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ABSTRACT

Two theoretical models to predict axial pressure distribution,
void fraction, and velocity in a cavitating venturi are applied. The
theoretical predictions are compared with experimental data from cold
water and mercury tests, and good agreement for the pressure profiles is
found. The predicted void fractions are found to be too high, probably
because the models assume zero slip or negative slip between the vapor
and liquid phases.

The analogy between the cavitating venturi and other choked flow
regimes is explored. One of the theoretical models used is based on the
assumption that the cavitating venturi is essentially entirely analogous
to a deLaval nozzle operating in a choked flow regime with a compres-
sible gas.

The cavitating venturi is an example of an extremely low quality
choked two-phase flow device. The present study is thus somewhat appli-
cable to the study of liquid-cooled nuclear reactor pressure vessel or
piping ruptures, which have received considerable attention in recent
years. However, the qualities encountered in the present cavitation
case are an order of magnitude lower than those usually considered for
the reactor safety analyses, so that the present study is a limiting

case for these.
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NOMENCILATURE

Meaning
sonic velocity - area
ratio of vapor to liquid volume
fluid (subscript) - force
gravitational acceleration constant, g - vapor (subscript)
enthalpy
conversion constant - mechanical to heat energy units
thermal conductivity
liquid (subscript)
Mach number, mass flow rate
pressure
universal gas constant
venturi throat (subscript) - total (subscript)
specific volume
velocity
quality
parameter defined eq. (3) of Appendix
density

axial distance from throat discharge in venturis
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I. INTRODUCTION

Very low quality two-phase ''choked" flows are important today in
many applications. That which has received the greatest attention in
recent years is the postulated nuclear reactor accident wherein a rup-
ture of a high-temperature high-pressure liquid-carrying pipe is
assumed. Another reactor safety problem also involving somewhat similar
flow considerations is the occurrence of a rapid fuel temperature tran-
sient in a liquid-cooled core. In this case the evaluation of the maxi-
mum velocity of transport of the liquid-vapor mixture from the region
becomes important.

Other applications of such low quality choked flows which have
been of importance for many years are cavitating flow regimes such as
exist in pumps, valves, marine propellors, hydraulic turbines, venturis
and orifices, etc. The present data and analyses are motivated by these
latter applications and hence involve extremely low qualities as com-
pared to the usual reactor problem, since they deal with fluids such as
low temperature water with its very low vapor to liquid demnsity ratio.
However, the void fractions are of a magnitude similar to those con-
sidered for the reactor cases. Hence the present study examines in

detail the extremely low quality end of the spectrum from the viewpoint



of the reactor safety problems, which is, nevertheless, the primary area
of concern in the usual cavitation situation.

The earliest studies which, to our knowledge, have considered
the analogy between low-quality two-phase flows and the conventional
compressible choked flows deal with cavitation (1,2). In both cases
cavitating venturis were considered, as in the present study. In the
paper by Hunsaker (l) it is noted that the maximum pressure rise occurs
at the visual downstream termination point of the cavitation cloud. The
Randall (2) paper discusses the use of the choked flow feature of a cav-
itating venturi for flow-rate regulation and notes that the flow region
downstream of the throat exit consists of a high speed jet surrounded by
vapor, a fact also noted by Nowotny (3). However, none of these pre-
sents a quantitative analysis of the flow such as the analogy to the
conventional choked flow situations presented here.

The existence of a close analogy between cavitating flow phenom-
ena in centrifugal or axial pumps and compressible flow phenomena in
similar compressors has been realized for some time, including the facts
that the occurrence of cavitation in a pump inlet was somehow very simi-
lar to the occurrence of Mach 1 conditions in a compressor inlet, and
that both resulted in a choked flow condition. More quantitative
approaches have been made in recent papers on cavitating flow in centri-
fugal or axial flow pumps in order to explain some of the peculiarities
in the effects of the cavitation on the pump performance (4,5).

A recent excellent quantitative study of the flow of low quality

air-water mixtures through a converging-diverging nozzle, (i.e., a



"venturi'" from the viewpoint of cavitating (flows), has been made by
Muir and Eichhorn (6). This reports on the existence of a compression
shock when the flow is underexpanded, but presents no analysis of this
shock. A study of low-quality flow of water through a similar geometry
is reported by Starkman, et al (7). In this particular case the minimum
qualities considered are in the 1 to 2 percent range, which is consider-
ably above the range considered in the present paper. The existence of
compression shocks under suitable conditions is mentioned, but no quan-
titative data thereon is presented other than the observation that the
condensation shock is much less abrupt than the conventional normal
shock in a compressible gas flow. Finally, a very recent experimental
and theoretical study of water-nitrogen mixtures at about 50 percent
void fraction by Eddington (8) deals with shock phenomena in this type
of mixture.

The above studies, which have only been selected as typical,
since many more exist in the literature (see bibliography of reference
5, e.g.), are motivated by conventional flow applications rather than
nuclear reactor safety problems. However, various studies motivated by
reactor safety also exist in the literature. Studies by Levy (9),
Moody (10), and Min, Fauske, and Petrick (1l) are typical. Generally
these deal with simple converging (rather than converging-diverging)
passages, since a converging opening better models a possible rupture of
a pipe or pressure vessel. Hence they consider the choked flow analogy

in the throat of the converging section, but do not concern themselves

with shock waves which are only involved in the diverging



("supersonic'') portion. Generally the qualities considered are greatly
in excess of those of the present paper.

In addition to all the above, there has also been some recent
interest (12) in the quite analogous situation of high-quality choked
flows such as are encountered with saturated vapor expanded through a
nozzle. In this case it has long been known that condensation shocks
" sometimes occur after the flow has attained a non-equilibrium sub-cooled
condition due to the rapidity of the expansion. This type of flow situ-
ation is primarily applicable to turbines operating with saturated or

wet steam inlet conditions.



II. BACKGROUND FOR PRESENT STUDY

Considerable experimental data has been gathered in the authors'
laboratory on cavitating flow regimes in venturis both with water and
mercury as test fluid. This data includes measurements of axial pres-
sure profiles, velocity profiles using a micro-pitot tube, and void
fraction distribution by gamma-ray densitometer, as well as high speed
motion picture studies of the flow. A portion of the data relating to
the void fraction and pitot tube measurements already appears in the
open literature (13,14), while additional void fraction (15) and pres-
sure profile data (16) has not yet been published. A full description
of the closed loop venturi tunnel facilities both for water and mercury
has already been given (17). However, the basic flow path design of the
venturis used is shown for convenience in Fig. 1. A 1/2" diameter
cylindrical throat of 2.35" length is located between nozzle and dif-
fuser sections, each with 6° included angle for the portion adjacent to
the throat. The diffuser continues at this cone angle out to zlmost the
full pipe diameter.

With a wealth of experimental data in hand for this cavitating
flow geometry it is desirable to develop an analytical model capable of
predicting a priori the pressure profiles, velocities, temperatures, and

void fractions which would be encountered once the required independent






variables had been set. While such a model applies primarily to the
cavitating venturi case, it also has some application to other cavitat-
ing flows such as are encountered in turbomachinery, etc., and also to
reactor safety problems, even though these may normally involve somewhat
higher qualities than those considered for the present case (maximum of
about 107°).

As already mentioned, earlier investigators (2,3) have noted
that a cavitating venturi flow can often be considered approximately as
a high speed central jet issuing from the throat and with a diameter and
velocity approximately equal to those at the throat. Our own investiga-
tions with a pitot tube in water (18), by visual observation in mercury
where the gap between the transparent wall and the central mercury col-
umn could easily be seen (13), and by gamma-ray densitometer void frac-
tion measurement in mercury (13,14), tended to confirm the suitability
of this model. However, later void fraction measurements in water (153),
disagreed in showing a predominance of void fraction near the axis. The
reason for the disagreement between the pitot tube and gamma-ray densi-
tometer data in water is not known. However, the average void fractiomns
presented as a function of axial position in Figs. 8 and 9 are taken
from the gamma-ray densitometer data.

Two possible theoretical models for the flow wére investigated.
Neither matches the observations on the flow regime completely, but
hopefully sﬁould give results of reasonable engineering accuracy.

i) Homogeneous flow model wherein it is assumed that the vapor is

dispersed uniformly throughout the fluid for all planes normal to the



axis, that the two phases always have the same velocity, and that
thermal equilibrium exists. The flow is assumed adiabatic everywhere,
and isentropic except for the condensation shock wave which is assumed
to exist at the termination of the cavitating region. The quality down-
stream of the shock is assumed to be zero. Conservation of momentum
mass, and energy are satisfied for all cross-sections.

ii) Assuming the central jet model with diameter and velocity equal
to those at the throat, it is assumed that the cavitation termination
region is analogous to a hydraulic jump. The region around the central
jet is assumed filled with stagnant vapor at a pressure equal to the
saturation pressure existing at the throat discharge. While the "height"
of the jump is terminated by the sidewalls of the venturi at their loca-
tion, the pressure at the wall is assumed equal to that at the appropri-
ate submergence if an actual hydraulic jump existed (see sketch of
Fig. 2). In this model as applied to the conical venturi diffuser,
gravity is neglected so that the wall pressure at the jump is assumed to
apply over the entire cross-section. As in the conventional hydraulic
jump analysis, momentum and mass are considered to be conserved across
the jump. After the jump the liquid fills the entire cross-section, so
that the quality here is zero as in the previous model. Note that the
void fraction upstream of the jump is simply the ratio of area around

the jet to total area for any cross-section.
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III. CALCULATING PROCEDURES

The calculating procedures followed for the two models are sum-

marized below:

A. Homogeneous Flow Model

1. Throat Discharge to Cavitation
Termination Point

From the throat discharge to the cavitation termination point
the flow is assumed to be isentropic-adiabatic. The throat velocity and
water temperature at the throat can be considered in&ependent variables,
and hence known for a given case. Assuming that the flow is analogous
to a compressible gas choked flow in a delLaval nozzle, Mach 1 must exist
at the throat discharge where it is assumed that the cavitation will
begin. Here, in a real case, the minimum pressure would be expected to
exist for a cylindrical throat due to the effects of friction. Inm the
present ideal flow analysis of course the pressure would remain constant
along the throat. As shown in Fig. 3, sonic velocities in low quality
water-steam mixtures can be extremely low (see Appendix for appropriate
relations), and hence of the order of reasonable throat velocities for
cavitating venturis, for void fractions in excess of 10-3. Then, as
shown in Fig. 4, the quality is of the order of 10-6 to 10-8, and its

net effect upon the thermodynamic mixture properties except for sonic

10
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velocity is negligible. Hence the flow issuing from the throat can be
considered pure liquid.

The computation of conditions for any point downstream of the
throat discharge and within the cavitation region is entirely similar to
that normally employed for the computation of conditions in a nozzle
handling wet steam. Conventional steam tables (19) can be employed.

The assumed process an a T-S diagram is sketched in Fig. 5, the region
between t (throat discharge), and 1 (a point immediately upstream of the
shock but in the cavitating region), being the portion under present
discussion.

Using the steam tables (19), it is necessary to find by trial
and error the temperature at point 1 such that the flow will remain
isentropic, and the conditions of energy and mass conservation will be
maintained (see Appendix for appropriate relations). For the cold water
example computed (throat velocity of 64.6 ft./sec.), the temperature
drop to the point of cavitation termination is only a very small frac-
tion of a degree. This is typical of the cavitation case. Even so,
this temperature decrease must be considered since the specific volume
and entropy of the vapor are extremely sensitive to temperature in this
region. Also, the velocity of the mixture is quite constant from the
throat discharge to the cavitation termination point, with the void
fraction increasing appropriately to counter the increase in cross-
sectional area of the diffuser. The theoretical model for homogenized
flow is thus consistent with the hypothesized central jet flow regime in
that both predict relatively constant velocity through the cavitation

region.
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2. Cavitation Termination Region (Shock Wave)

The conditions immediately upstream of the postulated shock wave
are as given from the calculation previously discussed. If the velocity
of sound is computed for the mixture at this point, it is found that the
flow is highly supersonic as would be expected from the analogy with
compressible gas flow. It is required that immediately after the shock,
which is assumed to require zero axial extent, all the vapor has con-
densed (Fig. 5), so that the quality and void fraction are zero. Thus
it is clear that after the shock the flow is highly subsonic since the
velocity of sound in a liquid is typically of the order of 103 to 104'
feet per second.

After the shock the fluid may have a pressure in excess of vapor
pressure for the new temperature, which is presumably slightly above the
temperature upstream of the shock by virtue of the latent heat released
by the condensing vapor. In fact it is clear that the enthalpy after
the shock must be greater than that at throat discharge, since the
kinetic head has decreased. In general, then, the temperature must also
be higher since, while there was a slight quality at throat discharge,
the fluid is assumed vapor free after the shock.

The calcuation of conditions after the shock from the upstream
conditions requires an application of conservation of momentum and mass.
The only quantity of interest to be found from conservation of energy is
the temperature after the shock. However, sample calculations show that
this quantity does not change appreciably over the shock. The counserva-

tion of mass and momentum equations can easily be arranged to the form
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of eq. (6) and (7) in Appendix B, with the assumption that x<<1. Hence
the validity of the theoretical results is limited to x<0.01. Using
these equations it is possible to make the calculation. However, in
order to explore the analogy with compressible gas flow it was desired
to express the relations in terms of Mach number. This can be accom-
plished as shown in Appendix A following to some extent the procedure of
Jakobsen (4). The operative equations are now eq. (12), (13), and (14),

and from these the conditions after the shock can be computed.

3. Cavitation Termination to Venturi Discharge

Since the flow in this region is vapor free, the computation is
entirely straightforward and assumes frictionless flow. In terms of the
T-S diagram (Fig. 5), this portion is an isentropic compression from 2

to d, where the liquid is subcooled.

B. Hydraulic Jump Model

1. Throat Discharge to Cavitation Termination

In this region a central liquid jet (zero quality) is assumed
surrounded by stagnant vapor at the vapor pressure corresponding to
throat discharge temperature. Temperature is assumed constant through-
out. Since the jet diameter is assumed equal to the throat diameter,
the jet velocity remains equal to the throat velocity. For this model
the void fraction at any axial position within the cavitation region is
simply the ratio of the cross-sectional area around the jet to the total
cross-sectional area. This is also approximately true for the shock

wave model since, at least for the examples computed, the velocity

upstream of the shock is about equal to the throat velocity.
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2. Cavitation Termination Region
(Hydraulic Jump)

Conservation of mass and momentum is applied across the cavita-
tion termination region as in the conventional hydraulic jump analysis
(20) except that the pressure is assumed uniform across a plane normal
to axis immediately upstream of the jump, i.e., gravity is neglected.
The jump, as the shock wave, is assumed to require zero axial extent.
The analogy to a hydraulic jump stems from consideration of a two-
dimensional case wherein the venturi wall would be fictitiously removed,
and the liquid allowed to assume the height downstream of the jump which
it would attain if the flow were horizontal, and under the influence of
gravity (Fig. 2).

The applicable equations are shown in Appendix C, the operative
equations now being eq. (15) and (17). It is noted that the momentum
equation, (16), is identical to the comparable momentum equation from
the shock wave analysis, (7). Thus the models will give similar results
if Vl is the same in the two cases. In the cases for water flow which
have been investigated, this is essentially true, even for the 200°F
water (Table I and Figs. 6 and 7). Since the pressure rise predictions
from the two models are almost identical for the cases examined, only
one theoretical curve is shown in Figs. 8 and 9, where the experimental
results and theory are compared. This equality of results between the

models is also the case for void fraction, so that again only one

theoretical curve is shown.
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3. Cavitation Termination to Venturi Discharge

The calculation for this region is identical to that already

discussed for the shock wave model.



IV. RESULIS

A. Theoretical Models

As previously discussed, calculations have been made for the
venturi shown in Fig. 1 for water at 53.5°F, 60.0°F, and 200°F. The
lower temperature matches experimental water data with 64.6 ft./sec.
throat velocity for void fraction and pressure profiles (15,16) taken
for two different extents of the cavitating region: 0.786 inches
(standard cavitation), and 1.75 inches (first mark cavitation), down-
stream from the throat exit.

The calculating procedures have already been described, and the
equations involved are shown in the Appendix. An examination of these
will show that the calculations are independent of throat velocity
unless actual magnitudes of pressure rise and Mach number are required.
The fluid properties, however, are required immediately, so that it is
necessary to specify the fluid and its temperature. Assuming, then, that
water is the fluid at the three specified temperatures and assuming var-
ious values for the ratio of cross-sectional areas between cavitation
termination and throat, it is possible to compute quality, void frac-
tion, and sonic velocity immediately upstream of the shock. For a given
water temperature, there is of course a unique relation between void

fraction and sonic velocity, and also void fraction and quality, and
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these are shown in Figs. 3 and 4, respectively, and listed in Table I.

It is also possible, without specifying velocity, to compute the
ratio of Mach numbers (Ml/MZ) across the shock and the ratio of shock
pressure rise to throat kinetic pressure utilizing either of the calcu-
lational models. As noted, the Mach number ratio is very large compared
to conventional compressible gas cases, increasing from the order of 10
to the order of 103 as the void fraction increases from the order of
10-4 to 10—1. Even larger ratios occur as void fraction approaches
unity. However, these may not be meaningful since, as previously men-
tioned, the assumptions made restrict the validity of the calculation to
the relatively low quality range. Also both Ml/M2 and (pz/pv)/fovg
decrease markedly as void fraction is decreased, and become unity for
zero void fraction, since a condensation shock is not possible in that
case,

To obtain either actual Mach numbers or pressure rise, it is

necessary to specify the actual throat velocity.

B. Comparison with Experimental Data

1. Axial Pressure Profiles

Experimental axial pressure profiles have been measured (16) for
the venturi of Fig. 1 for water at 53.5°F, throat velocity of 64.6 fr./
sec., and for the cavitation terminating at 0.786" and 1.75", respec-
tively, from the throat exit. For comparison with the theoretical
models, a normalized suppression pressure is formed by subtracting vapor

pressure and dividing the result by the throat kinetic pressure.
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According to classical conceptions of cavitation, this number should
always be zero at throat discharge. The fact that it normally is not is
now well recognized (21, e.g.). However, the assumptions of the theoret-
ical models are such that the normalized suppression pressure must be
zero at this point. For either theoretical model the pressure is then
essentially constant to the end of the cavitation region, while in the
real case it falls to a minimum downstream of the throat exit (Figs. 8
and 9).

Similar pressure profile data is available for mercury (22) at a
velocity of 33.1 ft./sec. and 115°F, and for the cavitation terminating
at 0.786" from the throat exit. This data was normalized as previously
described. The resulting comparison to the theoretical profiles is
shown in Fig. 10.

At the end of the cavitation zone the theoretical models each
predict a step rise in pressure, which goes through a maximum for
increasing extent of the cavitation region. It can be shown from

eq. (17) of Appendix C, which applies to the hydraulic jump model, that

1/2
2,

this maximum occurs for a value of veaturi radius, r, equal to (2)
where r, is the venturi throat radius. The experimental profiles do not
show a step rise in pressure at the end of the cavitation region (which
is marked in Figs. 8, 9, and 10 by the step rise of predicted pressure),
but they do show a substantial gradient of about the correct magnitude
to match the prediction from the models.

After the cavitation termination region the pressure continues

to rise more gradually for both experimental and theoretical profiles as
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expected for a single phase diffuser. Thus the theoretical and experi-

mental axial pressure profiles match reasonably well.

2. Void Fraction Profiles

Local void fractions for the flow regimes considered here was
measured as a function of radius and axial position with a gamma-ray
densitometer (13,15). Figs. 11 and 12 show the resulting profiles for
water and Fig. 13 for mercury. For the water tests the void fraction is
greatest in regions along the venturi axis, contrary to previous expec-
tations from similar measurements and visual observations in mercury as
well as earlier pitot tube measurements in water (to be discussed
later). For the mercury tests it was found that the void fraction was
very high along the venturi wall and small along the axis, indicating
the suitability of the hydraulic jump analogy for this case.

From profiles of this type it is possible to compute average
void fraction as a function of axial distance. Such profiles are shown
for water and mercury for standard cavitation in Fig. 14. This, plus
additional data for first mark cavitation, is replotted in Figs. 8, 9,
and 10 to show the comparison with calculated values for the two flow
models. While the local void fraction distributions between water and
mercury differ widely, it is noted that the averaged distributions in
both cases are considerably lower than the calculated models would indi-
cate near the end of the cavitation termination region. It is noted
that the void fraction distribution in mercury follows that calculated
quite closely almost to the point of the jump, indicating that the

hydraulic jump analogy in this case may be quite good. However, the
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averaged void fraction near the jump is quite a bit higher in both
models than the experimental values. This is partially due to the fact
that these models assume in one case that the velocity of the vapor is
zero and in the other that it is equal to liquid velocity, whereas in
actuality there may be significant "slip" so that the vapor velocity is
considerably greater than that of the liquid. If this were the case,
the void fraction for a given quality would be less, and thus somewhat

nearer the experimental values.

3. Pitot Tube Measurements

Fig. 15 shows micropitot tube velocity profiles for water
(21,13) across a venturi similar to that used in these tests. The pitot
tube is located upstream of the cavitation termination point for two of
the cavitation conditions shown (except ''mo cavitation' and first mark),
at a point about 2 3/8" downstream from the throat exit. It is clear
that in this case a well-defined central liquid jet existed with a
velocity of 90 to 95% of throat velocity. That the impact pressure was
the order of 90% that corresponding to throat velocity indicates that

the fluid density must have been close to that of pure liquid.
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V. CONCLUSIONS

Major conclusions from this work follow:

1) Either the homogeneous flow, thermal equilibrium model or
the hydraulic jump model are capable of predicting axial pressure dis-
tribution in a cavitating venturi quite closely, even including the
behavior of the condensation shock marking the downstream termination of
the cavitation zone. This has been verified in water and mercury.

2) Both models predict void fractions in both fluids, averaged
over the cross-section at fixed axial positions, that are considerably
higher than those measured by gamma-ray densitometry. This may be due
to the fact that neither model allows a vapor velocity greater than the
liquid velocity, whereas in actuality such a positive "slip" probably

does exist.
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VI. APPENDIX

A. Sonic Velocity in Low Quality
Two Phase Mixtures

The sonic velocities were computed following the methods of

Jakobsen (4). The operative equations are as follows:

2
= (1+B)
a al\[ (1+Bv/vy) (4B ) (L
where,
V ~ V e d . .
B = woEy ¥ Void Fraction (= V.F.) (2)
L 9 total
P 1iL 2
M = -(5-;2'— = (vg/vf) (aL/av) (3)
vV
1/2
a, = (gokRT) /2 59.9(T) / for water (4)
Equation (1) is derived in reference 4 starting with the basic
relation:

a2 = )
bP)T (5)

and assuming constant temperature with no evaporation or condensation
during the sonic disturbance. The first assumption tends to give higher

sonic velocities than the alternative assumption of thermal equilibrium,
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while the second assumption tends in the opposite direction, but prob-

ably to a lesser extent.

B. Condensation Shock Wave Analysis (Assuming x = 0 after shock and
P = Py before shock)

1. Basic Conservation Relations

-1
Mass: V1 [Qf(l-x)+vgx:] = Vz/vf (6)
Momentum: (py-pp)A = (/gg) (V1-Vy) m = VZ,DLA
or 9
P,"Pp = (P1/8,) (V) - V) (7)
2
Energy: h, =h; x + hy (1-x) + V,/2gJ
g f
2
= hzf +V,/28 3 (8)

2. Assumptions and Rearrangement to Working Form

X = mv/mT = mv/mL , for low quality (x <.01)

then,
x = (Vo V)PP = Blvg/vy) (9
For the cavitation problem, xX1, so 1-x =1
then (6) becomes:
Vl/(vf+VfB) = Vz/vf = Vl/vf(B+l)
or
V. /V, =B+ 1 (10)

1" 2
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Introduce Mach number:

M, = Vl/a

1 Vl = Mla1 , etc. (11)

1 3

then (10) becomes:

Ml/MZ = (aL/al)(B+1)

Substituting for ay from (1):

M /M, = \/(1+Bp)(3vf/vg + 1) (12)

And momentum equation (7) becomes:
2 2
PyPy = Pyop, = (MyMpajap - Myap) /e vy
or
2 2
P, = p, + M, | (M/M))(ajap) - ap)/14bg v, (13)

And from (1) and (12):

a, = a (148)/ \/(1+vi/v8)(l+Br‘) =a (W4B)/

/M) (14)

C. Hydraulic Jump Model (Assuming space around jet to be filled with
stagnant vapor and jet static pressure = pv)

2 2
Mass: Vl PLTT r] = VZPLTfrz

or

2
v, = Vz(rz/rl) (15)

Momentum:
(py-p )T x5 = (/) (V;-V,)

2
W, P Ux,/80) (V-V,) (16)

e ]
i

2

v \ r 2

ppop, = P22 (227, (1n
v go rl)
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