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PREFACE

The investigations described in this report were carried out during
the summer months of 1949 under the sponsorship of the Research Techniques
Group of Project Wizard. This report forms a natural sequel to one aspect of 1
the report UMM-28 mentioned in the Introduction. The investigations described
in this previous reporf concerning the general utility of the electronic
differential analyzer for engineering‘problems were carried out by the Research
Techniques Group principally during the summer months of 1947 and 1948. At the
time the work was started it was not generally clear what role the electr&hic
differential analyzer was to play in the field of engineering research, develop-
ment, and teaching.l Since that time it has been demonstrated in many quarters
that epplication of this type of computer is simple and relatively inexpensive
and that the range of its application is very wide.

Folicy changes in froject .izard have made it impossible to continue
basic investigations in the field of structural dynamics beyond those described
in this report. In recognition of this, the aeronautical Research Center has
made other funds available to continue this work during the summer of 1950. &
complete report will be issued. |

It has been deemed edvisable to call the type of computer described
in MM-28 an electronic differential analyzer rather than an electronic analog‘
computer as was done originally. There is another type of electric computer
using direct circuit analogs which is better descfib%d by the term analog
computer.2 ’

The work described in this feport was greatly aided by facilities
and equipment of the Department of Aeronautical Engineering and by use of the

1 M. He Nichols and D. .i. Hagelbarger, "A Simple Electronic Differential
Analyzer as a Demonstration and Laboratory Aid to Instruction in Engineering,"
to be published in The Journal of Engineering Education. ’

2 See, for exemple, McCann, #ilts, and Locanthi, IRE, 37 954 (1949); McCann
and MacNeal, ~SME Jour. Appl. Mech., 17 13- (1950) and references thereto.
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constant temperature and humidity room of the Department of Chemical amd
Metallurgical Engineering.

L. L. Rauch
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INTRODUGTION

In a previous report’ on the uses of an electronic differential
snalyzer one of the problems investigated was that of determining the normal
modes of oscillations of beams. In the case of an oscillating beam with free
end; it was assumed that the proper end conditions were fulfilled by setting
equal to zero, at‘both ends of the beam, the second and third derivatives of
the "displacement".

This assumption led to satisfactory solutions whem the effects of.
shearing force and rotery inertia were neglected. However, when the effects
were taken into consideration the solutions obtained by the differential
analyzbr showed mode shapes corresponding to oscillations of the center of
gravity of the beem, a physical impossibility.

As explained on page 98 of the previous report this dibcrepancy was’
due to the use of incorrect end conditions. "The reason for this discr&pancy ,
is that end conditions . . . . are imcorrect. The correct end conditions for
a free-free beam are that the bending moment M and shearing force V are zero
at both ends. When shear and rotary inertia are considered, these are no [
longer proportional to the second and .third derivatives respectively."” ;

The present report deals primarily with the determination'8f the"
normal modes of oscillletions of uniform free-free beams, using as end condi-
tions the equating to zero, at both ends, the expressions for bending/mnment
and shearing force. Suggestions for further investigations of oaciliatiﬁg
beams are made. ’ , |

In addition there are described a number ‘of modifications which hava
been made in the computing and recording equipment. Certain prOposala for
additional changes have been included. ‘

1 Hagelbarger, Howe and Howe, University of Michigan Engineering Research
Institute. External Memorandum on Investigation of the Utility of :
Electronic Analog Computer in Engineering Problems (April 1, 19495 Alr
Force Contract W33-038-ac-14222 (Project MX-794).
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It is assumed that the reader is femiliar with the fundamental
principles and techniques involved in the use of the electronic differemtial
analyzer as described in the previous report to which reference has been made
above. '
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CHAPTER I

NORMAL MODES OF OSCILLATIONS OF UNIFORM BEAMS

The equation of motion of a uniform beam may be deduced from a free
body diagrem by epplying the laws of dynamics and elementary strength of mate-
* rials., The five basic equations arel '

P§§+gf=0 (1)
-3:‘11+1"?a—i§+V=o ‘ (2)
V= - KAGR (3)
d—f:%’fﬁ (4)
%%:u»fﬂ (5)

Notation:
x = horizontal distance from left end of beam
y = vertical deflection
& = neutral axis slope due to shear
A= neutral axis slope due to bending
/o= mass per unit length of beam

1 These eguations, with slight changes in notation, are taken from - Ormondroyd,
Hess, Hess and Edman; University of Michigan Engineering Research Institute,
Second Progress Report (March 31, 1948), Office of Naval Research Contract
N50ri-116 (Univ. of Mich. No. M670-4). Title: Theoretical Research on the
Dynemics of a Ship's Structure.
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I = area moment of inertia

E = modulus of elasticity

A = cross sectional area

G = modulus of shear

k = ratio of average shear stress to shear stress at neutral axis

M = bending moment

V = vertical shear force

' I'= mass moment of inertia per unit length of beam

Z = length of beam

-t = time

W= angular frequency of vibration
'BI = flexural rigidity
kAG = shear rigidity

From equations (1) to (5) there may bd obtained

4 4 4 2 ; ‘
EIz.x-.E_I_v,I._e_x_.é“I_'fé_x”aé.x:o (6)
ot | ox’An°  woatt T ot?
2 2
M=EIQ%--E-I—P3—% (7)
ax KAG It e
3
v LY gy (2, ) (8)
kG g% Ix KAG axt

Equation (6) is the differential equation of motion of the uniform beam.
Equations (7) qu (8) are expressions for the bending moment, M, and the verti—
cal shear forde V.

In obtaining a normal mode of oscillation it is assumed that the
motion of the beam is simple harmonic, Let:

y(x,t) = X(x) o’%, (9)

Vix,t) = V(x) ej“n, (10)
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and
M(x,t) = M(x) o3*%, (11)

Equations (6), (7) and (8) may now be written

d“x ( I'),owz dag (-.I-'-“f-)/wzx 0 (12)

dx we P
M - da‘ « Bl oy (13)
“1‘ dI kAG
‘!f A
(1

s V= 1 ) EIg-ExS-+ §L+-I—’- szg (14)
' r
i 1- I'w dx kAG dx

kAG

where X, M and V are now functions of x alone. . ,

‘Equation (12) is to be solved by the electronic differential analyzer,
subject to boundary conditions imposed by the restraints, or lack of them,
placed on the beam. In order to solve the equation by using the computer it is
necessary to change the independent varisble.

The length of the uniform beem is designated byl 8o that the range

of the solution for the independent variable, x, is 0<x £/, In solving equa~
tion (12) by the electronic analog computer the independent variable, x, 18
‘proportional to the time in seconds (as shown on the oscillogrem) elapsed from
the time of starting the solution. Suppose the range of solution as shown on
the oscillogrem, is covered in L seconds. Then the independent varisble, x, in

the above equations should be changed to a new independent variable,7 , accord-
ing to the relation

T-ZE X (15)

Then,
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e
(=)
[a]

a‘m 'n'm
N
%

and, in general,

(=7
<]

(16)

Sl
[
X

B e

In terms of the new independent varieble, 7, equations (12), (13)
and (14) may be written

4dx [ 24 _'_aﬁ) o a7
/’wzl“' at el Pl?‘ a? \ S \

2
i e L 4d2X EL .2 (18)
Fw Lz Caw2[4 d72 wlz v
. »
- 021 EI L4dX EI_ L'\, g_g (19)
- Tl et P\l A2 T
kAG
Let
244
2 /4
R J‘-—‘LE-I— (20)
EI
S 2 ——= (21)
oYY
and
U= I (22)
A2
Then 2
R2SU - -S—%— (23)
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Equations (17), (18) and (19) then become

4
2_59.4.!.», sL2+m.2)9-23-- (1-nzsu) X=0 (24)
r? azt ar? .
uz 2 4 2 ‘
u:PZl !“-é-dx+SLaX (25)
L 8% ar° |
2 4 3
v=__,£_°4__li__ %9_%+(SL2+UL2)%X;. (26)
s of \ | 5% ar
- T KAG
Now let
4
C = -L-é') (27)
R
D = sL?, (28)
and
F = uI%, (29)
Then
Pc?-, r%su. (30)

Equations (24), (25) and (26) may then be written using the further notation
that

O '

‘a‘.f,: X', —5 = X", etc,
a
CXN+(D+F)X"-(-PC£\X=O (31)
C 292
. M =&’-é— (CX" + DX) (32)
L ¢
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2 ‘ ‘
v,___f_q_‘-!;- cxm + (D + F) X'] (33)
L fond .
kKAG . '
»,’\v‘

‘These wqpations are now in a form suitable for solution by the compu-
ter. It will be shown later that they can be%used to determine the modes of
vibration of a pén-uniform beem by ceusing the parameters C, D and F to cheange
appropriately. "For the solution of a uniform beam, however, the equati_ond can
be put into more useful form. | | '

, For a uniform beam

l pI o
v 2
I' = 3 (34)
Equation (22) may then be written
NS GO SUNE SR SN < .
= = =2 = ’
P2 P P AT B pof?
whence
v. L s Ky, (35)
kAGL
where
kG ' .
N=F ~ (36)
\
Then
sx,2 + UL2 . SL2(1 + N) = D(1 + N), (37)
F-u® - si®y- DN, (38)“
and
2
DF DN
T ==c (29)

6
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}Equations (31), (32) and (33) become, in terms of the parameters C, D and N,

2 _
CXN + D(1 + N)X" - (l -.2'6'1!)1{ =0 (40)
292
n-f-’%‘l—(cxunx) 4 (41)
L
and
2
V= LW [ [CX"' +D(1 + N)x':l (42)
AR |
kAG
It should be noted that the new parameter N, as given by equation
(36)

kG

is dependent solely upon the ratio, G/E, of the modulus of shear and the modulus
~of elasticity and upon the shape of the cross section of the beam, through the
constant k. ‘ ,
A, Normal Modes of Oscillation of a Uniform Beam with Fres Ends
For a beam with free ends the bending moment, M;o and the vertical
" shear force, V, must be zero at each of the ends, ite., |

M=V=0,x=0,70, or 7= 0, L. (43)
For this case the equation to be solved is equation (40)
“ox™ 4 D1+ W)X - ( - P—-y-)x =0 (40)

subject to the boundary conditions obtained by setting equations (41) and (42)
equal to zero at 7= 0, L, '

CX" +DX=0 at 7=0,1L (44)
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and
cX™ +D(1 + N)X*'=0 at 7=0, L. (45)

(1) Neglecting the Effect of Rotary Inertia
Ormondroyd, Hess and Hess1 have obtained a series of solutions for

the first three normal modes of oscillation of a uniform beam. Their solutions
include the effects of bending moment and vertical shear force, but exclude the
effect of rotary inertia. The exclusion of rotary inertia mskes the parameter
N equal to zero. Equations (40), (44) and (45) then become

Iv

CX' +DX"-X=0 (46)

with
CX" + DX = O at 7= 0, L. (47)

and
CX™ + DX' =0 at 7= 0, L, (48)

The computer circuit for obtaining the solution of equation (46) is
shown in Figure 1-1., The first six amplifiers represent the equation itself.
The last two amplifiers are used to observe the requisite end conditions as
expressed by equations (47) and (48). These boundary conditions are met by the
proper adjustment of the initial voltages (at time 7= 0) ¥ Vs V4, Vs and 76 on
the feed back capacitors of amplifiers A3 A, A5 and A The switches SS’ S4,
S5 and S6 are relays with normally closed contac‘s. Ihe solution is started by
energizing all fourirelays simultaneously.

The solution of the equation is obtained by trial and error. The
voltage V6 is made a suitable fixed voltage, e.g., 6 or 24 volts. The potenti-

ometer associated with amplifier A4 is then adjusted until the output from

1
Ormondroyd, Hess and Hess, University of Michigan Engineering Research Insti-
tute, Third rrogress Report on Dynamics of a Ship's Structure (March 1, 1949),
Office of Naval Research Contract NSori.- 116 (Univ. of Mich., No. M§70-4).
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Figure 1-1. Computer circuit for obtaining normal mode solutions
of uniform "floating" beam, excluding the effect of rotary inertia.
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A

amplifier A7 18 zero, thereby satisfying equation (47) at the time 7= 0. The
voltage V5 is then given an arbitrary value and subsequently the voltage vb is
adjusted to such a value that the output of amplifier AB is zero. Thissatisfies
equation (48) at the time 7= O.

With the initial boundary conditions having been set, a trial solution
is obtained by energizing the initial condition relays. The output voltages
from amplifiers A7 and A8 are recorded on a suitable recording device. A satis-
factory solution is obtained when these output voltages are simultaneously equal
to zero. It is highly improbable that a correct solution will be obtained on
the first trial. The voltage V5 is now given a new value and the voltage vs is
again ad justed for zero output of amplifier AB and another trial solution ob-
tained. These trial solutions are continued until the final boundary conditions
are satisfied, i.e., until a solution is obteined where'the outputs from ampli-
fiers A7 and AB are simultaneously zero. #

Figure 1-2 shows a correct solution for a first normal mode of vibra-
tion. It should be noted that for the correct solution the curve of equation
(47) 18 tangent to the zero axis at the end of the solution. At the same time
the curve of equation (48) must cross the zero axis since it is the derivative
of equation (47). Although the record of equation (48) is not necessary for
observing the final end conditions it is needed for determining the time L dur-
ing whioh the solution takes place. As described above, this time L is propor-
tional to the length of the beem being studied and is necessary 1n interpreting
the solution, '

The procedure, details of which are given later, is to run a series
of solutions with appropriate coefficients C and D, In each case the time, L,
for the solution is determined., From the value of L, the quantities S and R

are obtaf:;Sbe using equations (27) and (28), The several values of
Rg(ul £

) are plotted against the corresponding values of S [= -—JEL- as
" ol
shown in Figure 1-5,

Since the values of R and S involve the sqharé of L it is necessary
to determine L as accurately as possible. To this end there are recorded on
the oscillogram time pulses (in some cases four per second, in others ten per
second) obtained from a synchronous motor contagtor. The exact value of the

time interval between successive pulses is obtained from the instantaneous line

10
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frequency as iﬁdicated by a Leeds and Northrup recording frequency meter.

The value of L in seconds is obtained as follows. By comparative
measurements the length of the solution on the oscillogram is exoreséed as L"
in terms of the time pulses. This value of L" is thén corrected for line
frequency error and exoressed as L'. The value of L' is then reduced to a
value L in seconds. In Table I is an example of determining one value of L
and the corresponding values of R and S. These values of R and S are recorded
on the first line of Table II.

TABLE I
Oscillogram L" (1/4 sec) Frequency Frequency L'
No. Mode Uncorrected (cycles/sec) Correction (1/4 sec)
7/15/49/1 1 16.6 59.89 + 0,03 16.69
7/15/49/2 1l o 16.70 59.94 + 0,02 16.72
7/15/49/3 1 116,70 59.94 ¢ 0,02 16,72
£
7/15/49/4 1, 16.68 59,92 + 0,02 16.70
7/15/49/5 1 16.66 59.92 -+ 0,02 16.68
‘ L' (avg) . 16,70
L = 16070 X % = 40175 sSecCe, l/c = 1.000
1% .- 17.43 1/D = 1.001
2
R=}—= 17.4 S=%= 0.0573
Ve L

Slightly different values of the initial voltage, V., (with V3

ad justed for zero output from amnlifier AB’ Figure 1) will produce solutions
corresponding to higher normal modes., Figures 1-3 and 1-4 are the records of

equations (47) and (48) obtained for the second and third normal modes with the

coefficients C and D of equation (46) being,‘% = 1,000 and % = 1.,001.

In Table II are listed the pairs of values of R and S obtained for

the first threq normal modes of vibration for various values of coefficients

13
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TABLE II

Mode 1/C 1/D R S

1.000 1.001 17.4 « 0573
1.001 1,399 18.8 .0381
1.001 2.000 20.0 «0251
1.061 4.008 21.3 «0117
1.001 0,3989 27,1 .0926
1.001 0.5011 31.3 «0639
1.000 1,001 43.5 «0230
1.001 1.399 48.1 .0149
1.001 2,000 52.1 .0096
1.001 4,008 S57.4 0044
1.001 063989 50,3 «0499
1.001 0.5011 58.6 «0341
1.000 1.001 82.8 .0121
1.001 1,399 91.8 .0078
1,001 2,000 100.4 «0050

(SR - B ¢ B VA I G Y A JNNE AC REY U Y B I O B SO R M

C and D. These pairs of values of R and S appear as circles in Figure 1-5,
The solid lines are curves obtained by Ormondroyd, Hess and Hess.l

The curves of Figure 1-5 may be used as follows. From the dimensions
of the beam and the properties of the material of which it is made the value of
S is calculated. The corresponding velue of R is determined, for the first,
second or third mode, as desired, and the value of the angular frequency, w,
calculated.

If desired the mode shape may be recorded by using the output, X,
from amplifier A.6 (Figure 1-1). In general it is more satisfactory to take this
record at the same time records are made for determining the proper end condi-
tions. The conditions under which the accompanying results were obtained made
it impracticeble to make more than two recordings simultanébusly. Consequently

very few oscillograms are shown for mode shapes.,

1 mvid

14
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Figure 1-5. R vs S for uniform "floating" beam
excluding the effect of rotary inertia,.
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(2) Includifig,.the Effect of Rotary Inertia

when the effect of rotary inertia is incllded the equation to be

solved is equation (40),

. 2 ,
¢x*Y + D(1 + N)X" - (1 - -Qc—li)x = 0, (40)
subject to the?boundary conditions
CX" + DX = 0, at 7= 0, L, (44)
and
CX™ + D(1 + N)X' = 0, at T= 0, L. (45)

In these equations the rotary inertia is introduced by means of the parameter
Ne Since N = kG/E, end solutions are being obtained for uniform beams this
rotary inertia term depends only on the material of the beam and the shape of
its cross section. For the soluticns siven in this report N was arbitrarily
given the wvalue 0,25,

The computer circuit for obtaining the solution of equation (40) is
shown in Figure 1-6. Fundamentally this circuit is the same as that shown in
Figure 1-1. The first six amplifiers (Al to A6) represent the equation itself,
while the last two awplifiers (@7 and AB) are used to observe the requisite end
conditions as expressed by equations (44) and (45). The circuits differ to the
extent that N was set equal to zero in the circuit of Figure 1-1.

The technigue for Obtaining a solution from the circuit of Figure 1-6
1s the same as thet previously described. Arbitrary initial conditions which
satisfy equations (44) and (45) are set up and trial solutions made (with dif-
ferent initial conditions) until the final boundary conditions are satisfied,

In Figures 1-7, 1-8 and 1-9 are shown correct solutions for the first
three normel modes of vibration. It should be noted that for the correct solu-
tion the curve of equation (44) is not tengent to the zero axis at the end of
the solution, as was the case for the corresponding equation (47) when the effect
of rotzry inertia was not included, In the present case the criterion for a
correct solution is that the curves for equations (44) and (45) cross the zero

axis at the same time. .Mhen the effect of rotary inertia w2s not included a

16



AERONAUTICAL RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN

UMM-47
il
P
| é 3 !
[ WW— 4}
| C |
e —> o WWW — O - —P
A -X L3l X Ay -X
? 1 oi+N) $ |1 b ! ?
—t "L T2
' ;
. .
—h i
* Vo S
2 “ s, ‘l S EE——"IIM—JHr
t— Hi— —t—
ﬁ—uw:M'—-O-_-i‘-O e
AL %"
T L

Figure 1-6. Computer circuit for obtaining normal mode solutions
of uniform "floating™ beam, including the effect of rotary inertia.
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correct solution could be obtained by observing the bending moment curve alone,
since the vertical shear force curve is proportional to the Aerivative of the
former. With the effect of rotary inertia included the vertical shear force
equation is not proportional to the derivative of the bending moment equation
and hence both curves must be recorded to obtain a correct solution.

Figures 1-7, 1-8 and 1-9 include mode shapes for the first three modes,
Examination of the mode shape, X, for the third mode solution as shown in Figure
1-9 leaves some doubt as to whether the center of gravity of the curve is on the

. zero axis as it should be for a correct solution., It was just this situation,
but more manifest, as discovered in previous work, that led to a correction in
setfing up the criteria for the proper boundary conditions. This problem should
be investigated thoroughly to see if other modifications in the theory are
necessary.

In Thble_III are given the data obtained for solutions including the
effect of rotary iﬁertia and the computed values for R, S and 1/S. In order to
obtain curves whic?khave a greater spread R is plotted against 1/S on semi-
logarithmic paper as shown in Figure 1-10, The results in Teble III are plotted
as triangles in this figure. The other curves represent the results obtained
when the effect of rotary inertia is not included in the §olgtion. The large
circles represent the results given in Table II, these results being obtained by
using as end conditions the equating to zero of both the bending moment, M, and
the vertical shear force, V. The small circles represent the results obtained
in previous work where the end conditions were specified as being that the second
and third derivetives of the displacement should be equal to zero. The data for
these points are given in Tables IV, V, VI and VII, It is interesting to note
that points obtained by both methods fall on the same curve for lower values of
1/8 with a slight departure for higher values. ‘ |

The curves shown in Figure 1-10 permit the determination of the fre-
quency of vibration of a uniform "floating" beam of given size, shape and mater-
ial, It would be of interest to investigate more thorougﬁly the effect of
proper end conditions °§;:ﬁe R“vé‘l/s solutions for normal modes when rotary
inertia is neglected, particularly for large values o; 1/S, which corresponds
to long thin beams.
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Mode

P R R I S - T - I e e

1.000
1,000
0.667
0.500
0.333
0.250
0,200
1.667
1.333
1.000
0.667
0.500
0.250
1.667
1.333
1.000
0.667
0.500

4,927 24,27 24,27 .0687 16.18

UMii-47

T«BLE II1

¢ = 1.000, N = 0,25

(/] [

Avg L L R= — S

3.782 14,30 14.30 0.0699 14.30
3.784 14.32 14.32 .0698 14,32
4.052 16.42 16.42 «0406 24,63
4,221 17.82 17.82 .0280 35.64
4,369 19.09 19.09 «0175 57,27
4,466 19.94 19.94 «0125 79.78
4,541 20.62 20.62 .0097 103.1

5,573 31.06 31.06 <0429 23,30
6.088 37.06 37.06 .0270 37.06
6.638 44,06 44.06 .0151 66.09
6.941 ﬁ8.18 48,18 .0104 96 .36
7.405 54,83 54.83 00456 219.3

7.264 52.77 52.77 .0316 35.18
7.875 62.02 62.02 «0215 46.52
84520 72499 72459 «0138 7259
9.282 86415 86.15 00774 129.2

9.653 93.18 93.18 .00537 186.4
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Figure 1-10. R vs 1/S for uniform “floating™ beam.
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TABLE IV

First Mode ~ Rotery Inertia Neglected

Incorrect End Conditions

2 o1 1f
c D L L a.wc_ 3%

1.000  1.429 3,900 15.21  15.20 10,65
1,000 1.176 4,080 16.24  16.24 13,80
1,000 1.000 4,33 17.07  17.07  17.07
10000  0.66%¢ 4« 4,326  18.71  18.71  28.06
1,000 0,500 4,426 19,59  19.59 } 39.18
1,000 O, Si'»i 4521 2044 20,44 (6L32
1,000  0.2500 4,567 20,86 20,86 83,43
1,000 0.2004 4,614 220 21,29  106.2
000 & 0,431 4,641  21.54 ©  21,5¢  160,6.
4,000 0.2013 6.625  43.89 21,95  218.1
1,000 0,0669 4,692 22,02 22,02  328,9
2,000  0.0669 5.608 31.45  22.24  469.9
(2,000 0,0503 5,607 31.44 - 22,23 . 624.8
1,000 0 473 . 22,37 22,37 o

2,000 -0  5.63 31,70 22,41 oo

e

e
8
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TABLE V

Second Mode - Rotary Inertia Neglected

Incorrect End Conditions

2 2
2 L 1 L
c D L L R= s 3T

1.000 2,500 5.192 26,96 26.96 10,78
1.000 2,000 5,588  31.23 31.23  15.61
1.000 1,818 5,700 32,49  32.49  17.87
1.000 1.667 5.838 34,08 34,08  20.45
1.000 1,250 6.263  39.23  39.23  31.38
1.000 1.000 6.541 42,78 42,78 42,78
1.000  0.833  6.736 45,37 45,37  54.40
1.000 0,667  6.947 48,26  48.26  72.40
1.000 0,500 7,177 51,51 51.51 103.0
1.000  0,3333 7,401 54,77  54.77 164.3
1.000 - 0.,2004 7.560 57,15 57,15 285.2
1,000  0,1429 7,670 58,83 58,83 411.2
1.000  0,1005 7.735 59.83  59.83 595.3
1,000  0.0669 7,780 60,53  60.53 905
1,000  0.0503 7.790 60.68 60.68 1206
2,000 0.,0503 9.290 86,30 61.02 1715
1.000 0 7.85 61.62 61.62 oo
2.000 0 9.33 87.05  61.55
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TABLE VI

Third hiode - Rotary Inertia Neglected

Incorrect End Conditions

Q
o
[ gnl
[
|
s
[6p] Ko
]
.

1.000 3.326 6.414 41.17 41.17 12,38
1.000 249500 7.129 50.82 50.82 20,33
1.000 2,000 74640 598,37 58.37 29.19
1.000 1.429 8,395 70.48 70.48 49.33
1.000 1.000 9.065 82,17 82.17 82.17
1.000 , 0.667 9.535 92.83 92.83 139.2
1.000 | 0,500 9.920 98.41 98.41 196.8
1.000 0,3333 10.27 105.5 105.5 316.4
1.000 0.2494 10.55 111.2 111.2 099.3
1.000 0.1430 10.71 114.6 114.6 802
1.000 0.1005 10.80 116.6 116.6 1161
1.000 0.,0669 10.86 117.8 117.8 1760
1.000 0,0503 10.89 118.6 118.6 2357
2.000 0.,0503 12.99 168.7 119.3 3333

1.000 0 11.00 121,00 121.00 oo
0.500 0 9.245 85.47 120,87 o=
0.250 0 7.780 60.53 121.06 oo
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TABLE VII

Fourth Mode - Rotary Inertia Neglected

lncorrect End Conditions

5 2 2
c D L 12 L 1 L
ve S D

1.000  4.000  7.397  54.72 54,72  13.68
1.000  3.326 7,987  63.79  63.8 19.18
1.000 2,853  8.455  71.49  71.5 25,06
1,000 2,222 9,280 86.12  86.1 38,75
1.000 2,000  9.591  91.99  92.0 46,00
1,000  1.667 10.15  103.0  103.0 61.8
1.000 1,250 10.96  120.1  120.1 96.1
1.000  1.000 11.48  131.8  131.8  131.8
1.000  0.7133 12.14  147.3  147.3  206.5
1.000  0.5000 12,70  161.3  161.3  322.6
1.000  0.2857 13,28  176.4  176.4  617.3
1.000  0.2000 13,51  182,5 182.5 913
1.000  0.1176 13,78  189.9  189.9 1614
1,000  0.0717 13.94  194,2  194.2 2709
1,000  0.0503 13.96  194.9  194.9 3873
1.000 . 0  14.10 198.8  198.8
0.5000 0 11.87 ¢ 140.9  199.2 Ge
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B. Normal Modes of Oscillation of a Uniform Beam with Other
End Conditions v o
‘In a previous reportl solutions for normal modes were obtained (1) for

a beam clamped on both énds, (2) for a beam hinged on both ends, and {3) for a
centilever beam. V

| The solutions obtained for these beams were made with the assumption
that the effect of shear forces and rotary inertia could be neglected. The end
conditions included the equating to zero the second and third derivatives of
the deflection. In order to obtain completely accurate solutions the effects of
shear forces and rotary inertia should be included as well as the correct end
conditions of setting equal to zero the bending moment, M, as expressed by

equation (44) and the shear force, V, as expressed by equation (45).

1 Hegelbarger, Howe and Howe, University of Lichigan Engineering Research
Institute, External Memorandum on Investigation of the Utility of an Elec-

tronic Analog Computer in Engineering Problems (April 1, 1949), Air Force
Contract W33-038-ac-14222 (Project 1X-794),
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CHAPTER II

NORWMAL MODES OF OSCILLATICHS OF NON-UNIFORM BEAMS

In obtaining normal modeés of oscillation of non-uniform beams it is
convenient to consider the beam to be divided along its length into an equal
-number of parts. Fog aach‘or these parts there is determined, or approximated,
the averasge properties of that section of the beam. The beam is then considered
to be made up of a discrete number of uniform parts. For each of these parts
the equation to be solved is

DN

fext¥ &+ p(1 « WX - (1-=x=0. (40)

For each section of the beam the coefficients C, D and N take on different
values. Resistors corresponding to the successive values or these coefficients
can be introduced into the computing circuit by means of stepping relays, or
tneir equivalent, as described in the previous report.

From equations (20) and (27), (21) and (28), and (36) it can be seen
that the e;pressionSfrof these coefficients are

2

*‘hﬂ
t\:""’

These relations involve, in addition to the physical prdperties of the sectionm
of the beam, the ratio LL(‘Qnd the frequency w. The ratio L (the length of

time of the solution) to . (the length of the beam) is arbitrarily and conven-
1ently'chosen. The values of D and N can then be determined uniquely for each

-gection of the beam%and appropriate computer resistances found.
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The value of C can not be determined uniquely since it involves the
unknown quantity s . However, since l/af‘ enters as a common constant factor for
all the sections of the beam, the resistances involving C can be set up so that
the part of C that changes from section to section will be handled by the step-
ping relays and the part involving lAu? will constitute other computer resis-
tances to be changed from trial solution to trial solution. For example, the
changing pert of C could be put in the feedback resistance of en amplifier and
the lﬁu? in the input resistance.

The details of the most satisfactory computer circuit have not yet
been worked out. In general the computer would follow tﬁg plan of the circuit
shown in Pigure 1-6, with such modifications as would make a minimum the number
of variable resistors required and make the solutions obtainable with a reason-
able number of circuit changes from trial solution to trial solution. One very
evident change is to, arrange the two amplifiers (corresponding to Av and AB in
Figure 1-6), for obtaining the proper end conditions, so that but one variable
resistance is required for each amplifier.

In order to obtain a correct solution not only must the initial volt-
ages on the integrating capacitors be adjusted so that the proper end conditions
are observed, but also the variable part of C, i.e., lAu?, must be adjusted so
the solution is obtained in exactly the right amount of time, L.
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CHAPTER III

FROPOSED WORK WITH COMPUTER

In view of information gained by the use of the computer while doing
the experimental work included in this report, the following additional work is
-suggested. » :

l. The investigation of whether the mode shapes
obtained with the revised end conditions are

. in agreement with theory.

2. The determination of the effect of the revised
end conditions on the R vs 1/S curves.

3« The solutions for norﬁal modes of vibration
of uniform beams other than thé free-free
beam.,

4. The solutions for normal modes of non-uniform
beams.,

5. The solution of the Bessel equation with
variable resistances only in the feed back
circuits of the amplifiers.

In the original solutions for normal modes of vibration of uniform
beams it was discovered that the mode shapes obtained in some cases were such as
to indicate a vibration of the center of gravity of the beam, a phy;ical'impos-
-sibility. 4s a consequence, the boundary conditions at eithér end of the beem
were changed from, setting equal to zero the:secord énd third derivations of the
displacement, to, equating to zero the expressions for the bending moment, M and
the vertical shear force, V. In connection with the present work it was found
that these new end conditions improved the situation but left some doubt concern-
ing whether the mode shapes obtained are in perfect agreement with the physical
case, For small amplitudes of vibration of the bar the area under the mode shaps
curve, X, should be equal to zero for the center of gravity of the curve to
remain on the axis, Consequently, the output of an amplifier, integrating the
value of the dispmlacement, X, for the duration of the s>lution, should give the
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required information. In case the value of this integral, at the end of the
solution, is not equal to zero the matter of bouniary conditions should be in-
.vestigated further,

In Figure 1-10 are plotted curves of R vs 1/S on semi-logarithmic
paper. For the cases where rotary inertia is neglected there are plotted data
obtained by using (1) the original end conditions (second and third derivatives
of the displacement equal to zero) end (2) the revised end conditions (M end V
equal to zero)s Since the points representing this data fall almost exactly on

- the same curves, it is ?qggested that further investigation be made to determine
whet effect, if any, the end conditions have on determining the frequency of
vibration of the beam.

As implied earlier in the report it would be of interest to make
studies of uniform beems other than the free-free beam. This would include the
clamped-clamped, hinged-hinged and cantilever beams. The correct end conditions
should be used with particular attention to how these end conditions affect the
determination of the frequency. Mode shapes should be examined to see if their
centers of gravity remain on the zero axis.

Since the ultimate objective of the project involwing the study of
vibrating beams by means of the electronic differential analyzer is to determine
the normal modes of vibration of non-uniform structures, such as ships and air-
craft, it is suggested that considerable attention be given to the development
of a computing circuit which will handle this problem satisfactorily.

~ In connection with the solut;on of Bessel's equation ﬁs given in fhe
previous repgrtl it was pointa@jfut that the step approximations of 1/x and l/x2
are not equivalent to the recipgocals of the step approximagions of x and xz,
respectively. Because of the difficulty involved in obtaiﬁing Step approxima-
tions of the reciprocal of a‘verisble in the neighborhood of zero, it is suggest-
ed that the equation be used in the form
v 2d% a2 2
* ErEig @ -0,
dx
In this form the sten approximations for x and 12 can be used satis-

factorily; Some of the computer curves, such as those for 31/4 and Jl/3 differed

1 loc. cit.
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materially from the theoretical curves. It would be- of interest to determine
how the proposed method of solution affects the disagreement.
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CHAPTER IV

CHANGES IN THE COMPUTER

For the work associated with this report several changes and additions
were made to the computer. These include an improvement in the technique of
balancing individual amplifiers, a more exact method of measuring time intervals
on the records, and a plug-in mounting for a mumber of emplifiers. '

Balancing of Individual Amplifiers

In order to facilitate the balancing of individual amplifiers there
was mounted on the chassis of each amplifier a double pole double throw switch.
When this switch is closed in ome direction (for balancing) the input of the
amplifier is connected through a resistor Ri (approximately 160,000 ohms) to
ground and simultaneously a feedback resistor Rt (approximately 10 megohms) is
cqnnected into the circuit (Figure 4-1). Since the values of R1 and R, are
selected to give large amplification, balancing is readily accomplished by

ad justing one or both of the balancing controis of the amplifier until the out-

put voltage as read on a DC vacuum tube voltmeter is reduced to zero. when the
switch is closed to the other position the input and feedback impedances used
for computing are properly connected. This procedure permits the operator to
check the DC balance of the emplifier without disconnecting any of the imped-
ances used in the cbmputing Pperation.

Time kieasurements

The results obtained in the experimental work devend on the gquare of
L, the time, as measured on the oscillogreph records, for a solution to be
obtaineds In order to obtain the desired accuracy in these measurements, a pen-
marker was arranged to record time pulses on the oscillograph paper. These time ’
pulses were obtained from a one revolution per second synchronous motor with a
regular polygon ceam operating a microswitch, For some of the records the time
puls.es were four per second; for others, ten per second. Simltmeously with
the taking of the record there was observed and recorded the,power line frequency
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Figure 4-1. Balancing switch on amplifier chassis,

as indicated by a Leeds and Northrup frequency recorder. From these observa-
tions time measurements could be made to an accuracy of about one-tenth- of one

percent.

Plug-In Mounting

In order to arrange the amplifiers so that the computer should occupy
a minimum amount of space, a plug-in mounting chassis was made to accomﬁodate
ten amplifiers. This chassis consisted of two shelves arranged step-wise, one
above the other, each shelf supporting five amplifiers. The female power supply
receptacles were mounted in vertical risers and spaced so that adjacent ampli-
fiers were separated about one-eigth inch., All Yeads to these receptacles were
shielded. In addition to giving a compact set-up, this arrangement dispenses
with the clumsy power cable leading to each amplifier.
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CHAPTER V

PROPOSED CHANGES AND MODIFICATIONS FOR THE CGMPUTER

v During the work with the computer it became evident that & number of
modifications and. additions should be considered. These prOposed changes include
‘autamatic balancing of. individual amplifiers, the application of initial condi~
;tions from a remote position, reconstruction of the basic emplifiers, difrerant ,
‘typea of recording eqnipment, improvement in the making of accurate time measure-
‘ments, ete. :

2 These suggestions should be interpreted in the light of the work to be
dcne with the computer. Some of them would be important for certain types or
work and not for others,

Mutomatic Balancing of Individual Amplifiers |
s Since the individual amplifiers of the computer frequently require
belancing it is suggested that some method of .automatic balancing be considered.,
'In the method here proposed the individual amplifiers are balanced consecutively.
»By means -of suxiliary equipment each amplirier is automatically converted into
a high gain DC- amplifier, the output of which is reduced to zero by a suitable
{ control mechanism., Each amplifier is caused to be balanced in turn by a stepping
relay. , o '
In Figure 5-1 are shown several additions to the individual amplifier .
chassis. One is a DPDT relay used for automatic balancing, In its nbrmhl,
unenergized position this relay connects ‘the input impedance Z and the feedback
impedance Zr to the amplifier for computing. When the relay is energized (by
remote ‘control) the amplifier is converted into a high gain DC amplifier using
‘as input and feedback impedances the resistors R1 and Rr. When the balancing
process is completed these two resistors are disconnected from the computer,
except for a ground connection, so that any voltage picked up on the long bal-
ancing output lead is not introduced into the computer.
’ It should be noted that during the process of balancing the output

terminal at ao'remains connected to the feedbatk impedance Zr 80 that the initial
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Figure 5-1. Partial wiring diagrem of an individual
amplifier chassis, showing the connections to the automatic
balancing relay and the remote initial condition relay.,
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condition, if any, imposed on Zf is maintained at the output terminals.

In Figure 5-2 are shown some of the details of the suxiliary automatic
balancing equipment. The stepping relay has three banks of contacts, each bank
having connections to the individual amplifiers. The terminals of bank I,
labeled BAl, BA2, etc., are connected to the balancing output leads of the sev-
eral emplifiers, which are connected consecutively to the input terminals of the
special amplifier for balancing. The terminals of bank II, labeled BMl, BM2,
etc., are connected to leads carrying power to small, reversible DC motors, one
‘on each amplirier‘bhassis for operating a balancing control. The terminals of
pank III, labeled BRL, BR2, etc., are conmected to leads which energize, at the
proper time, the automatic balance relay on each amplifier chassis.

The stepping relay is stepped forward periodically by a contactor
operated by a motor of suitable speed. As shown, the circuit provides for con-
tinuous autométic balancing. Provision could be made for ome cycle of balancing,
for push-button balance of any one amplifier, for automatic "homing" of the
stepping relay when fewer than the maximum pumber of amplifiers are being used,

- ete.

As described above, during the process of balancing the output voltage
of each amplifier is connected to the input of the special amplifier for bal-
ancing. This amplifier has inpqt and feedback impedances, B1 and Bf, of such
values as to give suitable gain to the amplifier. The output of this amplifier
is fed into a load consisting of two resistors, R1 and Rz; in series. These two, |
resistors are given such values that the output voltege is limited for relatively
large input voltages end that voltages of suitable magnitude are applied to the
input of the controller. If necessary for the proper performance of the control-
ler, attention should be paid to its input impedence.

The controller as shown in the circuit is indicated as performing &
simple FORWARD-OFF-REVERSE operetion, actuating either one of the two relays,
electrically interlocked, to turn the balancing motors in the necessary direction.
This method of balancing, if ummodified, would probably result in sluggish action
(i the balancing motors are geared way down) or in excessive hunting (if the
motors operate the balancing controls very rapidly). There are several methods
by which this condition could be corrected. One is to use a controller which
energizes the balancing motors for a fraction of a given time cycle, this frac-
tion of time to be proportional to the error in balencing; This method is used
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by the Leeds and Northrup Compeny in their Micromax frequency controller.
Another method would be to use a Speedomax (Leeds and Northrup) controller with
a potentiometer or rheostat mounted on it in such a way as to cause the speed of
the balancing motors to be proportional to the error in balance. A still fur~ -
ther method would be to use electromagnetic damping on the balancing motors.

For this method of balancing it is suggested that the balancing motors
be small 24 V DC permanent megnet motors of which there are many availsble from
war surplus. Each motor'ghould be geared down to operate one of the two DC
amplifier balanzgméontrols; This control cou}d advantageously be of the helipot
type. The detag;s of these motor operated controls are not described here, but
in Figure 5-3 is shown a dial on the amplifier chassis to indicate the position
of the sutomatic balancing control.

~ Reference to Figure 5-2 shows that the special amplifier for balancing
is itself balanced automatically in its turn. This amplifier needs no balancing
relay. The chassis relays for automatic balancing and the small DC motors have
one lead in common. The battery furnishing power for the balancing motors is
floating so that either one of its terminals is connected as required to the
cormon line. If desired two batteries could be used, one with the positive lead
connected to the common line and the other with the negative lead connected.

~ This method of balancing would probably result in some economy of
equipment as compared with some other methods. However, since the amplifiers
are balanced one after the other it entails some loss of time. How serious this
loss would be depends upon the types of problems being solved as well as the
frequency with which the balancing needs to be done.

A much more efficient method would be to have an automatic balancing
mechanism for each individual amplifierl. Such a system might consist of a two-
phase AC motor driving the balance control, this motor having one phase of its
supply voltage furnished by a DC to AC converter-servo-smplifier such as is used
in the Speedomax (Leeds and Northrup) of in the Electronik (Brown Instrument Co.)
recorders. This method would permit the balancing of all amplifiers simultane-
ously in a few seconds.

A compromise between these two methods would be to use individual two-
phase motors on each chassis with a single DC to AC servo-amplifier, the auto-

matic balancing to be done consecutively but rapidly,

see aprendix I
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Initial Conditions

In order to keep the computing essembly more compact and convenient
for operation it is proposed that an initial condition relay be mounted perma-
nently on each chessis, the connections to it being as indicated in Figure 5-1.
This scheme permits thgfinitial condition voltege to be applied to the feadback
capacitor from a remote position. It would be convenient to have the remote
initial condition terminals for the several amplifiers mounted on a penel. On
the same panel, or on an adjacent one, there should be available a suitable
number of variable voltage sources for the initial condition voltages. Connec=-
tions would bé made by patch cords. In the cases where the initial condition
voltage is zero, a shorting resistor of low value could be placed across the
remote initi Eondition terminals.

The coils of all of the initial condition relays would be connected
in perallel for simultaneous operation by a single starting switch. .hen these
relays are energized the remote initial condition voitagé supplies are completely
disconnected from the computing system, as can be seen in Figure 5-1,

In case there is a situation where one initial condition voltage
depends on another ome, it could easily be arranged to have this relationship
ad justed antomatxcally by means of a servomechanism similar to that used in the
automatic balancing of the emplifiers. This provision would have been particu-
larly useful in the solution of the problem on the determination of the moces of
vibration of oscillating beems where two such interrelations between initial
conditions occur.,

ggglifiers

In doing ?he experimental work contributing to the results summerized
in the first part of this report considerable diﬁficulty was experiencedwith the
basic DC amplifiers, dithout apparent cause an anplifier would change so that
it could no longer'be balanced with the two balancing controls provided. The
trouble was found to be caused by large changes in the values of some of the 1
megohm and 2Lmegohm resistors in the emplifier circuit. There seemed to be some
correlation with the hot, humid weather prgvailing at the time. Consequently,
the computer was moved to a room with constant temverature (70° F) and constant
humidity (50%). The mortality rate of the amplifiers changed from one or two a
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day to almost none. In the six weeks during which the computer was used in this
roam only oge pmplifier had to be repaired.

Jhile it was never determined just, what caused the resistors to change
values, the fact that the difficulty disappeared as soon as the amplifiers were
put into a constant temperature and constant humidity atmosphere suggests high
bumidity as a iarge contributing factor. In order to avoid difficulties of this‘
kind it is suggested that the ordinary carbon resistors used in the ampliriers
‘be replaced by a more stable type, such as the Continental X-type. ' Alternately,
qgi;nfgﬂdition, the resistors could be covered with a layer of suitable wax to
'pri;ant”the absorption bf'moisturé.‘ The use of the more stable type of resistor.
is recommended. )

On the other hand, if the trouble experienced was really due to atmos~
pherié.conditions it would be desirable to investigate the effect of these condi-
tions on other electronic equipment. The results of such an investigation might
indicate the desirability of hou51ng the computing equipment in a room in which
the atmosphere is meintained at suitable temperature and humidity.

Since the emplifiers used in this work were constructed other DC ampli-
riers w1th more satisfactory chaﬁacteristics have been developed. This general
'ticld should be investigated with the idea of adOpting new basic amyllfiers for
use‘in the computer.1

Recording Eguiggent :
The recording equipment used in the exverimental work consisted of a

Brushz, Model BL-202, double channel magnetic oscillograph and two Brush, liodel
31,913, DC amplifiers designed to work into the magnetic oscillogravh. Consid-
ef&ble‘difficulty was experiencedwith zero drift of these amplifiers, so much
‘80 that the work was made tedious and much time consumed in taking unusable
vreéords. | '

| The Brush magnetic oscillograph has the advantage of speed in record-
ing, belng ugeful from DC up to frequencies above 60 cycles per second. For

1 New and improved basic DC amplifiers are now under construction and should be
- available by June, .

2 Brush Development Company, Cleveland, Ohio.
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;nndorate accuracy 1t;ia snggested that this oscillograph be used with a ‘more
‘satisractory input amplifier.l A

. - Where more accuracy is demanded, and speed is not 80 important, it ic
suggested that either Speedomax (Leeds and Northrup Company) or Electronik - '
(Brown Instrument Campany) recording potentiameters be tried. Both of these
1natruments have wide chart scales, ten and eleven 1nches, respectively,
record thh an accuracy of the order of one-fifth of one percent. At least ono'
of them (Speedqmax) can be obtained with chart speeds up to six inches per |
minute. 7
| Because of the high input impedance of the recording potontiomster no
intermediate amplifier is needed between the computer and the recorder. The
Speedomax recorder with & renge of 0-10 millivolts has an ettgctive input imped-
ance, when off balance; of the order of magnitude of 7500 ohms. As & conﬂéqnence
it could be "driven" from a voltage divider connected directly across an output :
of the cqmputer. 3 S

“'These recording potentiometers have the "disadvantege of being, pri-

marily, DC recorders with.the result that they cen satisfactorily record only

very low frequency alternating voltages. Consequently their use would require
-the’slowing down of the computer solution to sugh frequencies as the recorders:

would handle satisfactorily. |

For general computer work it would be highly desirable to have both

- the high speed maghetic recorders with suitable amplifiers and the'more accurate

recording potentiometers.

Time Measurements
| In using the computer time is the independent variable and if maximum
use is to be mgde of the result obtainéd, the length (in time) of a solution
should be known to a high degree of accuracy. While the method for obtaining
accurate time ?qlses on the computer records as described above under Computer
Changes is practicable, there is an alternative method of more convenience and
accuracy.

Several mangracturers produce secondary frequency standards of high
accuracy. The Hewlitt-Packard Company's ilodels 100A and 100B produce frequencies

-1 See .sppendix II
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of 100, 10, 1 and 0.1 kilocycles per second with accuracies of ¥ 0.01% end
0.001% respectively. A supplementary frequency divider is available to obtain
a frequency of ten cycles per second. The General Radio Company offers for sale
Type 1100-A primary and secondary frequency standards with a frequency drift of
the order of one part in lO7 or 108 per day. These standards give frequencies
of 100, 10, 1 and 0.1 kilocycles per second. '

The General Radio Company uses multivibrators for dividing the fre-
quencies. No 100 to 10 cycles per second multivibrator is offered for sale by
General Radio, but this multivibrator could be constructed easily. One dis-
advantage of multivibrator frequency division is, if any failure, or loss of "
synchronism, occurs in the system of frequency division, ohe or more of the
multivibrators will become free running and give inaccurate frequencies. How-
ever, for well designed circuits the probability of this occurrence is small.

The Hewlitt-Packatd Company uses a regenerative modulation f:quehcy
dividing circuit ﬁﬂ‘t%s instrument. This circuit has the characteristic that
it is non-regenerative in the sense that it can’ ‘not function without a suitable
input frequency and hence can not operate free running. v

For records teken at high speed the tenth-second time pulses could be
recorded directly on the recording paper by using a suitable pen. For slower
speeds one43econd pulses would probably be desirable. These could be obtained
by another multivibrator or by any other suiteble frequency dividing device.

If desired, a' synchronous motor could be driven by a power amplifier,vusiné 50
or 100 cycles per second obtained from the standerd frequency source. Gears
and cams connected to the motor could be used to obtain any time pulses desired.

In eny event the time pulses used would be so accurate that no cor- =
rections would be needed. In case variable input or feedback resistances are '
to be obtaihed by stepping relays, or their equiialent, pulses from the standard
source should be used for operating these relays. |
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APPENDIX I

CLOSED-LOOP CON'I‘iNUCUS DRIFT CQMPENSATION

For future work it is planned to use DC computer emplifiers equipped
" with an edditional drift-free slow response feedback loop to compensate slow

drifts in the basic DC computer amplifier. A slow response drift-free“DC'éﬁplio :
fier with qn_amplification of several hundred is connectedfwith its input‘to’ ;‘ f
the input junéfioh of the high-gain computer emplifier. The output of the . _“’;
drift-free amplifier is connected fo the other input of the computer amiiitier‘u;{,
which was normally used for menual balancing. The polarity is such thet if the
input junction of the computer amplifier is not at zero potentiall then the °~
drift-free amplifier applies a voltage to the balancing input of the'computer
amplifier resulting in an output voltage which acting through the feedback
impedance returns the input junction to zero. B :

The slow response drift-free DC amplifier is of thé type which uses =
a synchronous mechanical vibrator switch to moduiate the input signal on a
60-cycle shpressed carrier. The sidebands are then amplified by an 4C amﬁlitiérj
and demodulated back to a relatively large DC signal by another synchronous
vibrator switch., The erfeétive drift at the input of such a slow response
amplifier can be made negligibly small.

The application of this closed-loop continuous drift compenéation ;
scheme in no way changes the high frequency response of the computer emplifiers.

L.L‘R.

1 The condition for ideal operation of the computer amplifier (input grid

current neglected) is that the potential of the input junction remains exactly
at zero. :
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APPENDIX II

MODIFICATION OF THE BRUSHl DC AMPLIFIER BL-913

FOR USE JITH AN ELECTRONIC DIFFERENTIAL ANALYZER

by
L. L. Reuch and R. H. Dougherty

The problem was to make a simple modification in the Brugh D.C.
Amplifier Nodel BL~915 in order to reduce excessive zero-point drirt., The
Brush Company deveIOped the amplifier primarily for use with their Magnetic
Direct Inking Oscillrgraphs such as liodel BL-202, The amplirier and recorder
together form a convenient means of recording the solutions of an elsctronic
differential analyzer, however, the zero-point drift of the amplirioru over

| periods of several minutes was found to be many times greater than the maxi-
‘mum camputer errors,

Since the weak link in the computer accuracy was the Brush ampli-
fiers there were two alternatives, either design new driving amplifiers tor
the recorders or modiry the Brush instruments. For economy and_convenience:
modification of the Brush instruments offered the best solution. "

The electronic differential analyzer never requires a full scele
recorder sensitivity greater than approximately one voit. The unmodified
Brush equipment has approximately fifty times this sénsitivity end the weak
point is that the Brush emplifier sensitivity control is a voltage divider
et the input. Thus the amplifier operates at full gain for all aensitivity
ad justments and no reduction in thQ zero-point drift is obtained when opera-
ting gt reduced sensitiv;§y&, | : | L

Most of the voltage drift comes from the firs} stage and rather thenm
attempt to reduce the equivalent voltage drift at the i;put grid it appears -
more practical, in view Jr the lower sensitivity requirements of the computer,

! Brush Development Company, Cleveland, Ohio

¥
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to override the drift by operating at a larger equivalent input signal voltege.
This is easily accomplished by an inverse feedback loop from the output of'the
amplifier to the input stage which reduces the voltage gain by a facto: of 50
from the original 1000, | ‘

Herewith is presentea the determination of the reedback 100p, the
design of a D.C. calibr&iion circuit and the charac‘eristics of the modiried
Brush D. C. Amplifier and Recorder.

4

SUMMARY
. .

The modifications for the feedback ioop are simple and inozpens;vo,
two resistors and a condenser are required (Figure 1), If the original ehar-
acteristics of the anpiirier are desired again it is only necessary to short
R, end open R and the stabilizing condenser. The characteristicé_gtfthe modi-
fied amplifier are as follows: L

l. The drift is less than the width of the pen
| line over hours of operation as compared to as
much as 5 mm on en unmodified emplifier over
" periods of several minutes.
+ 2+ The amplifier - recorder gain versus ffequency
| response is flat to 25 cps (Figure 5) compared
to 80 cps on an ummodified amplifier, This
reduced bandwidth is more than enough for the
computer epplication so no compensation was
included to exténd it. .
3. The maximum voltage gain of the amplifier is
20, compared with approximately 1000 originally.
4., The balance control has a range 6f 5 mm each way
fron center compared to more than full scale
each way on the unmodified amplifier.
A DiCo calibration voltage is more convenient than the 60 cycle a.c.
. employed originally because the A.C. required critical ad justments and had to
be readjusted for the-frequency response of different reéorders; The D.C.
calibration circuit is designed tb put plus or minus one volt D.C. on the input
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gr;ci (Figure 2). The original milliammeter and 50 K potentiometer (R=46) are:.
used. The extras required are a four pole - double throw switech (C-H 8888)
which is off unless depressed, one resistor (R ) and a 6 volt battery. he
milliemmeter is recalibrated to read 1 volt at half ecale (+375 ma) end 18 &
~ constant check on the calibration circuit. R-46 is ‘adjusted ror a halt soa.Le
‘reading on the milliammeter. ey
S - To calibrate the amplifier remove any input voltage, tnrn the uttenu-»
' ator switch to "calivrate”, thraw the calibration switch to plus or minus one
B volt, observing that the meter is reading half scale, and vary the gain control
ror desired output.

THE FEEDBACK LOOP

To stabiiize the emplifier agaimst oscillation Whea employing the
feedback loop the .01 mf condenser shunting R-14 wes necessary. Bode's
"Minimal Phase Shift Criterion" indicated that oscillation would ocour upon
application of 34 db of feedback (/*A= 50) because of the 27 db per oehve
slope shovrn in Figure 4; by Bode's criterion the slope must not exceed 12 db
per octave. The shunting condenser acts as pa.rt of an attenuation network
Yo give a maximum slope of 8 db per octave in the first 34 db of attemation
without feedback, ‘
| _ The feedback 100p was designed to lesave the anpllfier sain approxi-
mately 20, or a little less than one volt input for, full scale detlection on
the recorder. The values of R and Rr were determined as follows:

dd gain at 20 cps without feedback (Figure 4) =

Voltage gein without feedback = 1000 = 4

Voltage gain with feedback = 20 = A
From negative feedback relationship,

#

Also
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R was chosen as 5000 ohms so Rr = 250 ohms,

THE CALIBRATION CIRCUIT

The D.C. ;alibration circuit for plus or minus one volt inpux is
made up of circuit onents already in the amplifier except for a 6 volf‘
battery, a double tx: - four pole switch and a resistor. 'lhen the switch
is depressed Rp is placed in parallel with R-40 and the series network of
R-45 and R-56 so that one volt will appear across the combination at ,375 ma.
The 50K potentiometet (R-46) is adjusted for a half scale reading on ‘the =
milliemeter which is .375 ma, thus the meter is a check on the condition of
the calibration circuit. The calibration switch does not open the imput lead,
thus it is hecessary to disconnect any input voltage when calibrating.”»

» There is dpace for a 6 volt "A" battery on top of the chassie° the
battery was wrapped with asbestos paper to reduce voltage variation due to
the heat from the tubes.

The attenuation switch was relabeled as shown in Figure 3.
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Figure 3 - Recalibration of Attenuator Control
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