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FINITE, NON-REDUNDANT NUMBER SYSTEM WEIGHTS

In this paper the necessary and sufficient chditions for a finite num-
ber system to be non-redundant, complete and weighted are given in terms of
permissible digit weights. The arithmetic of any given number system fol-
lows directly if the digit weights are given.

Definition. A finite, Wéighted, non-redundant number system N is defined.as
a finite set of n-tuples of the form (%Xq,...,%Xn) isomorphic to the finite
group Gy. The elements of the Gy are the integers frpm zero to M-1. The

mapping between Gy and N is defined by the congruence relationship

n
2 xipi = g mod M (1)
i=1

where
geGy, (X1,...,%n)eN;

Xi€lpy, 1 = 1,...,n;

The-elements of Gpy are the»integers 0, 1,...,my-1. M is called the modulus

of the number system; P4 is the weight of the ith digif; x4 1s the ith digit
symbél; and mj is called the digit modulus or digit base. Ifm; =mp = ... =mp
the number system is termed a consistently based number system. Otherwise,

the number system is termed non-consistently based or a mixed base number
system.

Definition. In a redundant weighted number system there must exist at least

one case where two or mofe elements of N are related by Eq. (1) to a single



element of Gy. (Redundancy may be introduced by the choice of digit weights

n
or by choosing M < JT mi)
i=1
Definition. A number system is incomplete if there exists at least one ele-
ment of Gy not related by Eq. (1) to an element of N.
A number system is always redundant if M < }Z mi and is always incom-
i=1
plete if M > )i m;. In the remaining discussion we shall be concerned only
with the case where M= )l m; and the question of redundancy will depend
i=1
upon the choice of digit weights.
Definition. A set of numbers is called a complete residue system modulo m
a. Ifi#j, ai #ajmodm
b, If a is any integer there is an index i with 1 £ i < m for which
a = aj mod m.
By this definition Gy is a complete residue system modulo M and x; is a com-
plete residue system modulo mj.
n
Lemma 1, If M =‘JWT m; then a number system is redundant if, and only if,

i=1
it is incomplete.

Lemma 2. If the weight p; is such that (p;,M) = dj, then p; = kidj where

(k4 M—) = 1 and the mi elements of Gy related to x;p; by Eq. (1) are inte-
i a1 i M iMi

gers of the form |xikidi|M.



Proof: Setting all x's except xj to zero in Eq. (1) yields
X0y = 8 mod M.

If (p;,M) = dj then dj[g. Hence g = kyd; = p for x; = 1 and

M ,
(kq, a:) = 1 otherwise (pi,M) #dy

For any xieGmi

xikjdy = X404 = g mod M

80 g = |xikidi M

M
Lemma 3. If di = (py,M) = g}-and (ki, 57) = (ki,m;) = 1 then the set of ele-
i i
ments generated by |xiki %TIM as xj assumes all possible values of Gp, is an
i'M
additive subgroup of Gy of order mj. Furthermore, there exists a one-to-one

mapping between the elements |xjkj %E|M and the elements of (.

Proof: If xjkj o = gmod M
1

then xiky = g' mod my

and g = Ixykyly

g' is a complete residue system modulo mj because (kqmi) = 1 and

xieGmi. Hence if (pi,ND = %; then the elements of Gy associated

with x;p; are

M M M
Q, E‘j_-, 2 'I-n'j_., e o0 (mi-l) ﬁ-jj

These elements form an additive subgroup of order mj.



Theorem I. Sufficient conditions for the weights of a non-redundant

weighted number system are:

M
(pl’M) = fﬁ:

M M
p2) my - mimg

VSN
"Q\o
4‘-"
=
=
I_l
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Lol
8
|.-l

The ordering m,,...,m, is arbitrary.
Proof: If (p, M) = -I%- then it follows from Lemma 3 that the elements
—_— 1
of GM generated by xi0,, X1€Gml , form a complete subgroup of Gy of

order my. This subgroup is designated Hp, and consists of elements

M M M M
0, E,...,(ml-l) o Now (p,, ﬁ_l-) = T so the elements generated
by xp, satisfy the equation
Xp. = Z M mod —
2 a2 miMmo my
where . z = 0, 1,...mp - L.

: #
The elements & Gy represented by

+ X

X 2Po

lpl

f‘v.ll-



Lemma, E,

‘are all elements divisible by

. In other words, Xp, X0,

generates the subgroup of Gy of order mims. Thus Xip£+xép2+xép3

is seen to géneratevthe subgrbup‘of GMTOf"ordéf'mlmgmsAconsist-

ing of all elements of Gy divisible by ———, Since there is &
mimams
finite number of digits, the process will terminate and

xlpl¥(,.. +Xn0n will generate the‘subgrbﬁpﬁof GM of order

my...mp = M which is Gy.

If (pi,M) = di where'di > ng and (ki, ‘EE) = 1 then the set of ele-

ments gererated by Ixikidi|Mﬂas Xi assumes-all Véluésﬂéf‘Gmi is a subgroup

of Gy of order %%0 There does not exist ‘s one-to-one mapping between the

elements ]XikidiIM and the elements of Gpj, because two or more elements of

Gmy are associated with the seme element |xikids |y

" Hence’ g

Proof: Given xikijdj = gmod M

and (pg,M = (kdi,M) = dy
then : xik = g' mod —
di
or [xiklM = g
: i T

where x5€Gy, - 1 and (ki, —) = 1

i di
If 44 < M then .8 < my

i
x Mo g i L e L M 1

and g' has only E; different values. g' =0, 1, 2,..., i

>O, di’ édi,uac M"di ;

which is an additive subgroup of G of ofder"%%, Since %% < mg
i i

there is not Q%dneﬁﬁo-oﬁé mapping between thé é1eﬁents5]xikp{lM'

and G_mi°



Theorem II, If there exists some (pi,M) = d4 where d4 > %—.— then the
number system is redundant.
Proof: This theorem follows directly from Lemma 4 and the defini-

tion of a redundant number system., If

M
(pg,M) = dj, 43 >—
1

then two different values of x1€Gmy correspond to the same element

of Gy and the number system is redundant.

M

'&*i") = 1, then the

Lemma 5. If (py,M) = dj where d; < %1% » X4€Gy, end (kq,

set of elements generated by |xjkidi| as x; assumes all values of Gp; is not

M

e complete subgroup of Gy but is a particular set of mj elements selected
from the subgroup of Gy of order %’I—

Proof: If d4 < %E then my < Iéd'.-, then
—_ m 1’

lxikidilM' = g

di
defines a set of mj elements because xjeGy; and (ky, %%) = 1,
The set of elements |xiki|, is a particular subset of m; ele-

= g is a particular

di :
ments from M . The set of elements |x:k.d. |
) &N 1%1%4 Iy

subset of m; elements selected from the subgroup of Gy of order

Mo m; because g'd = g.

di 7
Iemma 6. et S; be the incomplete subgroup generated by |xikidj |y where

(pi,M) = di, X4€0my, di = %% < %:-L- and (k,aj) = 1. The complete subgroup H

is of order aj while S,, the incomplete subgroup, is of order mij. There
exists a set of eleme’ng: P2 which 1s to be used to complete the subgroup H

o

by the following opera._tion’:



heH
h = |u+ VIM uesS;
“veSZ
H can be completed non-redundantly if, and only if, (ai,mj) = mj and the only
element common to S; and Sy is zero.
Proof: If Sp contains an element other than zero which is common
to S; there would exist a”féaundant representation for that ele-
ment. Every element of Sp which combines with an element of S,
to give an element of H cbmbines with every element of S; to yield
mj elements of H. If q distinct elements of Sy are used, then
gm; elements of H are generated. If the‘SUbgroup is to be gen-
erated'complete and non-redundant, then gmi = aj and (mi,ai) = my.
Lemma T.* The necessary and sufficient condition for the solvability of the

general equation

C mod M

X166y i=1,...,n

is that (P1y--vsp M) |C
; M oM
Theorem III. If for all i, dj < w where p; = kyd; and (ki, 5_1) =1

then the number system is incomplete and hence redundant.

*¥This is a standard theorem of number theory. See page 33 Le Veque, Topics
in Number Theory, Addison Wesley, 1956.

T




Proof: Let dy = (p,,M)

M
=5 < f—nd; and (k;,a;) = 1. Tt follows
from Lemma 5 that |x,p,[y generates my elements of Hy, (Hg, is

‘the subgroup of Gy of order &,). Specifically, the elements are:

OMk 1 (my - 1) My
a1 M, ’ a1 M
Mk - m M
—L = d —
SO Xl al Z mo a]_
x1k; = z' mod my.

Lemma 6 shows that (m;,a;) = m;. We are given that (k;,a;) = L.
So a; = qm and (ky,qimy) = 1. Tt follows that (ki,m;) = 1.
Therefore, z' = 0, 1,..., my-1. The elements needed to complete
Hal are

0, %M,...,(% - 1) _E.lﬂl
The necessary and sufficient condition for the completion of the

subgroup is the existence of %ﬁ n-tuples of the form (O, X2,.e.,Xp)

satisfying the following congruence:

L ox0; =¥ " mod M

. a
i=2 1

y = 0, 1,...,2L - 1.



A similar condition exists for elements which are not members of

the subgroup Hg,

™
>
O
[y
]
<
=
o
[oN)
2|

The proof of the_theorem presented hefe demonstrates that the sub-

group Hg, can never be represented by the number system if for all

M M
i, (Pi: ;;J < m

i
Some, but not all, of the x5, i = 2,...,n, which make up the

n-tuples satisfying Eq. (2) may have the value zero‘for all values
of y. To account for this the variable n; is inffoduced. If x5 =
for all values of y then ni = 0, otherwise n4 = 1.

It follows from Lemma T that the necessary condition for the

solution of Eq. (2) is

Mn
\ Miny
(n2p2,. . 5Mpop M) |y =
for all y = 0, 1,... =% - 1,
m
Mm
Thus  (M2p2,e..snpp M) = =4
m 58.1
. Mn, :
and Eq. (2) may be divided by > to yield
1
n
8;8;; _ 5&1

0



; _ . M
But every p; = kj ar S0
n 8 5 ’
a1 _ a
L i agm = 8y md g )
Division by 8 yields
n a1 a
L x.ks = mod =% (6)
ij=2 11 aym. v my
. a
y = 0, 1:---)m_1'

Equation (6) shows that aim; mist divide kja; if ny = 1 since
xieGmi.
Suppose that there is only one ni = 1. If mj > %% thep the number sys-
tem is redundant. If mj < %% then the number system }s‘;ncomplete. If
a; = mym; then aim; 4 k&, since (ai,ki) = 1 and mg < aj. Thus the number
system is.not complete if only one 14 = 1. If more than one M4 = 1 then Eq.
(6) must be reduced. A given weight in Eq. (6) for which n; = 1 generates

e |
an incomplete subgroup of —Ei; The complete subgroup is of order ai while

my
the incomplete subgroup is of order mj. . Ekcept for the reduction of the
order of the group this is the same condition considered at the start of the
proof of this theorem. Thus the repetition of thé process of femoviné the
partially generated subgroup and stating the conditions necessary tq complete
the subgroup will lead eventually to a condition involving only one digit
8i-r 8i-r

= v mod . This.cannot be satisfied.
1My oy ‘ mij.p '

of the form xikji
Theorem IV. The cqggiffbns for weights given in Theorem I are necessary

as well as sufficient.

10



Proof: By Theorem III, not all p, can be such that (p;,M) < %7.
— ~ i

By Theorem II, no p; can be such that (pi,M) > %7. Therefore
i

there exists at least one p; such that (pi,M) = %7. Since order
i

is of no consequence let i = 1. Then (pl,M) =M and x gen-

m;

1P1

erates the subgroup of G of order m;. The remaining n-1 digits

must satisfy

n

X Xips = —

i 1Pi z mod g

z = 0,1, L 1
i

Repetition of the above argument yields

P2, ﬁ— =
1 myme

Repetition of the argument until termination provides all of the

conditions stated in Theorem I.
Theorem.y. Given a non-redundant and complete weighted number system.
The multiplication of weight Pq by a constant ké yields a non-redundant com-
plete number system if and only if (ké,mq) = 1.

Theorem VI. The number of distinct weights which may be assigned to the

gth weight of a non-redundant, complete number system is

q-1
Vimg) 70
i=1

¥(x) is Buler's y function which is equal to the number of integers less than
. . \ ) 1 T
x and relatively prime to x. *y(x) = x /[ (1 - =). .(The notation indi-

P
p|x plx
cates a product over all distinct primes which divide X.)



1 1 )
Example: ¢(10) = 10(1 - 5)(1 -.g) = L, TFor further details see Le Veque,
pages 27-30.
~ " n
Proof: If kq = L then p = — - 7( m; .
T( my i=q+l
i=1

n
All multiples of ’

mi for which (kg,mq) = 1 may be used as

i=q+ n
the qth digit weight. Multiples of ’l my greater than or equal
‘ i=q+l

to M are cohgruent modulo M to a multiple less than M and must not

v n
be counted. The total number of multiples of ;T(/ my less than

M q i=q+l

M is equal to —g— = -71?:mi. The fraction of these multiples
7(/ m{ i=1 :
i=q+1 (mg)

for which (kq,mq) =1 1is Eaa?—. Thus there are
V(my) 4 , q-1

distinct weights for the qth weight.
Corollary: The number of distinct weighted, non-redundent, n digit, number sys-

tems for a given ordering of the digit moduli is equal to

=

n B
L @(mq) my
Q=1 |

o

1

]
[

Corollary: The number of distinct weighted, consistently based, non-redundant,
- . n(n-1)
n digit, number systems for base m is m*y(m) where x = —
Theorem VII. Every non-redundant complete number system with relatively
prime moduli can be represented by a lower triangular matrix [W] where
iy = 1pilnse

(We shall consider the base moduli symbols my,...,Mn as variables. The set

of base moduli pi,...un are constants. There are ni different ways of assign-

12



ing the base moduli constants to the base variables. There is a lower tri-

angular W matrix for at least one of these assignments.)

Proof': .
koM koM k|
my mi my Mo my mn
| kol |kaM oo koM
W= mmz| g mme | mmg | o
i k M kM| kM !
lIﬂ]_ ooty m mp...m, No mp.. .m? m_n
where (ki,my) =1 i=1,...,n

W is a lower triangular matrix because:

1. DNo diagonal element is equal to zero.  The qth diagonal

element has the form

k M \
" " kqmq+l ee Mp |
|l“‘q‘m>q ' q
ikqmq+1 ey 1y 4 0 vecause (kq,mq) = 1 and

~all base moduli are relatively prime by pairs.

2. In any row every element to the.right of the diagonal ele-

ment is equal to zero. Elements to the right of the diagonal in the

ath row have the form

koM '
-Q__‘ v = kqmq+l oo mn
mlo-.mq mq+k . l ) mq+t

Where t = l)-o-,wqﬁ'@l

kgMg+1 ++. Mp = 0 for all t = 1,...,n-q.

Mg+t

iBH



Theorem VITI. The elements below the diagonal in the W matrix are not
necessarily zero. wij, 1 > J assumes m; different values depending on the

choice of ki.

Proof: Flements to the left of the diagonal in the gth row have

the form
k M
—— kqmq+l oo mn = Wq q-t
ml .o umq mq_-t M ]’nq_.t )

ﬁhere t=1,...,q-1.
The only restricfion on kq is (kq,mq) = 1. The moduli are rel-
atively prime so kq can be equal to any moduli except mg.
kq = mq_t‘for any t = 1,...,q-1 ylelds wq q¢ = 0. If kg # mg-t,
then Vq,q-% f’O. Furthermore |kqmq+l._..mn|mq_t is a complete
residue system modulo Mg-t SO Wij, i>j may assume m; different
values.
Theorem IX. The diagonal element Waq a8sumes only é(mq) different
values such that (wqq,mq)’= 1.
Proof: Theorém»VI shows that the number of distinct weights as-
signable to the gth weight is given by
9=l
‘lf(mq) 7( my
i=1

From Theorem, VIII we know that the nondiagonal elements to the left

Q-1 \ :
of the diagonal in the q row havefTC'mi different combinations
L . i=1

since each wij“hay“assume mj different values and i = 1,...q9-1.

Hence w(mq) different values may be assigned to the diagonal element.



Assume that (wgq,mg) = Q # 1. Then dlmé+l...mn since

Wgq = |kqmq+1°°'anmq and (kq,mg) = 1. But'd<4/mq¢1...mn be-

cause mg is relatively prime to all the other moduli. Hence

there i1s a contradiction and the assumption»that(wqq,mq) f’l

is not wvalid.
Lemma 7. Repeated permutation of selected pairs of rows followed by the
permutation of the same pair of columns will transform a lower triangular |
W matrice in the S matrix. The S matrix is associated with a standard order-
ing of the base moduli constents pi,...,up. Let ri be the digit weight as-

sociated with pj, then sij = Iri[u..
J

— —
Ira Iul e |u2 2 lun
]r2|l-ll Irgluz ee |I‘2|un

g =
raly,  Iral oo Ialy

Theorem X. In the S matrix symmetric elements cannot both be non-zero.
This and the condition (wqq,mq).= 1 for the diagonal elements is necessary
and sufficient for the construction of an S matrix associated with a finite,

non-redundant, weighted number system for relatively prime base moduli.



Proof: Consider the symmetric elements of the W matrix wij, and
L W34 where 'j < i. Since Wiy = 0 it follows that Wij = Wii only

if Wil = 0. A permutation of the ith and jth rows followed by

& permutation of the ith and /jth columns: simply interchanges

W3 and Wiie A permutation of the ith and kth rows followed by
- .-a permutation of the ith and kth columns does not destroy the

-relationship between wij and wji since wjj replaces wyj and wjj

Teplaces Wi

Thus the permutation operations do not change the relation-
ship between symmetric elements in the matrix. Every W matrix,

and hence every S matrix, has at least Eigéil zero elements. In

n(n-1)

_every n X n matrix, there are 5

symmetric elements. The
specification of the diagonal elements and;the Eigiil symmetric
elementsisubject to the condition wij or Wi = O and wy j % Wii
except when Wij = Wi = O define a non;reddndant, finite, weighted
number system for relatively prime moduli. That every such number
system iéuso specified follows from the fact that the n! possible
W matrices specify every possible non-;edundant, finite, weighted
number system at.-least once.

Theorem XI. For a given set of relatively prime moduli pj,...,un there

exists

n n-1 n
Q = T V() 70 7T (ug +ny-1)
& " k=1 1=1 j=i+l

16



distinct weighted, non-redundant, number systems. (Each number system is
distinct in the sense that the set of weights r,,...r, is different for each
number system.)

Examples:

Mi o= 2, p2 = 3, u3 = 5, Q = 13uk,
Proof: Consider the S matrix: Egch diagonal element sxk can be as-
signed W(mj) different vaiﬁé;. There are therefore )%j w(mk) dif-
ferent combinations of diagonal elements. The numbei=if different
values which can bé assigned to the symmetric pair 813, Sji is
ui+uj'l- The number of values that may be assigned to the Eiglil
pairs of symmetric elements of the S matrix is obtained from enum-
eration of the elements in each column below the diagonal. Each
element in the ith column is associated with pij. FEach element
below the diagonal has a corresponding symmetric element in the

ith row. The modulus corresponding to this element depends on the

position and is designated 3 where 1 < j < n. Hence there are

| e

n- n
7(— 7( (Hj_"‘}ij"l)
i=l j=i+l :

different combinations of element values for the non-diagonal ele-

ments. The total number of different combinations of element

values for the matrix S is

n n-1 n
Q & T wuy) T (ug +uy - 1)
J=1 i=1 j=i+l

17



Corollary: If all moduli are pfime then

n-l n '
Q = m o (ny + My = 1) where p, = O.
i=0 j=i+l

18



LIST OF SYMBOLS

the group of M integers 0, 1,...,M-1

"~ the group of my integers 0, 1,...,my-1

a subgroup of Gy of order mj

X; an element of Gmi

the greatest common divisor of p; and M

is the least positive residue of X modulo mj.

fined in terms of the greatest integer part.

the greatest integer part of X+ my is ET .

mi
= - —_—
IXIm- X mi I ‘ I .

g divides b
a does not divide b

Euler's ¥ function

19

This can be de-
The symbol for

Then



