the fit to the Solution 3 in the u # —v # 0 case.

obtained through the SU(5) relations, ensuring the correct value of charged lepton masses,
once the masses of the d-quarks are in agreement with experimental information. Thus in
this case we perform a fit just for coefficients of the neutrino mass matrix, Y", using the
ratio of neutrino mass differences (solar to atmospheric), the mass of the heaviest neutrino
and the lepton mixings, which have a contributions from both the charged leptons and
the neutrinos. Here the relevant parameter that we need from the quark sector is agQ
because the tangent of the angle diagonalizing Y¢ on the left is related to this parameter:
t55 = a$3 o< ady. Since this is an O(1) mixing we have to take it into account for the results
of the Upsng mixings, thus we have

e v ,—ipx e U
 |c3s5se 28 — 8§3¢54]

!
lag =

- 9.14
853553 + 053053€Z¢X23| , ( )

where we use the expression eq. (b.7) to determine sh; and ¢}, and the approximation
We denote
the Uprns angles by the superscript [ and by e and v the charged lepton and neutrino

tS3 = ady; ¢x,, is a phase relating e and v mixings in the (2,3) sector [Bg].

mixings respectively. The mixings tll3 and tY, are essentially given by the neutrino mixings,
egs. (B-29), so we fit these mixings according to eq. (5.8) and eq. (5.9) respectively. We
note from table [[] that in the lepton sector we need two phases, ¢x,, and ¢”. The phase
®x,; can be associated to the charged lepton sector and we can put it in the Y33 entry. The
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Neutrino Fitted Parameters

Parameter GST sol. 2 GST sol. 2, u,v#0 GST sol. 3, u,v #0
Mp Mg Mp Mg Mp Mg

BFP value | BFP value | BFP value | BFP value | BFP value | BFP value
ass | 0.75+£0.79 | 0.67 £0.61 | 0.21 £0.25| 0.85£0.27 | 0.30 £0.18 | 0.40 £ 0.15
ays | 1.41+£1.32 |1.36 £1.10 | 0.97 £0.47 | 1.25£0.63 | 1.02 £ 0.50 | 1.45 £ 0.70
afy 12.234£0.92 {2.10+£0.81 | 1.25£0.29 | 2.08 £0.69 | 1.35 £ 0.34 | 1.97 £ 0.45
aby | 1.84+£1.37 [1.96 £1.92 | 1.23£1.41|1.98£0.79 | 1.48£1.31 | 226 £1.6
a%, | 1.47+1.93 1098 +0.91 | 0.65+£0.70 | 1.563 £0.75 | 0.53 £ 0.78 | 0.56 £ 0.98
Neutrino Fixed Parameters

e| 0183 0.217 0.154
as; | ady, =0.48 -1.6 1.2
a%s 1 1 0.7 1
o | 29/2 21/2 29/2 19/2 55/4 39/4
c(fxa)|  0.29 0.29 1 0.5
)| -1 —0.5 0.86 1
na, n3) (1/4,1/2) (1/8,1/2)
2
X
2| o044 | 012 | 167 | 049 | 216 | 072

Table 11: Neutrino fitted parameters for the examples of Section ﬁ The second column corresponds
to the Solution 2 in the SU(5) (v = v = 0) case, the third column to the Solution 2 in the u+v # 0
case. The fourth column presents the fit to the Solution 3 in the u + v # 0 case. Here c(y) is the
cosine of the respective parameter.

second phase, ¢” can be assigned to Y3,. We fit the mass ratio and the heaviest neutrino
state using their expressions appearing in eqs. (f.2§). The results for this fit appear in the
second column of table [L1].

9.3.2 Fit 2 and Fit 3: Extended SU(5) solutions with u + v # 0 satisfying the
GST relation

These are both extended SU(5) solutions, with u + v # 0, satisfying the GST relation. Fit
2 corresponds to the textures laid out in eq. (P.3), and Fit 3 corresponds to the textures

laid out in eq. (9-4).

Quark sector. This section is completely analogous to the previous one, the only dif-
ference is in the value of €. We present here two examples. The first example corresponds
to the first solution of eq. (p.9), which we called Solution 2, and corresponds to & = 0.217
according to the charges of the third row of eq. (ff). The second example corresponds to the
first solution of eq. (p.11]), which has been called Solution 3 and corresponds to € = 0.154,
according to the charges of the fourth row of eq. (). The fitted and fixed parameters are
also those of the previous example, eq. (0.10) and eq. (9.11)) respectively. The results for
the quark fitting are presented in the third and fourth column of table [I(], respectively, so

we can compare directly with the previous case.
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Lepton sector. This case is different from the section P.1 because now we do not have the
SU(5) relations. Instead the parameter k. is different from ky, as explained in section i, and
hence Y€ # (YT, In this case we perform two fits, one for the coefficients of the charged
lepton mass matrix, Y¢ and another for the coefficients of the neutrino mass matrix, Y.

For the Solution 2, taking into account the value of the charges, the second row of
table ], and that m = u+ v = 1/2 we have k. = —8/3. We note in this case that since we
need my =~ m,, which are given by

I3+ 3es+u+4(u+v)

3
my = myelkel | ke =13+ 3es+u+ (u+v), (9.15)

k
my = myelkal | kq

we expect the sum (u + v) to remain small.

Now the coefficients a$; and ad, are not related but we can fix a§; in the neutrino sector
such that it is in agreement with the results from neutrino oscillation. We have performed
a fit using the experimental information of the parameters of eq. (D.9). Here we have also
used the expression eq. (P-14) in order to fit the atmospheric angle, the expressions eq. (f.§)
and eq. (p.9) to fit t!5 and ¢!, (reactor and solar angle respectively) and the mass ratio and
the heaviest neutrino state using their expressions appearing in egs. () The results for
this fit appear in the third column of table [L1].

Once the parameter a$; has been fixed we fit the parameters of the charged lepton
mass matrix, of the form eq. (6.34) and the other parameters as in the first solution of
eq. (6-9). In this case the relevant parameters are a$, and a$,. However if we just fit the

expressions
me |ags|? A3 — e 2
my  |(agy — aszas,)|? 7
L — (afy — a$3a5)e? (9.16)
mr

the coefficients af, and a$, are not quite O(1) so we have to make use of a coefficient, ¢
such that (a$, — a$sa5,) — (a§y — a§sa5,)/c, e.g. ¢ =3, in order to have acceptable values
for charged lepton masses. This fit is presented in the second column of table [[2. In this
case the extra-coefficient needed for the fit is not really justified in the context of just a
single U(1) symmetry.

For the Solution 3, we have m = 1/2, k. = —13/6, according to the charges of the
third row of table . The fit of the coefficients of the neutrino mass matrix are completely
analogous for Solution 2 and they appear in the third column of table [[1. The relevant

parameters for the charged lepton sector are

m ae 2

Me _ _ ’ 126’ _ 2829/6 :8%2’

my a5y — ‘123@32)\

T — (ay — aS3a5y)e™ (9.17)
mr

For this case there is mo need to invoke another coefficient as for the Solution 2. O(1)
coefficients in this case can account for the masses and mixings in the leptonic sector.
Once the coefficient a$s is fitted in the charged lepton sector then we need to use this
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Charged lepton Fitted Parameters
GST sol. 2, u,v #0 GST sol. 3, u,v #0
Parameter | BFP Value | BFP Value
afy | 0.56 £0.006 | 2.88 £ 0.032
ase | 0.92+£0.013 | 1.87 £0.013
Charged lepton Fixed Parameters

e | 0.217 0.154
asy | —1.6 1.2
as, | 1.8 1.2
X2
X2 | 0.05 [ 1.2x107°

Table 12: Charged lepton fitted parameters for the examples of section E The second column
corresponds to the Solution 2 in the uw 4+ v # 0 case. The fourth column presents the fit to the
Solution 3 in the u + v # 0 case.

parameter as a fixed parameter in the fit for the neutrino sector but in this case the fit is
not as good as for the previous solution. The results are presented in the third column of

table @

9.3.3 Fit 4: SU(5) type (u= v = 0) solution not satisfying the GST relation

This is a SU(5) type solution, hence u = v = 0, which doesn’t satisfy the GST relation.
The charges are as laid out in eq. (.5).

Quark sector. Here we also use the expressions eq. ((.9) and eq. (.4) adapted to the
solution eq. (.3) for 7/, = Iy — I3 = 1 and check the fit with an exact numerical solution,
which agrees with the fit to eq. (.3) and eq. (f.4) within a 5% error. Since the fit can just
fit eight parameters, in this case it is not possible to select out “the best fit”, according to
the criteria that we have used for the previous fits, so we present the following solution for
the coefficients of the up and down Yukawa matrices:

0.42  0.58¢ /2 (.51
a® = | 0.58¢71/2  (.9¢~ ™ ().43¢~7/2
0.51  0.43¢ /2 1

e~ 05 0.8 0.29¢0-4

a? = | 1.63¢7149 .86e 12 0.55¢ 107 | | (9.18)
e*i0.79 0.4671’0'5 e*i3.05

For this fit we have x? = 2.31.

Lepton sector. In the lepton sector, once we have done the fit to the quark masses, the
SU(5) relations produce acceptable values for the charged lepton masses, what we need to
care about are the mixings for the neutrino sector. According to the expressions for the

mixings in the (1,2) and (1,3) neutrino sector, eq. ([.14), now 5 = a¥3e//a%5® + ab;?
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and t¥, = a¥yel/?/(chaaby — s53a%,)), for (ng,n3) = (—3/8,0). On the other hand the
mixings in the charged lepton sector go as t§, = |a3, + 3ad;a, /ads|e/3|ady + 3ad,ad;| and
t¢5 = adie/|ads + |ady|?|, so here these contributions are important to the Uprns sty and
3113 mixings, identified respectively to the solar and reactor mixings, for example for 3113 we
have

I _ e e v v o i(BS=BY) v (e e .e i3S e _e
shy = |c5acfasty — Ha(¢ PP ehy (clochysty + €5 555s5,) —

- ei(ﬁg_ﬁg)sgs(ewgsﬁcﬁ?, — cfa573)s%3)| - (9.19)
The mixing 5l23 is driven by the neutrino mixing s

Ll 1,UB5=8Y) v e e
S93C13 ~ |e (B 2)523012023

- ei(ﬁf—ﬁT>s§3c§3c53| . (9.20)
Despite all the contributions to the mixings sll3 and sll2 we can reproduce the observed
masses and mixings in the neutrino sector with O(1) coefficients and with out any phase

in this sector, we just use the phases of the right handed quark matrix, which are given by

e _ Sin(¢g3) o
B8] = ArcTan cos(¢§3) L |ag2|2 ?5
B5 = (¢ — ¢3s) + BLE
55 = (95, — 951) — 55", (9.21)

and are specified in eq. (P.1§). The results of this fit are given in the second row of in
table [[J.

9.3.4 Fit 5: SU(5) type (u = v = 0) solution not satisfying the GST relation

This is a SU(5) type solution, and hence u = v = 0 which doesn’t satisfy the GST relation.
The textures are as laid out in eq. (0.9).

Quark sector. Here we present the following solution for the case rg =11 — I3 = %, in
this case the coeflicients of the up and down Yukawa matrices:

0.5  0.6eim/2 0.5
a' = |0.6e""/2 e~ 0.43e""/2
0.5  0.43¢" /2 1

1 0.72 0.29¢0-49

a® = | 1.82e71228 (761112 (.55¢ 1071 | (9.22)
e—i1.57 0.46_20'41 e—i2.951

For this fit we have y? = 2.10.

Lepton sector. The analysis of this fit is completely analogous to the Fit 4, the results
of the fitting procedure is presented in the second column of table [L3.
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Neutrino Fitted Parameters
Non GST sol. 1 Non GST sol. 2

Parameter | BFP Value BFP Value
ay; | 1.6 £0.8 2+0.9
ays | 1.4£0.7 0.94+0.3
afs | 1+0.6 1.6 +0.3
asy | 0.67£0.27 0.5+04

Neutrino Fixed Parameters

e|0.19 0.185
asy | —3ady = —1.2 | —3a4, = —1.25
azs |1 1
abl | 2 2
o | (4.5,0.5) (5,1)
(n2,n3) | (=3/8,0) (=5/8,-1/4)
2
X
2] (5.00,4.77) | (4.78,3.79)

Table 13: Neutrino fitted parameters for two of the non GST examples of Section ﬂ The second
and third columns correspond respectively to solution 1 and 2 in the non GST SU(5) (u = v = 0)
cases, for the first one we have used 7/, = 1 and for the second r; = 3/2. While we have fitted
in the first case t75 to saturate its current upper limit, we have allowed for the second case to be
smaller than it. The first entry for o corresponds to the fit using Mp and the second entry using
M¢; analogously for x2.

tan 3, ags; and ag3
Parameter | GST sol. 2, u=v=0 GST sol. 2, u,v #0 | GST sol. 3, u,v #0
aly | (1,1.34) (1.1.3) (1,1.3)
iy | G 2008 | (39T 16500 | (3237955, 162,00
tan 8 | (B000% LO0TOR) | (300,08 107, 880) | (300,047 107 200
(e, |kq|) | (0.183, 5/2) (0.217, 5/2) (0.154, 2)
Parameter [Non GST sol. 1, u=v=0Non GST sol. 2, u=v=0
ay | (1,1.2) (1,1.2)
afy | (2125755, 1.1500) (2113037, 1.37006)
tan 3 | (37761, 13,01 (33132, 1-25073)
(e, |kq|) | (0.19, 2) (0.185, 2)

Table 14: Value of ag; and tan 3 for the different models presented, once a¥s is fixed using m.

9.3.5 Top and bottom masses and tan 3

For these cases tan 8 and ag3 are a prediction, once the coefficient ajs is fixed through the
value of my, my = Y34v/ V2. The values of ass, ag3 and tan (8 for the cases presented in
this section are given in table [[4. We can see that for a natural value of a%; = 1 we have
acceptable values for tan 3 (which should be > 2) and agg in any of the cases presented.
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Quark fitted Parameters, SU(3)-like case
Parameter | BFP Value o BFP Value +o
a'uge | 1.11 +£0.55 1.11 £ 0.07
ad, | 0.66 +0.32 2.45 £ 0.20
ailg 0.10 £0.12 0.91 £0.15
ady | 0.74 £0.10 1.77 £ 0.09
ads | 0.4540.29 1.18 £0.12
€* | 0.05 £ 0.007 0.05 £ 0.007
e 1 0.25+0.03 0.16 £ 0.02
cos(®2) | 0.516 £ 0.1 0.450 £ 0.045
Quark Fixed Parameters, SU(3)-like case
O} | —1.25 7= —0.87/2 || 1.120 ~ 0.77/2
2
X2 | 0.972 [ 0.974

Table 15: Fitted and fixed parameters for the SU(3)-like case.

9.4 Comparison to the SU(3) case

In this section we present the comparison to a generic SU(3) case [ff]. What we fit are the
O(1) coefficients of a Yukawa matrices of the form

vi=|ede2 2|, (9.23)

where we allow two different expansion paramaters €, and €4 and complex phases to re-
produce the CP violation phase. It is enough to consider one different phase in each of the
Y% and Y matrices. Here we put the phases on Y{4 and Y% [B0], but we have the freedom
to use other choices. We have used here as well the method of minimization that we have
used for the U(1) cases. The results of these fits are consistent with previous determination
of these parameters, [[[9, (], taking into account the change induced by the change of the
value used here for the parameter m./ms; = 15.5 + 3.7 and the different methods used
for the determination of coefficients.'? The fits presented here are the fits with the lowest
possible x? because of the minimization procedure. We have not included here for the
SU(3) case a fit in the neutrino sector because in the SU(3)-like cases the neutrino sector
requires more assumptions than in the analogous U(1) cases.

Another important difference between the SU(3) and the U(1) cases presented here
is that in the first one there are two parameter expansions £* and e? which have been
fitted while in the U(1) cases there is only one expansion parameter which can be fixed by
relating the U(1) symmetry to the cancellation of anomalies and the Fayet-Iliopoulos term.
This has allowed that more O(1) coefficients have been able to be fitted.

mn [td, B me/ms = 9.5 +1.7.
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Comparison

U(1) (GST) | U(1) (Non-GST) | SU(3)-like
# of expansion pars. 1 1 2
# of free pars.(quark sector) 12 >18 10
GST relation yes no yes
prediction for tan 3 small small no
lepton sector o.k. o.k o.k
simple flavour charges no yes yes

Table 16: Some criteria of comparison. Here the number of free parameters corresponds to the
number of coefficients, phases and parameter expansions that need to be adjusted or determined in
the fits.

By comparing tables [[( and [[5 we can see that according to the minimization procedure
and the criteria of O(1) coefficients, the second case of the SU(3) solution fits better the
data. However the U(1) solutions also have a good fit and taking into account the fact that
for the neutrino sector we just have added the SRHND conditions, the fits in both of the
U(1) cases presented are good. We can therefore consider that U(1) symmetries are still
an appealing description of the fermion masses and mixings observed. Note that although
the Solution 3 in the u # v # 0 does not fit the data as well as the Solution 2 (in either
case, u = v = 0 or not) in the quark sector, it does reproduce masses and mixings in the
charged lepton sector. We have for this case Y¢ # (YT but we have my ~ m, without
introducing ad-hoc O(1) coefficients in order to reproduce the appropriate mixings.

Given the results of these fits we need further criteria in order to compare models
based in anomalous U(1) models and non-abelian models, such as SU(3). These other
criteria may be found in the predictions that the models presented here can give in the
supersymmetric sector.

10. Flavour issues in SUSY flavour symmetry models

Since the flavour symmetry is expected to be broken at a high energy scale, non super-
symmetric models will have a hierarchy problem, since the cutoff of the theory must at
least be of the order of the flavour symmetry breaking scale. Supersymmetric models
with soft breaking parameters around the TeV scale do not have this problem. For this
reason flavour symmetries are almost exclusively considered in the context of one of the
minimal supersymmetric models, or one of the popular SUSY unified theories. The soft
lagrangian parameters are strongly constrained by the supersymmetric flavour problem and
the supersymmetric CP problem.

The supersymmetric flavour problem needs the soft scalar mass squared matrices to
be diagonal to good approximation at high energy scales, since the off-diagonal elements
contribute to one-loop flavour violating decays such as the highly constrained p — ey
in the lepton sector and b — s7v in the quark sector. It also requires that the trilinear
couplings are aligned well to the corresponding Yukawa matrix, since off diagonal elements
in the trilinears in the mass eigenstate basis also contribute to highly constrained decays.
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The supersymmetric CP problem is related to the phases of the parameters in the soft
lagrangian. The general requirement is that these phases need to be small for the majority
of soft breaking parameters.

The reason that these problems are relevant in the context of family symmetries is
that in general, the existence of the family symmetry and the fields that break it can give
dangerous contributions to the soft lagrangian parameters. It would be remiss to look at
these models but not check whether CP violation or flavour violation is likely to rule them
out. The starting point for investigating these problems is to consider the hidden sector
part of the theory, which leads to the size and phases of the vevs of the fields which break
the U(1) symmetry, 6 and 6.

10.1 The flavon sector

We start by considering the values of the expansion parameters € and €. They are defined
by:

0 0

(6) €= <—> (10.1)

where 6 and 6 are scalars which break the U(1)r symmetry, and have charges of 1, —1
respectively under the symmetry. The solutions that we have found in the previous sections
need to have the charges of @ different from 1 and —1 but the present discussion is in order
to explain how the value of € can be fixed. We wish to arrange that ¢ = €, which entails
arranging that the potential is minimized by (f) = (#). This would be simple if the U(1)
were non-anomalous, and thus missing a Fayet-Iliopoulis term. If we set the 8 sector of the
superpotential to be:

Wy = S(06 — M3). (10.2)

We introduce a new field, X, which has charge ¢x under U(1). ¢gx will be unspecified, but
some number such that when (X) # 0, it doesn’t contribute to the fermion mass operators
(or, at the very least, it doesn’t contribute at leading order). Then, if we give 6 and 6 the
same soft mass,'! and require that X doesn’t get a soft mass, we end up with a hidden
sector potential:

V =106 — M3 + % (1612 + [0 — qx | X + €2)% + m2(6% + 8%). (10.3)
If we minimize this potential with respect to 6,0 and X, we end up with the following
constraints:

(?9_‘9/ =0=20000 — M3) + ¢*0(10)* — 10> + qx|X > + %) + 2m?0 (10.4)

%—g = 0=20000 — M}) + ¢°0(10)* — 10> + qx|X > + %) + 2m?0 (10.5)

O 0= Lax (o — B+ ax| X1 +€). (10.6)

1This requirement may seem somewhat strong, but we also wish to minimize flavour violation coming
from the D-term associated with U(1), which is proportional to m3 — m% and will provide a non-universal
contribution to the scalar masses. This contribution will lead to off diagonal elements in the SCKM basis
which can easily be dangerously large with regard to flavour violation.
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Since X doesn’t have a mass term, it would be massless unless (X) # 0. Therefore, of
the two solutions of eq. ([L0.4), we have to take X # 0. From this, we see that:

017 = [0 + ax|X|* +€* = 0. (10.7)

Substituting eq. ([0.7) into eq. ([0:4) and eq. ([[0.5), and multiplying by 6 and 6 respec-
tively, we find:

(60 — MZ) 4+ m?6* (10.8)

(60 — M2) +m?0”. (10.9)

0 =060
0 =60
From this, we can deduce that either # = § = 0 or || = || = My. The potential is
minimized by the second solution if m? < 2M92. As we expect My to be a GUT scale mass,

and m to be a TeV scale soft mass term, we find, that as desired, that we will have:

(0) = (0) = e =¢. (10.10)
This allows us to consider Yukawa textures without having to keep track of whether
the overall charge for each term is positive or negative.

10.1.1 Getting ¢ from the Fayet-Iliopoulos term

The GST requirement leads to needing flavon fields with opposite charges. under U(1)p.
Were this not the case, we would have an elegant way of generating (§). Consider a simple
case where 6 doesn’t have a superpotential mass term, but does have a soft mass:

2
V= %(—|9|2+52)2+m392. (10.11)

Then, without the need for an explicit mass term in the superpotential, we would find that
minimizing the potential with respect to 8 would lead to:

2
<9>=§\/1+%”~§- (10.12)

Where the final approximation is due to the fact that we expect £? to be much larger than
mg. So we have managed to set () from &, which can be predicted from string theory. So
this allows one to predict the flavon vev, rather than having to put it in by hand.

This provides a motivation for trying to set up the case where (f) and () could both
be set by the FI term. However, it doesn’t seem possible to make this work without adding
in either an extra symmetry, or extra matter. Even then, trying to arrange things so that

(0) = (0) = z¢, with z some real number is difficult.

10.2 Yukawa operators

Since the net U(1) charge can be either positive or negative and we have e = €, an effective
potential has the following form:

W= > QfHspaldutlithily N Liped Hpal et ithil (10.13)
f=u.d; ij f=emn ij
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We cannot say anything in particular about the K&hler potential. We can assume that
the phases responsible for CP violation only appear in the flavour sector. Then observable
CP violating phases will be put into the Yukawa couplings indirectly from the effective
superpotential of eq. ([[0.13). In general we can consider an effective Kéhler potential of
the form:

K = Ko(ta) =In(S+ 5 +0as) + > _ filta)0ifi + -+ > K5'®7 (10.14)
7 iJ

where K, is the Kihler potential of the moduli fields, t, = T, + T, S is the dila-
ton, fi(t,) are possible functions of these moduli fields e.g. f(t) = ngltg(a)”*. But we
cannot specify the form of the Kéahler metric. It may be that the Kéhler metric is canon-
ical, in which case K;I;* = 0;j+. Such a form has a good change of leading to acceptable
phenomenology, since the scalar mass matrices will be proportional to the identity at the
appropriate high energy scale. When rotating the scalar mass matrices to the super-CKM
(SCKM) basis at the high energy scale, the transformation will leave the mass matrices
invariant. Flavour violation tends to be proportional to off-diagonal elements in the scalar
mass matrices in the SCKM basis, so any flavour violation will be due to RG effects, and
will therefore be suppressed. On the other hand, the Kahler metric could have off-diagonal
structure, in which case the risk of flavour violating effects would be high, and the case
where the Kéahler metric is diagonal but non-universal is potentially very interesting since
flavour changing effects are induced in general by the SCKM rotation.

10.3 The SUSY CP problem
10.3.1 The u problem

In order to avoid the p problem, a symmetry or other mechanism to protect u from un-
wanted contributions needs to be introduced. The u parameter can have contributions from
the superpotential, (expected to be at the Planck scale) and from the Kéhler potential,
via the Giudice-Masiero mechanism [[L1] or other mechanisms [R1], B2, # = pw + px. The
charges of the fields H, and H; under the flavour symmetry can be chosen in such a way
that pyw (Mp) is forbidden in the superpotential. Then another field, S can be introduced,
so that the term ASH,H, is allowed in the Kéhler potential, which generates an effective
p = O(mg)3). Note that in the cases that we have found for u + v # 0 there is no uw at
Mp. In general for a theory containing two flavon fields with opposite charges, once the
flavour symmetry is broken below the Planck scale, the contributions to the p term are:

€\u+v\HquMW + €‘u+v‘Hqu,u,K . (10.15)

Thus, even if the p term is missing from the superpotential at renormalizable level, it
will be generated by non-renormalizable operators once the family symmetry is broken.
However, it will appear suppressed by a factor of €/“**l. To get an sufficient suppression,
cither |u + v| must be large or ¢ must be small. Obviously, since the same factor e/“*V|
appears suppressing both superpotential and Kéahler potential p contributions, there is no
extra constraint from considering the second term in eq. ([[0.15).
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However, |u + v| is related to the anomaly cancellation conditions considered in sec-
tion fl. There are two possibilities for having small |u + v|. The first is to have small
expansion parameters, €; however if € becomes too small, it makes predicting the fermion
mass hierarchy very difficult. The second is to accept a contribution to p that is larger
than order O(msg /2); however phenomenologically, the total p should not be much bigger
than the O(mg/2). It is, however, possible to apply a new discrete symmetry to disallow
the superpotential p term, which never allows any flavon corrections to generate it.

10.3.2 Electric dipole moment constraints

The electric dipole moments (EDMs) constrain the form of the trilinear couplings, (Yf‘)ij.
The trilinear couplings are defined through (Yf‘)in sQifs. Here we need to ensure that
there is not a large contribution from the phases found in the trilinear terms to the CP
violating phases. In the context of flavour symmetries it is usually postulated that the
only phases appearing in the theory are in the Yukawa couplings and any other phase will
enter as a consequence of a dependence in the Yukawa couplings. Then to check if the
model gives contribution below the bounds one needs to compare the diagonal elements of
the Yukawa couplings with the diagonal elements of the trilinear couplings, in the SCKM
basis. The trilinear terms in general can be written as:

(Y2, = Y Fe0, (K + m(K]KIK))) + F*0,Y] . (10.16)

We can always write the first term in a “factorisable” form [B€], such that if the Yukawa
couplings, eq. ([l0.13), are the only source of CP violation then the first term does not give
any contribution at the leading order. For the second term, which involves the derivative in
terms of the flavon fields, if the flavon field is the only field with F? # 0 then the diagonal
trilinear couplings in the SCKM basis are real at leading order in the flavon fields [BY.
Thus there is not an O(1) contribution to the CP phases from this sector.

One can check this simply by writing the last term of eq. ([L0.1€) in the SCKM basis:

(F0a(Y1)F M = P (V)i (00 Vi) ki (YDiag) 13+ F* (0 Yiing)ij + F(Yiag)ii (0a Vi)ir (Vi) -

(10.17)
Where VLJr and V}; diagonalize the Yukawa matrix: Ypija,e = VLTYV};. The leading term
of the eq. ([10.17) is the second term and it is at most of order §. If another field has

non-zero F-term, FX # 0 then all the quantities appearing in eq. ([0.16) can be written
as a expansion in X and 0/M = e:

(YDiag)ii = (@i + by X)eP . (10.18)

We are assuming that only the matter sector in eq. ([[0.13) has phases leading to CP
violation, so the term b; X &P is real and hence so is:

FX(04YDiag)ii = FX 007 . (10.19)
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10.4 SUSY flavour problem

In addition to the F term contribution to the soft masses we have to add the D term
contributions
(M?)i5 = (M?)p ij + (M?)p 45 - (10.20)

If the Kéhler metric is diagonal in the basis where the symmetry is broken both contribu-
tions are diagonal and proportional to the Kéhler metric. For example, consider universal
SUGRA: (MQ)F ij = Kijmg. However, even if we assume that the first term is indeed
proportional to the Kahler metric, the D-term will not in general be proportional to the
Kahler metric:

(M*)p ij =Y gvXN 0, Kij=(0a)mD,  mp = O(m3,) (10.21)
N

The main problems for FC processes for these kind of theories are the contributions to the
trilinear couplings from the anomalous D-term contribution to the soft masses [R@]. For
the last issue there is no real solution so far but one can ameliorate the problem by making
all the scalars heavier, which is a simply mass suppression.

In order to study all the possible consequences of models with the superpotential
structure of eq. ([[0.13), we can parameterize the Kihler metric according to the different
contributions it may have, assuming a broken underlying symmetry with at least two flavon
fields with opposite charges. Once this is done we can then study their consequences. As
mentioned earlier, this analysis is beyond the scope of this paper, so we just mention
how extreme and dangerous situations may arise and we leave the analysis for a future
reference [R3]. Some authors have studied possible consequences of flavour models for
FC effects but very specific assumptions need to be assumed due to the many unknown
supersymmetric parameters [, 4, Rg].

The most strict bound for flavour changing processes is coming from the decay u —
e v B[R] and given the fact that we have a large mixing angle in the left handed sector
of the charged lepton matrices it is crucial to determine under which conditions we can
produce a suppressed effect. Also the constraints given by the process B — @& Kg may

select out some of the possibilities presented.

10.4.1 Non minimal sugra and diagonal Kahler metric

Consider, for example, the case for which at the scale at which the flavour symmetry is
broken, the Ké&hler metric is diagonal. For this case, we also want the soft scalar mass
matrices diagonal but not proportional to the unit matrix, due to possible different D term
contributions. Since the general case it is difficult to handle we consider the case where
MJ%- L M]% ) is small and MJ%- L M]% 5 > 0. In order to estimate the flavour changing
processes we need to take into account the effects from renormalization group equations
(RGE’s) and then at the electroweak scale make the transformation to the basis where
the fermions are diagonal. Here we consider the case of leptons, since we are interested
in determining 6§j and in particular 6112 which is the most constrained parameter due to

B(p— e 7).
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We make an estimation of the contributions from the renormalization § functions in
this case, such that at the scale where the dominant right handed neutrino it is decoupled
we can write the soft masses as

M2 (My) ~ M2 (M) - 16% In (%) (ﬁzg}l J> (10.22)
for Mx = Mg or Mp, GUT or Planck scales respectively, and for My = MRgp 3 in this case
and considering just one loop corrections. The (§ functions of M% i from Mx to Mgg 3
receive the contributions from the MSSM particles plus the contribution from right-handed
neutrinos. At M3 we then run from that scale to the electroweak symmetry breaking scale
with the appropriate § function and matter content. In the case of SNRHD scenario and
the form of the Yukawa matrices that we have considered in section ] we can make the

following approximations for the 3 functions’:?

MSSM
(0 ) m2|mdy ) (), 1+ @)l + v )| -
L i ©J

€23
3

6
— 6g3|ma|* — 59%|m1|2 - 59%5

B \MesM
(BME ) ~ (2m§§rd +mi  +mi ;) (Y357 Y5) + Y Y55) +
ij
+2md, (1+ a®) (Y5 Y57 + 18, Y5V (10.23)

where we have assumed that the trilinear terms can be written as Azfj = aYi; M 52, and M €,2
is not necessarily diagonal. The parameter S, defined as S = m%’u — m%’d + Tr[Mg — M% —
21\/[%1 + Mg + Mg], does not generate big contributions as long the masses involved remain
somewhat degenerate. The (§ functions generated by the dominant right-handed neutrino

can be approximated by

(1) V]VI3
(ﬁMg ) ~ VY [m%3 +m2y(1+b?) + me] . (10.24)
L ij
From Mx = M;s to My = Mg — the supersymmetry breaking scale —, we consider

(6](\}[)2 YMSSM | For this estimation we ignore the effect from Mg down to the electroweak
L ij

scale. At this scale we then transform the renormalized M% in the basis where the charged

leptons are diagonal. Since there is a large mixing angle (s55) in the left sector of Y we are

interested here only in estimating (Mj%) ... We can use the parameterization of appendix [A]

in order to make this transformation, i.e.

v/

diag = VLfTYfVéca (M%)/LL = VLJCTM%VE, (10.25)

for VLf r as parameterized in eq. (A1), with the 8 phases as follow

{B;L’ ;L §L} = {QS,eXQg’ 0? 0}’ ¢,6X23 = B;L - ;L ° (1026)

12For the MSSM see for example @], when including right handed neutrinos, see for example [@]
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Using these approximations, we obtain the following results

2N/ __ _er/.eL.. 2 _ 2 er\2 —ifB3L
(M;)1p = si5(cs5ms 5, —m3 )+ (c15)%e X
er, —ifar, .2 _ er .er ,ifBs3L 2 —ix1 _ «eL o —if1L .2
X <023e m3 |, — 2t12cs5 spxe Ref{my 07X} —sy5e m; .,
2\ __ €L .eL .eL ifB3L 2 2 er, ey,
(M3 )13 = e sofs15e"™ 7 (m3 o, — M3 o) + cf5eol X

—iX €L 2 PR 5% er, Q% X o 2 2
X ((6 Cogtiamy 55 — € t12t23523ﬂm2i )+t23e M7 o TMi 43 )

23

2\/ __ er.eL ifaL 2 2
(m3)ag = cfsase <m£ 22 — M 33) +
iB3L LL er\2 ,—ix,,,2 er\2 ix g*
+ el <(023) e mi . — (s5%)7e ﬂmi L)

2 2 2, 2 2, 2
(m2 )i = (3507 ((¢55)Pm2 py + (s55)°m? ;)
2 2 2,2 2,2 2 2 i
(m2 )y = (5502 ((55)Pm2 oy + (s55)"m? . ) — (c55)2c5h s5h2Refm? e}

2 2 2, 2 2,2 2 i
(m2 )iy = (¢55)% ((s55)m3 oy + (c55)*m? ;) + o5k (2Refm? e ™})  (10.27)
here the soft masses mZEij are the soft masses at Mg, renormalized from Mx = Mg, Mp
down to M3 with the appropriate contributions from the dominant right handed neutrino,
eq. (10.22)), and eq. (L0.23)—eq. ([L0.24) and then from Mj3 to Mg with the appropriate
BMSSM ) functions. Thus we began with a diagonal matrix M% at Mx, then the RGE
effects up to the scale where Mj is decoupled generate a non diagonal matrix which re-
ceives more RGE contributions from M3 to Mg. At electroweak scale we transformed to
the basis where charged leptons are diagonal. The mixing angles in this sector can be

approximated as

|(afy — t32055)| ais ass
|(a5y — agyas3)le Q33€ a3z

The powers pf; for the different solutions presented now correspond to pj, = 2/3,14/3,

Pis =29/12,71/12 for Fits 2 and 3 respectively. So in this case we see that we need a big

suppression of the element (m? )}, in order to be in agreement with the observed bound
I L

2 2 )

i1 Mo

and a relative big set of soft masses. The results of these estimations are presented in
table [[7.

As we can see from the results of table [[7 the estimation of |(&} L)g\ is less dependent
on the relation among the original soft mass terms m%z than on the value taken for the

on y — ev. In the present example the suppression it is related to a bound on (m

average s-lepton mass, which indeed needs to be large. Here we note that this is just an
estimation on the conditions that B(p — e «y) imposes on the soft masses, but with out
fully checking whether or not appropriate masses for all the MSSM parameters can be
obtained. In the following we consider a numerical investigation in the minimal sugra case.

10.4.2 Numerical Investigation of B(;x — e ) in minimal sugra

The presence of a right-handed neutrino fields leads to RG lepton flavour violation. Since
the masses of the right handed neutrinos are so light for the GST solutions, fits 1-3, we
attempted a numerical analysis for all of the fits of section f] using the same modified

version of SOFTSUSY [ as used in [B7].
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Estimation of §;; for the Fit.3 of Section .
Paramter Ex. 1 Ex. 11 Ex. II1
mjy,[GeV] 520 520 520
mj,[GeV] 530 530 570
mjs[GeV] 500 500 230
mz1[GeV] 520 520 520
me2[GeV] 530 530 550
me3[GeV] 500 300 300
M;[GeV] 500 500 500
M;[GeV] 2M; 700 700
Mp,[GeV] 510 510 510
Mpr, [GeV] 510 510 510
Mg 1000 1000 1000
m; 514 486 456
xr = m%/ml2 0.3
(85)5] | 43x 1078 | 5.6 x 1073 | 1.4 x 1073
(0% 1) 1% O(107") 0(1072)
(6L )] | 1.7x 1073 | 1.8 x 1072 | 1.9 x 1072
(65 )E| | 5.7x1072 | 6.4x 1072 | 6.3 x 10~
|(0)%5 O(10~1) 0(10~1)

Table 17: Estimation of |5§j|E in the fit 3 presented for the non minimal sugra example and its
comparison to the observed bounds |6};]* IE R ZE ]

In order to get a good handle, we have embedded the flavour model fits into a string-
inspired mSUGRA type scenario, with no D-term contribution to the scalar masses. This
scenario was chosen because it is expected to be the embedding with the lowest flavour
violation. In the scenario, Ag, mg, M; /o are all related to a gravitino mass ms/o.

As n; was only constrained to be between —o /2 and 0, we allow it to vary within this
range. We define the model at the GUT scale as:

1 3 3
m% = Zm?,’/Q, AO = \/;mg/g, M1/2 = \/;mg/Q . (1029)

This setup of the soft parameters corresponds to benchmark point A in [B7]. The results
are as follows, for Fit 1 the code being used can not generate any low energy data for this
fit so we do not find any safe B(p — e7y) region using the conditions presented above. The
Fit 2 has BR(i — ey) <= 10730 which is unattainably low, thus this fit is plausible within
the context of the minimal sugra conditions that have been specified. The smallness of
the branching ratio for fit 2 comes about because with no RG running, in mSUGRA this
rate would be exactly zero. The RG flavour violation will come from terms proportional
to Y*1Y?, whose elements are tiny (the largest is O(10714)).

The Fit 3 generates a tachyonic s-electron for the full (ms /2 n1) range. This is not to
say that this fit will always have a tachyonic s-electron in other, less trivial embeddings.
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Figure 1: BR(p — ev) for fit 4, with (X) = O(M¢). The solid points are below the experimental
limit of 1.1 - 107!, and the hollow points are above.
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Figure 2: BR(y — ev) for fit 4, with (X) = O(Mp;). The solid points are below the experimental
limit of 1.1 - 107!, and the hollow points are above.

Figure 3: BR(y — ev) for fit 5, with (X) = O(M¢). The solid points are below the experimental
limit of 1.1 - 107!, and the hollow points are above.

Fits 4 and 5 produce regions below and above the experimental limits on B(u — e7v), the
graphs for these fits appear in tables -}
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Figure 4: BR(u — ey) for fit 5, with (X) = O(Mp;). The solid points are below the experimental
limit of 1.1 - 107!, and the hollow points are above.

11. Conclusions

In summary, we began our analysis by reviewing the Green-Schwartz (GS) conditions for
anomaly cancellation for theories based on a U(1) family symmetry. We then used these
conditions to fix the charges of all the quark, lepton and Higgs fields and studied possibili-
ties where the Higgs mass p term is either present or absent in the original superpotential.
The solutions which we constructed do not necessarily require an underlying Grand Uni-
fied Theory (GUT) but may be consistent with unification because of the GS conditions.
Regardless of the presence of an explicit unified gauge group, the explicit solutions can
produce matrices of the form that are identical to those that would be expected in an
SU(5) case or Pati-Salam unified theory, for example.

The flavour structure of the resulting Yukawa matrices is controlled by the charges of
the quarks and leptons under the U(1) family symmetry gauge group. We have determined
the charges which are consistent with anomaly cancellation, and studied cases which can
reproduce quark Yukawa matrices satisfying the Gatto-Sartori-Tonin (GST) relation, as
well as other cases which do not satisfy the GST relation. We find the GST relation
to be an appealing description of the value of the element V,s, and the GST relation
provides a useful criterion for classifying flavour models. In our view, having the Cabibbo
angle emerging automatically from a flavour model should have a similar status to gauge
coupling unification in a high scale model. Having classified the solutions in terms of
the GST condition, we then further classify the solutions according to which of them can
produce the observed mixings in the lepton sector, and those that are consistent with a
sub-class of solutions based on the SRHND or sequential dominance scenario with the
further condition that the charges of the lepton doublets for the second and third family
are equal, lo = l3. We find that the GST solutions combined with SRHND results in highly
fractional charges. On the other hand non-GST solutions with SRHND results in simpler
charges, and we have therefore studied both sorts of examples.

We have presented three numerical examples of solutions satisfying the GST relation
and two examples of non-GST solutions in order to compare how well these solutions fit
the experimental information while maintaining O(1) coefficients. For the GST solutions,
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one of these examples corresponds to a model that can be thought of as coming from
an underlying SU(5) and for which a p term is allowed in the superpotential. It is well
known that in this case, given the relation Y¢ = Y% T there should be a Clebsch-Gordan
coefficient different in the charged lepton (2,3) sector and in the (2,3) d-quark sector in
order to produce appropriate mixings in the context of the U(1) flavour symmetry and
the GUT theory. Two other GST examples are presented for which the p term is not
allowed and which are not consistent with an underlying SU(5), or other GUT theory.
In these cases Y¢ # (Y9 but it is possible to maintain the relation m, ~ my and in
one of them just the O(1) coefficients of the underlying U(1) theory can account for the
appropriate mixings in the charged lepton and d-quark sector. The non-GST cases also
give a good description of masses and mixings, although in this case we need to rely on
further coefficients, possible Clebsch-Gordan coefficients from an underlying GUT, in order
to achieve a good phenomenological description.

For the above examples we have provided detailed numerical fits of the O(1) coefficients
required to reproduce the observed masses and mixings in both quark and lepton sectors.
The purpose of performing such fits is to compare how well the different models can fit the
data, and to try to determine quantitatively the best possible model corresponding to the
best possible fit. Although in the cases just mentioned the solutions which fit the data best
are the solutions consistent with an underlying SU(5) theory, the other two fits are quite
plausible and represent interesting possibilities which cannot be excluded. Since all the
models constructed have good agreement with the fermion masses and mixings, we clearly
need further criteria in order to discriminate between the different classes of U(1) family
symmetry models.

One may ask the more general question whether family symmetries based on abelian
or non-abelian gauge groups are generically preferred? In order to address this question,
we have extended the fit to include a generic symmetric form of quark and lepton mass
matrices that can be understood in the context of a theory based on SU(3) family symmetry.
We have found that overall the generic SU(3) family symmetry produces Yukawa matrices
which tend to fit the data better, although the effect is not decisive, and one cannot draw
a strong conclusion based solely on fits to fermion masses and mixings (or the way they
can be reproduced). We have therefore enumerated some other possible criteria that are
important in order to further discriminate among different flavour theories. Including the
effects from the supersymmetric sector provides an additional way to discriminate among
different theories based on their different predictions for soft masses and the resulting
flavour changing processes and CP violation. We have presented two frameworks in which
these processes can be studied in the context of flavour theories. The first is a non-
minimal sugra scenario where family symmetries may render the Kéhler metric diagonal
at the flavour symmetry breaking scale, with off-diagonal elements arising only due to RG
contributions and the non-degeneracy of soft masses. The second framework is a minimal
sugra scenario for which a numerical exploration of y — e v was performed. The results
of this analysis shows marked differences between the different models presented. Of the
GST cases only one survives the test of B(u — e 7) while for all of the non-GST cases
presented there exist regions compatible with the B(u — e ) experimental limit.
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In conclusion, at the present time, phenomenological analyses provide some guidance
about what family symmetry approaches may be valid, but do not yet allow one to draw
any firm conclusion. More specific assumptions or data in the supersymmetric sector are
needed in order to further discriminate between classes of models based on different family
symmetry, unification or GST criteria.
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A. Conventions for the Yukawa diagonalization matrices

We diagonalize the Yukawa matrices, Y/, with the unitary matrices VLf and Vg such that

Ygiag = VLf tyf V}{ . V7 can be parameterized as
del 00 100 10 0
Vit=1 0 e¢ad o |RERT [0 o| R [06% 0 |, (A1)
0 0 e 00 1 0 0 &l

where a plane R’ rotation has the form:

10 0
Rgs =10 C%Zs _j’cgs : (A.2)
0 533 Co3

In this notation, the CKM matrix is V = VLUTVLd.

B. Comparison to experimental information

The experimental information determining Voga, usually put in terms of the Wolfenstein
parameters A, A\, p and 7, is extracted mainly from semileptonic decays of B mesons, CP
violation in the K system, Bg7 s ™ BBS oscillations, and CP asymmetries in various B de-
cays. We use a fit, based in a bayesia7n approach (see for example [[9 and [(]), of the the
parameters A, A\, p and n including all the available information. Once we have done this,
we compare the predictions of the mass textures with the fitted parameters because these
include in a statistical way the experimental information from all the experiments consid-
ered. In the limit where we neglect all supersymmetric contributions to these observables,
the fitted values for p and 7 are

p=0.199100%% ,  7=0.328T00% (B.1)

,52,



Parameter Exp. value Value at Mx

b (9.16 £ 0.67) x 102
cb

Y 0.1989 4 0.0093

Vs 0.224 + 0.0036

Im{J} (2.884+0.4) x 107° | (1.4 £0.5) x 107°

o (1.9 +£0.19) x 1073

e (754+1.7) x 1073 | (2.6 +1.8) x 1073

d (5.2 £0.35) x 1072

s (6.4423) x 1072 | (4.54+2.4) x 1072
b

Table 18: Experimental values used for the fit of numerical coefficients in the quark Yukawa
matrices.

In order to compare to the Vogy prediction, as given by the U(1) symmetries, we need to

choose four elements, or combinations of them, we choose

\2 [Vidl
Ves| [Vis| ’

Vusl, Im{J}, (B2)

where J is the Jarlskog invariant. We choose these parameters because they can be put
neatly in terms of the Wolfenstein parameters

|Vub| A 9 | =2 |V;fd| A N2 | 2
= — + , = — C\ — + s Vus| = A,
2N Visl — ex =P+ Ve
Im{J} = A?)\%;. (B.3)

To include the information of the quark masses we use

may me mq ms

(B.4)

me my ms mp

The ratios :2—‘: and Z—: can be determined from the best measured ratios of the following

mass ratios and the () parameter, which is determined accurately from chiral perturbation

theory;
M Me o Ms/Ma (B.5)
mg’ ms 1— (mu)2
d

We note here that a change in mg with respect to previous similar fits [[9] has an impact in
the coefficients determined for the SU(3) symmetry, although it is consistent with previous
determinations if we consider the errors involved. We have used here m./ms = 15.5 £ 3.7
in contrast to m¢./ms = 9.5+ 1.7 as used in [[J]. We put in table [[§ the experimental
values of the parameters that we use to determine the coefficients of the Yukawa texture.
From equations eq. (B.3) and eq. (B.4) we see that we can fit only eight parameters of
both of the Yukawa matrices as given by the U(1) symmetries, but we will see that in most
cases that is sufficient in order to account for the viability of a given ansatz or symmetry
for the matrices. We also need to take into account the RGE effects in going from the
electroweak scale to the scale at which the U(1) symmetry breaks. We assume first that
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Parameter Exp. value
tan 923 1.07+0.37
tan 013 0.21 £ 0.1 (u.b)
tan 019 0.65 + 0.12

My 0.05 + 0.01
Z—Zj 0.19 + 0.05

Table 19: Experimental values [@] used for the fit of numerical coefficients in the neutrino Yukawa
matrix. For tanf;3 we have fitted using the upper bound.

this is the GUT scale, so in order to determine the values of the parameters defining the
U(1) symmetry (analogously for the SU(3) case) we take the values of the parameters
appearing in egs. (B.2)-(B.4) at the GUT scale. One of the reasons for using mass ratios
instead of just masses is because the RGE effects on the mass ratios has less impact than
for the masses. This fit of the parameters defining the U(1) symmetry is performed with
the aid of the MINUIT package adapted for root [IJ]. In this way we are able to compare
how well a symmetry is fitted to the experimental information, and compare among the
fits for different symmetries.

We do a completely analogous analysis in the neutrino sector, using the following

observables
My,

tan o3 , tan 63, tan 61, My (B.6)

My,

and their experimental values as appear in table [[9

B.1 Evaluation of observables with fitted parameters

In this section we put the evaluation, at the scale My, of the experimental inputs using
the fitted parameters in order to compare with table [[§.
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