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( )Bondline readout BLRO is a coating defect frequently exhibited on adhesi®ely-
bonded, polymeric automoti®e body panels painted with high-glamorrflow clearcoats.
BLRO or telegraphing results from Marangoni-type, surface-tension-dri®en flows. An
efficient numerical code was de®eloped to predict temperature- and concentration-
induced BLRO flows to use it as an effecti®e tool for screening and de®eloping potential
clearcoat systems. Two numerical codes were de®eloped: a 1-D code based on the lubri-

(cation approximation; a 2-D code based on the SIMPLER Semiimplicit method for
)pressure-linked equations re®ised algorithm. The 1-D code produced BLRO profiles in

agreement with those predicted from the 2-D code and those measured from BLRO
flow experiments, thus confirming a proposed BLRO mechanism. Moreo®er, the 1-D
code was ®astly more time-efficient than the 2-D code due to a se®ere time-step stability
limitation found with the latter.

Introduction

Ž .With the increased use of high-solids and high-flow
Ž .clearcoats Bauer and Briggs, 1984 and customer-driven de-

sired increase in coating reflectivity and smoothness, a large
number of coating defects caused by Marangoni-type or sur-

Ž .face-tension-driven flows Pierce and Schoff, 1988 have be-
come increasingly more prevalent in the automotive industry,
especially on horizontal, polymeric composites sheet molding

Ž .compound SMC body panels. One such defect, which is the
Ž .topic of this article, is known as bondline readout BLRO ,

or more generally as telegraphing, revealing structural fea-
tures through the coated part after the coating has cured.
BLRO is caused by temperature and hence surface-tension
gradients generated on the SMC surface during convection
heatingrcuring of the paint. An adhesive bond, that is, the
structural feature, acts as a heat sink and generates cooler
temperatures on the SMC surface directly over the bond than
away from it. Since surface tension increases with decreasing
temperature, coating material is drawn from the non-bond
regions, of low surface tension, to the bond regions, of high
surface tension, resulting in thicker films over the bonds. The
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end result is an undesirable outline or imprint in the clearcoat
surface of the underlying adhesive bond, as shown in Figure
1. The bondline is, in effect, readout through the SMC panel
and, subsequently, in the paint.

To eliminate BLRO, automotive manufacturers are forced
to switch from polymeric to metallic body panels when using
high-glamourrflow coatings, or from high-flowrhigh-glamour
to low-flowrlow-glamour coating systems when using poly-
meric body panels. Metal panels of high thermal diffusivity
rarely produce significant temperature gradients, and low-
flow coatings are not as susceptible to surface-tension-gradi-
ent forces. Unfortunately, in most cases, these changes result
in weight and cost penalties or inferior vehicle finishes.

Le®eling of thin liquid films on a horizontal surface has
been studied for over forty years. One of the earliest theoret-
ical analyses of surface leveling involved Orchard’s linear the-
ory, which investigated the decay of small-amplitude disturb-
ances on the surface of Newtonian liquids of uniform surface

Ž . Ž .tension Orchard, 1962 . Degani and Gutfinger 1972 were
first to model leveling of finite-amplitude disturbances on
Newtonian films by conducting a nonlinear analysis, using the
finite-difference approximation scheme together with marker
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( )Figure 1. a Initial uniform clearcoat thickness before
( )heating; b final nonuniform clearcoat thick-

( ) (ness BLRO after heating cross-sectional
)view .

particles to track the free surface. The surface tension, how-
ever, was incorrectly treated as a body force, not a surface
force. A nonlinear finite-element analysis of leveling of New-
tonian films, under the influence of gravity and surface ten-

Ž .sion, was later conducted by Kheshgi and Scriven 1983 . The
pressure was removed successfully from the momentum
equations using a penalty formulation that enabled explicit

Ž .time marching. Biermann 1968 , using the linear theory of
Orchard, was first to study the effects of elasticity on leveling
of sinusoidal disturbances. Elasticity was found to retard lev-

Ž .eling. Keunings and Bousfield 1987 also investigated vis-
coelastic effects using a nonlinear finite-element analysis to
model leveling of a Oldroyd-B fluid. Again, elasticity was

Ž .found to decrease the leveling rate. Ellwood 1991 con-
ducted a numerical analysis, using the finite-element method,
to predict leveling of non-Newtonian liquids and to investi-
gate elasticity, inertia, and substrate geometry effects. Re-

Ž .cently, Joos 1996 studied leveling of viscoelastic films of long
wavelengths and with stratified viscosity layers in the pres-
ence of insoluble surface-active materials. A change of the
relative thickness of the different viscosity layers was found
to affect leveling and the deformation of the individual lay-
ers.

The effects on leveling of concentration-induced surface-
tension gradients, which are generated by solvent evapora-
tion and are important in this BLRO study, have also been

Ž .investigated. Overdiep 1986 demonstrated experimentally
that Orchard’s linearized theory for leveling was invalid for
solvent-based alkyd paints, because it did not account for sur-
face-tension-gradient effects, which were found to increase
the leveling rate of Newtonian liquids. Moreover, these ef-
fects caused the surface disturbances to reappear after the
paint film had become flat. The crests of the waves were
formed where the valleys of the original surface waves were
located and ®ice ®ersa. The surface-tension gradients resulted
from solvent concentration variations along the paint surface.
These variations in turn resulted from solvent evaporating
from a film of nonuniform thickness, similar to those formed

Ž .in the ‘‘tears of strong wine’’ experiment Marangoni, 1872 .

An integro-differential equation was developed, based on a
modification of Orchard’s theory, and solved numerically to
predict these leveling effects. Eley, Weidner, and Schwartz
Ž .1996 extended Overdiep’s work to include shear-thinning
behavior and surface-active ingredients. Leveling was investi-
gated using two models: one based on the lubrication approx-
imation and the other based on the linearized theory of
small-amplitude undulations. Again, surface-tension gradi-
ents increased the rate of leveling. The surface-active sub-
stances retarded leveling by decreasing the surface-tension
gradients.

The objective of this study is to develop an efficient numer-
Ž .ical code for predicting dele®eling BLRO flow }the oppo-

site of leveling}where an initially, smooth, continuous, wet
film of uniform thickness is subjected to temperature- and
concentration-induced surface-tension gradients to produce

Ž .surface nonuniformities BLRO . Nevertheless, the leveling
analyses described above are important in this study because
BLRO results from a combination of leveling and Marangoni
Ž .surface-tension-gradient flows. The code can then be used
to obtain better insight into the BLRO mechanism by provid-
ing quantitative information regarding the relative effects of
surface tension, gravity, and viscosity on BLRO, the velocity
and pressure distributions, and the magnitude of tempera-
ture-induced vs. concentration-induced surface-tension gradi-
ents. The ultimate objective is to use the code as an efficient
tool for screening and developing potential clearcoat systems,
eliminating costly and time-consuming experimental work that
is currently being done, so that polymeric composite vehicles
can eventually be painted with high-glamour clearcoats with-
out exhibiting BLRO.

Two numerical codes are developed. One code, a 2-D code,
solves the full 2-D Navier-Stokes equations without the iner-
tia terms. The other code, a 1-D code, solves a nonlinear,
fourth-order partial differential Reynolds equation based on
the lubrication approximation. The codes predict the effects
of temperature and concentration on film thickness and are
developed specifically to handle simple coating materials and
conditions, namely, non-reacting, single-solvent, single-resin
films heated via conduction. Profile results from the two codes
are compared, and results from the more efficient 1-D code
are then compared with those obtained experimentally
Ž .Blunk, 1996 . The codes can then be modified in future work
to handle more complex automotive clearcoats and heating
processes, namely, reacting, multiple-solvent, multiple-resin
films heated via convection.

Proposed BLRO Mechanism
The BLRO film defect is shown in Figure 2. Only half of

the defect is illustrated due to symmetry. Four forces are in-
Ž . Žvolved in BLRO flow: 1 surface-tension gradient driving

. Ž . Ž . Ž . Žforce ; 2 capillary pressure leveling force ; 3 viscosity re-
. Ž . Ž .sisting force ; and 4 gravity leveling force . During the con-

vection bake cycle, temperature variations exist across the film
surfaces of adhesively-bonded, sheet molding compound
Ž .SMC assemblies, with the cooler temperatures residing di-
rectly above the bond area, which acts as heat sink. Material
is then drawn towards the cooler, bond area of high surface
tension from the warmer, non-bond areas of low surface ten-
sion.
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Figure 2. BLRO coating defect.
Only half of defect is shown due to symmetry.

The degree of BLRO depends on competing flows}
surface-tension-gradient Marangoni flow increases BLRO,
while pressure-gradient flow decreases BLRO. The former
results from temperature andror concentration variations
along the surface of a film. The latter results from nonuni-
form film thicknesses caused by Marangoni flow. The pres-

Ž .sures in the concave regions of the film B and F exceed that
Ž .in the convex regions A due to capillary pressure effects.

Pressure differences also exist at similar locations along the
bottom of the film due to gravity or hydrostatic pressure ef-
fects with pressures at C and E exceeding that at D. Surface-
tension gradients cause flow from A to B, resulting in BLRO,
while gravity and surface tension, together with surface cur-
vature, cause pressure-gradient flow from C and E to D, to-
wards the thin convex regions, resulting in leveling. The de-
gree of BLRO also depends on time.

Assuming the thin liquid film is Newtonian and the no-slip
boundary condition is valid at the SMC surface, the velocity
profiles through the film thickness for combined surface-ten-
sion-gradient and pressure-gradient flows are given by

s z  p z z
us y hy 1Ž .ž / x m  x m 2

where u is the x-component of velocity and m is the Newto-
Ž .nian viscosity Fink-Jensen, 1962 .

A mass balance shows that the time rate of change in film
thickness h is

 h  J
sy , 2Ž .

 t  x

in which the flux J is obtained by integration of Eq. 1 over
Ž .the film thickness zs0 to h :

s h2  p h3

J s y . 3Ž .
 x 2m  x 3m

By substituting Eq. 3 into Eq. 2, the time evolution of film
thickness becomes

 h  2s h2 s  h h  2p h3  p  h h2

sy y q q . 4Ž .2 2 t 2m  x  x m 3m  x  x m x  x

Since the film is initially of uniform thickness and pressure,
Eq. 4 indicates that BLRO or a nonuniform film thickness
can only be generated when the surface-tension gradient is

Ž 2 2.not constant that is, finite  sr x , which occurs if the
temperature gradient varies with position.

Temperature and concentration variations affect viscosity
and surface tension, which in turn affect BLRO flow. Sur-
face-tension effects are most evident with the occurrence of
three modes of BLRO flow} formation, flow-out, and refor-
mation. The magnitude of the shear-stress-driving force
Ž .Levich-Aris boundary condition is given by

s  h s™
t s=s ? t( q

 x  x  z

y q ? y
s  T s  C

( q 5Ž .ž / ž / ž / ž / T  x  C  x

....................... .......................
T-term C-term

where h is the film thickness, C is the solvent concentration,
™T is the temperature, t is the unit vector tangent to the free

surface, and x and z are coordinate directions. The surface-
tension gradient is composed of two terms}the tempera-

Ž .ture-induced term T-term and the concentration-induced
Ž . Žterm C-term . If the sum of the two terms is negative posi-

. Ž .tive , the shear stress acts in the negative positive x-direc-
tion. In Eq. 5, minus and plus signs are positioned directly
over the partial derivatives. These signs are valid under all
conditions used in this study. The signs for the temperature
and concentration gradients are based on film conditions on
the righthand side of the symmetrical profile, as presented in
Figure 2. In the high-flow regions of interest, the tempera-
tures near the symmetry line are always lower than that at
larger x-values, that is,  Tr x is always positive. The sign of
sr T is always negative}surface tension decreases with in-
creasing temperature. Thus, the T-term is always negative in
this work and results in material flow towards the symmetry

Ž .line that is, BLRO formation and reformation . Since the
solvent concentration is always greater under the BLRO
hump compared to that in thin regions, that is,  Cr x is al-
ways negative, due to solvent evaporation from a nonuniform
thickness film, the sign of the C-term depends on the sign of

Žits first partial derivative unknown and delineated by a query
.‘‘?’’ . If the solvent surface tension is less than that of the

polymer resin, as is usually the case, then sr C is negative
and the C-term is positive. Also, if the magnitude of the C-
term is greater than that of the T-term, material flows away

Ž .from the symmetry line flow-out or leveling . On the other
hand, if sr C is positive, the negative C-term augments the
negative T-term and BLRO formation is enhanced. These
temperature and concentration effects are demonstrated be-
low.
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Figure 3. BLRO flow problem.
Cross-sectional view; not drawn to scale. Boundary condi-
tions and conduction-heater materials are shown.

BLRO Flow Problem
The BLRO flow configuration, coordinates, and boundary

conditions are presented in Figure 3, in which only half of
the symmetric domain is shown. The conduction heater,
shown in Figure 3 and used in experimental BLRO flow stud-

Ž .ies Blunk, 1996 , was constructed to create a temperature
distribution on its surface that promotes x-directional BLRO
flow. The surface temperatures vary in the x-direction and
are uniform in the y-direction, reducing the situation to a
2-D problem. Temperatures vary spatially in the x-direction
because of the air gap positioned below the glass plate in the
centerline region. The rate of heat conduction from the elec-
trical heater to the glass surface is reduced due to air’s low
thermal conductivity, resulting in lower glass temperatures in
the centerline region.

The BLRO flow problem involves coupled momentum,
heat, and mass transfer. Because surface tension depends on
temperature and solvent concentration, heat and solvent con-
duction and convection to the free surface can affect the sur-
face-tension-gradient driving-force. This convective transport
in turn depends on the momentum diffusivity, which is also
temperature and concentration dependent. Consequently, to
obtain reproducible experimental results, the flow studies
were conducted in an environmental chamber, in which air
was forced over the heater surface at a sufficient velocity of
26 cmrs in order to maintain the air temperature at ambient
conditions and the air solvent concentration at zero. The air-
flow geometry, together with these constant air conditions at
the free surface, are similar to those used in boundary-layer

Ž . Ž .theory, enabling the heat- h and mass-transfer k coeffi-1
Žcients to be found from theoretical correlations Schlichting,

.1979 . A natural-convection correlation is used to estimate
Ž .the heat-transfer coefficient h for heat loss from the heater2

Ž .side Holman, 1986 .

Solution Methodology
The transient, incompressible, 2-D BLRO flow is governed

by the continuity, momentum, energy, and mass equations,
along with the boundary and initial conditions. Numerical so-

Ž .lutions use both the finite-element FEM and the finite-dif-
Ž .ference approximation FDA methods. In the 1-D and 2-D

codes, heat transfer within the conduction heater is approxi-
mated using the FEM; momentum, energy, and mass transfer
within the liquid film are approximated using the FDA. Note
that the full 2-D energy and mass-transfer equations had to
be solved in the 1-D code in order to determine the tempera-
ture- and concentration-induced driving forces. The tempera-
tures on the surface of the conduction heater, predicted from
the FEM analysis, are used as essential input boundary con-
ditions for the FDA analysis. A cubic spline-fit of the FEM
temperatures is done to facilitate remeshing of the FDA do-
main. Note that an existing, general-purpose FEM code was
modified and used to model heat transfer within the conduc-

Ž .tion heater Wilkes, 1996 .
Ž .The primitive variable pressurervelocity approach, as op-

Ž .posed to the stream functionrvorticity crv approach, is
used to formulate the governing momentum equations, al-
though the latter approach is used to validate the 2-D code

Ž .on a cavity-driven-flow test problem Blunk, 1996 . The prim-
itive variable approach directly gives the desired pressure dis-
tribution within the film, and also facilitates incorporation of
the free-surface boundary condition.

BLRO Flow Assumptions
Ž .The following assumptions, discussed fully by Blunk 1996 ,

are used in the analysis:
v Ž .The polymer solutions film material are ideal. Enthalpy

and volume changes on mixing are negligible.
v The flow is inertia-free. The Reynolds number is on the

order of 10y6, based on the small film thicknesses used and
Ž y3 .the small film velocities f10 cmrs observed experimen-

tally using fluorescence microscopy.
v Evaporative cooling effects are negligible. Low-volatility

solvents and low surface temperatures are used in this work.
v The shear stresses on the film surface, due to the flowing

air stream, are insignificant compared to the surface-
tension-gradient stresses.

v The film materials are Newtonian. The film viscosities
are shear-rate independent up to 500 sy1 and shear rates of
less than 1 sy1 are typical for leveling and sagging flows
Ž .Bauer, 1984 .

v The solvent concentration at the film surface is at ther-
modynamic equilibrium and is not kinetically-controlled, that
is, solvent diffusion is not rate-limiting.

v The binary mass diffusivity is independent of tempera-
ture and concentration.

v The thermal diffusivity is independent of temperature in
the temperature range of 208C to 908C used.

v The glass surface temperatures are constant, within a
small time step, and are not influenced by heat convection
and diffusion in the film. The rate of thermal energy trans-
ferred into the thick glass substrate from the electrical heaters
is significantly greater than that transported by the thin,
creeping film.
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Free-Surface Problem
A review of numerical methods for solving viscous flows

Žwith moving boundaries can be found elsewhere Floryan and
.Rasmussen, 1989 . Coordinate mapping, as opposed to the
Ž . Ž .marker-and-cell MAC technique Harlow and Welch, 1965

Ž .and the adaptive grid method Kistler and Scriven, 1984 , is
used to track the free surface, which enables the unknown
irregularly-shaped, physical flow domain to be transformed
onto a fixed regularly-shaped, computational domain. Map-
ping complicates the discretized form of the governing differ-
ential equations and boundary equations, because the un-
known mapping function appears explicitly in these equa-
tions, but simplifies matters in tracking the free surface and
in eliminating interpolation inaccuracies associated with a
nonuniform grid. Since the x-directional grid-point locations
do not change with time for the BLRO problem, a simple
1-D mapping function is required, which simply compresses
or stretches the mesh in the z-direction. The transformation
is

xs xU , zs h x , t zU , 6Ž . Ž .

Ž .where h x, t represents the mapping function locating the
free surface or the film thickness. The domain then trans-
forms from

0- x- L, 0- z- h x , tŽ .

to

0- xU - L, 0- zU -1,

where L is the maximum length in the x-direction. The free
surface is always at zU s1 when working in the computa-
tional domain. The time and spatial derivatives in the compu-
tational domain, which are required in the governing equa-
tions and boundary conditions, can be found elsewhere
Ž .Blunk, 1996 . The Laplacian operator in the computational
domain contains mixed derivatives that lead to numerical in-
efficiencies because the efficient, implicit alternating-direc-

Ž .tion method of Douglas-Rachford 1956 , together with the
Ž .Thomas or tridiagonal-matrix algorithm TDMA , can no

longer be used to generate and solve, respectively, the result-
ing system of linear equations. Instead, the less-efficient
Gauss-Seidel iterative method is used.

Numerical Code Developments
( )Go©erning equations 2-D code

The 2-D continuity, momentum, energy, and mass equa-
tions in the physical domain are

 u  w
q s0, 7Ž .

 x  z

 u 1  p  2u  2u
sy qn q , 8Ž .2 2ž / t r  x  x  z

 w 1  p  2 w  2 w
sy qn q y g , 9Ž .2 2ž / t r  z  x  z

 T  T  T  2T  2T
qu qw s a q , 10Ž .2 2ž / t  x  z  x  z

 C  C  C  2C  2C
qu qw s D q , 11Ž .sr 2 2ž / t  x  z  x  z

where u and w are the x- and z-velocity components in the
rectangular coordinate system, T is the temperature, C is the
solvent concentration, p is the pressure, r is the density, t is
the time, g is the acceleration due to gravity, and n , a , Dsr
are the momentum, thermal, and binary mass diffusivities,
respectively. The subscripts s and r refer to solvent and resin.
Note that the convective terms are absent in Eqs. 8 and 9 for
this creeping flow.

Ž .At the free surface zs h x, t , the following three condi-
tions exist

 h 1  h
s yu qw , 12Ž .2 ž / t  xA

2m  u  w  h
t s q 1ytan 2 ž / ž /½  z  x  xA

 h  w  u 1 s  h s
q2 y s q , 13Ž .ž / ž /5 x  z  x A  x  x  z

22m  u  h  u  w  h  w
t s p y y q qn a 2 ½ 5ž / ž / x  x  z  x  x  zA

s  2h
sy , 14Ž .3 2A  x

2'where As 1q  hr x , m is the viscosity, s is the sur-Ž .
face tension, and p is the atmospheric pressure. The kine-a

Ž .matic condition Eq. 12 describes how the film thickness
changes with time, taking into account the x-directional
movement of the surface. In Eq. 13, the tangential stress is

Žequated to the surface-tension gradient Levich-Aris bound-
.ary condition and represents the driving-force for BLRO

Ž .flow. The normal-stress boundary condition Eq. 14 results
from a pressure discontinuity across an interface due to sur-
face tension and a finite surface curvature. In this work, the
atmospheric pressure is set equal to zero, since pressures are

Ž .relative not absolute and only pressure gradients, and not
pressures, appear in the momentum equations. Also, the de-
nominators A in all three surface equations are set to one
because the surface slopes were found experimentally to be

Ž .much less than one maximum slopef"0.03 .
Heat and solvent losses via convection from the free sur-

face are given by

qs h T yT , 15Ž .Ž .1 air

js k CyC , 16Ž .Ž .air

where q and j are the heat and mass flux, respectively, and
h and k are the corresponding heat- and mass-transfer coef-1
ficients. The heat-transfer coefficient, calculated from
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boundary-layer theory, is assumed to be constant over the
temperature range of 208C to 908C used in this study. The
mass-transfer coefficient, on the other hand, is highly tem-

Žperature dependent and was measured experimentally Blunk,
.1996 .

In addition to these surface conditions, the following
boundary conditions on the film must be imposed

xs0: us0,  wr xs0, qs0, js0, 17Ž .
xs L: us0, ws0, T sT , CsC , 18Ž .fix fix

zs0: us0, ws0, T sT , js0. 19Ž .FEM

In Eq. 17, the z-momentum, heat- and mass-transfer condi-
tions result from symmetry about the centerline. In Eq. 18, it
is assumed that the film length L is sufficiently large that the
film edge is unaffected by the gradients concentrated in the
centerline region, resulting in zero velocities. The tempera-

Ž .tures at the film edge essential boundary condition are de-
termined from the glass and air temperatures, the external
heat-transfer coefficient h , and the thermal conductivity. A1
linear variation of temperature through the film thickness is
assumed. The concentrations at the edge are handled simi-
larly. In Eq. 19, the no-slip momentum and the no-penetra-
tion mass conditions are used. Again, the temperature at the
bottom of the film is set equal to that of the conduction heater
surface, which is obtained from the FEM analysis.

The initial conditions are a uniform film thickness, zero
velocities, temperatures equal to that of the ambient air, and
a uniform 14% volume concentration of solvent.

( )Numerical method 2-D code
ŽThe pressure-correction algorithm SIMPLER Semi-IM-

.plicit Pressure Linking Equation Revised is used to solve the
Ž .momentum equations for velocities Patankar, 1980 . In this

algorithm a pressure equation, generated from the continuity
equation, is used to link the momentum and continuity equa-
tions. The calculated pressures correct the velocities itera-
tively until they satisfy the continuity equation. This algo-
rithm, introduced and typically used with the finite-volume
method, is used instead with the finite-difference method and
the Gauss-Seidel iterative method with successive overrelax-

Ž .ation SOR . In addition, SIMPLER is used with coordinate
mapping, a uniform staggered grid, and border cells. The
border cells and staggered grid were first introduced by Har-

Ž .low and Welch 1965 with the MAC method. The border
cells are used to incorporate more easily the boundary condi-
tions. The staggered grid is used, in effect, to generate a finer
grid and also used to eliminate ‘‘wavy’’ velocity and pressure
problems that may develop during numerical iteration, by al-

Ž .lowing the dependent variables u,w,T ,C, P to be calculated
Ž .at different locations in the domain Patankar, 1980 .

( )Go©erning equation 1-D code
Here the Reynolds equation, describing the time evolution

Ž .of film thickness h x, t for a thin, horizontal film subjected
to surface-tension gradients, is derived based on the lubrica-
tion approximation. An order-of-magnitude analysis of the
Navier-Stokes equations, using a small thickness-to-length ra-

Ž .tio hrL<1 of the film geometry and the Levich-Aris free-
surface boundary condition, reduces the x-momentum equa-
tion to Eq. 1 and the z-momentum equation considerably
where only a hydrostatic pressure variation with z is found
Ž .Papanastasiou, 1989 . The pressure in the film consists of a
surface-tension term modified by a hydrostatic effect

 2h
psys q r g hy z , 20Ž . Ž .2 x

where the pressure outside the liquid film is set to zero and
 2hr x2 represents the surface curvature for small slopes.
Assuming incompressibility, differentiation of the pressure
with respect to x gives

 p  3h s  2h  h
sys y q r g . 21Ž .3 2 x  x  x x  x

The nonlinear, 4th-order partial differential Reynolds equa-
tion for the film thickness is realized by substituting Eq. 21
into Eq. 4 to give

 h h3s  4h h2s  h 2h3 s  3h
sy y q4 3ž / t 3m m  x 3m  x x  x

h2 s  h h3  2s h3r g  2h
y q y2 2ž /m  x  x 3m 3m x  x

h s r gh2  h  h h2  2s
y y y . 22Ž .2ž /m  x m  x  x 2m  x

The initial and boundary conditions required to solve for
Ž .h x, t are

h x , 0 s h , initial condition 23Ž . Ž . Ž .o

 h
0, t s0, 24Ž . Ž .

 x

h L, t s h , 25Ž . Ž .o

 h
L, t s0, 26Ž . Ž .

 x

 2h
L, t s0 27Ž . Ž .2 x

In Eq. 24, the thickness profile is symmetrical about the cen-
terline. Equations 25 through 27 assume the profile is not
affected by the surface-tension gradients at a large distance
L away from the centerline. However, after each time step,
the film thickness for all x, including that in Eq. 25, is ad-
justed to account for the solvent evaporated.

( )Numerical method 1-D code
A numerical code based on the lubrication approximation

was also developed. The lubrication approximation works well
for thin-film flows and tapered-channel flows where there is
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a dominant velocity component in one direction. These two
flows are similar in that they are inertia-free, generate pres-
sure variations only in the primary flow direction, and use the
resulting pressure distribution in an advantageous manner.
These two flows are dissimilar in that gravitational effects are
important typically in thin-film flows and not in tapered-
channel flows.

Ž .The Reynolds equation Eq. 22 is solved using:
Ž .1 A finite-difference discretization method with 4th-order

Ž .accurate approximations for the derivatives Blunk, 1996 .
Ž .2 A variable grid size with a nonuniform grid in the x-

direction to obtain accuracy in the high-gradient centerline
region.
Ž .3 The Newton-Raphson iteration method to linearize the

discretized equations.
Ž .4 The Gauss-Seidel iteration method with successive

Ž .overrelaxation SOR to solve the set of linear equations.
When the film thickness profile is known, the x-velocity

and pressure distributions are calculated using Eqs. 1 and 20,
respectively. The z-velocities are obtained from the continu-
ity equation with the help of coordinate mapping. The full
2-D energy- and mass-transfer equations are then solved in
the regular computational domain to determine the new sur-
face-tension-gradient driving-force, which depends highly on
temperature and solvent transfer to the free surface. Note
that the Reynolds equation can be solved and the thickness
profile can be adjusted for solvent loss only if the surface
tension, the viscosity, and the solvent evaporation rate are
known as functions of temperature and concentration.

Materials
Surface tensions and viscosities were measured with a

Ž .DuNouy Ring Tensiometer Cenco No. 70535 and a Haake
M10 cup-and-bob viscometer, respectively, on solvent-free
and solvent-filled coating materials. Evaporation studies were
conducted with the environmental chamber under identical
conditions used in the flow studies in order to measure the
external mass-transfer coefficient accurately. Three polybut-

Ž .ylene resins Cannon N1000, S2000, N4000 and four solvents
Ž .1-methylnaphthalene, decane, undecane, tridecane were
used in the coating formulations to demonstrate the effects
of viscosity, solvent volatility, initial film thickness, solvent-
to-resin surface tension ratio, and heating rate on BLRO
Ž .Blunk, 1996 . Results indicate that the coatings were Newto-
nian and the evaporation mechanism was surface-controlled,

Ž .not diffusion-controlled Blunk, 1996 . Hence, the latter sug-
gests that the value of the external mass-transfer coefficient
is more critical than that of the diffusion coefficient. The dif-
fusion coefficient was thus assumed to be temperature- and
concentration-independent and set to a liquid-like value of
10y6 cm2rs.

Note that the cross-linking reaction is not studied here,
even though it has an extremely large effect on BLRO.
Cross-linking affects coating viscosity directly through the
formation of a 3-D structure, and affects surface tension indi-
rectly through a decrease in solvent diffusion to the surface.
Nevertheless, the BLRO mechanism can be investigated ef-
fectively and the numerical code can be developed effectively
without complicating matters by including curing effects,
which can be incorporated in future work.

Results and Discussion
( )Numerical code comparison 1-D ©s. 2-D

Here, BLRO-thickness results and computation times for
the 1-D lubrication code are compared to those for the 2-D
pressure-correction code. The intent is to determine which
code is to be used in the numerical-vs.-experimental study
and in future paint screening and paint-development studies.
An objective is to develop an efficient and practical numeri-
cal code that predicts BLRO accurately.

Code comparisons were performed using three test cases.
The first two cases involve a solvent-free film under high-
BLRO flow conditions}thick film, low viscosity, large sur-
face-tension gradients}to determine whether the 1-D code
can predict large degrees of BLRO accurately. Heat-transfer
effects within the conduction heater and the film layer are
included in the second case and not in the first. The third

Žcase involves a solvent-filled film and rapidly changing mag-
.nitude and direction surface-tension gradients to see if the

1-D code can handle concentration effects effectively. Both
codes used a uniform grid with 50 and 10 grid points in the x-
and z-directions, respectively. The 1-D code used a nonuni-
form grid with a high grid density in the larger gradient
Ž .centerline area, whereas the 2-D code used a uniform grid.
Computations were performed on the Silicon Graphics work-

Žstation for the 1-D code and on a supercomputer Cray Y-MP
.M98 for the 2-D code.

Case 1
A solvent-free film was subjected to a time-independent

shear-stress distribution, generated from a constant tempera-
ture profile. This profile, measured with an infrared radiome-

Ž .ter at the end of a high heating rate 86 W experiment, pro-
duced the largest surface-tension gradients used here. The
initial film thickness was 200 mm and the film viscosity and
density were set at 8 P and 0.8 grcm3, respectively. Figure 4
shows the transient, film-thickness profiles, which were trun-
cated from 6.35 cm to 3 cm along the x-axis for clarity. The
thickness remains constant at 200 mm for x-values exceeding
3 cm. Excellent agreement is observed between the two codes.
Small thickness differences are observed, and increase with
increasing time, as the 1-D code predicts a slightly lesser de-

Ž .gree of BLRO that is, smaller centerline-to-valley thickness
than does the 2-D code, suggesting that eliminating x- and
z-momentum terms in the lubrication code does not affect
the thickness results significantly. Note that both codes gen-

Žerate profiles that conserve area. The areas above BLRO
. Ž .hump and below valley the 200 micron-line, calculated by

integrating the profiles numerically via Simpson’s rule, are
Ž .nearly equivalent within 2% .

Case 2
This case involves the materials and conditions used in an

Žactual BLRO flow experiment N1000 polybutylene resin, 86
.W power setting, 203 mm initial thickness , which generated

Žthe greatest degree of BLRO observed in the study Blunk,
.1996 . Unlike Case 1, the film was subjected to time-varying

shear stresses as the film was heated from ambient condi-
tions. The energy equation was solved to account for heat
transfer within the conduction heater and the film layer.
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( )Figure 4. Case 1: film thickness profiles 1-D vs. 2-D
for a solvent-free film subjected to a time-
independent shear-stress distribution with a
constant film viscosity and density of 8 P and
0.8 g/////cm3, respectively.
1-D} filled symbols, 2-D} open symbols.

Profile results are presented in Figure 5. Again, excellent
agreement is observed between the 1-D and 2-D profiles, with
the 1-D code predicting a slightly lower amount of BLRO
than the 2-D code. The 2-D profile at 100 s is not apparent
in the figure as this profile nearly coincides with the 1-D pro-
file because of the scaling used to present the data. As in
Case 1, the 1-D and 2-D profiles conserve area to within 2%.

Case 3
Here, the materials and conditions were similar to those

used in a BLRO flow experiment except that the mass-trans-

( )Figure 5. Case 2: film thickness profiles 1-D vs. 2-D
(for a solvent-free film N1000 polybutylene

)resin subjected to large time-varying shear
stresses.
1-D} filled symbols, 2-D} open symbols.

( )Figure 6. Case 3: film thickness profiles 1-D vs. 2-D
(for a solvent-filled film N1000 polybutylene

resin dissolved in 14% by volume of un-
)decane solvent subjected to time-varying,

temperature- and concentration-induced sur-
face-tension-gradient forces.
1-D} filled symbols, 2-D} open symbols.

fer coefficient was increased by 20% to accentuate the effects
of solvent concentration on BLRO flow developments. The
film consists of N1000 polybutylene resin dissolved in 14% by
volume of undecane solvent. The conduction heater was
heated at 86 W and an initial film thickness of 76.2 mm was
used. The film was subjected to time-varying, temperature-
and concentration-induced surface-tension-gradient forces.

The film thickness profile results at three times are shown
in Figure 6. Good agreement between the 1-D and 2-D pro-
files is observed. The three times correspond to three differ-
ent modes of BLRO flow}formation at 260 s, flow-out
Ž .leveling at 490 s, and reformation at 780 s. During forma-
tion, the surface-tension gradients are temperature-induced,
resulting in material accumulating in the cooler, higher sur-
face-tension centerline area. During flow-out, the gradients
are predominantly concentration-induced. Significant solvent
concentration variations are generated along the film surface
due to solvent evaporation from the nonuniform film thick-
ness. The solvent concentration is greater in the thicker cen-
terline area. Since the solvent surface tension is less than that
of the resin, material flows from the centerline area towards
the thinner, higher surface-tension areas. During reforma-
tion, the concentration variations diminish and once again,
the surface-tension gradients are temperature-induced, re-
sulting in material flow towards the cooler centerline area.

Computing times
The 1-D code is enormously more time-efficient than the

2-D code. In Case 3, where the fluid flow, energy, and mass-
Ž .transport equations are solved, 5.4 min workstation and 17

Ž .days supercomputer of CPU time are required for the 1-D
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and 2-D codes, respectively. This huge time difference results
from a severe, time-step stability limitation with the 2-D code.
Time steps of 1 s and 10y4 s were used for the 1-D and 2-D
codes, respectively. Time steps exceeding 10 s for the 1-D
code and 10y4 s for the 2-D code resulted in instabilities. In
the 2-D code, extremely small time steps are required to ana-
lyze momentum transport within thin, viscous films according
to von Neumann’s stability criterion

2
D zŽ .

D t- , 28Ž .
n

Ž .where n is the momentum diffusivity kinematic viscosity and
D z is the grid spacing in the film-thickness direction
Ž .Carnahan et al., 1969 . Equation 28 is based on a linear sta-
bility analysis, an explicit time scheme, and diffusion in one
direction. If the time step is too large, the explicit procedure
will be unstable. Even for analyses based on a fully implicit
scheme, Eq. 28 provides a ‘‘rule-of-thumb’’ time-step esti-
mate required to obtain accurate solutions, indicating that
small time steps are required in 2-D codes to predict momen-
tum transport accurately, regardless of whether an implicit or
explicit time scheme is employed. Note that since the thermal
and mass diffusivities were four and six orders of magnitude
lower than the momentum diffusivity, respectively, a time step
as large as 1 to 10 s could be used in both codes to analyze
heat and mass transfer without generating numerical instabil-
ities and inaccuracies.

In the 2-D code, the ‘‘semi-implicit’’ pressure-correction al-
gorithm SIMPLER was used. It is semi-implicit, however, in
a nontraditional sense. A fully implicit scheme is used in time,
because the unknown velocities at the current time were cal-
culated indirectly or implicitly from neighboring unknown ve-
locities, also at the current time, by solving a set of simulta-
neous equations. The method is considered semi-implicit be-
cause a velocity correction term was omitted in the derivation
of the pressure-correction equation in order to adopt a se-
quential, one-variable-at-a-time, solution procedure instead
of directly solving the entire set of momentum and continuity

Ž .equations Patankar, 1980 . This semi-implicit method is sus-
ceptible to instabilities for large time steps. The authors rec-

Žommend, however, that a fully implicit code not a semi-im-
.plicit code}SIMPLER be used and its results compared to

those calculated by the 1-D code to gain more insight into
the efficiency of the lubrication-based, 1-D code.

In the remainder of this article the accurate and efficient
1-D code is used to provide the numerical BLRO results.

Experimental vs. Numerical Results
Film profiles

A detailed description of the BLRO-flow experimental ap-
Ž .paratus can be obtained elsewhere Blunk, 1996 . The major

components, however, are: the conduction heater, which gen-
erates temperature gradients on its surface, and, in turn, sur-
face-tension-gradients in the coating; the environmental
chamber, which provides a controlled setting for heat and
mass transfer; and the non-contact, laser line-scan profilome-

Žter Analytical Measurement Technology, Madison Heights,
.MI , which measures the time-varying, wet-film surface pro-

Figure 7. Experimental vs. numerical transient thick-
(ness profiles of a solvent-free film S2000

)polybutylene heated at 58 W.
One-sided error bars on numerical data to represent uncer-
tainty in initial film thickness measurement.

files. Each line-scan profile contains 512 data points with 0.01
cm spacing.

Film-thickness profiles from two representative BLRO flow
experiments}solvent-free and solvent-filled}are compared
with those predicted numerically. The thickness values ob-
tained from the solvent-filled experiment were reduced to ac-
count for the solvent evaporated, as the laser profilometer
measures surface profiles, not coating thickness. The numeri-
cal code was used to provide the solvent loss information
needed to make this reduction.

Sol©ent-free experiment
Figure 7 presents numerical and experimental profile re-

sults of an S2000 polybutylene film. The film with a mea-
sured initial thickness of 152 mm was heated using a medium

Ž .heating rate 58 W . Very good agreement is observed among
the experimental and numerical profiles. One-sided error bars
are displayed at each numerical datum point to illustrate the
significance of a 25 mm underestimation in measuring the
initial film thickness. Here, the initial thickness was mea-

Žsured to be 152 mm using a wet-film thickness gage Gardco,
.Model 154 . The actual thickness could range anywhere from

152 mm to 177 mm, because the probe lengths on the thick-
ness gage were in 25 mm increments. The numerical code
was run twice using a 152 mm and 177 mm initial film thick-
ness, and the resulting thicknesses from the latter analysis
were then reduced by 25 mm so that these measurement-
error effects could be investigated. The small error bars shown
in the figure suggest that the 25 mm underestimation in ini-
tial thickness is insignificant under the conditions used in this
experiment. In addition, the error bars suggest that the ac-
tual initial film thickness was probably closer to 152 mm than
to 177 mm, assuming no other experimental errors.
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Figure 8. Experimental vs. numerical profile results of a
(solvent-filled film N1000 polybutylene in 14%

)by volume undecane during BLRO formation
( )86 W heating rate .

Sol©ent-filled experiment
An N1000 film, dissolved in 14% by volume undecane sol-

vent, was heated at a high 86 W heating rate and had an
initial film thickness between 76.2 mm and 101.6 mm. As ex-
pected, of all the conditions used in this work, these condi-
tions generated the largest deviations between experimental
and numerical work. High solvent volatility, high heating rate,
and thin initial thickness all result in a large and rapid change

Žin the surface-tension-gradient driving-force magnitude and
.direction as these conditions produced all three modes of

BLRO flow. Small errors in the temperature- and concentra-
tion-dependent surface tension, viscosity, and solvent flux
measurements, which are input for the numerical code, can
affect the numerical results significantly and result in large
experimental vs. numerical deviations. Moreover, a 25 mm
underestimation in the initial film thickness can also affect
the resulting profiles significantly.

Figures 8, 9 and 10 present experimental and numerical
profile results obtained during BLRO formation, flow-out,
and reformation, respectively. An initial thickness of 76.2 mm
was used in the numerical code. Good agreement is shown
between the experimental and numerical results. Note that
each experimental profile contains 512 data points. For clar-
ity, six symbols are illustrated on each profile.

Summary
Based on the lubrication approximation, an efficient nu-

merical 1-D code was developed to predict temperature- and
concentration-induced, surface-tension-driven BLRO flows,
which agreed with those predicted from a 2-D code and those
measured from experiments. The lubrication approximation
worked well because of the BLRO flow geometry, that is,
small film thickness-to-length ratio hrL. The greatest asset of
the 1-D code was that it was vastly more time-efficient and
economical to run than running the 2-D code. Because of a
severe time-step stability limitation associated with the 2-D

Figure 9. Experimental vs. numerical profile results of
(solvent-filled film N1000 polybutylene in 14%

)by volume undecane during BLRO flow-out
( )86 W heating rate .

code, and not with the 1-D code, the 1-D code simulated a
13-min BLRO flow experiment on a workstation in approxi-
mately four min, whereas the 2-D code required weeks on a
supercomputer.

The 1-D code was written specifically to handle a simple
coating system, namely, a nonreacting, single-solvent, single-
resin liquid. The lubrication approximation in the 1-D code is
also expected to handle more complex, automotive coating
systems because these systems are found to produce BLRO
of a lesser degree due to the rapid increase in viscosity with
extent of cure. In order to model reacting, multiple-solvent

Figure 10. Experimental vs. numerical profile results of
(solvent-filled film N1000 polybutylene in 14%

)by volume undecane during BLRO reforma-
( )tion 86 W heating rate .
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and multiple-resin automotive coatings accurately, effects of
Ž .the following in the order of increasing complexity must be

incorporated into the code:
Ž . Ž .1 Yield stress and other non-Newtonian behavior; 2 vis-

Ž .cosity and mass diffusivity dependency on cross linking; 3
for diffusion-controlled evaporation, the dependency of the

Ž .mass diffusivity on solvent concentration and temperature; 4
Ž .multiple solvent diffusion; and 5 surfactant and low-energy

Ž .substance byproduct of curing reaction diffusion.
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