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NOMENCILATURE

Temperature
Dimensional velocity in axial position
Non-Dimensional velocity in axial direction = %@ U
Dimensional and non-dimensional coordinate in axial direction
Dimensional and non-dimensional coordinate in radial direction
Length and radius of tube
Densgity
Specific heat
Thermal conductivity
Thermal diffusivity, « = k/pcy
Kinematic viscosity
Area of tube wall

ga%ﬁ
Non-dimensional temperature ;;7"—3 without subscript, non-
dimensional temperature differential, wall to fluid, at any
given axial position. Subscript o applies to differential
between wall and centerline at top of tube. Subscript & applies
to differential between centerline at any given axial position
and wall at bottom. Subscript EO applies to differential between
centerline at top and wall at bottom. Subscript R applies to
differential from wall fluid at any radius, r , and at any axial
position.

Non-dimensional temperature differential between top and botiom

of wall

viii



tﬁo = to+tW

NOMENCIATURE (Cont'd)

Maximum non-dimensional temperature differential in the

system = Ra . %

Non-dimensional temperature differential between fluid at
centerline and wall at bottom

Rayleigh Number based on radius and maximum temperature
oge) (Tyallmin - Tfluldmax)

differential
. . _ QyaOg
Non-dimensional volumetric heat source =
pVREﬂcV

Nusselt Numbér based on radius ; 1?
Acceleration éf gravity

Coefficient of volumetric expansion
Non-dimensional core thickness 1-B is the non-dimensional
boundary layer thickness and Bf is the radius at which the

boundary layer is terminated. See Figure 20.

Non-dimensional functions defined in text

Film coefficient for heat transfer

ix



I. INTRODUCTION

The phenomenon of heat transfer and fluid flow under conditions
of natural convection in a closed vessel wherein heat is generated as an
internal heat source in the fluid and removed through an external coolant
is of importance in the field of nuclear reactors and certain chemical proc-
esses. However, very little quantitative data 1s to be found in the litera-
ture regarding this phenomenon which will allow the design engineer to
evaluate regalistically the temperature differentials, fluid velocities, and
wall heat flux distributions which are to be expected under a set of given .
physical conditions. It i1s the purpose of the research work herein reported
to attempt to remedy this situation and to provide such engineering data.

Some of this work has been reported in previous research papers
by the authors and co-workers at the University of Michigan.l’ 2, 35 % 5
This report summarizes the previous papers and includes additional work per-
formed subsequently.

Both experimental and analytical investigations are included.
These cover a very large range of internal heat source strength, length to
diameder ratio of the vessel, wall temperature and heat source distribution.
They are limited to cases of axial symmetry in cylindrical vessels and to
fluids of Prandtl Number near unity (i. e.: agueous or gaseous fluids in
general).

IT. EXPERIMENTAI, PROGRAM
A, Description of Facilities

The experimental data is derived from several pieces of apparatus
which are similar in basic respects though differing somewhat in detail.
In all cases heat 1g generated by ohmic resistance in an aqueous solution
contained within a vertical, cylindrical, glass vessel; and removed to a
coolant through the vessel walls. Heat loss through the vessel ends is
essentially negligible. Témperature is measured within the fluid by a glass-
encased thermocouple probe from which a small bead is exposed to the fluid.
Velocities are estimated by timing the motion of dye or particles within the
fluid.

The major portion of the data results from the water-cooled facil-
ity shown in Figures 1 and 2 and its subsequenf modifications. Basgically a
cylindrical glass test section is held between carbon-steel electrodes at
either end. It is surrounded by a larger plexiglass tube, forming an annulus



Figure 1. Photograph of Water Cooled Facility.
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for cooling water. The arrangement is such that test sections of various
diameters and lengths can be used. In the tests conducted the length has
been varied from 22-1/4 to 6-1/4 inches and the inside diameter from

5-7/8 to 7/8 inches, giving a range of length to diameter ratio from about
25 to about l.6.

An eccentric vertical glass tube, guided by bushings in the
electrodes, carries the thermocouple bead, measuring local fluid tempera-
tures. It is capable of axial motion and rctation so that it may be posi-
tioned at any desired distance from the wall (except near the tube center-
line) and at any desired axial position. Hence if axial symmetry is assumed
it 1s possible to obtain a nearly complete temperature survey. The diameter
of the eccentric thermocouple tube was approximately 20% of the test section
inside diameter.

The independent variables which may be controlled with this facility
are heat input rate, test section dimensions, and magnitude and direction
of coolant flow. Power input could be measured most accurately electrically,
but a check through a heat balance on the coolant was also used.

Two other slightly different facilities were used to obtain some
of the test data. The first of these was identical in all major aspects
to that described above except that the coolant was air in free convection
rather than water in forced or free circulation. This arrangement was
utilized initially because of its extreme simpliocity.

The second variant arrangement differed from the others ig that
the vertical eccentric thermocouple was replaced by a multiplicity of glass
thermocouple rods inserted through the sldes of the vessel and capable of
motion in the radial direction. This arrangement was used to investigate
the validity of the assumption of axial symmetry which had been implicit
in the other experimental and analytical work. ZForced convection water
cooling was used with this design and it was attempted to induce asymmetry
of the internal flow by non-symmetrical cooling.

A final source of data was provided by several tests in a facility
somewhat similar to that of Figures 1 and 2 (a thermocouple glass rod was
extended from the top to reach any desired position by pivoting from the
vessel top) which was used in tests at Oak Ridge described in Reference L.



B Experimental Results
le General Applicability

The experimental data cover several categories which are
listed below. All are presented in terms of non-dimensional parameters
which are defined under Nomenclature. These are so constituted that the
results are theoretically independent of length to diameter ratio.

a) Hest source strength vs. hemperature differentials for
various wall temperature distributions,magnitude and
local direction.

b) Velocity vs. heat source strengthe

¢) Radial and axial temperature gradients as a function
of heat source strength.

d) Wall heat flux distribution as & function of axial
position and heat source strengths

e) Condition of turbulence as a function of heat source
strength and temperature differentials.

The parameters of major ilmportance are the non-dimensional
heat source strength, 9y s and the non-dimensional temperature differentials,
t . The overall heat transfer results of Figures 5, 6, 16, 21 and 22 are
presented in terms of these two. The ratic, (meximum fluid to wall tempers-
ture differential) / (exial wall tempersture differential), is used as the
parameter to define a family of curves.

An examinstion of gy discloses that 1t is proportiomal to
the volumetric heat source strength / the vessel radlus to the sixth power,
and inversely %o the vessel length.* Congequently a large volumetric hest
source in & small-~bore vessel i1s the equivalent of a much smaller valumetric
heat source in s larger diameter vessel.

The non-dimensional temperature differential is actually a
modified Rayleigh Number., It lnvolves a grouping of dimensional and physi-
cal constants, which is that of the Rayleigh Number based on radius, multi-
plied by the radius to length ratio. In this report,; the temperature dif-
ferentlal used is defined by the subscript. The derivatlion on the varicus
constants is explained further in the sectlon under analytical results.

*It is alsoc a function of various of the physical properties of the fluid.



2. Heat Source Strength vs. Temperature Differentials.

The experimental data in all cases has been taken under
conditions of apparent axial symmetry, but with the temperature of the wall
adjacent to the test fluid falling from a maximum at the top of the test
section to a minimum at the bottom. It is difficult to avoild a wall tem-
perature gradient in this direction with the equipment used. For such a
closed-end intermnal heat source cell, the wall heat flux (with uniform
internsl heat source) is a maximum at the top and minimum at the bottom.
Hence the temperature differential across the wall decreases toward the
bottom. When the outside wall temperature was maintained constant or even
made to increase slightly toward the bottom by downward-flowing coolant,
the effect of the wall temperabture differntial was sufficient to give an
inner wall gradient decreasing toward the bottom.

For a given physical configuration agd heat source strength,
the axial wall temperature gradient can be controlled by varying the coolant
flow rate and direction. For most of the experiments, runs at a constant Ay »
but varying coolant rate and direction were made so that points for a given
qy were attained for different axial wall temperature gradients. In some
cases it was possible to obtain the same gy with test sections of different
length to diameter ratio. It was found that variastion of this ratio within
the limits of the experiments did not affect the results in terms of the
non-dimensional parameters. :

gy depends not only on actual volumetric heat source and test
section dimensions but also on the fiuid physical properties which are func-
tions of temperature. These were defined in relation to an average fluid
temperature taken to be that messured on the vessel centerline at a point
about 9/16 of the vessel length from the bottom. This point was selected
asapproximately representative of the volume-averaged temperature.

In some cases gy was not held entirely constant over a series
of runs. In these cases it was prorated to the closest of the various fixed
gy values which had been used by assuming the validity of the relation be-
tween ¢, and non-dimengional temperature differential derived analytically.
The error so introduced should not be large since the prorated range 1is
small.

The experimental points resulting from the above procedure
are shown in Figures 3 and 4. The overall non-dimensional temperature
differential¥* is plotted against the ratio of overall differentiasl te

*Based on the differential between the fluid at the vessel centerline at
the top and the wall at the bottom; i.e., the maximum differential existing.
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centerline-wall differential at the top® at the various g, levels inves-
tigated. The ¢, values range from approximately 1010 o lO5

The data of Figures 3 and 4 have been cross-plotted from the
smoothed curves at values of the temperature ratio described above ranging
from 1.C to 20. Figure 5 is the resultant plot of q, vs. tg . On logsa-
rithmic coordinates, this is a family of substantially stralght lines with
a slope ranging from approximately 1.3 for low d, to 1.5 for higher qy and
low temperature ratiocs. Since a slope of about 1.24 is predicted by the
lamirar flow aralysis, it is believed that these larger slopes are a result
of more proncunced turbulent mixing as is increased. A discontinuity
in the curves 1s shown at 4 of about lOg It is believed that this is
the result of rapidly increasing turbulent mixing in this area. However,
since unfortunately there was no overlapping of data between the configura-
tion producing the lower set of points and that producing the upper, adja-
cent to the discontimuity, it may be simply the result of experimental
error resulting from siightly different measuring techniques.

Ags the temperature ratio is iﬁcr%asedwﬁthe overall temperature
differential for a glven gy lncreases. This trend and the approximate mag-
nitude of the shift agrees with the lamivar flow analysis. Curves derived
from the analysis for the corresponding conditions are shown in Figure 5 as
dofted lineg. It is noted that the experimental curves show a smaller
temperature differential for a given heat source strength than the aralysis
predicte. Presumably this improved heat transfer is a result of the turbu-
lent mixing which occurs to some extent in all the experiments but is not
congldered in the analysis. The ilmprovement factor varies from about 1.2
for low gy to about 1.5 for high q..

The calculated curves of Figure 5 are all based on a uniform
wall temperature gradient whereas the experimental gradients were parabolic
in nature (Figures 7,8,9 and 10). Calculations for a gredient typical
of the experimerts have been compared with those assuming uniform gradient.
It was found that the effect on the overall temperature differential for
a given q, was small.

It was previously shown! that Nusselt's Number based on the
radiue is simply qv/2t where the temperature differential used in the calcu-
lation of the film coefficient is that corresponding to the non-dimensional
temperature differential. Figure 6 is a plot of the experimental data
showing Nusselt's Number versus g, and is simply a cross-plot of the infor-
tion of Figure 5.

*For constant wall temperature, this ratio is 1.0.
¥¥This corresponds to0 proportionately greater wall temperature gradient.
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3. Axial Temperature Distribution

Figures 7, 8, 9, and 10, show the experimental axial wall
and fluid centerline temperature distributions for the various g, ranges.
These curves are affected by the form and magnitude of the ccolant flow.
However, in general the wall temperature gradient is rot uniform but
increases rapidly boward the bottom. Also the differential between fluid
certerlive arnd wall at a given axial position is generally fairly constant
in the upper part of the vessel and decreases rapidly toward the bottom.
For similar wall temperature distribution this trend is predicted by the
analysisg.

L. Radial Temperature Gradient and Axial Symmetry

For the range of Ay studied, the analysis predicts a boundary
layer type of flow pattern wherein the outer porticn of fluid adjacent to
the wall will descend and the inmer powrtion, or core, ascend. The radial
extent of the ouber descending boundary layer will be small and at high
4y values (corresponding to most of the experimental fange), but it will
increase as ¢y is reduced. A substantial upward velocity along the center-
live is then reguired for the closed vessel. ©Since, over most of the range,
the descending layer occupies only a small portion of the total area, the
descending boundary layer velocity, will be greater than the ascending core
velocity.

With such a boundary layer flcw patbtern it is to be expected
on theoretical gr@unds5’ that the radial temperature gradient will have
approximately “he same radial extent as the corresponding velocity gradiert,
and that the temperature will be approximately constant across the core at
a given axial position.

These expected patterns have been observed. Figures 11, 12,
13, 14 and 15 show representative radisl temperature profiles for widely
spaced 4 values. As a, is reduced the radial extent of the temperature
gradient ig increased as anticipated. The values agree approximately
with the theoretical expectations.

With the exception of Figure 15, the above data were taken
with the eccentric vertical thermocouple probe previously described. Heuzce
peints at varying distances from the wall are also taken at varying argular
positicns. Since the points taken with the eccentribe probe form a regular
profile, there is a strong presumption that approximate axial symmetry must
exist in these casges. It is the authors' opinicn, based on their observa-
tions of the flow, that there is no significant variation from axial sym-
metry in these tests and that the effect of the probe is small. TIts
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contribution to shear area is obvicusly small and exists in. a region of low
velocity. Also its share of cross-sectional area is extremely small.

The data of Figure 15 was taken from a facility wherein the
temperature was measured by radial probes at various angles of rotation at
a given axial position. Thus it was possible to measure the radial tem-
perature profile at several angles of rotation and to check the existence
of axial symmetry. In all cases it was found to exist within experimental
accuracy although attempts were made to induce non-symmetry. This experi-
ment was performed to induce a concentration of the downward veloclty on
one side of the vessel and upward on the other as reported for parallel
flat plates.9 However, such a result was not obtained. Full details are
given in Reference 7.

An examination of the radial profile curves discloses that
in many cases the temperature reaches a maximum at the juncture between
the boundary layer and the core and then decreases at greater radii. It%
is believed that this is not simply experimental. error since similar
curves have been shown by other investigators. In an over-simplified
manner the phenomenon can be explained by the fact that the fluid in this
region is retarded in its motion and kept away from the cooling surfaces
for a longer time than fluld traveling upward in the central portion of
the vessel. However, heat is generated uniformly throughout the fluid,
and conduction is almost negligible asg a heat transfer mechanism throughout
the body of the fluid.

5. Velocity and Boundary Layer Thickness Observation

Veloclty observations were made visually. In some cases
dye was injected at known locations, using an injector attached to the
thermocouple probe, and its motion timed. It was possible to obtain a
semi-quantitative indication of the velocity direction, magnitude, and
state of turbulence at any point within the test section. In other cases
the motion of particles within the fluid was timed, giving an approximate
indication of the mean upward and dowaward velocity magnitudes.

It was found, as expected, that the interface between upward
and downward flow was radially at approximately the same position as the
inner extreme of the radial temperature gradient.

The experimentally observed maximum boundary layer and core
velocities are plotted as a function of g, in Figure 16. These are compared
with the values derived from the laminar flow analysis. The observed bound-
ary layer velocity is less than that expected and the core velocity is more.
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Presumably, the retardation of the boundary layer velocity is a result of
the turbulent mixing.

The boundary layer thickness from the radial temperature pro-
file measurements 1s plotted as a function of dy in Figure 17. It is noted
that the thickness decreases with increasing Ay A curve derived from the
analysis is shown for comparison. Falr agreement exists.

6. Laminar-Turbulent Transition and Non-Steady State Effects

Observation of the flow discloses that truly laminar conditions
did not apply to the entire vessel in any run except perhaps those tests
conducted at the lowest q The lack of laminar flow (perhaps small eddy
is a better description) was evidenced in the dye tests and also by the fact
that the local temperature readings fluctuated continually. Typically, the
pericd of fluctuation was of the order of 15 to 30 seconds. However, the
magnitude of the pericd may be due more to the characteristics of the pre-
cision potentiometer used than to the flow. Somewhat similar observations
have been made in the past by other investigators.lo

There is no abrupt change from laminar to turbulent flow in
this configuration. Laminar conditions break down first in regions of high
shear at the interface between upward and downward flow and, in general, in
the upper rather than the lower porbion of the vessel. Since the lower
portion is relatively stagnent, laminar conditions persist here longest.
Within the range of observations made, it appeared that in no case was the
flow either entirely laminar or entirely turbulent. Rather laminar condi-
tions were restricted to a larger or smaller portion of the vessel, including
always the extreme lower portion.

The various experimental runs are listed in Table I in order
of ascending Raylieigh Number based on the temperature differential from
fluid centerline to wall across the top of the vessel radius. The divisicn
between substantially laminar corditions and substantially turbulent (i.e.,
where there is turbulent in perhaps 1/2 the vessel volume) occurs for a
Rayleigh Number value so defined of about 4 X 100, This parameter appears
more successful than either length Rayleigh Number or gy in delineating the
degree of turbulence. This is perhaps to be expected on theoretical grounds,.
However, considersbly more basic research is required. Prediction is com=-
plicated by the closed loop nature of the flow leading to reappearance of
general turbulence.
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LAMINAR-TURBULENT TRANSITION DATA

TABLE T

—

—

Ra, Ray q, Remarks
1.22 x 107 2.5 x 107 2.0 107 A1l laminar
1.28 x 107 bk x 1070 5.4 x 10° A1l laminar
1.39 x 107 1.32 x 1070 1.0 x 10/ All laminar
1.72 x 107 6.66 x 105 6.0 x 10° Slight turbulence
2,00 x 107 7.79 x 10° 2.0 x 10° No comment
2.06 x 107 4,17 x 107 b2 x 107 A1l laminar
2.4 x 107 2,17 x 107 1.6 x 107 A1l laminar
2,89 x 107 1.0 x 10tt 1.7 x 107 No comment
3,00 x 107 5.05 x 1070 2.0 x 10° No comment
3.05 x 107 5,11 x 100 2.0 x 10° No comment
5.28 x 107 6.66 x 107 5.9 x 10 A1l laminar
%.39 X 107 3.5 x lOlO 3,0 x 107 All laminar
3,56 x 107 1.64 x 0%t 2.0 x 10°
5,61 x 107 1.39 x 107 2.0 x 10°
3,78 x 107 6.11 x 107" 2.0 x 108 Some turbulence
b.351 x 107 1.67 x 107 2.0 x 10° No comment
4.55 x 107 1.72 x 109 2.0 x 10° Some turbulence
4,89 x 107 1.83 x 109 2.0 x 10° Some turbulence
5.4 x 107 1.89 x 100t 2.1 x 10/ Some turbulence
5.50 x 107 1.11 x 1070 1.0 x 10° No turbulence
5.55 x lO7 2.17 x 109 2.0 x 109 Some turbulence
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TABLE I (CONT'D)

LAMINAR -TURBULENT TRANSITION DATA

R%a Ray - 4y Remarks
6.11 x 10" 6.66 x 1070 5.6 x 10/ No turbulence
6.66 x 107 1,17 x 1011 2.0 x 108 Some turbulence
7.23 x ]_o7 1.17 x lOll 2.0 x lO8 No comment
7.25 x 10T 1.22 x 10t 6.0 x 10° Very turbulent
7.23 x 107 1.22 x 10L1 6.0 x 10° No comment
7.23 x 107 1.22 x 10tt 6.0 x 10° No comment
7.23 x 101 1.28 x 10t1 6.0 x 10° No comment
8.34 x 107 2.89 x 10t 3.1 x 107 . Some turbulence
8.9 x 107 1.5 x 1ott 6.0.x lO8 No comment
1.11 x 108 .11 x 107 6.0 x 10° Very turbuleat
1.11 x 108 1.89 x 100t 6.0 x 108 No comment
1.17 x 108 bl x 107 6.0 x 10° Very turbulent
1.22 x 108 b5 x 10° 6.0 x 10° Very turbulent
1.22 x 108 4.56 x 10%° 6.0 x 107 Very turbulent
1.50 x 108 2.56 x 10t 6.0 x 108 No comment
1.50 x io8 ) 5.55 X 10° 6.0 x 107 No comment
1.55 x 10° 2.61 x 100 2.0 x 10° No comment
1.78 X 108 3.0 x 10t 2.0'x 107 Some turbulence
1.78 x 108 3.0 x 100° 2.0 x 107 No comment

1.89 x 108 3.16 x 10t 2.0 x 107 No comment
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TABLE I (CONT'D)

LAMINAR-TURBULENT TRANSITTION DATA

Raa Raz . Remarks
2.4 x 108 .11 x 1011 2,0 x 107 No comment
2.78 % 10° b7 x 1011 2.0 x 107 Very turbulent
3.28 x 10° 1.22 x 100 2.0 x 100 Very turbulent
8.34 x 108 k.39 x 101t 1.1 x 100 No comment
1.05 x 109 5.55 x lOll 1.4 x 10%° No comment
1.17 x 109 6.11 x 10t 1.9 x 1010 No comment
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The ability to predict the degree of turbulence in a given
configuration is of great importance to the design engineer. A comparison
of the experimental (essentially turbulent) results and the predictions
of the laminar analysis show that there may be an improvement in Nusselt's
Number by a factor of about two from turbulence.

T. Wall Heat Flux Distribution

It i1s predicted analytically that, for a uniformly distributed
internal heat source, the wall heat flux will be a maximum at the top of the
vessel and & minimum at the bottom for all of the axial wall temperature
distributions investigated. This trend was confirmed expérimentally. How-
ever, the data is only approximate. Wall heat flux values are inferred from
the temperature differential across the test section wall. Thisg differential
was measured in the air-cooled tests as well as in the water-cooled tests.
The axial variation of the coolant temperature of water cooled apparabus
is much less than that of the inside ﬁall surface. so that coolant temperature
can be considered almost constant. An 4rror in estiméting its gradient
between the measured end peints has little effect on the calculation of the
temperasture differential: acraoss the test.sec¢tion wall. Also the film coef-
ficient on the outside of the wall is high because of forced convection,
so that the temperatdre difference between wall surface end mixed mean coolant
temperature at a given axial position is small. The resulting data, normal-
ized to the wall heat flux at the axial midpoint,‘is presentad in Figure 18
as a function of temperature'differantithratio; (overall)/(£fluid centerline
to wall at top). This agress qualitatively with the analytical bredictions
T(Figure 34). The experimental data covers only a range of pointb over the
central 50% of the test section length. However, the analysis shows that
the deviation of wall heat flux from the mean value 1s much greater at the
ends. Relisble measurements near the ends were not possible. The test
section wall thickness was not sufficlently small to substantially eliminate
conduction, and there was uncertainty as to the quuntity of heat flow from
the vessel ends. Even though this were smal]l compared to the total flow,
it ceould affect the local temperatures‘quite significantly.
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ITT. ANALYTICAL PROGRAM
A. General Approach

The general methcd utilized was patterned after that of Light-
hill” in his analysis of a vessel with constant temperature walls and
open at one end (closed at the other) to an infinite reservoir which is
maintained at a temperature different from that of the vessel walls.
Lighthill considered three possible flow regimes which covered the full
range from infinite to small non-dimensional temperature differentials
between infinite reservoir and wall. For the largest differential the
postulated flow regime is of boundary layer type similar to thal, encountered
with a flat plate in ax infinite fluid. This has been extended somewhat
into the range cf lower differentials by counsidering the velocity in the
core of the vessel which is of necessity of the opposite direction to that
in the boundary layer. It was upor this particular approach that the
analysis of the case of naturel convection with internal heat source was
based.

The details of the basic analysis used here have been given in
previous papers,lﬁ 2 However, the general outlines wiil be repeated for
convenlence.

The vegsel is considered to be composed of & multiplicity of
discs rormal to the centerline and of infinitesimal thickress. Boundary
layer assumptions are made so that partial derivatives of the quantities
parallel to the wall are neglected compared with thcse normal to the wall.
Axigl symmetry and steady-state are assumed. Infegral relations for the
conservation of mass, momentum, and energy, considering each disc as a con-
trol volume are writter and non-dimensioraiized by division with the proper
terms. The conservahion of momentum relation is further simplified by
dropping the inertial terms with respect to those related to viscous shear.
It was stated by Lighthlll” and has been verified by the preseant work,
that the assumption is reasounable if Prandtl Number is in the order of
unity or greater, but is not defensible for fluids of very low Prandtl
Number stich as liquid metals. The only difference up to this point betweern
the present analysis and that of Lighthill is that a volumetric heat
source term is added to the energy conservation relation. Non-dimensional-
ization of this relation results in a non-dimensional heat source, Jy.

The general characteristics of the flow pattern are prescribed
both on physical and theoretical grounds. The exact analysis of Pohlhausen
and the experimertal work of Schmidt and Beckmanl2 and of Saundersl5 are
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available for a vertical flat plate in an infinite fluid. It has been

shown that the flow is of the boundary layer type and that velocity and .
temperature profiles extend approximately equal distances into the fluild

if Prandtl Number is near unity. For the flat-plate geometry the solution
has bee§hevaluated cut by numerical procedures for fluids of any Prandtl
Number.”. For thcse cages where the temperature differential is sufficient
to cause the bcundary layer thickness to be small, the circular tube differs
to no significant extent from the flat plate. Furthermore, the predictions
of Lighthill for his particular case have been largely verified experimern-
tally by Marbim.n”

Congldering all the above, it seems reasonable to assume that
the flow patterr in the closed vessel will also be of boundary layer type;,
if the interwal heat source i1s sufficiently strong. There will thus be
a descending boundary layer along the wall and an ascending core along the
vessel centerline. The temperature and velocity profiles will extend
approximately equal distances into the fluid provided the Prandtl Number
is near wnity. Thus approximately unity Prandtl Number is required for
two reasons.

Following Lighthill's procedure, velocity and temperature profiles
were assumed such that at a given axial position the temperature increases
parbolically from wall temperature to core temperature at the inner extreme
of the boundary layer. It is assumed uniform scross the core. A cubic
relation is used for the velocity so that it varies from zero at the wall,
through a maximum dowoward boundary layer velocity, and then upward o
equality with the upward core velocity. This Is assumed uniform at a given
axial pceition. The point of tangency of bourdary layer velocity and tem-
perature profiles with the corresponding core values is defined as the
irmer extreme of the boundary layer (Figure 20). The assumed relatioms are
reprofBuced below: '

[ -7 for 0<B<r

u =’ r -B.2 s 1
-yl - () {1+ 8(r<1)} for B<r<1 (1)
i ) i
i't(x) for 0 < B<r
t = ] -
6(x) [1-(52)° ! for B<r<1 (2)

1-B

£ P
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The assumed velocity profile is idemtical with that of Lighthill's. Be-
cause of the presence of the parameters 7y and S which are functions of
boundary layer thickmess, the magnitude and radial extension of the profiie
is left as a function of axial position. The temperature profile is also
identical to Lighthill's except that the core temperature is considered

to be a function of axial position rather than a constant as in Lighthill's
case where there was no internal heat source. Then core thickness;/53 is

a function of axial position.

These profiles and their first derivatives obviously satisfy the
conditicns at the inrner extent of the boundary layer and also at the wall.
The first derivatives at these points are used to give wall heat flux and
and wall shear in the energy and momentum relations. They are substituted
into the integral conservation relations.

further relation describing core temperature is required. This
was not necessary in Lighthill's case where it was assumed constant. For
the present arvalysis it was assumed that heat conduction would be negligible
within the core and that the core htemperature would be the result of the
heat generation rate within the core and the time for which a portion of
the fluid was exposed. Thus the axial gradient becomes propcrtional to the
volumetric heat source strength and inversely proportional to the core
velocity.

The core tempersasture relations result in two integral-differen-
tial equations, one representative of the core axial gradient and the other
of the conservation of energy,l These relations apply individually to the
radial discs into which the overall vessel 1s considered to be divided. The
overall boundary conditions are:

1) Heat generation for the entire vessel must equal tc the wall
conductlion fcr the vessel as a whole, ls.esi net energy convection for the

entire vegsel Ig zerc.

2) Mixed mean boundary layer and core temperatures must be equal
at either extreme of the vessel; 1. e.: fluid leaving the boundary layer
at the bottom is idewbical to that entering the core at that point. A
similar shatement applies at the top.

%) Bouadary layer thickness at the top is zero since this is
the poiat where the boundary layer starts.



-36 -

As explained in previous papers,lo"2 the two independent integral -
differential equations are written as difference equations, considering
the vessel &as a series of radial discs of small height, and the boundary
conditions satisfied by an interative process using a high-speed digital
computer. Since it is assumed that the vessel is composed of a finite
number of discs, it is possible to congider different values of heat
source strength and wall temperature for each disc so that the problem can
be solved for arbitrary axlal variation of wall temperature and heat source
strength. However, no radial variations are possible. One of these possi-
ble variations is the Lighthill case. This is obtained by assuming that
all the heat is generated in a thin radial disc at the bottom. Under these
conditions the core temperature is constant as required.

Bs Limitations of Method

When programmed for a high-speed digital computer, the method
described above has a wide applicability since it is suited for completely
arbitrary specification of wall temperature and heat source distribution.
However, there are certain mathematical limits which have been explored.
In some cases, hafore these are reached, some of the assumptions substan-
tially lose their validity, so that a real limit of usefulness is imposed
more quickly.

1. Axial Symmetry and Laminar Flow

In all cases the method is limited to axial symmetry and
laminar flow. The latter is important since the experimental observatiorns
in the closed cell geometry indicate that a completely laminar flow may
exist only with extremely low heat source strengﬁhs‘ For the case where
the boundary layer hypothesis becones quest%onable Lighthill considers
the possgiblility of turbulence in his paper- but makes no analysis for the
present range of interest. However, it is indicated that the existence
of Hurbulence congiderably increases the heat transfer. Murgatroydl
makes an analysis based on turbulent flow in a long cell containing a heat
generating fluid. This is of great interest in itself but does not match
the physical configuration considered in the present amalysis, because
Murgatroyd's cell is considered to be of infinite length to diameter
ratio so that there is no transport of fluid between core and boundary
layer except through the turbulent mixing (i.e.: no end effects).
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2. Heat Source Strength and Wall Tempersture Distribution

There are also limits upon the wall temperature distribution
and the non-dimensional heat source strength, g,. ©Since this involves the
physical properties of the fluild, the dimensions of the vessel, and the
volumetric heat source strength, the limitations are upon the combination
of these rather than uponr either length to diameter ratio or volumetric
heat source congsidered alone.

Except through turbulence there is no apparert limit in the
direction of high gy since the solution becomes asymptetic to that of
a flat plate in an infinite fluld as g, is increased and the boundary
layer becomes increasingly thin.

In the direction of low gy there is a definite limitation
when the boundary layer at some axial position occupies the entire cross-
section of the tube. When this occurs no further boundary-layer develop-
ment along with axial distance is possible and the limit of the solution
has been reached (the prediction of a negative radius for the rising core
results). The atbtainment of this limit depends upon the wall temperature
distribution. It is shown by the envelope lire of Figure 21 that this
limit occurs for positive* wall temperature gradients in most cases &t
a dy between 10° and 105, For negative** wall temperature gradients
(Figure 22), it occurs at higher and higher g, as the gradient becomes
more negative. This range of values corresponds to very small volumetric
heat sources easily attaired in the laboratory, if the test section diameter
is of the order of an inch. To a typilcal nuclear power reactors, this
diameter is only about 1/16 of an inch. This lower limit on g, is explored
in detall in previous papers.5:l7

The rabtio of non-dimensional temperature differentials,
tgo/to can also be coznsidered a limiting parameter in combination with g,
as shown in Figures 21 and 22. A unity value for this ratio correspouds
to a uniform wall btemperature. Values greater thar unity (positive wall
temperature) imply a wall temperature gradient falling toward the bottom
of the vessel and values below unity, indicate an opposite temperature
gradient.

¥Positive wall temperature gradient refers to cases where the wall tem-
perature decreases toward the bottom,
*¥Negative to caseg where it iuncreases.
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With the experimental equipment on hand it proved impossible
to impose such a gradient upon the test section inner wall. However, with
a sufficiently small cooling stream directed downward in conjunction with
a sufficiently strong internmal heat source, it seems that such a gradient
would be inevitable. In this case the boundary layer temperature would
increase ag it descended so that an apparently unstable flow pattern would
result. Perhaps it would separate into various discreet circulating cells
arranged axially rather than the single cell which has so far been observed.

The analysis yielded results over a rather limited range of
these inverted wall gradients (i.e.: 4 /to < 1), as shown by the envelope
curve in Figure 22. This curve is thetdivision between cases where the core
thickness 1s positive as physically required, and cases where the calcula-
tion shows negative core thickaess. Its position is a function of both gy
and temperature ratio at all points. However, the dependence upon tempera-
ture ratio becomes much greater for those ratios less than unity. Over
the range explored (up to Qv = 2 X 109) the lowerst ratio for which a physi-
cally possible answer could be obtained was about O0.5. This limiting ratio
increases as qy decreases, and becomes unity at dy of about 5 x 102.

The minimum overall temperature differential te for a
given q. , occurs at constant wall temperature where tEo/to is 1. The cal-
culation showg that either a positive or a negative wall temperature gradient
results in a larger overall temperature differential.

There is no apparent mathematical limit in the direction
increasing positive wall temperature gradients, and calculations have been
made for ty /to values as high as 60. The effect of increasing the gradient
is a dimumi%ion of the boundary layer thickness for a given dy, so that
at high values of the rafio (about 40), the, limiting g, is reduced from about
2.5 x 10° to about 10°,

Although from ths viewpoint of the computer program, physi=
cally meaningful results can be obtained up to the envelope shown, the
validity of some of the assumptions upon which thé solution was based
becomes quetionable as the 1imift 1s approathed. The assumptions of tempera-
ture and velocity gradients concentrated in the boundzry layer and uniform
across the core region becomes doubltful. whea the core occuples only a
gmall portion of the vessel around the centerline. Because of these
assumptions, for example, as the envelope 1s approached the analysis shows
a core upward velocity comsiderably greater than the boundary layer
downward velocity. However, this does not seem physically reasonable or
in agreement with the observation.



=41 -

Arother limitabion upcon the valiidity of the solution at
high wall temverature rabic 1s the assumption that heat conduction in the
axial direction is negligible., Order of mggnitude calculaticns show that
this 1s ressomable in most cases since the gradient in the axial directicn
is small ccmpared with the radial gradiert anear the wall where cornduction
is importart. However, for very large wall temperaﬁure gradients this
is mot the case. Also, “his assumption ig least defensible for vessels
with small length o dianeter ratio since the end effects is more pro-
nounced., For exauple, if the length/diameter = 10, boundary layer thickness
/radluc = C.2 and Qu/to = 20 *the approximate ratic beltween radial gradievt
in the boundary layer axd axial wall gradlent would be

PO S j; -
2 x .0 x 75 X 55 5.

n is case the gssumphion of regligible axisl coxduchtion ma e ques-
In thi Y P £ 1igibl ! a b
ionable. Furiher uchion of th lameter r s i ) .
tionablie ”u rer reduchion of lex to digmeter ratio mseskes 1t more so
t this time, no inforzatbicon is avallable on the effe 1ls asgse tion.
At this time, no £o Klo labl tY ffect of thi sumphion
%

on the oversii resulb

C. Coverage of Computer Solutions of Beundary Layer Solution

Che computer so.ubtlons cover the rauge of g from 2 x 109 to
about, 10° (lower ilﬂj* of applicability of solution) for te /t ranging
from about .5 (lower Limit of applicabilit v\ to abouth 60, I” general
the investigatlion has been concentrated upon a unii . heat source distri-
bution amd livear wall temperature grad*en+ H@weve% o afford comparisone

perature disbr: bu 5101 (Elguwe 25 since Jhis ?esemples o¢osely the experi=-
mertal distributionsg,and alsc for varicus heat source distributions., These
are descriked in detall in a later section.

D. Extension to Low gy (Fully-Developed Region)

The lower limit of the becundary lsyer solublon previously described
is reached wher, at g ithin the vessel; “he boundary layer has
growz to the extent thdt 1% occupies the enftire tube. Ia general, this occurs
somewrere in the mid-porticn of the tube, since the boundary layer thickness
decreases in the exiireme lower pertion. If 4y vaiues below the envelope
shown irn Figures 21,22 are coneidered, a sclution will result wherein the
boundary layer grows from zero thickness at the top to a thickeess equal tc
the radius at some point within the vegsel. At this point the core thickness
is recesparily zero and,according %o this solutiorn, becomes negative at points

O
=
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O
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lower along the axis. Thus the solution is physically meaningless below
the point at which the boundary layer thickness becomes equal to the
radius of the vessel.

For such a case a combined solution may be used. The original
boundary layer solution is used for that portion of the vessel where the
bourdary layer is growing with axial distance. Below that point where
the boundary layer fills the entire cross-section, it is considered to
be of upiferm thickness equal 1o the radius so that the flow becomes
"fully developed" in the sense of pipe flow away from the entry section.

A procedure similar to that of the original analysis can be used for

this portion exceph that the boundary layer thickness is no longer a func-
tion of position but is constant. Details of the method are given in

a previous papers A difference equation relating the non-dimensional
temperature differentials, heat source and axial position can be derived
which can be solved directly without iterative procedures. This "fully-
developed solution" is then used for the lower portion of the vessel. It
is easily’sbcwn5 that in this portion, starting from the bottom of the
tube, the non-dimensional temperature difference between wall and fluid
centerline rapidly approaches qv/h, a value that also applies to "rod
flow"; i.e. : radial transport of heat by conduction only. Therefore,

at the poirt of Jjoining of the solutioms, it 1s necessary that the boundary
layer portiorn also gives a centerline to wall differential of this amount.
A suitable sciubion for the boundary layer portilon can be obtained by
iteration to obtain this relation between core thickness and temperature
differential. The solutior for each portion individually assures that the
conservation of mass, momentum, and energy are observed for planes normal
to the axis at any axial position within that portion. Hence the combined
soulution makes this assurance for.the entire vessel, and also assures
continuity of temperatures, wall heat flux, and vélocities at the poiut

of jolning of the solutions.

The analysis for the "fully-developed" portion of the vessel
is applicable both for constant and variable wall temperature, provided
only that the axial *temperature gradients are not large compared with
the radial.” Regardiess of the wall temperature differential between
wall and centerline at any axial position in the fully developed portion
is approximately qv/4 as predicted by an analysis based simply on con-
duction theory.
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E. Extension to Noun-Steady State

It is believed that the steady-state analytical results so far
achieved can be extended to the prediction of non-steady state heating
and cooling rates of closed tanks by assuming thet the flow regimes in
such processes are a succession of quasi-steady states. Order of mag-
nitude calculations of the time intervals involved indicate that this is
not an unreasonable assumption. No numerical results of this type are
as yebt available.

F. Results of Computer Calculations
l. General Scope

For a given ¢, and non-dimensional wall temperatures, t,
specified at the centerline of each of the discs of the vessel consldered,
all other quantities are uniquely determined within the assumptions of
the analysis. In addition to the overall heat transfer results, the
computer program prcvides detailed information on local temperature,
velocity, and ‘heat flux.

2. Heat Source ve., Temperature Differentials

The overall ron-dimensioral heat source vs. nor-dimensional
temperature differential results are shown in Figures 21, 22" for the bound-
ary solutioz. gy is the ordinate and tEo is the abscissa. This latter
is measured from the fluid at the top of the vessel centerline to the wall
at the bottom, and represents the maximum temperature differential exist-
ing in the fluid. The curve parameter, tBO/to represents the proportion-
ate strength of the wall temperature gradient in the positive direction.

Within the range of the solution, the curves appesar ags vir-
tually parallel straight lines on the logarithmic coordinates. Because

of this fact it is possible to formulate relations as below tc represent
the curvesg:

= k -
Ay t’g

The best values for these constants over the enhire range investigated for
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the curveg of urniform heat source distribution and linear wall temperature
gradients are given below (from Reference 17).

TABLE IT

n 2 10
CONSTANTS FCR q, = k tg for 10 < g, <10
o +

tEO/to k n
1.0 0.921L 1.22
3,0 0.314 1.2k

10.0 0.0791 1l.24
20.0 0.0357 L.25
4o.o 0.0172 1.25

The exporent, 1.25, appears in the exact solution for the natural convection
flow along a flat piate in an infinite fluid.

The temperature differential corresponding to a given heat
source strength increases as the proportionate wall temperature gradient
increases. However, as shown in Figure 18, the temperature differential
at a given axial position between fluild centerline and wall actually de-
creases. This can be explained by the fact that the boundary layer thick-
ness decreases ag the proporﬁionate wall temperature gradient increases
and hence smaller fluid to wall temperature differentials are required
across the reduced boundary layer to remove a given quantity of heat.

As Ay is reduced beyond the range of applicability of the
boundary layer solutiom, the presentation cof overall heat transfer resultsy
in terms of ratio of temperature gradienty become less meaningful. Under
this condition, the centerline to wall temperature differential becomes
virtually a constant over most of the vessel length, increasing sowmewhat
near the top and decreasing near the bottom. Its value over most of the
vessel is simply qv/h and the overall differential, tEo is controlled
almost entirely by the wall temperature distribution. The increase at top
and decrease at bottom becomes extremely local as ¢, is reduced substantially



below the boundary-layer solution range. This is shown in Figure 24 where
non-dimensional temperature differential, wall to centerline, is plotted
against axial position for various ¢, at constant wall temperature. The
general character of the results for a positive wall temperature gradient
and the fluid temperature follow the wall temperature in the same manner.

Returning to the boundary-layer solution (Figures 21 and 22),
curves were run in addition to those previously described to determine the
results of various non-uniform heat source distributions and of wall tem-
perature distributions other than uniform gradients.

a. Heat Source Distributions

The heat source distributions listed below were inves-
tigated. In all cases the heat source was uniform for planes normal to
the axis at a given axial position. All these computations are limited to
the range of the boundary layer solution and constant wall temperature.

1) Constant volumetric heat source gradient from maxi-
mum at top to zero at bottom,

2) Constant volumetric heat source gradient from maxi-
munm at bottom to zero at top,

3) Sine distribution - zero at ends and maximum in center

Regsults are shown in Figure 21. The constant gradient
distributions are signified by an inverted and an upright triangle respec-
tively. These are listed below in the order of decreasing tE necessary
to remove a given heat gquantity. ©

Constant gradient, maximum at bottom
Sine distribution,

Uniform distribution,

Constant gradient, maximum at top.

&0 o

—— e’ e N

The relation of the constant gradients to the uniform distribution can be
explained as follows: It is advantageous to add the major portion of heat
near the bottom since the core temperature is increased by virtue of the
heat addition. Hence, the mean temperature differential between fluid
centerline and wall is increased and heat transfer is facilitated. The
maximum difference in tﬁo due to the variation of heat source distribution
is a factor of about 3.
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Another heat source distribution was investigated. It
was assumed that all the heat is added into a very thin radial plane
(normal to the axis) at the bottom. This condition is analogous to the case
of a vessel closed at the top and open at the bottom to an infinite reser-
voir maintained at a temperature greater than the wall temperature, and the
volumetric heat source is zero. Since, for constant wall temperature, this
is the case investigated by Lighthill,” it is possible to compare these
results with his exact solution and also to investigate the effect of
variable wall temperature. a

It was found that the results obtained for constant wall
temperature from the computer program were identical to those given by
Lighthill. These are shown by the curve, L_, in Figure 21. To compare with
the results in the lighthill's paper, it is necessary to compute Nusselt
Number from Nu, = qV/ZtEO*.

In principle it is possible to use the program to compute
results for the "Lighthill Case" with any desired wall temperature distri-
bution within the bounds of applicability of the boundary layer theory.
However, time has not been available to obtain these results within the
present proJject.

b. Wall Temperature Distribution

The majority of the calculations consider either constant
wall temperature or constant wall temperature gradient. However, the experi-
mental results were taken with more or less parabolic distributions where
the wall temperature is fairly constant near the top of the vessel and falls
rapidly toward the bottom. Consequently a temperature distribution of this
sort was run (half-cosine) to afford a comparison with the linear distribu-
tion of the same tgo/toa As is shown in Figure 21, the overall heat trans-
fer behavior is quite ingensitive to the wall temperature distribution. It
was also found that the local parameters were little affected.

3. Velocity

Figures 25 through 28 show the maximum boundary layer and
non-dimensional core velocities resulting from the analysis over the full
range of g, including both boundary-layer and fully-developed regions. 6
Figure 25 for constant wall temperature applied to 4, from 2 x 109 to 10
for various heat source distributions. Thelr effect upon the magnitude

*tg, is identical to Lighthill's t, in this case.
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and distribution of velocity is not great. However, the velocity magni-
tude decreases by about the 0.5 power of q, over this range and the ratio
between maximum boundary layer and core velocity decreases by about the

0.1 power. In this g, range, the boundary layer velocity is a factor of

3 to 4 greater than the core velocity, somewhat greater than the experimen-
tal factor (Figure 12). This factor decreases and reverses itself as

4, decreases.

Figure 26 shows the effect of wall temperature gradient upon
the velocities at a given q-. It is noted that the effect of increasing
wall gradient is a reduction of velocities.

Figure 27 shows boundary layer and core, velocitiles at con-
stant wall temperature in a lower g, range (102 to 10 ). As q, is contin-
ually decreased, the results show that the core velocity eventually becomes
greater than the boundary layer velocity (the factor is about 5 at q = 102).

Figure 28 shows the effect of wall temperature gradient for
low Q- Again, increasing gradient reduces velocity. The q, range covered
by Figures 27 and 28 is the lower end of applicability of the boundary
layer solution and also includes the fully developed regime (qv = lO2 curve ).

Anticipated velocity profiles for infinitely long tubes with
both laminar and turbulent flow are given in the literature.l These can-
not be presented in the framework of the present analysis because infinite
length implies g, = O.

Lk, Boundary Layer Thickness

In the range of application of the boundary layer solution,
the boundary layer is assumed to start from zero thickness at the top of
the vessel. The analysis shows a very rapid growth near the top followed
by a leveling off to a thickness which is maintained approximately through-
out most of the length. The mathematics of the solution is such that the
boundary layer thicknesg falls very steeply near the bottom also to zero.
However, the predicted behavior at the vessel ends is probably not physi-
cally significant. The flow model employed is one-dimensional, and cannot
accurately predict the flow pattern in the vessel ends where cross-flow
must predominate.

Figures 29 and 30 show typical boundary layer thicknesses
plotted against axial position in the high q range. The effect of variable
wall temperature and variable heat source distribution is also shown.
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Figure 31 shows similar results for low dy above and below
the boundary-layer solution level of Figure 21. The curve for dy = lO2 is
plotted as computed from the machine program showing negative core thicknesses
over a major portion of the vessel. Hence it is not physically meaningfull.

Figure 16 shows the comparison between analysis and observation.

5. Wall Heat Flux

In many physical applications the distribution of wall heat
flux is of great importance since it controls the temperature differential
across the vessel wall. This is limiting in some nuclear power reactor
designs because of the corresponding thermal stresses. Also, knowledge
of ite distribution is necessary to the solution of a problem. Suppose,
for example, the heat source strength and distribution and alsc the coolant
inlet conditions and flow rate are known. In this rather typical case the
wall heat flux is a coupling parameter between the heat balance equations
and consequent temperature rise of the coclant, and, via the wall differen-
tial, is the internal wall temperature distribution. A trial and error
solution could be made whereby the heat flux distribution is assumed, the
coolant temperature distribution can be calculated, and then the internal
wall temperature distribution is obtained. If, per data of the sort herein
given, the assumed heat flux distribution is consistent with the calculated
internal wall temperature distribution and the known heat source distribu-
tion, the problem would be solved.

In all cases the analysis shows an increase of wall heat flux
toward the top of the vessel and a decrease toward the bottom, even for
those cases where the heat source is predominently in the lower portion
(as the "Lighthill case"). The results in the high g, range are plotted in
Figures 32, 33, and %4 showing the effect of variation of heat source strength,
distribution, and wall temperature distribution. The sharpness of the rise
at the top and the decrease at the bottom is increased by a reduction of qy
or an increase in proportiocnate wall temperature gradient.

Similar results for the low q, range (above and below the
limit of the boundary layer solution) are shown in Figures 35 and 36. The
trends. mentioned above persist. For very low gy, the wall heat flux is
virtually constant over most of the tube (for uniform heat source distribu-
tion) but shows a sharp peak at the top and drop at the bottom. However,
these deviations from the mean are extremely local, covering only & few
percent of the length for qw.gglog. Such local peaks may not be of physi-
cal significance. They would induce axial heat flow in the wall which
would reduce the otherwise predicted wall differential in this region.
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Since the temperature differential between fluid centerline
and wall is at a maximum at the top and the boundary layer thickness is
at a minimum, the radial temperature gradient at this point is increased.
Hence, the greatly increased heat flux at the top for a uniform internal
heat source distribution is expected.

Figures 35 and 36 consider the only uniform 4y distribution
in lower range. However, heat transfer for this range of qv'where the
flow pattern is fully developed over most of the vessel is substantially
as predicted by conduction. Hence the wall heat flux distribution would
closely follow the intérnal heat source distribution, with the exception
of the extremely local variations at the ends which were previously dis-
cussed.

G. Comparison with Experimental Observations

Order of magnitude agreement between the predictith of the
laminar flow analysis and the experimental non-laminar observations
exists with respect to velocity, boundary layer thickness, and wall heat
flux distributions.. These comparisons are illustrated in the previous
figures. ‘

The most important point of comparison (Figure 21) is between
the overall temper&ture differentials for a given non-dimensional heat
source and wall temperature distribution. The experimental temperature
differentials are in all cases less than those derived from the laminar
analysis. It is presumed that this is primarily a result of turbulent
mixing in the actual case.

Aside from the effect of turbulence, the assumption of a
single mean temperature as applying to the entire vessel seems a likely
cause of significant discrepancy. Because of the large temperature depend-
ence of viscosity, the temperature differences were such that a typical
viscosity variation from minimum to maximum within the test section might
be as much as 20%.

The factor between experimental and analytical; non-dimensional
temperature differentials is approximately 0.5 for the high g, range and
0.9 for the low range. It is felt that if this type of analysis is used for
a different configuration, heat source strength, or wall temperature
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distribution, these approximate factors can be applied to give at least
an engineering estimate of the temperature differentials to be expected.
Also, the detailed comparisons given for wall heat flux distribution,
velocities, and boundary layer thicknesses can be used as a guide for the
desired quantities.

IV. CONCLUSIONS

The experiments described provide a wide range of date for the
engineering evaluation of a physical system consisting of a vertical cylin-
drical vessel, closed at the ends, with internal heat source. Coolant
and heat source distribution must be axially symmetrical.

The laminar flow analysis allows a further extrapolation of these
data to conditions other than those covered by the experiments. In addition
it should allow an extension into the problem of unsteady-state heating and
cooling of closed vessels.
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