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ABSTRACT: Perfect electrically conducting (PEC) plates perforated
by doubly periodic arrays of through-holes of subwavelength coaxial
cross-section permit enhanced transmission of plane waves and support
surface wave guidance. The transmission enhancement is attributed to
coupling of free-space fields to TEM and TE11 modal fields in holes and
occurs via two distinct mechanisms. The first couples incident fields to
local resonances (cavity modes) supported by individual holes. The
second couples scattered fields (diffraction modes) to global reso-
nances (surface waves). The surface waves arise due to strong inter-
actions between the holes and can have a large propagation wave-
number. The presented PEC model is adequate in the microwave and
terahertz regimes and insights into related wave phenomena at opti-
cal frequencies. © 2007 Wiley Periodicals, Inc. Microwave Opt
Technol Lett 49: 1554 –1558, 2007; Published online in Wiley Inter-
Science (www.interscience.wiley.com). DOI 10.1002/mop.22484
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1. INTRODUCTION

Phenomena of enhanced transmission of electromagnetic fields
through plates perforated by doubly periodic arrays of through-
holes of subwavelength cross-section [1-12] bode to enable nu-
merous scientific and engineering technologies involving near-
field microscopy, optical data storage, and microwave and optical
filtering and switching [13-16]. These phenomena, which manifest
themselves as strong peaks in the frequency/angular dependencies
of transmission coefficient magnitudes, have been observed in the
optical, terahertz, and microwave regimes for holes of simply- and
multiply-connected cross-sections [1-12].

For simply-connected cross-sections the enhancement is known
to arise from hole tunneling enabled by the interaction of scattered
field diffraction modes and surface waves (SWs) supported by the
structure [2-4]. For multiply-connected cross-sections there ap-
pears to be less of a consensus on the nature of the enhancement
mechanism [8-12]. Early works of Baida and Van Labeke [8, 9]
suggest that TEM modes play a key role in transmission enhance-
ment through coaxial apertures under both normal and oblique
incidence. Later works by these and other authors [10-12] as well
as an old work by Roberts and McPhedran [7] attribute the trans-
mission enhancement to the excitation of propagating TE11 modal
fields in the coaxial through-holes while prescribing no role to the
TEM modes. In these studies the TE11 mode was propagating
because of the cutoff frequency reduction due to the effects intro-
duced by the finite conductivity in the optical/visible regime or/and
because the holes’ size was chosen to be only marginally subwave-
length. However, in a number of applications, e.g., near field
probes, one can be interested in holes of size that is much smaller

than the wavelength in the frequency regimes ranging from near
infrared, where the finite conductivity plays an important role to
terahertz and microwave, where metals can be safely modeled as
electric conductors.

This letter studies phenomena of scattering from, and wave
guidance on, perfect electrically conducting (PEC) plates perfo-
rated by arrays of through-holes of subwavelength coaxial cross-
section that support no higher-order propagating modes. The letter
shows that in this regime the perforated plates support phenomena
of enhanced transmission of plane waves as well as SW guidance.
The transmission enhancement has two separate origins. First,
incident waves may couple to TEM modal fields that locally
resonate in the through-holes. Second, higher-order scattered field
diffraction modes may couple to SWs. The SWs are global reso-
nances appearing due to interactions between through-holes
mainly mediated by their TEM and TE11 aperture fields. The SWs
can have a large propagation wavenumber, which can be important
in applications. The phenomena described here to some extent
mirror those occurring on plates loaded by periodic arrays of
infinite slits [17-19]; the principal difference between the two lies
in the complicated angular dependence of the present structure’s
scattering properties, which stems from the radial symmetry of the
coaxial cross-section TEM modal field.

2. STRUCTURE CONFIGURATION

Consider a free-standing PEC plate that is perforated by a doubly
periodic Cartesian array of through-holes of subwavelength coax-
ial cross-section. The plate occupies the space � d/2 � z
� d/2, the array periodicities along the x- and y- directions are Lx

and Ly, and the coaxial cross sections’ inner and outer conductor
radii are r1 and r2. The plate is excited by a TMz plane wave of
frequency f with electric field normal to the y-axis that is incident
from an angle � with respect to the z-axis. In what follows, the time
dependence ej2�ft is assumed and suppressed. Also, the hole cross-
section is assumed to be small compared to the wavelength �, i.e.
r1 � r2 � � with � � c/f and c the free-space wave speed. Due
to this condition, only the TEM mode in the holes is propagating
whereas all higher order modes are evanescent.

3. WAVE PHENOMENA SUPPORTED BY DENSE ARRAYS
OF COAXIAL HOLES

This section elucidates wave phenomena supported by the struc-
ture in Figure 1 assuming the arrays are dense, i.e., characterized
by subwavelength periodicities. Section 3.1 presents an approxi-
mate model for the transmission coefficient. Section 3.2 details
phenomena of enhanced transmission associated with localized
resonances supported by coaxial holes.

3.1. Model of the Transmission Coefficient
First, assume oblique incidence, i.e. � � 0, and consider a dense
array of coaxial through holes with 2r2 � �Lx, Ly� � � (this
restriction will be lifted later). In this regime, the scattered field is

Figure 1 Structure configuration
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dominated by the zeroth-order diffraction mode outside the plate,
and the TEM and TE11 modes in the coaxial through-holes. An
approximate expression for the zeroth-order electric field transmis-
sion coefficient T can be obtained via a standard modal approach
[7-20]. For example, following Chen [20] and enforcing field
continuity across the hole to free-space apertures while represent-
ing fields in terms of constituents with odd and even tangential
electric field symmetry about the z � 0 plane results in an integral
equation in Ref. 20 [Eq. (1)] (see also Refs. 2 and 7), where the
circular cross-section modes are replaced by coaxial cross-section
ones. Projecting this equation onto, i.e. integrating over the unit
cell with, a set of diffraction modes results in an infinite system of
matrix equations for the excitation coefficients of the waveguide
modes.

Next, it is noted that all higher (than zeroth) order diffraction
modes cannot be excited strongly due to the fact that the periodi-
cities Lx and Ly are assumed to be deeply subwavelength at this
stage of consideration. Therefore only the dominant zeroth-order
diffraction mode outside the plate can be taken into account in the
infinite system of equations. Furthermore, the excitation of the
higher (than TEM) order waveguide modes reduces as the mode
cutoff frequency increases. To represent properly the influence of
both TEM and cutoff modes while still keeping the physics simple
and transparent, only the coefficient corresponding to the TEM and
TE11 modes are kept in the above system of equations. Thus per-
formed truncation of the infinite system of equations yields the fol-
lowing approximate expression for the transmission coefficient T

T �
�P00�2 tan�k0d/2� � �P01�2 tanh��	11

TE�k0d/2�/�	11
TE�

cos� � j��P00�2 tan�k0d/2� � �P01�2 tanh��	11
TE�k0d/2�/�	11

TE��

(1)

�
�P00�2 cot�k0d/2� � �P01�2 coth��	11

TE�k0d/2�/�	11
TE�

cos� � j� � �P00�2 cot�k0d/2� � �P01�2 coth��	11
TE�k0d/2�/�	11

TE�).

The first and second terms are due to fields with odd and even
tangential electric symmetry about the z � 0 plane, respectively;
k0 � 2�f/c is the free-space wavenumber; 	11

TE � �1
� 4/�k0�r1 � r2��

2�1/ 2 is the normalized wavenumber of the TE11

mode along the z-direction; and P00 and P01 are the coupling
integrals of the tangential electric fields of the zeroth-order TM
diffraction mode and the TEM and TE11 modes, respectively.
Since the holes are small, �P00�,�P01� � 1. Closed form expressions
for P00 and P01 are not given as they are lengthy and do not provide
additional physical insight.

Examination of the denominators of the terms on the right hand
side in Eq. (1) reveals that T has complex frequency or angle/
wavenumber poles, which are characteristic frequencies or angles/
wavenumbers of source-free fields supported by the perforated
plate. The incident plane wave couples to these resonances when
the frequency or angle of illumination is scanned through the real
part of the poles. As a result, �T� exhibits resonant peaks with
bandwidth proportional to the imaginary part of the poles. There-
fore, understanding the properties of these poles is essential to
understanding the structure’s transmission response. Two types of
source-free fields may exist depending on whether sin� 
 1.

3.2. Transmission Phenomena
When sin� � 1, the zeroth-order diffraction mode is a propagating
plane wave and cos� � � cos��. Recalling that �P00�,�P01� � 1, the
denominators in Eq. (1) have complex frequency solutions

f p
loc � f r,p

loc � � p
loc, (2)

where p � o and p � e refers to zeros of the denominator of the
odd (first) and even (second) components in (1). The frequencies
f r,o

loc � c�2q � 1�/�2d� and f r,e
loc � cq/d with integer q � 1

approach f o
loc and f e

loc, respectively; the � p
loc are (small) complex-

valued displacements. The frequencies f r,p
loc characterize local res-

onances supported by individual through-hole cavities. These res-
onances are largely unaffected by cavity interactions; as a result,
the f p

loc only weakly depend on the angle of incidence and array
periodicities. Due to the presence of these poles, �T� exhibits single
transmission peaks as real f scans through Re� f p

loc}. The peaks
exhibit periodic behavior with respect to d and have large magni-
tudes even for very thick plates.

To illustrate the transmission enhancement due to the local
resonances, consider a perforated plate with structure parameters
defined in the caption to Figure 2. All numerical results are
obtained via a full wave modal analysis [19]. Figure 2(a) depicts

Figure 2 (a) Transmission coefficient �T� f �� for sin� � 0.5, Lx

� 0.8 mm (solid line), sin� � 0.5, Lx � 0.31 mm (dashed line),
sin� � 0.7, Lx � 0.31 mm (dotted line), and sin� � 0.7, Lx

� 0.8 mm (dashed dotted line); (b) Dispersion curves of fe
sw�	e

sw) (solid
line) and fo

sw�	o
sw) (dashed line) for Lx � 0.31 mm. Other structure param-

eters are Ly � 0.31 mm, r1 � 0.075 mm, r2 � 0.15 mm, and d
� 1.1 mm. [Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com]
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the dependence �T� f �� near a local odd resonance associated with
fo
loc and fr,o

loc � c/�2d� for different periodicities and angles of
incidence. Single total transmission peaks are observed. The peak
locations are approximately predicted by, but somewhat shifted
from, fr,o

loc � 0.136. The peak locations move only slightly as the
periodicity and angle of incidence changes. Figure 4(a) shows the
angular dependence �T���� near local resonances on thick plates.
When f is chosen as the frequency that maxizes �T� f �� in Figure
2(a), �T���� approaches unity over a very wide �-range—this be-
havior of course is not observed for �3 0 due to the vanishing
coupling of the incident field to the TEM mode. In contrast, when
f is chosen away from the local resonance, �T���� is small, irre-
spective of �. In both cases, no peaks in the angular dependence
are observed.

3.3. Surface Waves
When sin� 
 1, the zeroth-order diffraction mode is an
evanescent plane wave and cos� � � j�cos��. Now, the
denominators in Eq. (1) have (real) zeros f p

sw with
sin� � 	p

sw� f p
sw� 
 1 [p � o and p � e for the odd and even

components in Eq. (1), respectively]. The frequencies f o
sw and

f e
sw always are obtained for cq/d � f o

sw � c�2q � 1�/�2d�
and c�2q � 1�/�2d� � f e

sw � c�q � 1�/d with integer q
� 0; the corresponding 	o

sw and 	e
sw increase with f o

sw and f e
sw,

respectively. On the other hand, for c�2q � 1�/�2d� � f o
sw

� c�q � 1�/d and cq/d � f e
sw � c�2q � 1�/�2d�, the

frequencies f o
sw and f e

sw exist only above certain cutoff values for
which the corresponding 	p

sw � 1. It, therefore, follows that
two (odd and even) source-free fields may exist simultaneously.
These fields are identified as SWs that are bound to, and
propagate along, the perforated plate with the normalized wave-
number 	p

sw. Unlike the local resonances, the existence of the
SWs relies on the interactions between the cavities. It is im-
portant to note that for lossless structures, �	p

sw� can achieve very
large values. For instance, in the regime of single zeroth-order
diffraction mode they only are limited by the array’s periodi-
cities as for �	p

sw� 
 min�c/�2f p
swLx�,c/�2f p

swLy�� higher order
diffraction modes should be taken into account as in the case of
sparser arrays considered next. In the realm of lossy structures,
�	p

sw� may also be limited by loss. The fact that very large SW
wavenumbers can be achieved may find use in applications like
subwavelength imaging on surface, where the resolution is
limited by the SW wavenumber magnitude.

To illustrate the existence of SWs, Figure 2(b) shows the SW
dispersion curve, i.e. the dependence f p

sw�	p
sw), in the regime sin�

� 	p
sw 
 1 and c/�2d� � f p

sw � c/d (i.e. q � 1) for the structure
parameters in Figure 2(a). It is found that 	e

sw 
 	o
sw and that 	e

sw

approaches a large value (up to c/�2f e
swLx� � 1.93) as expected. It

should be noted that since for dense arrays the SW exist only for
sin� 
 1, they cannot be excited by a propagating incident plane
wave and hence cannot lead to transmission enhancement. How-
ever, the situation changes for sparse arrays.

4. WAVE PHENOMENA SUPPORTED BY SPARSE ARRAYS
OF COAXIAL HOLES

This section studies wave phenomena supported by the structure in
Figure 1 when the periodicities Lx or Ly are not small compared to
the wavelength. Section 4.1 studies the phenomena of enhanced
transmission of obliquely incident plane waves, whereas Section
4.2 considers transmission phenomena under normally incident
plane waves.

4.1. Transmission Phenomena Under Oblique Incidence
When the periodicities Lx or Ly are not small compared to the
wavelength and/or when the structure is illuminated by a normally
incident plane wave, approximate closed-form expression for T
can be obtained by keeping additional diffraction modes in the
field representation; unfortunately, the resulting expressions are
lengthy and somewhat difficult to interpret. We, therefore, eluci-
date the physical origins of the supported enhanced transmission
phenomena for large plate periodicities and normal incidence by
extending the above presented framework and by drawing on
established phenomenology of enhanced transmission through
plates with holes of simply-connected cross-section. The models
presented below are supported by numerical examples.

Consider an array with Lx and Ly that are not small compared to
the wavelength (oblique incidence still is assumed). As a result of
the interaction between different diffraction modes and the exis-
tence of the aforementioned SWs, the structure can support (SW)
resonances that are characterized by complex frequencies

f nm,p
sw � f r,nm,p

sw � �nm,p
sw , (3)

where f r,nm,p
sw are (real) frequencies obtained from the phase match-

ing condition ((sin� � 2�cn/(Lxf r,nm,p
sw ))2 � (2�cm/

(Lyf r,nm,p
sw ))2)1/ 2 � 	p

sw( f r,nm,p
sw ) that approximately predict f nm,p

sw ,
and �nm,p

sw are (small) complex-valued displacements. Unlike f p
loc,

the SW resonance frequencies f nm,p
sw strongly depend on the angle

of incidence and the array’s periodicities. Due to the SW induced
resonances, �T� can have twin transmission peaks as f scans through
Re� f nm,p

sw }. Similar, to the local resonances, the peaks exhibit
periodic behavior with respect to d and have large magnitudes
even for very thick plates. When it comes to the local resonance
frequencies f p

loc for sparse arrays, for most angles of incidence they
are still given approximately by their dense-array limit. However,
when f p

loc approaches f nm,p
sw only combined effects of both resonance

types can be observed and the local resonances may be suppressed
[18].

To illustrate the existence and properties of the SW reso-
nances, Figure 3(a) depicts the frequency dependence �T� f ��
near SW resonances associated with c/�2d� � f p,10

sw � c/d. As
expected, two total transmission peaks are observed. Increasing
the plate’s thickness leads to a noticeable shift of the lower
frequency peak; this is due to the increase of the corresponding
	p

sw [see Fig. 2(b)]. Increasing the incident angle leads to a
downward shift of both peaks thus verifying the SW dispersive
behavior.

4.2. Transmission Phenomena Under Normal Incidence
The behavior of T is very different for (near-) normal incidence,
i.e. when � � 0. In this regime, the incident plane wave cannot
couple to the TEM mode due to the latter’s radial symmetry.
Instead, the fields couple from one side of the perforated plate
to the other mostly through the TE11 evanescent mode. Al-
though local resonances associated with the TEM mode are no
longer supported, SW resonances still can be excited. However,
the behavior of f nm,p

sw and �T� differs from that discussed above
and is similar to that for plates with holes of simply-connected
cross-sectional holes [3, 4]. For instance, f nm,e

sw and f nm,o
sw are

distinct and �T� exhibits twin transmission peaks for plates of
moderate thickness (d � 1/�k0�	11

TE�)), whereas f mn,e
sw � f mn,o

sw and
�T� has a single reduced transmission peak for thick plates (d

 1/�k0�	11

TE�)).
Figure 3(b) shows �T� f �� for normal incidence. The obtained

behavior is very different than that in Figure 3(a). Just as for simply-
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connected cross-sectional holes [3, 4], strong double and single trans-
mission peaks with magnitudes that reduce exponentially with plate
thickness are obtained for plates of moderate and large thicknesses,
respectively. The situation is very different for SW resonances in
Figure 4(b) . Here, two resonant total transmission peaks are obtained
that qualitatively behave similarly to those in Figure 3(a).

5. SUMMARY

PEC plates perforated by periodic arrays of subwavelength
coaxial through-holes permit enhanced transmission phenom-
ena and SW guidance phenomena. The enhanced transmission
phenomena are supported even in the regime where all higher
order modes in the through-holes are cut-off. In contrast to past
studies [10-12], the enhancement is attributed to the coupling of
free-space fields not only to the TE11 modal fields but also to
TEM ones and is associated with two mechanisms. One is a

local coaxial cavity resonance of TEM modal fields supported
by individual cavities. The other is the coupling between dif-
fraction modes and SWs that arise due to the cavity interactions.
The SWs can have large propagation wavenumbers, which can
be controlled the structural parameters, e.g. the plate thickness.
The transmission coefficient behavior is different for oblique
and normal incidence. For the former and latter case this
behavior is similar to that obtained for infinite slits [17-19] and
simply-connected cross-sectional holes [3, 4], respectively.

The study in this letter compliment other studies on the
scattering from holes of coaxial cross-section by considering
the regime of sparse arrays and deeply subwavelength hole
sizes and identifying/elucidating the effects introduced by the
presence of TEM modes and SWs. The presented PEC model is

Figure 3 Transmission coefficient �T� f ��. (a) Oblique incidence for
sin� � 0.53, d � 1.1 mm (solid line), sin� � 0.5, d � 1.1 mm
(dashed line), sin� � 0.5, d � 1.05 mm (dotted line), and sin�
� 0.53, d � 1.05 mm (dashed-dotted line); (b) Normal incidence for
d � 0.2 mm (solid line), d � 0.4 mm (dashed line), and d
� 0.9 mm (dotted line). Other structure parameters are as in Figure 2 and
Lx � 0.8 mm. [Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com]

Figure 4 Transmission coefficient �T����. (a) Regime of local resonances
for d � 1.1 mm and for f � 0.12785 THz, Lx � 0.31 mm (solid line),
f � 0.125 THz, Lx � 0.31 mm (dashed line), f � 0.12651 THz, Lx

� 0.8 mm (dashed dotted line), f � 0.126 THz, Lx � 0.8 mm (dotted
line); (b) SW resonances for Lx � 0.8 mm and for f � 0.245 THz, d
� 1.1 mm (solid line), f � 0.245 THz, d � 1.05 mm (dashed line), f
� 0.25 THz, d � 1.1 mm (dotted line), and f � 0.25 THz, d
� 1.05 mm (dashed dotted line). Other structure parameters are as in
Figure 2. [Color figure can be viewed in the online issue, which is available
at www.interscience.wiley.com]
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adequate in the microwave and terahertz regimes and provides
insights into related wave phenomena in the optical regime. It
is noted that in the optical regime near the metal plasma
frequency, additional wave phenomena that further complicate
the structure’s angular or frequency response may occur; these
include strong excitation of higher-order cavity modes and
surface plasmon polariton coupling [10-12]. The presented
structure and its derivatives can be used to construct periodic
grating filters, near- and far-field probes, antennas, and high
impedance surfaces.
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ABSTRACT: An equivalent lumped element electric circuit model for
traveling wave semiconductor laser amplifier has been developed using
the rate equation for carriers. SPICE simulation of the circuits gives
results in close agreement with the experimental data and values from
sophisticated analyses. The modulation bandwidth and transient re-
sponse were examined by including parasitic elements in the intrinsic
model. © 2007 Wiley Periodicals, Inc. Microwave Opt Technol Lett
49: 1558 –1561, 2007; Published online in Wiley InterScience (www.
interscience.wiley.com). DOI 10.1002/mop.22483

Key words: traveling wave semiconductor laser optical amplifier;
lumped circuit model; electrical parasitics

1. INTRODUCTION

Semiconductor laser optical amplifiers (SLAs) are increasingly
being used as amplifiers, routers, wavelength converters, cross
connects, and logic gates in present day fiber optic communi-
cation and networking systems. A number of theoretical mod-
els: both analytical and numerical, have been proposed in the
literature [1– 8] for predicting the operational characteristics of
the SLAs. However, the numerical models, like transfer matrix
method (TMM) [9] or transmission line matrix method [10]
work better for a few specific analyses, either steady state or
transient behavior.

In the present work, we develop a simple lumped circuit
model for SLAs which can predict both steady state and tran-
sient response by using a SPICE simulator. Similar equivalent
circuits have been developed earlier for laser diodes [11],
quantum well lasers [12], photodetectors and photoreceivers
[13], and recently for quantum cascade lasers [14]. Our circuit
has been developed by using rate equations for carrier densities
in a traveling wave SLA (TW-SLA). The results of our simu-
lation agree closely with experimental data as well as with
values obtained from TMM analysis. Inclusion of parasitic
elements, like package capacitance, etc, in the intrinsic circuit
model provides information on modulation bandwidth and tran-
sient response.
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