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The Sommerfeld Half-plane Problem Revisited, V:
The Bifurcated Guide with Mixed Boundary
Conditions on the Septum*

Albert E. Heins
Department of Mathematics, University of Michigan, Ann Arbor, Michigan 48109, U.S.A.

We discuss the solution of the boundary value problem in a duct with a centered septum [9]. On the lower
wall of the duct a Neumann condition is applied while on the upper wall a Dirichlet condition is applied. On
the septum we apply a Dirichlet condition on the lower side and a Neumann condition on the upper one.
This problem is formulated as a pair of integral equations of the Wiener—Hopf type for which we supply
solutions for two modes of excitation as well as real and complex wave number. A critical examination is
made of the construction, which reduces the problem to one in complex analysis. For real wave number, the
physical parameters are provided in very simple forms.

1. Introduction

We continue our studies of parallel plate media with a discussion of a bifurcated
duct problem recently considered by Liineburg and Hurd [9]. They have studied
problems for which the Neumann boundary condition was applied on the lower wall
of a duct and the Dirichlet one on the upper wall. On the septum which is centred, the
Dirichlet condition is applied on one side and the Neumann on the other. We note
that there are two cases, and we shall only discuss one of them. In any event these
problems lead to a coupled pair of Wiener—-Hopf integral equations due to the
conditions on the septum.

Such boundary value problems can be formulated effectively as integral equations
of the Wiener-Hopf type with the aid of a Green’s function whose boundary condi-
tions are appropriate for the duct. But as we have long known, a Green’s function for
a duct with the boundary conditions we have described for the walls has various forms
for the ‘propagating terms’. Conventionally, we write a Green’s function for the
Helmholtz wave equation with outward-going propagating terms and attenuated
ones from the source. If the wave number & in the Helmholtz equation is real, the
corresponding Green’s function cannot be used to form a representation for the
solution of the wave equation in the duct with a septum because we cannot evaluate

*From a paper presented at the conference on ‘Wiener—Hopf Problems and Applications’ held in
Oberwolfach, West Germany, 20-26, July 1986.
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some of the integrals which arise from the Green’s theorem. We have at this point two
choices. One is to assume that the wave number k has a small positive imaginary part
and the ‘propagating’ and ‘attenuated’ wave numbers in the duct have negative real
parts. In this case it is possible to give a representation but we are still left with the
question about its interpretation when the imaginary part of k vanishes.

A modified Green’s function can be constructed by noting that a travelling wave
term when k is real, contains a solution of the homogeneous wave equation. We may
add or subtract such solutions to the conventional Green’s function and thereby only
change its behaviour at infinity. The need for such a modified Green’s function was
noted by J. S. Schwinger in his study of duct problems in 1943 [11]. There he found it
necessary to modify the travelling wave component of the Green’s function when k is
real in a rather circuitous manner, in order to formulate the boundary value problems
which he was examining. The only published account of this early work appeared in
1968 and it is woefully incomplete.

There is a second reason why we require either a positive imaginary part for k in the
conventional Green’s function or a modified Green’s function with appropriate
conditions at infinity when k is real. We are ultimately required to calculate the
bilateral Fourier transform of the Green’s function in order to apply the method of
Wiener and Hopf. This transform should be analytic in the transform variable in some
strip parallel to the real axis if we are to apply the method of Wiener and Hopf. When
we use a complex k with Im k > O this is possible. We will show in Section 2 how it is
also possible to modify the conventional Green’s function when k is real and obtain
a strip of analyticity. This strip, however, is not the same one we obtain when k is
complex.

A third issue arises when we attempt to form the Fourier transform of the integral
equations which represent the boundary value problem we described. The convol-
ution theorem is not directly applicable to the terms in these equations which contain
normal derivatives of the Green’s function which are evaluated on the septum. One
way out of this difficulty is to find the Fourier transform of the representation which
we give for k real in Section 2 and then apply the boundary conditions. We regret that
we did not make this point clear in {4] and [5]. A similar method should have been
applied by Liineburg and Hurd in [7]-[9].

We shall discuss the differences between the results in [9] and the present paper,
noting among other matters, that we have found compact expressions for the magni-
tudes of the transmission coefficients. We also correct one of the graphs in [9]. Some
of our calculations are similar to those used in [4] and we shall make free use of them.

2. The formulation of two bifurcated duct problems

Here we shall formulate two boundary value problems for the bifurcated duct
which have been studied by Liineburg and Hurd [9]. These boundary value problems
will lead to coupled pairs of Wiener-Hopf integral equations and the solutions will be
provided for k real. To this end we require a representation for the solution ¢(x, y) of
the two-dimensional Helmholtz equation

b+ by + 29 =0

in the bifurcated duct with a centred septum which satisfies the following boundary
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conditions (see Fig. 1):

(i) ¢,=0, —0c<x<o0,y=0
(i) =0, —o<x<00,y=2a
(i) $=0,0<x<o0,y=a—0
(iv) ¢,=0,0<x<o0,y=a+0.

To these boundary conditions we add those conditions at infinity which pertain to
the nature of the propagating modes which a duct can sustain. The first case we
consider is the following. For x - — 00,0 < y < 2a

¢(x, y) = cos %[exp(irclx) + R exp[ —ix,x],

where k, = \/k? — n%/16a® > 0and n/4 < ak < 3n/4. That is, the larger duct can only
sustain the lowest incident and reflected modes. For x »0,0< y<a

¢(x, y) - T, cos %exp (irc,x),
whereas for x >0, a < y < 2a
. T .

¢(x, y) - T,sin -Ziexp(mzx);

that is, the lowest mode is transmitted in the small ducts. Here
K, = Jk* — n%/4a® > 0 and n/2 < ak < 3n/2. Hence we have n/2 < ak < 3n/4 in
order that a single mode propagates in each duct.

In order to find the representation we seek, we use a Green’s function for the duct
— o0 < x < 0,0 < y < 2a which obeys the same boundary conditions as ¢(x, y) on
the walls of the duct and which obeys the same differential equation given in [2] and
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[3]. Such a Green’s function G(x, y; x, y') is given by the infinite series

my my

G{x, y; x',y') =icos i cos i exp [ix, |x — x'|/2ax, ]
i 2n—1 2n — N)ny’
+ ngz cos( e m )y cos( " 4a)7ty

X expl — Kap—1lx — X'|/2aK 3, -

when n/4 < ak < 3n/4 and x,,_; = ﬁZn —1)’7%/16a*] —k*>0,n=2,3,...,
Observe that this form of G(x, y; x’, y') is bounded when x" or x = + oo. It is possible
to modify the bounded term by adding a solution of the homogeneous Helmholtz
equation which satisfies the boundary conditions on the wall of the duct and only
change the behaviour of this Green’s function at infinity. We add the term

[ —icosk,(x — x') + sink,(x’ — x)] cos ycosﬂ
2ak, 4a 4a’

which is a solution of the homogeneous wave equation, to obtain

GY(x, y; X', y") = [sink,(x’ — x) — sink, |x" — xl]cosﬂ cos ¥ 2axk,
4a 4a

(2n - l)ny (2n — ny

g 4a

GY(x,y; x,y) now has the property that it is bounded when x' > — o0 and
Ofexp( — x,x')] when x' - co. In this form it is ideally suited to formulate the
boundary value problem which we have described. The representation we now obtain
by applying Green’s integral theorem is

expl — Kan—1lx — X'|/2aK2, -1 .

$(x, 3) = [exp(iK, x) + Ry exp( — ik, )] cos 2

@ a¢
+ GV(x, y; x, ¥
.[o I: (. y oy y'=a-0
(1) W ’
+ o, a+ 0 8 KXy Y) (’;yy,’x’” ]dx’. 2.1)
y=a

Observe that we require G'')(x, y; x’, ') in order to apply Green’s theorem to Figure
1 with the behaviour of ¢(x, y) at infinity which we have assumed. We cannot use
G(x, y; x', y’) when k is real to obtain a representation since

lim U J ][G(x VX v) ¢( y)_¢( )aG(x,ayy;’x’,y’)]dy,

does not exist. However, if k is complex, has a positive imaginary part, and the x,,_,,
n=2,3,...have positive real parts, it is possible to formulate the problem with the
aid of G(x, y; x', y'). This however modifies the term exterior to the integral and the
interpretation of the formulation is to be questioned when k is real.

We have assumed that the integrals in (2.1) exist and therefore that the representa-
tion is valid. We will show that it is possible to produce the functions 8¢/0y|,=4-0,
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and ¢|,=,+0, x > 0 which are bounded when x »c0 and are otherwise integrable
when we invoke the boundary conditions on the system and solve the resulting
coupled pair of Wiener-Hopf integral equations.

For a second example, we assume that for x »> — 0,0 <y < 2a

. 3 .
o(x, y) - cos%[exp(ixlx) + Riexp( — ik, x)] + R;,cos%exp( — iK3x),

where now Kk, =./k*~n?/16a* >0 and «j=./k®—-9n%/16a>>0 and
3n/4 < ak < 5m/4. That is, the next reflected mode in the larger duct has been excited.
For x> 00,0<y<a

¢(x, y) = T cos yexp(mzx)

2a

whereas for x >0, a <y < 2a
Ty
$(x,y) — Tysin 2 exp(ixx),

with n/2 < ak < 37n/2. Hence we have the inequality 3n/4 < ak < 5n/4 for which there
are two propagating modes in the large duct and one propagating mode in each of the
smaller ducts. The formulation of this problem now entails a modification of
GY(x, y; X, y') to GP(x, y; X, y'). Here we have that

’

Gx, y; ¥, ¥') = [sink,(x' — x) — sinx, |x' — x|] cos%cos% /Zarcl

3
+ [sink53(x" — x) — sinx,|x’ —xl]cos34——ycos Z‘;v /Zax3

& cos(2n — Dnrycos(2n — )my
; 4a

X exp[ — Kzn-11x" — X|/2aK3,-1],

where now x,,_, >0,n=13,4,..., k3 = /k?* — 9n?/16a*> > 0 and GP(x, y; x', y') =

O [exp( — ks5x)] when x’ — co . Hence the representation for 3n/4 < ak < 5n/4 is

. . 3 .
o(x, ) = COSZ—Z [exp(ix,x) + Ryexp( — ix,x)] + R;cos % exp( — ix3x)

® 00(x', y')
G2(x, y; X',
+L[ (e 3 X' Y)—=— 3y

y'=a-0
3G(x, y; X, y) ]dx, 22)
ay y'=a+0

When we invoke the boundary conditions on the septum, we produce another
coupled pair of integral equations of the Wiener-Hopf type.

If k has a positive imaginary root as in [9], a representation similar to (2.1) and (2.2)
can be obtained, save for the facts that there will be a different non-homogeneous term
and GV (x, y; x', y') and G¥(x, y; x, y) will be replaced by G(x, y; X', y).

+ ¢(x',y)

’
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3. The solution of the first problem

The boundary conditions on the septum applied to (2.1) provide us with a coupled
pair of Wiener~Hopf integral equations. We cannot, however, apply the convolution
theorem directly to this system. This is due to the fact that we would be required to
calculate the Fourier transforms of the y and yy’' derivatives of GV(x, y; x', y') at
y =y’ = a, which do not exist. We circumvent this difficulty by considering

Y(x,y) = ¢*(x, y) + f [G‘”(x, »s X' a)g;

o

a-0

] dx’ (3.1

,
0GV(x, y; X', y)

+ ¢(x',a + 0) 3y

Yy =a

and its y derivative for y # a. We define

o*(x,y) = cos%[exp(ixlx) + R exp(— ik, x], x>0,

=0, x <0,
¢(x,a-0=0, x>0,
a___d)(x, Y =0, x>0
ay y=a+0 ’

Equation (3.1) contains the original problem for x > 0 and therefore y(x,a — 0) =
0 (x, ¥)/0yly=a+0 = O there. Now y(x, y) and 0y (x, y)/dy are O[exp(x;x)], x = — co.
As we have noted, we seek a ¢(x, y) and a 3¢(x, y)/0y which are integrable for x > 0
and Ofexp(ik,x)], x » 0. Wiener-Hopf theory should now provide us with the
unilateral Fourier transforms of ¢(x,a + 0) and ¢ (x, y)|,=,-0, Which should be
analytic in the lower half-plane Im w < 0 and satisfy the Riemann-Lebesgue lemma. It
should also give us the unilateral Fourier transforms of y(x, a) and dy/(x, y)/0yl,=a>
x < 0, which shouid be analytic in the upper half-plane Imw > — k4 and satisfy the
Riemann-Lebesgue lemma there also.
The bilateral Fourier transform of G)(x, y; 0, y) is

© c sino(2a—y'
é“’(w;y,y’)=J exp(—iwx)GV(x, y; 0,y )dx = os gy sin o Y),y<y’,

o o cos 20a

s

cosoy sino(2a — y)
= y,y>y-

o cos 2¢a

Since GV(x, ;0, y') = O[sink,x], x = co and O[exp(k;x)], x = — oo, § P(w; y, y')is
analytic in the strip — k3 < Imw < 0 and obeys the Riemann-Lebesgue lemma there.
For y # y/, the y and yy’ derivatives also satisfy this lemma. Now, based upon the
expected behaviour of ¢(x,a + 0) and 0¢/0y|,-.-0, these functions should have
unilateral Fourier transforms, analytic in the lower half-plane Im w < 0, whereas
Y(x, a) and dY(x, y)/0y|,=, should have unilateral Fourier transforms analytic in the
upper half-plane Imw > — x;,.

It follows that since the transforms of ¢(x,a + 0), 0¢(x, ¥)/0yly=a-0, ¥(x,a),
0P (x, y)/0yl,=a ¢*(x, y) and G'V(x, y; 0, y') would have a common strip of analyticity,
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that is — x; <Imw < 0, we have for y £ a
~ _ 1 R, Ty
yw, y)= [i(w— ) + W Kl):lcos4a

sinoca » cosoa -
[GCOS 20-a¢y(w) - cos 2o_a¢ (W)}COS O',V, 0 < y <a (3.2)

and

~ _ 1 R, Ty
Yw, y) = [i(w — k) + i(w + Kl)]cos4a

+ [ cosoa é,(w) — sin oa d;(w)] sinc2a—y), a<y<2a (33)

ocos20a cos 20a

Here ¢ = (k* — w?)!/? and is taken to be real and positive when |Re w| < k, Imw =0,
and

[t o

4; (w) = exp( — iwx)¢(x, a + 0)dx,
JO
y [~ . 0(x, y)
¢, = Jo exp( — iwx) d’;; : a—0dx
and
R ro
Yw, y)= . exp( — iwx)¥(x, y)dx.

We note that as a consequence of the edge condition that ¢(x, a + 0) should be
O(x'*), x »0 + and 3¢(x,a — 0)/0y should be O(x~3%), x—» 0+ and therefore
¢ (w) =0 (w™%*) and ¢ ,(w) = O (w™'/*), |w| - o0, Imw < 0. Hence ¥ (w, a) would
then be Ow™'), Imw> —«k;, |w|—>o and therefore would obey the
Riemann-Lebesgue lemma, and so would aw‘ (w, y)/0y. However, we do not require
these facts since they are derivable from our analysis.

Now it is possible to take the limit y >a — 0 in (3.2) and y —>a + 0 for the
y derivative of (3.3). We have in matrix notation

n
1 1 R 4a
AW)D(W) — —= ! -y .
(w)®(w) i Z[W—K1+W+K1] 1 (w), (3.4a)
where
cos?ga __ osingacosga
cos 2ca cos20a
Awy={ A :
. Singacosoga COos“oa
g cos20a cos 20a
é (w)) <w‘ (w, a)>
dw)=| .} and ¥(w) = { ¥ .
) <¢(w) W=y wa

From this point onward, we have a function-theoretic probiem whose general
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features we have described in [2] and [3]-[5]. We write

cosaa osinca

Aw) = _Cosga R /co§ 20a - \/cos 20a . (3.4b)
Jcos2cal _ Sinod cos 6a
o./cos26a  |/cos2oa

The scalar factor can be rewritten as

cosca  K_(w)
\/008200 K, w)’

where K _(w) and its reciprocal are analytic in the lower half-plane Imw < 0 and have
algebraic behaviour at infinity in this half-plane, whereas K, (w) has the same
properties in the upper half-plane Imw > — ;.

We have discussed the factorization of scalar terms of this type on several occasions
([2], [4], [5])- Here we give the final result for the case at hand.

12 .
K_(w)=%(w k3) exp(_lawan)

w? — k} n

[ 1 4a’k? + 2iaw
i T a2n—172 " a@n-—1)
I1

n=2 . 16a2k? N diaw
?2n—-12  a2n-1)

I: { 4a2k? 2iaw :l
iawin2\ = |V m@n—17 wn—1
xp( ) ! ( ) ( )
n=2 \/ - 16a%k? 4iaw

Y, ?Qn—1% an-1)

The factors exp( + (iawln 2/x)) have been inserted to render the terms K _(w) and
K . (w) of algebraic growth. Indeed K _(w) and K , (w) are O(w!/?), |w| = oo in their
respective half-planes of analyticity [10]. The corresponding terms in [9] have to be
modified with terms exp( + (iaw In 2/z)) or it will not be possible to apply the Liouville
theorem.

The matrix in (3.4b) can be rewritten as

X

and

cosaga osinga
B(w) _ /cos 26a \/cos2ea
sinca cosoa

o./cos2ca J/cos2aa

0 o
= exp s 0 In —_—
cos(
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We require the additive decomposition of the matrix in the exponent such that one
term is analytic in the lower half-plane Imw < 0, whereas the other is analytic in the
upper half-plane Imw > — k,. We note that cos(sa + (n/4)) has two real zeros at
w = + k,, whereas cos(sa — (n/4)) has two imaginary zeros at w= % ix;. We
accomplish this decomposition as we did in [4] and [5] with the aid of Cauchy’s
integral theorem with a path of integration drawn parallel to the real axis in the strip
of analyticity. This then gives

0 0
exp(l/a g)lnh+(w)exp<l/o g)lnh_(w), (3.5)

which is possible since the matrices obviously commute. [In h_(w)]/a(w) is analytic in
the lower half-plane Imw < 0, whereas [Inh,(w)]/o(w) is analytic in the upper
half-plane Imw > — k. Thus the component of (3.5) which is analytic in the upper
half-plane Imw > — k5 is

1 1 ow)[ 1
3| ot + s D 1

1 1 1 1 ’
200 )[ +W) = +(w)] i[”*(w“lu(w)]

1 1 o(w) 1
i[h‘(w”h-(w)] 2 [h W =5 )]

1 1 1
2o(w)[h‘(w)_h~(w)] [h W+ )]

has entries which are analytic in the lower half-plane Imw < 0. We shall give the
explicit form of h_(w) since this is the only term we use. We have

B.(w)= (3.6)

and

B_(w)= 3.7

(W) = wi — a(w) k2 + wik; + a(w)a(ix,)
)= wi + a(w) k? + wik; — a(w)a(ik;)

ac

I k* + wiky,_ 3 — a(W)a(iky,-3)
n=2 k* + wik,,_3 + o(w)alix,,-3)
y k2 + wirg, -, + a(w)a(irc4,,_1):I‘/4
k? + wikg,_; — 0(W)o(iKan-1) |

In a fashion which we have made familiar in [1]-[5], we can derive two relations by
a Wiener—Hopf separation from (3.4), that is

1 [K+(K1)h+("'1)+ R1K+(—K1)h+(——l€l)]

K_(w)B_(w)®(w) —

/2L w—x W+ K,
T
| 4 = (81(‘”)) (3.8)
-1 &5(w)
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and

K, (w)B3'(w) ¥ (w) +

! [K+<w)B:'<w)—K+(x1>B:'<xl>

m WK,
s

{K (w)BX'(w) — K, (—’\'1)311(—"1)}] 4a =(51(W)>
W+ K, 1 e, (w))’

where ¢,(w) and ¢,(w) are entire functions. Now we know that h,(w) = O(w!/4),
|w| = o0, Imw > — k3 and h_(w) = O(w™'#), |w| > o0, Imw < 0. We know that the
scalar factors are both O(w'/?), |w| — oo in their half-planes of regularity upon using
familiar methods [10]. Hence, since we seek a ®(w) and a ¥ (w) which obey the
Riemann-Lebesgue lemma in their respective half-planes of analyticity, we fihd that
le (W) < M,iw|"* + M,|w|** and |e,(w)| < M;|w|** for fixed M,, M, and M,
when |w| — co. This implies [6, p. 204] that ,(w) = « + fw and &,(w) = y where a,
and y are constants. When we solve for ®(w) in (3.8), we find two terms which are of
the order w** and w'* when |w| - oo, Imw < 0. In order that ®(w) obey the
Riemann-Lebesgue lemma we are required to choose f = y = 0 and hence ¢,(w) = «
and &,(w) =0. Notice that we have not employed the edge condition. Now
¢ (w) =0 (w™5*) and §, = O(w™/*) when |w| - o0, Imw < 0 while ¥, =0w "
and 1// = O(w™?!) when |w| — 00, Imw > — k,.

The arbltrary constant a is eliminated on physical grounds. We have formulated the
duct probiem under the assumption that there are no incident duct modes from the
right upon the discontinuity due to the presence of the semi-infinite septum. Hence
K _(w), which has a zero at w= — k,, would produce such a wave unless there is
a zero on the right-hand side of (3.7). This gives us

I

1 l:_ K, (x)h, (k) + RK,(—x)h,(— '\'1):| 4a + <°‘> =0
i\/i Ky + K, Ky —K; —1

It follows that « = 0 and

Ky — Ky Ki(k)h, (k)
K;+ 8, Ki(—x)h,(—x)

R, =

But K , (x,)h,(x,) is conjugate to K . ( — x,)h,.( — x,) and therefore

— K2 E<ak<3—n.
n1+ 22 4

IRl =~

In order to determine T; and T,, the amplitudes of the transmitted waves in the
small ducts, we write (3.1) as a Fourier integral and note that it is necessary to
distinguish the cases y <aand y > a. For y<a

1 [ exp(iwx)cosoy
y exp(iwx) cos oy
Yix, y) = $*x, ) + 5 L, cos 20a
» l:s_"l_‘la_f_y(_@ — cosoag (w) :ldw,

where % is a path drawn parallel to the real axis in the strip — k; < Imw < 0. Upon
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inserting the expressions we have derived for é ,(w) and & (w), we obtain

cos gy exp(iwx)dw

. 1
lp(x,y)= d) (x’y)— 47!1\/§J;’ COSO'aK+(W)

Vi n :
x [(1 - 4—(;)m(w) + <1 + %)h_ﬁvﬂ

x I:K+(x1)h+(’<1) + R1K+(_K1)h+(_'€1):|~

w— K, W+ K,

We have expressed the integrand in terms of k, (w) and K , (w) since we shall close the
path £ with a sequence of semicircles which pass between the zeros of cos ga in the
upper half-plane Imw > — x; when x > 0. Under these circumstances, h,(w) and
K ,(w) can be evaluated directly and the only residues which arise come from
K, — Kk, and the zeros of cosaga. In view of the fact that h, (w) + 1/h, (w) and
[h,(w)— 1/h (w)]/o(w) are single-valued analytic functions of w in the upper
half-plane Imw > — k4, we may close the path .# as we have just described it and
obtain for x - 0,0 < y<a

4./2k, K, (x)h, (k)

l/l(x’ .V)"’ - In

[h+(x2) + ]cosﬂ exp(ix,x). (3.9)

h + (Kz) 2a

Upon noting that |k, (k,)| = (r/2)'/%, |k, (x,)| = 3"/, | K, (x,)| = 31/2%1/4/25/% apd
IK (k)| = 34(2/r)"/?, the magnitude of T, which is the coefficient of

cos% exp (ik,x) in (3.8) reduces to

K, [4 + 2\/§cos ]2
(xy + K3)

3

where v = argh, (x,). In a similar fashion

K, [4— 2\/3 cos 2v]1/?

T.] =
T, s

We note that [R,|, |T,| and | T, | satisfy the conservation condition
(1= IR, Pk, = &, [IT, 1> +1T,1*1/2.
This then gives us the reflection coefficient

Ky — K,
Ky + K,

IRy | =

and the two transmission coefficients

ZIP {1116, [4 + 2./3 cos 2v] }172
Ky U 22(kcy + 1c5)

\/;72”,‘ {K,%,[4 — 2./3 cos 2v]}12
K27, = ,
Ky

212 (xy + 1)

and
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4. The solution of the second problem

Upon following the ideas developed in Section 3, we now obtain for the second
problem in Section 2, the counterpart to equation (3.4):

T

, 1 1 R 4a
— AW _
(W)@’ (w) iﬁ[W—x1+(w+x,)] 0
Ix

SR )y @1)
iV2w + 3| )

Now G(x, y; x, ') has been modified to G'¥(x, y; x, '), and the bilateral Fourier
transform of the latter is now valid in the strip — x4, < Imw < 0 and thercfore ¥'(w)
will be analytic in the upper haif-plane Imw > — k. Although «% is real we can stiil
write A(w) = K'(w)B(w). The Wiener—Hopf factors of the scalar term K(w) and the
matrix B(w) are now modified. In this case we have that

4 2 2 . - . 2
ok A e dyexp| - (02 4 2
Ky = n 31 | T x 3
(W) = - '
4 VW = KE1 (W — «3)
! 4ak? + 2iaw
ﬁ 7 @Rn—1%72  n2n—1)
n=3 16a2k? + diaw
?@2n—1)*  n@2n-1)

and its reciprocal are analytic in the lower half-plane Imw < 0. Further
# = [ 1— ﬁ - Ziﬂ]exp[ia—w(lrﬂ + g)]
K', (w) 9n 3n 4 3
[ /1 _ da*k? - 2iaw :I
9 ﬁ n*(2n — 1) n(2n —1)

n=3 | 16a2k? diaw
?2n—-12% a@n-1)
and its reciprocal are analytic in the upper half-plane Imw > — k5. K';(w) = O(1)
when {w] — oo in their respective half-planes of analyticity.

Now, as for the factorizing of B(w), we obtain in this case matrices of the form (3.6)
and (3.7), but their elements h . (w) are now replaced by 'y (w), where

2 k% + wiky,_3 — 6(W)o(iKe,-3)
hl = T d .
+(w) [E’z k? + wikg,—3 + o(W) o (iKan-3)

y k? 4+ wiKa, -1 + o(W)o(iKe,—) |V*
k2 + WiK4,,_1 - O'(W)O’(iK4,,_1)
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This has been derived by the method employed in [4] and [S], and it is analytic in the
upper half-plane Imw > — k; where we have chosen the branch which is 1 when
w = + k. We do not require h'- (w) explicitly. We also have k', (w) = O(w'*), |w| - o,
Imw < — kg and K~ (w) = O(w™ /%), |w| - 0, Imw < 0.

We now apply the method of Wiener and Hopf to equation (4.1) to obtain

T
K'_(W)B_ (W)®'(w) + —= 1 [K’+(K1)h’+(xl) + RIIK'+(—K1)h'+(—K,):| 4a
,\/ w— K, w+ K, 1
3n
1 [K’ (—K;) R, ] 4a (&) @2)
1\/— Hi(— K3) (W + K3) q “\eyw) ) '

where &} (w) and &,(w) are entire functions.

We have seen in Section 3 that an application of the Liouville extended theorem
(6, p. 204] gives us €3 (w) = o’ + f'wand ¢5(w) = ¢’ where o, ' and ' are constants. If
we solve for @'(w) we find that there are terms O (w>/*), O(w>*) and O(w'/%), |w| — oo,
Imw < 0. We can eliminate those terms of order w4 and w** by choosing
B =7y = 0. In order to eliminate those of order 1/4, we find that

1 ’ ’ ! R K (
K’y (kWi (ky) + RIK L (— k)W (= Ky) — (+ + \/’ 0.
The requirement that there be no waves in the smalier ducts from the right leads to the
following two conditions:

— 4ai /2o 4 RiK' (— k)W (—xy)

n Ky — Ky
3R K (= K5) — K's (k))hs ()
Wy (= &3)(x3 — K3) Ky + K,

and
Ry K, (= k)hi(—ky) _ RyK'y(—x3) K’y (k)W ()

Ky — Ky W — K5) (K5 — Ky) K, + K,

Upon solving for R}, R; and o’ we obtain

Ko (k)W) (x, —Ky) 1 —ai(ih + &)/

R, = I ’
! K,+(_K1)hl+(“x1)("‘1 + K;)1 — ai(ks — k,)/n
R.< — 2iaK, (k5 — k)W (— x3)he (k) K (k)
3 n(ic, + K,)K's (— K3)[1 — ai(ey — x,)/n]’
o = \/§K1K1+(K1)h'+("'1)

(ky + Kp)[1 — ai(y — K,)/n]

It is a simple task to calculate |R}| and |R;|. For since K'; (k) (k) is the
conjugate of K'; ( — k,)h's ( — ,) and x3 — (x3)? = n?/2a®> we have

! x, + xz (K, — K3) (3K, + K3)
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Similarly, since |, (c)K' (k) = /A2 and  [K,(— x5)/K's (= K)|

= 4./2//15x, we find that

IR,| = 2Ky (; — K3)(Kx, — K3)
3 Sy — 15)3k, + 15 ey + K5)0c, + K3)
It should be remarked that although | R, | is the amplitude of the reflected wave of the

second mode in the larger duct, it is not a reflection coefficient. To find the reflection
coefficient of this mode, we recall the conservation relation

k[T = IRIPT = ,3|Ry 12 = i, [| T 1P + 1T P12 43)

It follows that the reflection coefficient for the first mode is |R)|, whereas that
coefficient for the second mode is |R;| /x5 /k,.
In order to determine the transmission coefficients, we are required to examine the

representations of ¢(x, y) for 0 < y < aand a < y < 2a separately. For0 <y < awe
have

3
T exp( — inyx)]

dx,y) = %

°°:a"y [explix,x) + Ryexp( — ik,x) + R, cos

[d; ,(w) sinas(w)

IJ’ cos a(w)y

2 | 4 6(w) cos 2ca

— 6(w) $ (w) cos aa(w)] exp (iwx) dx, (4.4)

where ¥ is a path drawn parallel to the real axis and inside the strip
— k5 < Imw < 0. Since we now know «’, #" and y’, and therefore & (w) and &3(w), (4.2)
supplies us with ¢ (w) and ¢ ,(w), and (4.4) may be written as

o(x,y) = cos%[exp(ixlx) + Riexp(—ik;x)] + R, cos%na!exp( — iKk4X)
1 K’y (k)W (k)| n 1 n
ey L{ i(w — 1) ["*‘W’(‘Ta? - 1) - h'+<w)<% * ‘)]
Ry KW (= k)W (=x)[,, [ ® I (=
P ) [’“(W)(ZEJ - 1) - h@(w)(E ¥ 1)]

R5K’. ( — K53) , 3n 1 3In
BT ETaTo m["*“”(ﬁ ¥ 1) AT (E ¥ ‘)]

rx’\/i W 1 cos oy exp (iwx) d
t [ +() h’+(w)]} K,wcosoa "
The integrand is single valued since k', (w) + 1/ K (w) and [K (w) — 1/, (w))/o(W)
are single valued, and the remaining functions are obviously so.
We may now close the path & by a semicircle in the upper half-plane which passes
between the zeros of cos o to obtain the dominant term, that is the wave transmitted
in the lower duct. When x — o0, 0 < y < a this gives us

n {K'+(K1)h'+(’<1) [ _ Wy (x,) _ 3 :l
4./2a*k, { (K —Ky) 2 2K (x3)
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+R'1 '+(—K1)h’+(_’€1)|:_hl+(’<2) . 3
(% +xy) 2 2hs (x5)

RSK' (= k) [§h,+(xz)_ 1 ]

(xy + K5 (—x53) | 2 2K, (k5)
COS Ty )
N 2 zaa/i |:h, (K ) 1 ]} 2a exXp (1K2x)
n T2 (k) K, (x;)
=T cos Y exp (ix, x).

2a

| may be simplified considerably by using the expressions we have found for R}, R,
and o', and we obtain

Kk, K (k) Hs (xl){[4(x2 + K53 + Si—n]h;(xz) + [12(;(2 + K3)+ 3—?]/ ’+(x2)}
Tll = ~ .

Sﬁaz(xf — ’3)ry + ), + K3)[1 — ai(x — xl)/n]K+(x;)
For the case in which x > 0, a < y < 24, cos oy in (4.4) is replaced by sing(2a — y)
and the terms in the square brackets by [cosoa¢ y — osinoa¢ ]. Upon repeating the
steps in the previous two paragraphs we obtain

Si 3in
K, K’y (Kl)h’+(K1){[4(K2 +K3) + Tn]h'+('€z) - [IZ(Kz + K3) + 7]/’!’+(Kz)}
T; = - - .

’ 8/20%(k3 — KB)(x, + K,){0; + KR)[L = aifics — K, /m1K . (cy)
That is, T} and T differ by the algebraic sign before the term containing 1/h", (i,).
From T and T4 it is a simple task to determine their magnitudes and we obtain

K%(’Cx + x3)

\Ty)? = - XYCH ;
2(ky + K)(K; + K3)(3K,; + K5)
X [4(3)(2 + K3) + /152K, cos 2V — gsin 2v')]
and 5 )
T = Ki(k, + K3)
2

B 2ky + K5)(x, + K3)(3Kk; + K5)
x [4(3;(2 + K3) — J/15(2K, cos 2V — —Z—sin 2v')],

where v = argh’, (x,).
We can now verify the conservation condition (4.3) and observe that

Ko K2
—=| T d —=|T
ST and [3EIT3)

are the transmission coefficients in the small ducts. We further note that for ak = 3n/4,
that is the cut-off for the second mode in the left duct, x, = n\/g /4a, and hence

v(—‘{%) = v’<\/—g7—!> + larcsing = V,<£5_n> + larccosﬁ.

4a 2 3 4a 2 3
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Hence for ak = 3%/4, |T,| = |T}| and |T,| = |T%| upon comparing and simplifying
T,, T, T,, T,. Further without the need for v and v/, we can show directly that
[R,| =1{R}| at ak = 3n/4. However, the slopes of [R,| = |R| at ak = 3n/4 are not
continuous and in fact the slope of |R}| is vertical when ak — 3n/4 + 0, whereas the
slope of R, is not. The same is true also for | T, | and | T\ | as well as | T, | = | T'%|. Figure
2is a graph of | R, | and Fig. 3 is a graph of | R} |. These graphs do not agree with those
in [9].

01 1 L X, 1 a_k‘
0.5 0.55 0.6 0.65 07 075 T
Fig. 2.

Rl
03— : — . : :
o.12}
0.11}
0.1k
~.
0097 \\

\\
0.08f ~
007 L L n 1 1 Y n 2 1 . .a;ls
075 08 08 09 095 1 105 Lt 115 12 128

Fig.3
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5. The case k complex

We have solved the two problems which we described in Section 2 when k is real
and positive. At this point we wish to note the modifications which are necessary when
k is complex with Im k > 0. We find that the solutions are of the same respective forms
if we employ G (x, y; x', y) or G¥(x, y; X, y') for the two cases at hand. However,
some Wiener-Hopf aspects are modified for the case which employs GV(x, y; x', ).

We shall see that we are required to work in the strip — Re./(97%/16a%) — k*
<Imw< —Im/k? —(n%/4a%), where both Re./(9n?/16a?) —k* and
Im ./k? — (n%/4a®) are positive. For the case which employs G®(x, y; X, y') we are
required to work in the strip - Re./(257%/16a%) — k? <Imw <
— Im /k? — (9n%/1643), where now Re ./(2572/16a%) — k* and Im . /(97%/16a3) — k?
are positive.

In order to see how these inequalities are derived, we note that the unilateral
Fourier transforms of ¢(x, a — 0) and ¢,(x, ¥)|,-,+¢, X > 0 are now analytic in the

lower half-plane Imw < — Im./k? — (n?/4a?). In the case that we employ the
Green’s function GY)(x, y; x', y') we find that its bilateral Fourier transform is analytic

in the strip —Re./(9n%/166)—k’<Im w< —Im/k*—(n*/16a%), whereas the
unilateral Fourier transforms of y(x, a) and ¢,(x, y)|,-, are analytic in the upper
half-plane — Re./(9n%/16a?) — k2. This provides us with analyticity in the strip
— Re /(97%/16a%) — k? < Imw < — Im . /k? — (n?/4a?). The case for which we em-
ploy G?(x, y; x', y') gives us a similar inequality.
In the formulation used by Lineburg and Hurd [9], there is a strip
— Im . /k? — (n?/16a%) < Imw < Im . /k? — (n%/16a>) (which they do not mention).
That is, their Green’s function G(x, y; x’, ') now has a bilateral Fourier transform
analytic in the above strip, whereas the unilateral Fourier transforms of ¢(x, a — 0)
and  @,(x, Y,-4+0» x>0 are analytic in the lower half-plane

Imw < Im /k? — (=%/16a?). The truncated ¢(x, a) and ¢,(x, a), x < O are now ana-
lytic in the upper half-plane Imw > — Im \/kz_—mé—aiz) and hence there is a com-
mon strip of analyticity in their development, namely — Im . /k* — (n%/16a?)
< Imw < Im./k? — (n?/16a%) where Im ,/k? — (n2/16a%) > 0. The meaning of their
expressions ‘upper and lower half-planes’ is not clear. The limits in their integral in
equation (1.10) of their paper [9] should be replaced by a path P which is a line
parallel to the real axis of the w plane, drawn in the strip which we have described
here. What we have called h(w) and they call t(w) differ by some factors which appear
in some other parts of our development. Finally, the incident field has been omitted in
(1.32c) and (1.32d) since they had made the tacit assumption that their a, (our
Vk* — (n?/16a?)) is real. Upon taking advantage of the strip of analyticity which is
now available in their development, their limits ( — oo, c0) should now be replaced by
P in (1.32a, b, c, d).

The magnitudes of the reflection coefficients calculated in [9] are based on the tacit
assumption that k is real, although their formulation of the problem relies on the fact
that k has a positive imaginary part. These magnitudes, however, agree with our
results when k is real. Our transmission coefficients are expressed in considerably
simpler form and only require the numerical calculation of the phase angles v and v'.
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