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Abstract

For any digraph D and any nz2, necessary and sufficient conditions
are given for there to be a digraph E such that EM=D. The absolute
n-th power is defined, and a characterization of digraphs which can
be expressed as the absolute n-th power of another digraph is also

given,
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Graphs and digraphs having at least one square root have been char-
acterized in [1] and [2]. In this note we extend the results of those
papers and, for any n 2 2, given necessary and sufficient conditions for
a digraph to have an n-th root.

Let D = (V,X) be a digraph. We represent the adjacency relation on
D by rp; thus FD(u) = {v]|uveD} and PB](U) = {v|vueD}. The n-th power p"
of D is a digraph with V(D") = V(D) and uveD" if and only if there is a
wélk of length at most n from u to v in D.

Let S]’SZ""'SZn-1 be sets, not necessarily disjoint, subject to
the constraints that S, # @ and if S| . = (S, .=p) then for all k > j
S = P(S, ., 7P). Let K

2n-1

n-1
V(K) = f S5 and X(K) [EQSydsnu..stwd)]U[

J=1 h|

Ki(Sys++vsSy. 1) be the digraph with

2n-2
: ij(SjH U US4 ).

[[]

J:
Theorem 1: Let D be a digraph and let n > 2. There exists a digraph E
such that E"=D if and only if there is a collection of subdigraphs

: of D such that

Kj = Kn(si,1"“’si,2n-1) of D associated with the points u;

(1) S5 = {uyl
(2) X(D) = K)X(Ki)
(3) uiesj’n_] if and only if ujssi’n+]
(4) for any O<r<n-1 and s=r+l: ukeSi n-s if and only if
there is a ujesi,n-r such that ukesj,n-]; ukesi,n+s if
and only if there is a “jesi,n+r such that ukesj’n+].‘
Proof: Let E be a digraph. For each ucE define S, 3 to be r%"n(ui);

in particular Si n = {ui}. In E", for each 1sjsn-1, each point of Si j



is adjacent to each point of Si,n’ Si,n+1""’si,n+j’ and if ngjs2n-2,

each point of Si,j is adjacent to each point of Si,j+1""’si,2n-1‘
Each arc ujuy of EN is determined by a path Ujlpe e el of length rsn,
so that ujeSy . 1 and U5eSy ner? and hence uujeKy. Conditions (3)

and (4) follow from the properties of Tg.

Conversely, let D have such a collection. Define a digraph E by
setting V(E) = V(D) and uiujeE just when uiesj,n_]. We show that E"=D
by demonstrating that, for each u; and each 1gks2n-1, S;\ = ré'n(ui).

It will then follow that uiujeEn if and only if uiquD" For, if uiquD'
ujus is in some Kk; thus for some r and s, uiesk,r and u.eSk’S, where

J
. (r+1)-n
r<n<s and ssr+n. Then there 1s a ut]sFE (Uk) such that ”iestl,n-l’

so that uiut1€E’ and utlesk,r+1' We then find t2 such that ut]utzeE and
zesk,r+2; we continue until we find tb such that utb-]uthE and
utbesk’n_], so that utbukeE. Similarly we find a sequence td’td-l""’tb+2’

Uy

where d = s-r-1, such that u,  u U u ge ooy Us are all arcs
K "tpep’ thea tpe2 tg
of D. This defines a walk of length s-rsn between u and uj in E; thus
n n s
uiujeE . If uiujeE then us and uj are joined by a walk uiut]"'utkuj

-1 _ k -
of length at most n. Now, Ujelp (ut]) = Stl,n-l and uer (ut]) =S,

"Since ke<n, ntk<nt(n-1); thus uju;eD.

We proceed to show that Si K= rg'n (ui). If k = n-1 then

k-n _ _ - -
T (ui) =T (ui) = {ujlujuieE} {ujlujes } = Si,k' If k = ntl,

i,n-1

k-n _ _ - .
r(uy) = re(ug) = {ujiuiujeE} {uj]uiesj.n-1}° But uzeSy 1 just

when ujesi,n+1; thus rE(ui) = Si,n+]“
Suppose the result holds for n-r<ksntr, and let s=r+l. Then
(n-s)-n _ =S ) Ly B =
Tg (ug) = 1" (uy) rp (1 () = Tg (g oy
-1 -1 - .
U {re (“j)lujesi,n-r}‘ For any u;,Tp (uj) S5 n-1° Thus if

uperE](uj) and u.esi’ =S . On the other hand,

j _p then upes

n i,n-r=1 i, n=s



if “pesi,n-r—1 then there is a uj suih that upesj’n_] and ujesi,n-r’
-1 -1 - et _ =S -

so that upelg (uj)c.rE (Si,n-r) =g (rg (u;)) = re7(uy). Similarly,

we can show that Si ntse " rs(ui) establishing the theorem.

The theorems in [1] and [2] follow as corollaries for the case

n=2. The absolute n-th power D" of D has V(D) = V(D), and uveD*™

if there is a walk of length exactly n joining u and v in D. Let

. . 2n-1
H = Hn(s1""’52n-1) be the digraph with V(H) = U Sj and
1
n-1 J
X(H) = 5§GEJ X Sj+n The proof of the next theorem is virtually identical

to that of Theorem 1. -

Theorem 2: Let D be a digraph and nz2. There is a digraph E such that

" = D if and only if there is a collection Hi = Hn(sl""’SZn-]) associated
with the points uj of D which satisfies conditions'(l) - (4) of Theorem 1.
Corollary: A digraph D has an absolute square root if and only if there
are sets Si and Ti associated with the points uj of D such that (1) each
point of Si is adjacent to each point of Ti; (2) for each arc x of D

there is some Uy for which x joins Si and Ti; and (3) uieSj if and only

if ”jaTi‘

Corollary: A graph G has an absolute square root if and only if there is

a collection of complete subgraphs Ki associated with the points u, of

1
G such that G = \JKi and uieKJ. if and only if ujeKi.
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