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ABSTRACT

At the request of the Kelsey-Hayes Wheel Company of Detroit,
members of the staff of the Engineering Research Institute of The University
of Michigan investigated methods of obtaining the centroid of an area or
the first moment of an area.

The sponsors desired such a method to reduce the work load and
produce uniformity in determining the size of a metal blank from which
piece parts in the form of volumes of revolution are made.

Four methods are presented in this report. Several others were
considered but are not reported here since these four present the great-
est advantages.

Each of the methods require one thing in common: a line drawing
of the section of the volume of revolution. The methods are:

1. A direct improvement of the "manual" calculating method
using ordinary measuring scales and a nomograph in the
form of a drafting tool.

2. A fully or semi-automatic electronic analog computing method,
using well=known circuitry.

5. A mechanical computing method using well=known linkages.

4. An optical method using principles of projection from or
onto curved surfaces to convert the given area into another
whose area in turn is the desired quantity.

OBJECTIVE

The purpose of the work described in this report was to inves=
tigate methods of obtaining the centroid of an area or the first moment of
an area to reduce the work load and produce uniformity in determining the
size of a metal blank from which piece parts in the form of volumes of
revolution are made.

iii
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INTRODUCTION

STATEMENT OF THE PROBLEM

The volume of a surface of revolution made from a flat piece of
metal is to be computed. The manufacturing process for the finished product
will involve several operations during which the material will be drawn in
a somewhat unpredictable manner. In general, however, a finished product
drawing is available and it is to its specification that the product is
held. It is assumed here and for the remainder of the report that the
manufacturing process is of constant volume.

Well=known procedures exist to determine the volume of a surface
of revolution by measuring the first moment of the area of the generating
cross section about the axis of revolution. :

The common way of computing the first moment of an area is to
subdivide the given area into a number of areas, usually a large number if
the area is at all complicated in its shape,‘for which the centroidal
properties are known; then the pertinent dimensions are measured or read
from a drawing and entered into a computing table. This is followed by
an amount of straightforward work on a desk calculator.

This procedure required the operator to have a good knowledge of
the subject and also permits a number of arbitrary ways in which different
operators will subdivide a given area. These factors, amount of work,
knowledge of the subject, and arbitrary procedure, combine to produce dif-
ferent answers to the same problem.

The purpose of the procedures presented in this report is to
abbreviate the labor involved in the normal calculating method, even to
replace it entirely with a method that, with the minimum of operator time
or effort, can take a line drawing, operate on it, and present the final

result.
GENERAL INTRODUCTION TO THE VARIOUS METHODS

To obtain the volume V generated by revolving the area A about
the nonintersecting x-axis, the following theorem of Pappus or Guldinus
is used:

V = 2nyA,

where y is the location of the centroid of the ares from the x-axis.

1
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Basically, it is necessary to compute the first moment of the area, §A,
which need then only be multiplied by the appropriate constants to obtain
the volume, weight, or mass.

The first moment of the area may be expressed either by integral
calculus or by finite summations being written b[ydA or}ZyA, respectively.

I. NOMOGRAPH METHOD OF CALCULATION MCMENTS OF AREAS*

The types of shapes which have provided the stimulus for this re-
port are composed of rectangles, triangles, and portions of circles (in
general, annuli). Furthermore, most complicated areas can, as an ap-
proximation, be decomposed into a finite number of combinations of the
above-mentioned regular areas. The indicated product and sum can then be
performed. However, the calculations involved require that basic data be
provided which requires the knowledge and background of, at least, some
basic notions from statics,

To eliminate the need for knowledge of statics and reduce the
number of associated notions to a minimum, a tool that could as far as
possible achieve this goal was sought. The element of area that requires
more than just measuring a few designated lengths of straight lines is
part of a circle. Consequently a nomograph was designed from which neces-
sary numbers could be read while all remaining quantities could be obtain-
ed with a scale. All these data will be entered into a complementary
calculating sheet,

The use of this tool or nomograph will then dictate to a very
large extent the subdivision of an area and thus eliminate one of the ob=
jections to the conventional methods as described in the previous pages.

A diagram of such a tool is shown in Fig. l.1. The form of the
equation for the moment of the area to be used in this method is

yA = XN yA

THEORY

The fundamental notions which led to the form of the nomograph

shown in Fig. 1.1 will be given in the following paragraphs. It is necessary

to explain the relation between the conventional notations used for the
calculation of moments of areas and those on the nomograph.

¥ By R. L. Hess
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The given area is to be subdivided in a systematic manner and
certain references must be established for each of the elements. Fundamen-
tal to the whole operation is the identification of the axis of revolution
which will hereafter be referred to as the Work Line. There is then asso-
ciated with each type of element of area a Base Line, parallel to the Work
Line, which is selected appropriately for rectangles, triangles, or sectors
in such a manner that it, first, is easily established and, secondly, sim-
plifies the consequent calculations.

The Rectangle.==For the rectangle of side lengths D and E shown
in Fig. 1.2, the Base Line passes through the lowest corner. The distance
C is the vertical intercept between the Base Line and a line drawn parallel
to it through the highest corner. Then the area is DE and the centroid is
located C/? above the Base Line., B is the perpendicular distance between
the Base Line and the Work Line (for all elements of areas). Finally,
the first moment of this area about the Work Line is

vA = y(DE) = (B+%)DE (1.1)

It should be noted that this result holds regardless of the angular orien-
tation of the rectangle.

The Triangle.~~The triangle shown in Fig. 1.3 is considered to be
composed of two triangles having a common Base Line. The upper triangle
haeving an area 1/2 JL while that of the lower is 1/2 KL. The centroidal
distances from the Work Line are for the upper triangle.

B+d ,
3
and for the lower one
B~ K,
3
Hence
yA =1/2 JL(B+%_) +1/2 KL(B-%), (1.2)

which can be more usefully grouped for computational purposes:

yA = 1/2 L[B(J+K) + 1/3(J2-K2‘)] . (1.3)
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The Annular Sector ~~~For a preliminary discussion of the annular
sector consider the one shown in Fig. 1.4, where the lower enclosing radius
coincides with the Base Line. The following quantities are defined with
reference to Fig. 1.hs

= radius of outer circle

= radius of inner circle

= radial distance to centroid

= half angle subtending the arc in radians
= distance from Base Line to centroid

= distance from Base Line to Work Line

= area of annular sector

W o Hdir w

Then it follows that
G =R sin © (1.L)

And the first moment of the area is

A =[3(32~r2)¢ S(R5~r5)]T, (1.5)
where
_ 2 gin®e
s = > B (1.6)
and T =6 (1.7)

The sign in Equation (1.5) is chosen plus if the area is as
shown in Fig. 1.4, i.e., if the centroid lies above the Base Line, or
minus if the centroid lies below the Base Line.

The radii of the sector would in general be specified or could
be measured from the drawing; the quantities B,C, and D will be obtained
from the nomograph shown in Fig. 1.1. C and D, representing functions of
the angle © only, are obtained by reading, from the scales, the intercept
caused by the enclosing radial lines.

In an attempt to avoid, as much as possible, the use of algebraic
negative numbers and thus avoiding the decision as to the specific location
of the centroid of a sector, i.e., below or above the axis, the following
rule is established.

Any sector is to be subdivided into component sector so that no
one component sector will extend over the horizontal Base Line, and further ,
that it will not subtend an angle greater than 90 degrees.

Then to expedite calculations, the above equations can be mod-
ified for sectors having an included angle of less than 90 degrees and with
the lower enclosing radius not coincident with the Base Line. Such

6
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sectors are shown in Fig. 1.5(a) and (b). The B value will, of course, be
constant, but let the radial intercepts of the S and T scale be designated
Sy and Ty, and Sy, and Ty as shown in Fig. 1.5. The first moment of the area
then becomes

3

Ay

]

[B(Rz-rz) + 8y(R o )] T, - [B(R2-r2) + SL(RS-rs)] T,

B(R2-r®) (Ty-Tp) + (R®-r®) (SuTy-SrTr)

[t}

= M+0N,
where again, the plus sign is used if the area lies above the Base Line,
and the negative sign is used if the area lies below the Base Line.

PREPARATION OF THE DRAWING FOR MEASURING PURPOSES

A typical section for which the sponsor desires to know the moment
of the area is shown in Fig. 1.6. This area must now be subdivided into
separate rectangles, triangles, and annuli. Lines are drawn in the draw=-
ing denoting the subdivision into these elements, thus establishing the
requisite Base Lines as shown in the previous paragraphs and the lines which
will make the intercept readings on the S and T scales of the template or
nomograph.,

Dimensions of rectangles and triangles are measured or specified;
radii are usually specified on the drawing.

All this information can be entered into a computation schedule,
a copy of which is attached, which can be followed without any basic knowl-
edge of statics to produce finally the first moment of the area.

Details and examples clarifying these procedures are presented
in the Instruction Manual for Moments of Areas. This manual, together
with the nomograph, is attached to this report.
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II. AN ELECTRONIC ANALOG METHOD OF OBTAINING
THE FIRST MOMENT OF AN AREA¥

The electronic analog computer permits the computation of the moment
of the area by evaluating the integral Ay = ydA, where means integration around
the whole region, area, concerned. This may be more suitably written (see Fig.

2,1) in the following two ways:
Ay =§5%y2dx = ﬁxydy,

Consider for the purpose of this report that the "Analog Computer"
consists of a series of "black boxes" which will perform the required opera-
tions.** The simplest of these operations are addition, subtraction,multipli-
eation by a constant, and integration. Other operations, which present more
difficulty, are squaring, square root, multiplication of two dependent variables,
etc. It should be understood at this point that the independent variable is
time and all other variables will be voltages.

Generally the other components, resistors and capacitors, may be plugged
into the operational amplifier, which is the core of the analog computer, to pro-
duce a circuit having the desired properties. Some examples of such circuits
are shown in Fig. 2.2, where ey refers to the output voltage and e; to the in-
put voltage. It should be noted that, in general, a sign change is involved in
these operations; see, for example, the first three operations in Fig. 2.2.

Consider now the evaluation of the first moment of the area
A7 = ¢ L y2ax.
y jé’g y

ILet the curve be drawn out on a sheet of paper which will be placed
in an X-Y plotter. This device is, essentially, a two-axis voltmeter. The
horizontal axis (x axis) is to be driven by a voltage proportional to the in-
dependent variable which is x in the problem and time for the computer, i.e.,
time on the computer corresponds to x. An operator will then turn a poten-
tiometer in such a manner that the recording point of the X-Y plotter will fol-
low the y coordinate of the designated curve. The output voltage on this po-
tentiometer will then be proportional to y, which is then squared and integrated.,
Thus, in outline form the desired integral has been evaluated.

Figure 2.3 shows the block diagram for this operation. This diagram
omits such items as scale factors, time constants inherent in certain opera-
tions, and excursion limits of the various devices. As long as these are con-
stants they will not affect the general direction of the solution. The figure
then represents, essentially, a flow diagram.

*By B. Herzog.

*%
For a detailed discussion of the analog computers, the reader is referred to

any one of the several books published on the subject. An excellent intro-
ductory text is a book by C. L. Johnson, Analog Computer Techniques, McGraw-

Hill Book Co., June, 1956.

1k
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In a similar manner the block diagram, Fig. 2.4, is obtained for the
operation.

Ay = ()nydy .

Here the variable y 1s made proportional to T and the operator ad-
Justs the potentiometer setting to be proportional to x.

The X~Y plotter then serves as & means of tracking the given curve.
It is possible to obtain a curve-following device which will automatically
track the curve and thus eliminate the need for an operator except to start
the device.

The first method is better suited for an area extended essentially
parallel to the x axis, while the second method will best serve an area ex-
tended along the y axis. There are several reasons for these preferences.
First, it will take some amount of practice for an operator to become expert
at adjusting the potentiometer setting to follow the curve. It is, of course,
possible to have the voltage driving the independent variable axis increase
slowly, thus permitting more time for the operator to make his adjustments.
However, if the operation is extended over too long a time, errors introduced
by drift of the electronic equipment may become significant.

These methods were tried for some elementary shapes. Equipment
which was on hand in laboratories of the Engineering Mechanics Department was
used. It should be remarked here that such equipment is mostly of the general
utility type and not designed for this particular problem only. Consequently,
some of the components were too sensitive for this purpose, while others could
use some modification to be more accurate or stable for this particular use.
Several of the components in themselves are rated as having tolerances of l%o
Thus, from a combination of these we would expect perhaps an accuracy within
several percent.

A servo-driven potentiometer was used as a multiplying and squaring
unit to compliement the X~Y plotter and the general analog computer.

By Scheme I the first moment of the area of the triangle shown in
Fig. 2.5 was obtained. The calculated result was 67.5 in3, while the com-
puter obtained a value of 61.2, which is about 2% in error.

The first moment of the area of the rectangle of Fig. 2.6 was ob-
tained by Scheme II. The calculated value was 96 in.3, while that obtained
by the computer was 95 in.3, in error about 1%.

Under the conditions previously stated, these results are much bet-
ter than were expected and it remains only to state that with equipment de=
signed for the particular purpose better results should be possible.

19
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ITI. THE MECHANICAL VOLUMETRIC PLANIMETER*

The design utilizes a conventional planimeter wheel mounted upon a
linkage which produces the integration of the differential of the first moment

of the area

1 ydA,
2

Thus finally the moment of the area, when multiplied by 2xn, which equals the
volume of the body of revolution, is read out on the planimeter dial.

There are similar instruments commercially available,** but these
are quite general in theilr utility. It is believed that the design presented
here will be more specifically suitable.

The design is based upon the following expressions which are derived
from the line diagram of Fig. 5.1.

A print of the curve in question is placed on the board on which the
instrument is mounted. The pointer A on the arm AB of length L is used to
trace around the outline of the curve. The arm BC is mounted on GH so that
their intersection is always perpendicular. GH is permitted to travel in the
x=-direction through two bushings. The planimeter wheel D is mounted on arm
CED., Member EF is pinned to CED at E so that distance CE equals distance BC.
EF is constrained to slide through a bushing at B so that EF always remains
perpendicular to AB.

Let the angle between AB and GH on the x axis be ©; the angle the
plane of the wheel makes with the x=direction is 26. It follows that the cen-

ter of the wheel will travel a distance dx cos 28 when the pointer A moves a
distance dx. Then if the planimeter wheel has a radius r, it will turn through
the angle d¢ when the pointer moves a distance dx so that

? in2
ag = dxcos20 _ gﬁv(1~zsin2@)= dx _ 2sin®@
r r r r
Thus p - §ox - gasineeax .
r r
But ¢ ax - o,
r
end : = J
sin® ¥

*By J. R. Pearson.
*¥Keuffel and Esser Co., Hoboken, N. J., Catalog Item 4270.
Eugene Dietzgen Co., Chicago, Ill., Catalog Item 1813A.

21
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Then _deys L gy2
=y dx = —Y<e4q o
¢ ﬁl?r * rie”’ 2 *
Finally ‘ g % ya .
rl2

The desired volume is

It is apparent, then, that a scale factor or characteristic constant
of the instrument exists which, by selecting appropriate values for r and L,
will permit designing to a particular sensitivity.

Consider, for example, the following values:

T 0.500 in.
L. = 20 in.

1

The volume/revolution then becomes
2 2 3
oxt (%) = x rL- = 19751in.  / revolution

This constant will, of course, be modified by manufacturing errors
and the proper constant must be found by calibrating the instrument on an
area for which the moment can be easily computed.

IV. OPTICAL METHODS OF PROJECTION AS AIDS TO
EVALUATING THE FIRST MOMENT OF AN AREA*

An optical method using projection techniques offers some distinct
advantages since only a few calculations are involved based upon ordinary
planimeter measurements of areas.

A film negative of the original drewing is placed in a frame and its
image projected on positive paper or on another piece of film. The negative
of the original drawing may be placed in a frame of predetermined shape such
that the image cast on the positive paper is the first moment of the area.
Alternatively, the positive paper could be placed in a curved frame and
have the imege from a flat negative cast upon it with the same result. A

*By R. L. Hess and B. Herzogs.

25
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third method using a point source of light moving along a curved path can
accomplish the desired effect by casting the image from a flat film on a
flat positive paper. These methods are outlined in the following paragraphs.

Consider first the method using a curved surface to hold the positive
paper. A photographic negative of the original drawing is placed on a frame
in the xy plane (see Fig. 4.1). The positive paper is placed on the surface
z = £(x,y). Parallel light is used in the z direction to project the image of
the area, on the drawing, on the film. The film is then developed, laid out
on a board, and an ordinary planimeter is used to evaluate the resulting area
which will be proportional to the moment of the area.

In choosing the surface z = f(x,y) consider the integral for the
first moment of the area in the form

_ [,2
Ay = J,E—- dx . (Ll'.l)

Therefore, it is required that a projection be made which will be
proportional (directly, preferably) to x along the x=-direction and propor-
tional to y® in the orthogonal direction. This may be accomplished if we
define a coordinate s measured along the curve in Fig. 4.2, which is a section
parallel to y-z plane. This coordinate will be perpendicular to x and s-x
will be conventional Cartesian system when the film is laid out flat.

The quantity s must be of the form
2 g
s = ky© + k', (4.2)
where k and k! are arbitrary constants.

The equation for z which satisfies this condition is
_ )22 .1 2 2
z =3 hky -1 HEloge(Eky + th y =1) + C, (4. %)

where C is an arbitrary constant. The above equation is restricted by
hky2> 1. (4.1)

The selection of k, k', and C is governed by design requirements
and scale factors. However, Eq. (L4.4t) places some definite restrictions
which can be avoided by considering the following equation, where n is an
arbitrary constant.

nA + yA = ¢(n+y)dA , (4.5)

2k
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which is equivalent to transferring the axis. The above method can now be ap~-
plied to the evaluation of the integral of Eg. (4.5). However, to obtain the
first moment of the area now requires measuring both the original area and the
projected area., This information combined with the knowledge of the constant
n will allow the evaluation of the first moment of the area from the following
equation:

yA = A" - nA , (4.6)
where A' is the magnitude of the projected area, i.e.,
At =@(n + y)aa. (4.7)

Similarly the negative of the original drawing may be placed on a
surface and have its image cast on a flat plane (see Fig. 4.3). Here the y
coordinates appear along the surface. In this case it is required that

y2=ms +m' , (4.8)

where m and m' are arbitrary constants. The resulting equation for the surface
is

7 = %loge(ms +m') -85 +D, (4.9)

where D 1s an arbitrary constant.

For both of the above methods parallel light is required. This is
most satisfactorally accomplished by using a double slit source and restrict-
ing it to a sheet in the y-z or s-z plane and having it traverse along the
X axis,.

A third method consists of a point source producing a sheet of light
normal to the drawing and traveling along a curve in the y-z plane. The neg-
ative of the drawing is mounted in a flat plane parallel to a piece of positive
paper also mounted flat. The light source travels along a curved path to sat-
isfy the necessary transformation. A sketch of this arrangement is shown in
Fig. L.L.

The basis for this operation is the relation of Eq. (4.5), repeated
for convenience:

nA + yA = @(n + y)aa . (k.5)

In Fig. 4.5 a section perpendicular to the y axis is shown. Let
h represent the x intercept between the two boundaries of the area. Then h°f
is the projection of h onto the receiving plane located a distance a from the
x=y plane. It follows then that

28
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peo- g (4.10)
zZ
where z is the distance of the point light source from the x-y plane. Let
h'* = (n +y)h . (4.11)

Rewriting the right-hand side of Eg. (4.5) and substituting Eq.

(4.10) yields
ye
dA i/ﬂ hd ﬁjp
(n+y) yl(n+y)y ;

where y3 and yo are the limits of integration. The result represented in the
form of the last term of Eq. (4.12) may be obtained by the use of an ordinary
planimeter.

ya

n'dy , (h.12)
1

Equation (L4.11) provides, when combined with Eg. (4.10) and simplified,
the equation of the path of the source of light, i.e.,

(4.13)

The constant n is provided here to prevent the denominator of (4.13)
becoming zero.

Other modifications of the ideas outlined in the above paragraphs are
possible, These methods were presented to explain some of the detaills of a
projecting system. The advantages of such a system are that once the mechan-
ical and optical components have been carefully built, the operator's only
efforts will be developing the photographs and measuring the pertinent area
with a planimeter.
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INTRODUCTION

The method described in this manual for determination of the
first moment of an area from a drawing of the cross section utilizes ordi-
nary drafting procedures and a specially designed nomograph.

The nomograph
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Procedure

The given area is subdivided into rectangles, triangles, sectors of
a circle or annulus. The Work Line is selected - usually this is the center
line of the object of which this area is the half cross section - and for each
element of area a Base Iine is selected according to the procedure outlined in
the following paragraphs.

The first step is to take the line drawing and subdivide it into the
rectangles, triangles, etc., by drawing dividing lines on the drawing, i.e.,
lines defining the edge of a rectangle where it Jjoins a triangle or a sector of
a circle, etc. Secondly, the Base Lines for each element of area are drawn as
follows:

1. Rectangles (Fig. 2).—The Base Line is drawn through the lowest
corner of the rectangle and parallel to the Work Line. For a
rectangle having sides parallel to the Work Line the lower side
becomes the Base Line.

2. Triangles (Fig. 3).—The Base Line is drawn parallel to the Work
Line through the vertex of the triangle that divides it into two
triangles having a common side on the Base Line. Trlangles having
a side parallel to the Work Line will have that side as the Base
Line.

3, Sectors of Circles or Annuli (Figs. 4 and 5).—All sectors to be
used in the computation must have subtending angles of ninety
degrees or less and lie in a single quadrant. All sectors shown
in Fig. 5 satisfy these requirements. Many sectors will be en-
countered that do not qualify for these requirements and these
must be further divided. Figure U4 presents such situations and
shows the method of subdivision. Note that each of the result-
ing sectors is of the type to be found in Fig. 5.

After subdivision into the proper areas, each resulting element of
area shall be given a number to identify it. In Figs. 2, 3, and 5 various di-
mensions have been indicated. These are the only dimensions required for the
calculations. Three work sheets, one each for rectangles, triangles, and cir-
cular elements, have been prepared. Into these enter the dimensions indicated
in Figs. 2, 3, and 5 and obtained by measurement from the given drawing. In
many cases the drawing will be dimensioned and thus some of this information
may be read directly from it. In any case, for rectangles and triangles an or-
dinary scale only is required, while for the circular elements the "Nomograph
for Constants used in Determination of Moment of Area of Circular Sectors and
Annulii" will provide all dimensions except the inside and outside radius, which
may be obtained with a scale or from given dimensions.

-
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This nonograph is placed on the drawing so that the center of the
circular scale coincides with the center of the circular elements and the 0-0
(zero-zero) line coincides with the Base Line. The intercepts on the S and T
scale will be read as outlined in Fig. 5 and the distance B from the Base Line

to the Work Line is read from the B scale.

Having entered all the dimensions into the appropriate Work Sheets,
the calculation may be started and carried out according to the order as given
in the entry "Operation." The indicated totals are obtained and entered into
the Summary Sheet where the indicated operations will yield the final result.

A-5
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Examples

1. Consider the area shown in Fig. 6. This can be divided as ten
separate elements to qualify for the computation.

The Work Line and all the Base Lines are shown in Fig. 7. Data are
entered into the work sheets.

2. Consider a typical area for the cross section of a wheel spider
which is reproduced in Fig. 8. A complete subdivision of this area, with sub-
division liries and Base Lines identifiled, is reproduced in Fig. 9. Data are
entered into the work sheets and the computation carried to completion.
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FNTER
ENTER
ENTER
ENTER
FNTER

JOLIIME

SUMM/d Y SHEET™

TOTH L

HoalF OF TOTAL

TOTAL 2
TOTAL 4
TOTAL 5
TCTAL 6
T CT YA s b2 18.13

'S
Refer to Fig. 7.

ENTER TOTAL 6



WORK SHEET FOR RECTANGULAR AREAS
DATA | B c D E | & | DE |B+Sh| §a |
COLUMN a b C d e f g h
operaTIN ~ | = | = | = | 2(b)|(c)x(d)|(a)(e)|(fxg)
ITEM
R-1 4.65 .50 50 | 1.25 .25 625 |4.90 | 3.06 |
R-2 2.47 | 2.17 B4 1 2.00 |1.09 [1.68 |3.56 | 5.98 |
R-3 0.82 | 1.18 | .84 [ 1.50 | .59 [1.26 1.kl | 1.79
— Tm —— —~ — - — — — —_——
B D S | — i
I S ——— —— — - —
- S B
B I I

A-15

TOTAL | =

10.83




WORK CSHEET FCR TRIANGULAR AREAS

B(U+K)| L2k P 27A

T
DATA B J K L J+ K J2 K2 J% K

COLUMN | @ b | c d e f g h i i k !

‘ N S S (R S S 8
OPERATION| — — — — (er(b) [(b)x(b)|(e)x(c)[(f)-(g) [(a)x(e)| S (h) [Ci)+(j)](d)x(k)

ITEM

. T-1 1 5.15 ¢ O | .50 .30 | .50 ) 0 ]| 25 |-.25 | 2.57,”1,;.98)1__ 2.

20 D 25 Lo LTHT
T-2  { k.65 | .1k L] .60 .54 .019 .160 -.1h1 2.51 -.047

2
| 1-2.46 _|1.476 |
. I - - - - I Sl S ‘—-—1

-

- S—
- - S—

TOTAL 2 = 2.223

HALF OF TOTAL 2 = 1.111




WCRK SHEET FOR AREAS OF CIRCULAR SECTORS AND ANNULIl‘

< !
DATA B | R r Sy T . T R? R r2 r* |(R-r2)| T=T_|BREr), M |(R%r3)| S,T, | s.T, SISl N | #N | -N

[ SN SRS UGN B - e _‘ SRS A — —

COLUMN | @ b ¢ d e f g h i i k l m n | o p q s t u v w

operaon|  — |- |- - e e b (o) exde e |- teta [t 1 fmm o [ e e et e +@) [ ~co)

ITEM

c-1 4.65 | .50

=)

ek L85 f o f o ] a5 foaes| oo f oo | .25 | .85 | 1.6 | 910 | L1251 335 | o | .333 | .oke | .oup

(]

c-2 b.65 | 60 | o | .326 | 520 |.080 | .22 | .36 | .216| o | o | .36 | .398 | 1.67 | .665 | 216 | .187 |.0098 | .186 | .ohko | 0k
c-3 2.25 | .80 1575 | 73 | 268 | 0 | 0 | 1.96 | 2.7k | .330 |.190 |1.63 | .768 | 3.67 | .98k 2.55 | .04 | o | .ok6 | .117 | .17 |
C-h |22 | 1.4 |.575 | ek | 85| o | o 1.96 | 2.7h | .330 |.190 |1.63 | .185 | 3.67 |2.88 |2.55 | 335 | o | .333 | .84g .89

€-5 }2.25 | 1.ho | 575 | b2k | 785 | 318 | 659 | 1.96 | 2.7% |.330 |.190 |1.65 | .126 | 3.67 | W.4§5“~Pg155ﬂuu~,535.A_;éha_;w_ .08k | .21k -

c-6 2.60 | 1.h0 | .575 | .380 | .€6h | .17k | 267 | 1.96 | 2.7h |.330 |.190 |1.65| .397 | 4.23 |1.68 |2.55 ] 252 |.ob7_ | .205 | .523 523 |

—_ — - —_— — — —— - — SR S — ,*~ — e
- : - 4 . ]
i L B i I : S T A N S - _
L : - ! - - i - - EUNEENN B B I U S E—
TOTAL 3 =7.582 TOTAL 4 = ,199

» TOTAL 5 =-1.586

NCTE: UZE CTLUMN 'V FOR AREAS ABOVE WOXKLINE
UZE COLUMN "w" FOR AWEAL EELOW WORKLINE
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ENTER
ENTER
ENTER
ENTER
ENTER

VOLUME

SUMMARY SHEET

TOTAL |

HALF OF TOTAL 2

TOTAL 3
TCTAL 4
TOTAL 5

= 2Ty A = 6.28«

*Refer to Fig. 9.

TOTAL 6

3.638

ENTER TOTAL 6
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WORK CHEET FOR RECTANGULAR AREAS

0 a C/s DE [B+ % | VA

o

D AT /\ {;)

COLUNT, J t C d e f g h

OFEFATION| - - - = L) e |eore) [

ITEM |

R e S S

.07 | 0.1k8 ] 5.92k | 0.877_
152 | 0.043 ) 5.522 | 0.237

R-1__| 5.854 | 0.14 | 0.1k 1.06
R-2 | 5.57 | 0.30k; ©.304 | 0.1k
B3 1345 10 0.365 | 0.122|3.815 | 0.465
R-) 5.0b | 0 0.08 | 0.022|3.12 | 0.069 |
| 1.82 0.18 | 0.18 0.14 1 0.09 | 0.025]1.91 0.048 |
0 0
0

R-6 1.59 .15 , | 0.075 | 0.013 | 1.665 | 0.022 |
R-7 | 1.5% | 0.1% | 0.1% | 0.10 | 0.07 | 0.0k |1.60 | 0.022 |

O St (U WG Y N . } - UGN G P R . —
N ]

_ R N AR R N R
——— — ——— e e _ R B
SR S G - R —_——-—:_. —

TOTAL 0 = 1.7k




WORK SHEET FOR AREAS OF CIRCULAR SECTORS AND ANNULII

DATA 8 R Sy T, S, T, R? R® | r? r2 (RE-r®)| Ty -T_|BR®-2) M |(R®-r®)| SyTy | SLT |SuT-Sh| N | +N | -N
COLUMN a b d e f g h i j k I n 0 7 p~ q s t u v w
OPERATION| — - - - - - (b)x(b)|(BIx(h)|(c)x{c)|(eIx () {(h)-(})(e)-1g) [(a)x (1) [(m)x(n)|(i)-(k)|{d)x(e) |(f)x(g)|(q)=(s) |(P)x(t) | +(u) | —(u)

ITEM

c-1 5.68 |0.3 |0.18 |o.k25 [0.785 |0 |0 | 0.102 |0.035 |0.032 | 0.006 |0.070 |0.785 [0.398 | 0.312 |0.027 | 0.33% [0 | 0.33% |0.009 | 0.009 ]

c-2  |5.37 |0.26 |0.12 |0.248 [0.396 |0 0 0.068 [0.018 |0.014 | 0.002 [0.05% [0.396 [0.2%0 | 0.115 |0.016 | 0.112 |0 0.112 |0.002 | | 0.002
L¢3 b3k 126 [1.12 |o.262 |0.418 |0.126 | 0.190 | 1.588 |2.001 |1.25h | 1.hok Jo.33h |0.228 1.h50 | 0.351 |0.597 | 0.110 |0.024 | 0.086 | 0.051 | 0.051 ]

c-b L.625 |0.50 0.36 |0.123 |0.187 |0 ° |0 ] 0.250 |0.125 |0.130 | 0.0LT 0.120 0.187 0.75755470.77101; 0.078 | 0.023 |0 10.023 | 0.002 | 0.002 | |

c-5 4,625 |0.50 | 0.3 [0.37% 0.650 |O | O ] 0.250 |0.125 |0.130 10.047 ]0.120 |0.650 [0.555 | 0.361 70.797737__0@55»047” | 0.2k3 | 0.019 | 0.019|

c-6 3.90 0.39 0.25 |0.372 |0.641 |0.240 | 0.376 0.152 10.059 0.063 | 0.016 |0.089 |0.265 [0.347 | 0.092 |0.043 1 0.238 10,090 | 0.148 | 0.006 | 0.006 | |

c-7 3.19 0.52 0.38 |0.241 ]0.379 | O 0 | 0.270 |0.140 |0.144 | 0.055 [0.126 |0.379 [0.k02 | 0.152 |0.085 | 0.091 [0 0.091 {0.008 [ 0.008 | |
| c-8 |3.05 |0.23 |0.09 |0.18% ]0.285 |0 0 0.053 |0.012 |0.008 | 0.001 [0.0k5 ]0.285 |0.136 | 0.039 |0.011 | 0.052 |0 | 0.052 | 0.001 ‘ 0.001 |

c-9 2.50 |0.75 |0.6L |0.185 |0.285 |0 1o | o.563|0.k22 [0.372 | 0.227 [0.191 |0.285 [o.478 | 0.136 [0.195 | 0.053 |0 [0.033 |0.00L | 0.001

c-10 |2.50 |0.75 |0.6L |0.185 jo0.28 |0 |0 0.563 [0.k22 | 0.372 | 0.227 |0.191 |0.282 |O.h78 | 0.135 |0.195 | 0.0%2 |0~ }0.052 |0.001L | | 0.001
c-11 |1.98 |o0.23 ]0.09 |0.182 |0.282 | 0O 1o 0.0%3 |0.012 |0.008 | 0.001L {0.0k5 |0.282 |0.089 | 0.025 |0.011 | 0.05L |O 10.051 |0.001 | 0,001 | |

c-12 1.81 [o0.22 0,13 |0.250 |0.395 |0 |0 | 0.048 |0.011 | 0.017 | 0.002 [0.031 |0.395 [0.056 | 0.022 |0.009 | 0.099 |0 0.099 |0.00L | | 0.001|
| c-13 |1.76 |0.22 |0.13 0.425 10.785 | 0.250 | 0.39% | 0.048 |0.011 |0.0L7 | 0.002 |0.031 |0.391 [0.055 | 0.022 |0.009 0.334 10,099 |0.235 [0.002 | | 0.002

- — — —— | S S— _— _— - S _—
...... S s e B I R p S B | i
TOTAL 3 = 1.846 TOTAL 4 = 0,078
- TOTAL 5 = -0.026
NOTE: USE COLUMN "v" FOR AREAS ABOVE WORKLINE

USE COLUMN "w FOR AREAS BELOW WORKLINE
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COMMENTS REGARDING AN IDEAL METHOD FOR OBTAINING
THE FIRST MOMENT OF AN AREA*

All the methods for obtaining the first moment of an area pre=-
sented in this report have one feature in common: the aim to abbreviate
the work involved. The accuracy of any of these methods depends, even at
the outset, upon the accuracy of the line drawing of the cross section.
Therefore, the most attention must be given to the drawing.

Consider Fig. 8, which is a reproduction of a typical drawing. A
few minutes' study will reveal that dimensionally several of the elements of
area are not completely specified. For example, see elements marked 4, 5,
6, T, 11, 12, and 13 which lack one or more data.

What are the data required? For rectangles, the side dimensions
and location dimensions will suffice. Location of the rectangle may, of
course, be specified in many ways, e.g., locate any two corners. For the
circular elements shown in Fig. 4, the following data are required: internal
and external radii, horizontal and vertical location of center, and the angle
the enclosing radii make, for example, with the horizontal axis (these can
" provide the subtended angle of the sector).

For a section to be consistent dimensionally, all this information
must be available in one form or another. However, were it actually pro-
vided, then a calculating procedure could be designed that would yield any
desired degree of accuracy. Such a procedure could be programmed for a
desk calculator or a punch=-card system for a high-speed digital computer.

The conclusion to be drawn is that a modification of drafting
room procedure is necessary to provide sufficient data for a satisfactory
calculating method and at the same time provide a dimensionally consistent
drawing. It is further advisable to make the information on a drawing avail-
able in a specified form to facilitate the consequent procedures. A drawing
has other purposes than to provide information for the calculation of the
first moment of an area and might consequently be cluttered with dimensions
which would needlessly confuse manufacturing efforts. However, an adjunct
work drawing will be sufficient for the present purpose since the information
is used infrequently once the results have been obtained.

Any other method must be expected to provide varied results unless
the very same drawing and exactly similar procedures are utilized to obtain
the first moment of an area.

*By R. L. Hess and B. Herzog.
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