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INTRODUCTION

Given a finite source distribution, say a circular aperture of radius a,
we wish to find the behavior of the resulting field at some finite distance R,

from the source,

| N
. 2 =

Detecf()r

Source

FIGURE I-1

We wish to determine the excitation which will lead to a focussing at
Ro’ More explicitly we wish to find the dependence of the strength of the field
and the size of the focus on the parameters of the problem,

The focussing will obtain provided the phase of the excitation is propor-
tional to the distance from a source element to the focus, The origin of this
phase control of the excitation can be a phase controlled array or an elliptical
reflector. In the latter case the source would be placed at one focus of the

ellipse, the focussing will occur at the other focus of the ellipse,
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/ Source

Elliptical Reflector

FIGURE 1-2

Accepting this requirement on the phase distribution the problem is
then that of finding the dependence of the strength and spread of the field at
the focus on the amplitude of the distribution, To this end we deal with the
scalar problem, This is no essential restriction since we will be most
interested in the case in which the aperture size is considerably smaller than
the range, a << R0 . Under this assumption, a<< Ro,the scalar and vector

problems are sensibly equivalent,
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THE SCALAR PROBLEM

We consider a scalar source distribution f( p) on an aperture of radius a,

The field due to this source is given by
Jik[R-p]
Y (R) = J - — f(p) ds (2.1)
|R-¢ |
where R is the vector to the field point and p is the vector to the source point

‘with the origin at the center of the aperture as in Figure 2-1,

L :
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A
FIGURE 2-1

We now require the phase of the source distribution to be such that the field is

focussed at a point _ﬁo on the axis, We put

f(p)=-e g(p) (2.2)

[ -
where p+R_=r



THE UNIVERSITY OF MICHIGAN
2861-1-F

> eik\-ﬁ_5| _ikro
lP(R)=f*—_:*';—‘ e g(p) ds . (2.3)
|5-7|

We now refer the field point to the point of focus and put

T= E‘—'ﬁo , (2. 4)

and take Ry, >>r and p, Making use of this inequality we use the approximation

— I‘op 1 p 1 r'Ro 2
R-p|=R (1- —— + — —= Pt (2.5)
| 2 0{ R2 2 R2 2 R] ° }
and
r:R 1+_1._i + oo (26)
o) () 2R2 L] .
(0]

Substituting, we have

re R
—ik( Pyl — o
= 1 0 2 Ro
Y(r)=—=— | de g(p) 2.7)
R
° s
where we use the approximation

ERrIERS (2.8)

in the denominator but the higher order approximations, equations (2,5) and (2, 6),

in the exponential, Further, we omit phase dependences independent of p .
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We express the vectors, p, r, and R0 in the forms

p =p(cos @, sin @, 0)

e 2
1

r (sin 8, 0, cos 6) (2.9)

R,

1]

R,(0, 0, 1)

and equation (2, 7) becomes

2 .
a T —ik{ r QRsmG cos¢+% 2_51;9;___9_ pz}
P(r)= ﬁl— J pdp j dg e 0 ° * g(p) (2.10)
()
0 0

Under the assumption that the excitation g(p) is independent of the angle

@ the g-integration can be performed at once giving

a _ ik rcosepz
» 2 R(z)

Y (.60 = 2 j pdp e Jo(-‘g—fii‘-‘—"— p) g(p) (2.11)
(0] (0]

where J0 is the 0'th order Bessel function,
The problem is now to characterize the transformation of equation (2, 11)
leading from the excitation g(p) to the field Y (r,a) . We start by considering

2
the distribution g(p) which will maximize | (0, 0)» with the restriction that

a

J |g(p)\2 pdp=1, (2.12)
0
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) a
$(0,0= 2 J o dpg(o) (2.13)
RO
0
But by Schwartz' inequality
a a a
2 2 .
fpdpg(p) \<J L pdp-f pdp ; (2. 14)
hence,
a
2 2T
,112(0,0) \<<——j J p dp (2.15)
. Ro
, 0

where we note that the equality in (2, 15) holds provided

V2

glp) = i (2. 16)

Having shown that the uniform amplitude distribution leads to a "maximum

gain" configuration we now investigate this case further, We deal with an integral

of the form

2 B
-i =%
‘I(oz,B)=f xdxe *  Jlex) . (2.17)
0

The integral of equation (2, 17) is just a combination of Lommel functions of two

variables (Ref, 1)
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I(e, B)= —é— e ? [Ul(B,az, @ a)+i Uy(B, a?, aa)] .

(2.18)

Putting this in the form of a Bessel function series of the Neumann type (Ref, 1)

we have .
, ke
I(e,B)= _E— e | 21'(1 %‘L) Jm(a a) .

In our application of this representation to our problem we will require

the values of I(a,B) for =0, B=0, ande =8 =0, These are

I(e, 0)= % Jlaa)
2
_

1(0,0)= > .

Returning to the representation of the field {/ (r,a) we have

. --i-Ba2 00 m
__2mi 2 . Ba
Y (r,a)= R B e E (1 a) J (@)
1

(2.19)

(2.20)

(2.21)

(2,22)

(2.23)
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with
azkr;ine ) szchzose ;
(V) (o
hence,
- _;. krcos 2 o) m

' \= Ro R§ E Y cos 8 kr sin 0
Y(r,0)= -27i kroosg © (f{—o_s;l—e— al J, _—Eo——_ a (2,24)
1

The special values are

'Zi' kr a2

47R " R2 2

Y(r,0= e 0 si k—;é——i) (2. 25)
(o)

2 k
e D=2 g, (‘R% (2. 26)
2
Yo,0= = . (2.27)

0

We now investigate the zeros of i for the special values 6 = 0, 7/2 of

its argument, Firstwe consider r; such that

w(ri, 0) = 0'
The first of these zeros occurs for
2 2
4R 2\ R,
p= —2-r="75"2 . (2.28)
ka2 a
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This indicates that for our assumption a<<R the first zero along the axis will
occur many wavelengths from the focus r = 0,

For the second case r = r, such that

(,[/(rz,zl)=0,

the first zero occurs at

Ro ARo |

27 Ja 17 2@ Nt

where j, is the first zero of the first order Bessel function, Now j; £ 3.83;

" hence

(2.29)

and the first zero occurs somewhat closer to the focus r=0 than in the preceding
case, This result, equation (2,29), indicates the limitation on the sharpness of
the focus imposed by the physical parameters,

The form of equation (2, 17) indicates that with no more difficulty we can
develop the case of a Gaussian amplitude distribution, In fact, this simply involves
taking the quantity 8 to be complex, We write

_ 2

glp)=e M (2. 30)

and put .
6 2i
=2 -2 (2.31)
Ry 7]

This complex B then leads to the following results for the special values
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6=0, r=0;
_dkr o2 -
4 2R a2
lﬂ(r,0)=ér = L 51 <1-e 8 e > (2.32)
0 — o, —
RZ p2
- Ta
P(0,0=1 T (1-e . (2.33)
R, ,

We find that a certain approximate formulation will make the effect
of the Gaussian excitation more f{ransparent, We start with equation (2, 17)
as before and remark that for complex S as defined in equation (2, 31) and for

u>a we can use the approximation

© 4B
I(e,B) ¥ dexe 27 3 (ex) . (2. 34)
0

This integration can be performed in finite terms giving (Ref, 1)
ia
I(e,B) & —é e B, (2. 35)
The transformation under this approximation takes a Gaussian into a

Gaussian and we find

3
~(kr)” cos6sin® 0

i

Rf (kr cos 6 )2 . A

U(r, 0 - 2L 1 e R ut
? R kr cos 6 2i ' 2 36
‘ o P 2 (2. 36)
R0 7
o2 (kr sin ej 1
P 2
m R (kr cos 6) 4
o +

10
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We now use equation (2, 36) to approximate the case 6 = f—:ﬁ . We have
_1 (.k.?.)z 2
2 "2 \R
Zr_ ~ T 0
Yo, J)E -5 e . (2.37)

(0]

The use of the approximation in equation (2,34) for the Gaussian
excitation while of no great interest to the central problem does illustrate the
important result of this analysis. The behavior of the field as a function of
the excitation is essentially the same as for the far field cases. A uniform
amplitude gives a maximum gain configuration while a Gaussian amplitude
gives a zero side-lobe configuration,

In conclusion, we see the restriction imposed on the focussing effect

by the physical parameters may be summed up by equation (2, 29).

11
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PATTERN CALCULATIONS
We now turn to a more detailed consideration of the fields arising from
a uniform or Gaussian excitation of the aperture. To this end we will find it
convenient to express the fields in terms of cylindrical coordinates having their

origin at the focus and the z-axis along the axis of aperture as in Figure 3-1.

pup—"

P }12 > +7Z

FIGURE 3-1
We will find that the field pattern is expressible as a linear combination
of tabulated basic patterns. More precisely, the field pattern is an infinite

series of these basic patterns the coefficients of which are given as powers of

certain ''small'' parameters.

We will truncate the series of basic patterns and compute various patterns
for the uniform amplitude configuration. Finally, we will compare the theoretical
results with those of a series of experiments using an elliptical reflector.

Recapitulating the previous section, we have

¢=%1@m (3.1)

(0]

12
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where —iBa2 /2
1@m=§e {mwﬁaw+mMMia@

-ipa®/2 m

= _iB— e 202 (i iaz) Jm(aa). (3.2)
1

If we rewrite the series in terms of the function (Ref. 2, p. 128)

m
A ®=@/x ml Jm(X), (3.3)
m

equation (3.2) becomes

g2z © [i(B/2) a"]

E ——-—n—l—l——— _/\_m(oz a) . (3. 4)

1

m

Mﬁh-ée

Recalling that for the Gaussian excitation

[ _ krsin@
** "R
< ° (3.5)
_krcos6 2i
= 5 >
| Ro 7

we make the identification of the cylindrical coordinates

Z =T cos 0
(3.6)
p =r sin 6;

13
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hence,
2

,Ba2=kz(—§—> ~21(af)
0

{ | (3.7)
aa=kp(a/R).
0

Now we have assumed a< R0 and anticipating that the interesting Gaussian
excitations will be relatively broad, i.e., a<& u , we define the “small' para-
meters

a/R

R 4
1]

(0]

§ « (3.98)
t= alu

\

Substituting in equation (3. 1) we have an expansion explicitly exhibiting these

"small' parameters,

2 2 @ 2 2] ™
2 exp|-¢ +(ikz/2)n ikz/2)N
lp(p, z) =7LI;1_ [ Z ] 2 [Z; +(1mzl/ ] /\m(kpﬂ)
o ¢+ (ike/2) n? ]

(3.9)

We now need to consider the properties of the functions./\_m(x). These
are tabulated and graphed in Reference 2, pp. 180-189, so we restrict our

consideration to a qualitative description. We take m as positive integer and

x 2 0.

14
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Each of the ./\.m(x) show a damped oscillatory behavior with a max-
imum atx =0, ./\_m(O) = 1. This is illustrated in Figure 3-2 where we use

_A.l(x) and./\.z(x) as prototypes.

AN
0.6 \\
0.4 \\\/'Az

1.0

N

0.2
0 4N n
\—/
-0.2
0.4
0 5 10

FIGURE 3-2

N\ ana A\

As the order m increases the main lobe becomes broader. In fact, if we call
X # 0 the first non-vanishing zero of the Bessel function Jm(x), Jm(xm) =0,
we have X > Xn for all m » O and these values give a measure of the width
of the main lobe.

We normalize the field to unit amplitude at p =z = 0, ¢ =0, and split

off the first term of the series
100)

2 2 m
- ¢ “Hikz/2m?
Yp,zm=e ¢ -/\1 (ko) + 2 [ ] N 1(kpn)

(m + 1)! m+
1

(3.10)
15



THE UNIVERSITY OF MICHIGAN
2861-1-F

Now in the focal plane z = 0 and for a uniform amplitude excitation, C =0,

the field is given by

Y, (o, 0) =\ (ko ). (3.11)

Hence, our expansion, equation (3.10), is of the form

2

Ylp, z;0) = o Y (o, 0+¥ (o, z; 9k (3.12)

1
where we have written __l,e for
: m

00} 2 2
, Hikz/2)
Vo, 560 = ) ,[Z i n]/\ (ko). (3.13)

. (m + 1)! m+1
1

This term (3. 13) is the correction to the focal plane pattern expressed as a
series expansion in powers of the small parameters £ and n.

For uniform illumination, Z; = 0, and in the focal plane, z =0, the
pattern is given by equation (3.11). Furthermore, as long as the requirements
N<<1andpgL RO are met this single expression holds for these various
values of the dimensions a and Ro‘

Suppose we fix the wavelength and examine the behavior of the pattern
as a function of the parameter 7 . If we take some criterion for the size of
the region of focus, say the distance out to the half-power points, we can
express the size of this spot as a function of 57 . For example, for the half-

power criterion we have

16
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kom ¥ 1.6 (3.14)
o oa B

P T

More generally we can say that whatever our criterion, the size of the spot
is proportional to the range Ro'

As we move out of the focal plane, again for uniform amplitude in the
aperture, we note that for kz so small that only two terms of the series (3.10)

are required the energy in the pattern is given by

_ g 2

2 M
() |,

where we note that to this order the pattern is symmetric in z up to the inverse

2

MZ - l_/\ (3.15)

1

square dependence on the distance from the source.
We will give examples of the uniform amplitude patterns for various
values of z and 77 . We will find it convenient to re-define our parameters

somewhat. We write

R = a’ /M),
(3.16)
z = eRo,Iel <<1.
The arguments of the field function then become
2
kZ pn =re M
(3.17)

ko =21rM%.

17
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We substitute the expressions (3.17) in equation (3.10) for £ =0

- € M)
Yloz0=Nerm§ 2 weM A ermy (3.18)

(m+1)!
1

Including the first two terms and explicitly introducing the dependence on the

distance from the source we have the pattern function

2
fp, € ) = Y,z0 , (3.19)
1+€
,J\(szE (ﬂem/z)z( Nerud ’ :
(1+6)2 2 2
where
:
e=z/R, [e|<«<I
$ (3. 20)
2
M=a /Rok

-

We plot f(p, € ) in db below £(0,0) =1 in Figures 3-3, 3-4, 3-5, and 3-6 for

the values
M=1.2; € =0, +0.12, + 0,24
M =0.5; € =0, + 0.10, +0.25 (3.21)
M=0.1; € =0, +0.10, +0.25.
€ = 0; M =1.2, 0.5, 0.1,

18
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FIG. 3-3: f(p,€) VS. p/a FORM =1.2
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FIG. 3-4: f(p,€) VS. p/a FOR M =0.5
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FIG. 3-5: f(p,€) VS. p/a FORM =0.1
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Finally, we will make a comparison with certain of the experiments
described in Section IV which follows. We consider the H plane pattern using
the modified waveguide feed. Now in the experiment the aperture illumination
is tapered to a value 6 db below the center. This implies for the field a
reduction of one-half at the edge of the aperture. Hence we take { 22 0.7
and compute the pattern using equation (3.10). The other necessary parameter
appears in the first case of the uniform amplitude pattern calculations, M= 1.2.

From equation (3. 10) we have

£

$0,0; )=e e -1

(3.22)
~§/2)?
=e (2/4’2) sinh (£2/2).
Hence, in order to normalize to unity at z = p = 0 we write, including the
dependence on the distance from the source, the pattern function
2
Yo, z;¢)
fp, € 52) = (3.23)

(t+€) Y(, 0;¢)
Because of the size of § 22 0.7 we include three terms in truncating the

series and write

2 2 4 2
PN ¢ o, & [N
f(p96 :t)—' (1+6)2 <e:2—1> [‘/\E(Zﬂ. M a) + 2 -/\é+ 6 -j\-3 6

2 2
TEM frem
*{T-/\; TS -/\5] (3.24)

23
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This expression (3.24) we compare with the experimental results in Figures

3-T7 and 3-8 for the values

€=0, +0.06, + 0.12

The compai'ison with the experimental results in Figures 3-7 and 3-8
indicates that we can predict at least the main lobe whenever the aperture
illumination is able to be approximated by a Gaussian distribution. That this
form of the aperture illumination is not an essential restriction follows from
the fact that an arbitrary distribution is expressible as a series of Gaussians.

That is, we can expand a general aperture function g(p) in a series,

2, 2
»/u
go)= 2 a e (3.25)
n n
This then leads to the field as a series of terms of the form of equation (3.10).
In closing we mention an extensive study of microwave lenses and image
~formation by G. Bekefi (Ref. 4). This work was brought to our attention as this
report was being written. It considers in great detail the properties of the

image formed by a uniformly illuminated lens or aperture taking into account

the various optical aberrations.

24
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FIG

. 3-7: COMPARISON WITH
EXPERIMENT
FOR €= 0, -0.06, -0.12
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EXPERIMENTAL NEAR ZONE FOCUSSING OF PARABOLOIDAL
AND PROLATE SPHEROIDAL DISHES

It is of interest to study experimentally the extent to which electromagnetic
energy may be focussed to a point at some finite distance R o from a circular aper-
ture. As suggested in the introduction, the proper phase distribution to produce
focussing is provided in an elliptical reflector. By placing the antenna feed at one
focus of such a reflector, energy may be focussed to the other focal point. The
degree to which this can be accomplished is dependent on how nearly the feed
approximates a point source as well as upon the considerations discussed in the
preceding sections.

The elliptical reflector chosen to study this phenomena was one whose sur-
face is generated by revolving an ellipse about its major axis. The generating
ellipse has a semi-major axis, 2a, of 225 inches and a semi-minor axis, 2b, of
90 inches. The reflector section consisted of the end cap extending to the first
latus rectum. This gives an aperture of 36 inches; due to its rolled edges, the
reflector procured had an aperture of about 35 inches. Focal point, f; of the
reflector is approximately 9.4 inches from the vertex. The distance between
focal points

, 3l/2

R0=2(a -b) = ~ 17.2 feet.

To provide a basis of comparison, a second reflector type antenna was

27
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also studied. The reflector used was a standard parabolic reflector, 35 inches
in diameter and with a focal length of 9 inches.

The feed used for these reflectors was a modified waveguide feed. The
modification, made as described in Silver (Ref. 3 ) produced a broader primary
pattern in the H plane than is achieved with a standard waveguide. Figure 4-2a
shows the E and H plane patterns of the feed. Since energy striking the edge »of
the reflector travels two times as far as energy going to the reflector center, the
illumination taper is increased by 6 db making it about 12.5 db in the E plaﬁe and

about 13.2 db in the H plane.

WAVEGUIDE (Reference 3, p. 381)

The location of the center of radiation of this feed was studied by exam-
ining the phase of the radiated energy. The results showed the center of phase

to be inside the waveguide. In the E plane the phase center was .16 A from the

28
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pin; in the H plane the phase center was .4 from the pin. The phase, measured
on circles whose centers were at these points, was uniform to better than + )\/ 16
in both the E and H plane over the semi-circle occupied by the reflector.

In the last set of patterns presented (Fig. 4-9 and 4-10), a dipole feed,
fed by a coaxial line, was used to study the effect of a more uniform illumination.
Only H plane patterns were taken. In this case, the illumination taper at the edges
was down only 6 db and this was due to the factor of two difference in distance to
» the center and to the edges of the dish.

All measurement§ were made at a frequency of 9450 mes (X = 1,25 inches).
The measurements were made in an indoor antenna range, some in a room 30 x 80
feet and others in the microwave free space room which is 30 x 60 feet. A photo-
graph of the free space room and of some of the equipment used is shown in Figure
4-1.

Both reflectors were first ''checked out' as standard far-zone antennas.
Resulting E and H patterns are shown in Figure 4-2b. In these and in succeeding
patterns shown, the feed is positioned in the E and H plane to produce the optimum
patterns. As would be expected, these positions differ by 0.3 or 0.4 inches, due
to the difference in the effective center of radiation.

In studying the near zone behavior, the antenna under test served as the

receiver. It was mounted on an antenna pedestal which provided for rotation in

29
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azimuth. A simple open waveguide was used as the transmitting antenna in
order to provide as much detail as possible in the area being probed. This
antenna and a stable X-band oscillator were mounted on a trolley which per-
mitted the range to be varied over a fourteen-feet distance. This track was
carefully aligned with the axis of the test antenna, so that peak signal was ob-
tained at the same angular position of the test antenna as the transmitter was
positioned at various points along the track.

A series of thirteen patterns were taken for eight conditions of the test
antenna. The thirteen patterns were taken as the range was varied from
R0 (17.2 feet) to Ro - 6 feet and R0 + 6 feet in steps of one foot. For the
reflectors used, this represents a change in range from .14 Dz/ A to 0.28 D2/ A

The first four sets of these patterns (Figures 4-3, 44, 4-5 and 4-6)
are for the parabolic reflector. Figures 4-3 and 4-4 (E and H plane) show
that a standard reflector, focussed for far-zone performance, is a very poor
antenna for use at such short ranges. Figures 4-5 and 4-6 (E and H plane) show
that it is possible to defocus the feed in a parabola so that a very acceptable
beam is produced, even at .21 D2/ X

The patterns of the elliptical reflector are shown in Figures 4-7 through
4-10; the first two sets use the waveguide feed while the last two use the dipole
feed. In Figure 4-10, the expanded angle scale is used to present more detailed

information on the behavior in the focal region.

30
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Summary curves showing 10 db and 3 db beamwidths of the patterns of
the parabolic and elliptical reflector are given in Figures 4-11 through 4-14.
Figure 4-15 is a plot of the received power vs range as the transmitting
antenna was pulled toward the receiver. The signal was first recorded on
the pattern recorder and later condensed and replotted as shown.

The agreement between predicted performance and experimental results
has been discussed in the preceding sections. It may be of interest to note

further that the beamwidths for both the defocussed parabola and the elliptical
reflector at the 0.21 Dz/ h range is approximately equal to or less than that
expected from a far field pattern of a uniformly illuminated parabola., The
patterns with the waveguide feed show beamwidths to be wider in the H plane
than in the E plane as would be expected due to the increased illumination taper
in the H plane. The sharpest patterns are obtained when the dipole is used as
a feed. These, of course, occur in the H plane where the illumination was
uniform except for the inverse distance squared loss.

The comparison between the linear width of the beam for the far field
and for the near field case is more striking. For the 35 inch elliptical reflector,
this width (2R tan 6/2) is 7.5 inches as contrasted to the width of 37.6 inches
for the parabola when R = D2/ A

Table 4-1 compares the minimum beamwidths obtained experimentally

with theoretical values.

*Reference 3 , p. 195,
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The gain of the parabolic and elliptical reflector antenna was measured
at the range, R0 = 17.2 feet. With the modified waveguide feed in use in both
antennas, the gain, measured by comparison with a gain standard, was 32.3 db

for the parabola and 33.3 db for the elliptical reflector.
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